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Abstract —Although the deformation of the Heisenberg algebra by a minimal length has become a
central tool in quantum gravity phenomenology, it has never been rigorously obtained and is often
derived using heuristic reasoning. In this study, we move beyond the heuristic derivation of the
deformed Heisenberg algebra and explicitly derive it using a model of discrete spacetime, which is
motivated by quantum gravity. Initially, we investigate the effects of the leading order Planckian
lattice corrections and demonstrate that they precisely match those suggested by the heuristic
arguments commonly used in quantum gravity phenomenology. Furthermore, we rigorously obtain
deformations from the higher order Planckian lattice corrections. In contrast to the leading order
corrections, these higher order corrections are model-dependent. We select a specific model that
breaks the rotational symmetry, as the importance of such rotational symmetry breaking lies
in the relationship between CMB anisotropies and quantum gravitational effects. Based on the
mathematical similarity of the Planckian lattice used here with the graphene lattice, we propose
that graphene can serve as an analogue system for the study of quantum gravity. Finally, we
examine the deformation of the covariant form of the Heisenberg algebra using a four-dimensional
Euclidean lattice.

Introduction.

There are strong indications that the

mechanics, the usual uncertainty principle is modified to

Heisenberg algebra is deformed due to the quantum grav-
itational effects [1-4]. Even though this deformation has
become the main tool used to study the quantum gravi-
tational modifications in various systems [4-6], the defor-
mation itself is based on many heuristic arguments and
has never been rigorously derived [7,8]. In constructing
the heuristic argument the generalized uncertainty princi-
ple is related to the existence of a minimal length, which
occurs in any approach to quantum gravity [4-6]. The
existence of such a minimal length is argued using black
hole physics [9,10]. Thus, making it impossible to probe
any length below the Planck scale. To reconcile quantum
gravitational minimal length with foundations of quantum

a generalized uncertainty principle [7,8]. A modification
of the uncertainty principle also results in the modifica-
tion of the Heisenberg algebra [1-4]. It is this modified
Heisenberg algebra, which has been used to determine
the phenomenological consequences of quantum gravita-
tional effects on varied physical systems [4-6]. However,
the derivation of the deformed Heisenberg algebra is only
heuristic, with no explicit derivation from any model of
quantum gravity theories. Besides, a fundamental prob-
lem with the heuristic derivation of the algebra is that it
can even occur in classical theories [11]. Thus, it is not
clear if it can have its origins in the uncertainty principle.
We thus shed light on this issue deriving the deformation
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of Heisenberg algebra starting from discrete spacetime.
This will be explicitly done in this paper using a specific
model of quantum gravity, called quantum graphity, where
the underlying spacetime is discrete and has a particular
structure. Various models of quantum gravity, such as
causal set theory [12], loop quantum gravity [13], mul-
tifractal spacetime [14], and spin foam [15] suggest that
spacetime is discrete. Discrete models like the Ising model
have been used in quantum gravity, where the spacetime
emerges from a Planckian Ising lattice [16,17]. In quan-
tum graphity, spacetime points are represented by nodes
of a hexagonal graph, connected by links that can be on or
off. This model thus maps on to a model of discrete space-
time, with honeycomb lattice structure [18,19]. The ad-
vantage of taking a honeycomb packing for discrete space-
time, rather than an Ising model [16,17] is that in this
model it is naturally possible to account for the breaking
of isotropy of space, which could potentially explain the
CMB anisotropies [20-23]. This is due to the close relation
between a Planckian honeycomb lattice and dynamical tri-
angulation [24-28]. The honeycomb lattice has also been
used in a model of quantum gravity where a quantum Ricci
curvature is obtained from discrete spacetime [29].

