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ABSTRACT

We make precise what is meant by stating that modified fractional counting (MFC) lies
between full counting and complete-normalized fractional counting by proving that for
individuals, the MFC values are weighted geometric averages of these two extremes. There are
two essentially different ways to consider the production of institutes in multi-institutional
articles, namely participation and actual number of contributions. Starting from an idea
published by Sivertsen, Rousseau and Zhang in 2019, we present three formulas for measuring
the production of institutes in multi-institutional articles. It is shown that the one proposed by
Sivertsen, Rousseau and Zhang is situated between the two other ways. Less obvious
properties of MFC are proven using the majorization order.

1. INTRODUCTION

Building on Sivertsen’s original concept (2016), Sivertsen, Rousseau, and Zhang (2019) further
developed this idea and proposed a method called modified fractional counting (MFC), which
is used at the aggregate level of universities or countries and aims at obtaining a balanced
representation of research efforts across fields and publication patterns (Sivertsen, Rousseau,
& Zhang, 2025). On the