As quantum graphity has been studied using honeycomb
structure [18,19]. At large distance the Planck scale can
be approximated using continuum field theories [30, 31].
Mean-field theory has been used to study the properties of
spacetime described by quantum graphity at low temper-
ature [32]. It has also been observed in quantum graphity,
that Lorentz symmetry emerges as a low energy symme-
try of the theory [33]. The honeycomb structure becomes
important in models of dynamical triangulation in quan-
tum gravity [24-28]. In fact, we will demonstrate that
an advantage of the underlying trigonal symmetry of the
honeycomb lattice is that it can break rotation symmetry,
and this could potentially explain the CMB anisotropies
[20-23]. Thus, there are strong motivations from various
approaches to quantum gravity to assume that spacetime
can be represented by a honeycomb discrete lattice, rather
than an Ising model. Here, we will use this model of dis-
crete spacetime to obtain the deformation of Heisenberg
algebra. Here, we note that quantum electrodynamics has
also been studied on discrete spacetime lattice [34]. It
has been argued that the underlying trigonal symmetry of
this honeycomb lattice can modify the low energy Heisen-
berg algebra of graphene [35]. We will also comment on
graphene as an analogue for such models of quantum grav-
ity. This is possible due to the fact that the quasiparticles
in graphene simulate relativistic Dirac fermions [36], and
the underlying lattice is discrete. Various phenomena pre-
dicted from quantum electrodynamics have been tested
using graphene [37,38]. Here, we take the correspondence
further and explore this possibility of using Dirac materials
like graphene as a quantum gravity analogue [39] vis-a-vis
the symmetry of the discrete spatial lattice. This corre-
spondence arises in such materials because of the discrete
lattice structure. Since it is not possible to probe graphene

below the lattice length scale, this lattice length scale acts
as an analogous minimal measurable length scale. As a re-
sult in an analogous manner to the minimal length scale,
it deforms the Heisenberg algebra used to define the Dirac
structure in graphene [40-42].

Finally, motivated by such a deformation, we propose a
very general deformation of covariant Heisenberg algebra.
To properly define and deform the covariant Heisenberg al-
gebra, we have to use a formalism of quantum mechanics,
where time is viewed as an quantum observable [43-47].
Here, we would like to point out that by slightly modi-
fying the foundations of quantum mechanics, it has been
possible to use time as a quantum observable. This has
then been used to define a minimal time, and a deforma-
tion of the commutator involving time [48,49]. Here, we
will generalize these results by considering a more general
deformation of the covariant algebra from quantum grav-
itational effects. The specific forms of deformation, which
in turn would depend on the details of the quantum grav-
itational model, would produce different forms of these
corrections. However, the important observation is that
the leading order corrections have a universal form, as the
previously heuristic augmented has suggested [1-4].
Deformed Heisenberg Algebra. As the matter field in
nature are Fermionic, for quantum graphity with honey-
comb lattice, we assume that the low energy effective field
theory obtained from this lattice is a Fermionic field the-
ory. This is consistent with using graphene as an analogue
for this model of quantum gravity [39,50]. Now for such
Fermionic effective field theory, we can write the disper-
sion relation using the analogy with graphene.

The derivation of dispersion relation does not depend
on the details of any system, other than an underlying
honeycomb lattice, and hence it will hold for the honey-
comb structure in quantum graphity [18,19]. Thus, for
the honeycomb Planckian lattice, where we take into con-
sideration both the next and the next-to-nearest lattice
site interaction, we can directly write the energy disper-
sion relation as E = (Ap — ap?) [40,51]. Here, in this
Planckian honeycomb lattice, we observe that in natural
units the Planck energy, Ep = L;l, acts as an analogue
for the lattice constant in Dirac materials like graphene.
Furthermore, the Fermi velocity is replaced by velocity of
light, which is set equal to one in natural units, ¢ = 1. It
is due to this similarity of the modified dispersion relation
[52, 53], that graphene has been proposed as a quantum
gravity analogue [39,50]. This similarity becomes explicit
in models of quantum gravity, with a Planck scale hon-
eycomb discrete lattice. Here, we have defined a defor-
mation parameter, «, which can be related to the leading
order, Tp, and the next to leading order, T, correction
terms for the Planckian lattice. We also define A = =+,
where its value depends on the occupancy of the lattice
point. Thus, for any model, with honeycomb lattice, we
can write o = (3/2Ep)|Tp|/Tp.

We start with such an underlying discrete structure, and
then obtain the deformation of Heisenberg algebra using
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it. Using the Dirac prescription p — o - p in the expres-
sion for the energy, where p = —iV, is now the momentum
operator and o are Pauli matrices. The effective Hamil-
tonian can be expressed as H = [o-p — a(o - p)(o - p)].
From the definition of the standard low-energy momentum
operator, we define a high-energy generalized momentum
operator P = p(1—ap), such that - P = o-p(1—ao-p).
The Hamiltonian, in terms of the generalized momentum
operator can be written as H = o - P. Even though the
generalized momentum variables P; are functions of p;,
we can choose X; = x;, where X; is the generalized co-
ordinate conjugate to P;. As the low-energy coordinates
and momentum operators satisfy the standard commu-
tation relations [z;,z;] = [pi,p;] = 0, [zi,pj] = i,
the generalized commutation relations can be written as
(X, Pj] =1 [(5” -« (P&j + PiPPj )] . The interesting ob-
servation here is that this deformation, which is obtained
rigorously from discrete spacetime, is exactly same as has
been heuristically argued for using generalized uncertainty
principle [1,2]. Due to the mathematical similarity of the
underlying structure of discreteness between this model
of quantum gravity and graphene, it is expected that a
similar structure should also occur in graphene at lead-
ing order. In fact, a generalized commutation has also
been obtained for graphene by considering next-to-nearest
atomic interactions [41], and even though it operates at
a different scale, it has the same form as the deforma-
tion obtained here. This motivates the potential use of
graphene as an analogue for such a model of quantum
gravity [39,50]. Here, we have been able to directly make
the connection between this algebra and discrete space-
time using the analogy of graphene with honeycomb lat-
tice in quantum graphity. In fact, such an algebra will
hold for any effective lattice field theory.

Since the leading contribution of the high-energy mo-
mentum can be obtained by neglecting the effect of lattice
hopping terms other than that of the nearest lattice sites,
we can write it as a sum of the low-energy momentum,
and a correction term to it. We thus represent the correc-
tions to the low energy momentum as Ap, expressing the
high energy momentum P as P = p + Ap. We can now
obtain the explicit expression for the correction term Ap
in terms of p by observing that Ap = (—a p ps, —a p py).
Now because of the symmetric expansion (isotropic trans-
formation on P) the rotational symmetry is preserved.
The above transformations allow consistent identifica-
tion of the high-energy generalized momentum as P; =
p; (1 —a p), corresponding to the generalized canonical
coordinates X; [1,2]. The full SO(2,1) Lorentz symmetry
is broken by virtue of the presence of P,P;/P term in the
commutation relations. Thus the modified Dirac equation
corresponding to this modified Dirac Hamiltonian is given
by [—i 0 0; — a 02] Y(r) = Ev(r), where ¢(r) is a two
component spinor. It is important to note that identi-
cal modification to the Dirac equation has been obtained
from phenomenological considerations in quantum grav-

ity [55,56]. Here, it is obtained due to the leading order
Planckian corrections to the Dirac structure- modeling the
discrete spacetime as a continuum at the leading order.
This deformation indicates that this modification occurs
in any system with a discrete structure, if we consider the
corrections beyond the continuum approximation. The
Planckian structure of quantum graphity is approximated
by a continuum Dirac structure at the leading order. Go-
ing beyond the continuum approximation, we obtained a
modification to the Dirac equation. Now, having studied
the next-to-nearest hopping and leading order contribu-
tions in quantum graphity, we can investigate the possible
modification due to quantum graphity, beyond leading or-
der corrections.

Rotational symmetry breaking. The advantage of us-
ing a rigorous derivation of the deformation is that we
can now precisely see how different models of quantum
gravity can produce different deformations of the Heisen-
berg algebra beyond the leading order. The deformation
we discussed in the previous section is universal, in the
sense that it can be obtained from any model of quantum
gravity using the generalized uncertainty principle (GUP),
and hence cannot discriminate between different models
of quantum gravity [4-6]. However, going beyond that is
not possible using the heuristic reasoning based on GUP.
To this end, we rigorously obtain the deformation, which
explicitly breaks the rotational symmetry of the effective
field theory and hence the isotropy of space.

The importance of this study lies in the fact that that
there are CMB anisotropies [20-23], and it has been sug-
gested that they could be explained using quantum gravi-
tational corrections [57]. In fact, a deformation of Heisen-
berg algebra, which breaks isotropy of space has been
proposed to address such phenomenological problems [58].
However, again this algebra has been obtained using phe-
nomenological considerations, without it being derived
from any model of quantum gravity. Here, we will obtain a
deformation of the Heisenberg algebra using the Planckian
honeycomb lattice of quantum graphity. It may be noted
that in any honeycomb lattice there is an underlying trigo-
nal symmetry, as the lattice can be considered to be com-
posed of two interpenetrating triangular lattices. Thus,
such a symmetry will also occur in quantum graphity with
honeycomb lattice [18,19]. In fact, this approach is based
on a higher dimensional analogy of such a trigonal lat-
tice. Thus, in models of discrete spacetime, like dynamical
triangulation [24-28], and quantum graphity with honey-
comb lattice [18,19], we expect deformation of low energy
effective field theory. By analogy, we also expect that this
deformation in (2 + 1) dimensions (if we limit the discus-
sion to spatial lattice in quantum gravity) should resemble
the deformation produced in graphene [35].

We investigate the effect of the trigonal symmetry
of the lattice on the Heisenberg algebra. We do
so by going up to third order terms in the expan-
sion in the quasi-momentum p, without taking into
consideration the energy contributions from the next-
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to-nearest neighbor lattice point hoppings. The cor-
responding Hamiltonian up to O((E,'|p|)®) is given

by H(p) = [Ux (pm = 15, (P2 = Py) = spzp= (P2 +p§)) +

Ty (py + ﬁpacpy - ﬁpy(pi +p§)) } We make a gen-
eral rotational symmetry breaking expansion, and define
now another high-energy momentum @, in terms of low
energy momentum p as; Q, = p + Aq,, where we have

Aqo = (Ago,z, Agoy) ;

1 1
Ago,s —E(pi —P,) — gaPe (i +1y)
P
1 1 9 9
Aqo,y 25, PPy ~ 5Py (pz +py) (1)
P

Thus, we define Qy = (Qo2,Qoy); a Qoax
( r T ﬁ(pi - pZ) - ﬁfﬁpm , and QO,y =

(py + ﬁpxpy — ﬁpzpl» . With the transforma-
tion, along with the identification of the corresponding
generalized coordinate with the standard low-energy ones
X§, = ', we can write the Hamiltonian for the system in
terms of this new generalized momentum as H = o - Q,,
and the deformation of the Heisenberg algebra realized is
given by [z, Qo ;] = iFi;(Qy), [zi,z;] =0 = [Qo, Qo,;l,
where we have

Fij(Qo) =0i; + 2115p {_Q?)Of 832}
. [ Q2. Qo,xQO,y] 2)
2 |QoaQoy  QF, |-

Here again we observe that a similar algebra, which math-
ematically resembles this algebra, but acts on a different
scales, has been obtained for graphene using tight-binding
model [35]. This again points out to the potential use of
graphene as an analogue model for quantum gravity. The
effective Hamiltonian, with next-to-nearest neighbor hop-
ping up to third order in momentum (which includes the
trigonal warping term), can be written as

Hp) = |ow (b — 2 02— 72) — 55

tay (Py + s Paby — sh2py (W2 +12))

Pz (P} +p2))

2
p

—a (@240 = shepd + herard) | (3)

2
Now, we define a still more generalized momentum @ in
terms of the momentum Qg as Q; = Q ;(1—a|Q,|). Cor-
responding to the general momentum Q,,we now have X;
as the generalized conjugate coordinate. Since z; and p;
are the low-energy coordinates and momentum operators,
they satisfy the standard commutation relations, as dis-
cussed in the last section too. With this generalized mo-
mentum a more generalized deformation is realized, which

is given by [X;, Q;] = il;;(Q), [Xi, X;] =0 = [Qs,Qy],

where the function I;; is given by
1;;(Q) = Fi(Q) x
<(1 —a|Q| - 22%Q1*)dk; — o

@)
Qs ) +aQ|)) |

Q|

Here, F;;(Q) is further given by (2), where instead of
Q, we will now have Q. A similar algebra has been ob-
tained for graphene [59], due to the mathematical simi-
larity of this model with graphene. Hence, even to study
such deformations, we can use graphene as an analogue.
In general, as we would like the deformation to occur
at short distances, we expect the leading order contribu-
tion of this algebra to coincide with the usual algebra.
Thus, the most general form of I;;(Q) can be written as
1;;(Q) = d0ij + af(Q)ij, where f(Q);; is a suitable ten-
sorial function formed from the momentum ;. When
we neglect the next-to-nearest hopping and only consider
the trigonal warping terms, it reduces to Eq. (2). Fur-
thermore, by considering both the trigonal warping and
next-to-nearest hopping to third order, we obtain Eq. (4).
This algebra breaks the isotropy of space. The breaking
of isotropy has been motivated by quantum gravitational
effects [58]. In string theory, isotropy can be broken on
branes, and these anisotropic branes are dual to a defor-
mation of super-Yang-Mills theory by a position depen-
dent term [60,61]. The isotropy can also be broken due
to a gravitational Higgs mechanism [62,63]. Thus, it is
important to generalize this algebra to four dimensions,
and use it to motivate a similar deformation produced by
quantum gravitational effects. We would also like to point
out that for the honeycomb Planckian lattice, Dirac ma-
terials can be directly used as an analogue systems. This
makes it possible to use graphene as an analogue to study
proposals used to discuss CMB anisotropies [20-23].

Covariant Deformation. In the previous sections, we
explicitly analyzed the deformation of the Heisenberg alge-
bra from discrete spatial honeycomb lattice. To construct
a covariant generalization of such algebra, we need to first
consistently define the covariant algebra. The problem
with defining a covariant algebra is that time is not an op-
erator in ordinary quantum mechanics. However, it can be
argued that time can be taken as an operator with slight
modification to the standard quantum mechanics. It is a
widely accepted notion that time cannot be expressed as
a self-adjoint operator [64]. The reason for this is that a
Hamiltonian with a semi-bounded spectrum does not ad-
mit a group of shifts which can be generated from canoni-
cally conjugate self-adjoint operators. This limitation can
be resolved in the von-Neumann formulation of quantum
mechanics. The resolution is based on the observation that
quantum mechanics need not be restricted to self-adjoint
operators [65]. In fact, the momentum operator for a free
particle bounded by a rigid wall at (like time) is also not
a self-adjoint operator. It is possible to include such cases
if quantum mechanics is based on maximal Hermitian op-
erator, and this is done in the von-Neumann formation of
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quantum mechanics.

Thus, it is possible to consider time as a quantum me-
chanical observable [43-47]. It has also been proposed
that time can be investigated using its symmetric non-self-
adjoint operators which satisfy [t, H] = —i [66,67]. Here,
observables are positive operator valued measures. If H is
the Hamiltonian of a system, then a unitary representation
of the time translation group can be written as 7 — e*#7.
A quantum mechanical time observable of the system is
represented by the positive operator valued B, such that
t — B(t). Here, we have '™ B(t)e™*#™ = B(t — 7). So,
a symmetric time operator can be defined for a time ob-
servable B, such that

- /t dB(?). (5)

The probability measure t — p(t) in any experiment can
be expressed as p(t) = tr[pB(t)]. where p in the density
matrix of a state, and t — B(t) is a positive operator
valued measure [43]. Thus, the time can be represented
as an observable in quantum mechanics.

We will use this definition of time to define and deform
the covariant commutators. In fact, such a deformation of
the commutator which corresponded to a minimum mea-
surable time interval can be expressed as [48,49]. Here, the
observable time is defined with reference to the evolution
of a non-stationary quantity. The events were character-
ized by specific values of this quantity [43], and then the
minimal value of time is defined with respect to specific
values of this quantity. For example, for tunneling time
for particles, a minimum measurable time interval could
be viewed a lower bound on the measurement of tunneling
time for particles [43-47]. This deformed covariant alge-
bra [48,49], with a minimal time has been related to time
crystals, which is the temporal analogy of spatial crystals
[68,69].

It is possible to define a spacetime lattice structure, and
this can be done by wick rotating time in the complex
plane 7 = —it [70]. Now we can assume that any contin-
uum field theory on four dimensional Euclidean structure
is a low energy approximation to a discrete model of space-
time, with wick rotated time. Motivated by the previous
sections, we can also propose that this Euclidean space-
time is represented by a four dimensional generalization of
the honeycomb lattice. Thus, we propose that a full defor-
mation of a covariant Heisenberg algebra can be written
as

(X K] = iL(K) oy [Ry, By) = 0= [Ky, Ko, (6)

where K, is the four momentum, and I(K),, is given by
I(K)u = 6 +af(K),u,. Here, f(K),, is a suitable ten-
sorial function formed from the four momentum K, such
that it respects the symmetries of the Planck scale lattice
structure produced by quantum gravity. For example, if
we consider dynamical triangulation or quantum graphity
with honeycomb lattice, and neglect the temporal defor-
mation of (2 4+ 1) dimensions gravity, then this tensorial

function in Eq. (6) resembles the tensorial function of Eq.
(4), with the parameter a being of order of Planck length.
Now for quantum graphity with four dimensional covari-
ant honeycomb lattice and dynamical triangulation in four
dimensions, we would expect a deformation in Eq. (6),
which would break the Lorentz symmetry, like the break-
ing of isotropy of space by the deformation produced by
third order correction in Eq. (4). In the limit, higher or-
der correction terms, like the trigonal warping terms are
neglected, and only the next-to-nearest hopping is consid-
ered, the tensorial function f(K),, can be expressed as
Y = (K +
energy Heisenberg algebra will occur due to most four di-
mensional lattice structures. Hence, this deformation has
been motivated by the general consideration using quan-
tum gravitational phenomenology [48,49]. However, the
deformation produced by higher order correction terms,
will depend on the symmetry of the underlying theory. It
is possible to study different deformations of the covariant
Heisenberg algebra, which can correspond to low energy
limits of different quantum theories of gravity. Here, it is
important to note that any symmetry like Lorentz symme-
try will break due to higher order Planckian lattice correc-
tions, and these symmetries will be restored if these higher
order Planckian lattice corrections are neglected. As these
corrections become important near Planck energy, at low
energies comparable to Planck energy, when we neglect all
higher order corrections, we obtain the original covariant
Heisenberg algebra. Such breaking of Lorentz symmetry
due to quantum gravitational effects have already been
studied in quantum gravity phenomenology [71-74]. Here,
we have investigated the reason for such breaking using a
four dimensional Euclidean Planckian lattice.

Conclusion. The main result of the present letter is that
we have for the first time explicitly obtained the deforma-
tion of the Heisenberg algebra using a model of quantum
gravity. We observed that the leading order deformation
is exactly the same as suggested previously using heuris-
tic arguments based on the generalized uncertainty princi-
ple. To obtain these results, we have analyzed low energy
consequences of quantum graphity with Planck scale hon-
eycomb lattice. As the matter fields are fermionic, we
assumed that the low energy effective field theory of this
lattice is also a fermionic field theory. We first analyzed
the effects of leading order discrete Planckian lattice cor-
rections on energy. It was observed that the modifications
produced by these are similar to the modifications pro-
posed using quantum gravitational phenomenology. They
also resembled the modifications to the Dirac equation in
graphene from the leading order correction terms. Next,
we investigated the effects of this discrete Planckian lat-
tice up to the higher order energy correction terms and
obtained a general deformation of the Heisenberg algebra,
which can be reduced to specific forms of the algebra in
different limits. To discern covariant deformed algebra, we
used a formalism of quantum mechanics, where time could

) . This deformation of the low
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be taken as an observable. The minimal time restricts the
measurement of this observable. We also analyzed various
deformation of this covariant algebra.

It is important to note that the conclusions obtained
here may also hold in theories like string theory. It has
been demonstrated that geometries where is there is a
limit on the scale at which the spacetime can be probed
have the same information as discrete spacetime [75].
Thus, even for string theory, it can be argued based on the
results from information theory [75], that discrete space-
time could capture some important feature of string the-
ory. Furthermore, it has been demonstrated that space-
time geometries can emerge on boundaries of tensor net-
works [76]. Here, it is interesting to note that holography
has been used to relate discrete spacetime described by
tensor networks to string theory [77,78]. The honeycomb
lattice has also been studied using holography in string
theory [79,80]. It could thus be possible to holographi-
cally obtain the deformation of the Heisenberg algebra. In
this regard, the leading order deformation of the Heisen-
berg algebra has been obtained using holography [49, 81].
However, this has not been done for next to the leading
order corrections, which will be different for theories with
honeycomb lattice structure [79,80]

There have been several proposals put forward for the
detection of the deformation of Heisenberg algebra by
Planck scale quantum gravitational effects in varied sys-
tems such as macroscopic harmonic oscillators [82], grav-
itational bar detectors [83], optomechanical [84]. It was
also suggested that the modification of Heisenberg algebra
can be detected using ultra-precise measurements of Lamb
shift and Landau levels [4]. However, due to the feeble na-
ture of the quantum gravitational effects, the corrections
are too small to evade experimental detection. As an al-
ternative, condensed matter systems have been used to
simulate both classical and quantum gravitational scenar-
ios [85]. Graphene, as we discussed is one such candidate
which can be used to simulate the discrete spacetime- a
feature of QG- effects on quantum electrodynamic phe-
nomena like Klein tunneling, Schwinger Mechanism etc.
Moreover, as we highlighted in the present work, the mod-
els of quantum gravity like quantum graphity with honey-
comb lattice share some similarities to the tight binding
model for graphene. Thus, we propose that graphene can
be used as an analogue for quantum gravity and can be
used to gain insights into the fundamental nature — e.g.
symmetry— of the spacetime itself.

The immediate interesting case of study of the non-
linear Hamiltonians considered in the present work is the
calculation of transmittance for angular Klein tunneling in
graphene. Since the Hamiltonian takes into consideration
the higher energy terms in the form of both the next-
to-nearest neighbor atomic hopping and trigonal warping
terms, this model allows us to predict the corrections to
the Klein tunneling at angular incidences to a much bet-
ter accuracy. Further, it is expected that going to slightly
higher energies the corrections occurring from the trigo-

nal warping terms on the angular Klein tunneling would
show some appreciable effect on the angular dependence
of the transmittance in experiment. These corrections
would thus correspond to the signatures of unisotropy of
space in addition to its discrete topology on the phenom-
ena of Klein tunneling for Dirac fermions. Thus, from
the point of view of graphene, the analytical model at
higher energies can be used to study the transport phe-
nomena in graphene over a wide energy regime and to
better accuracy, for example, angular Klein tunneling [37]
and the mesoscopic Schwinger effect, which has recently
been experimentally detected in graphene [86]. This is
true for many other quantum electrodynamic phenomena
that have been proposed to occur in graphene.
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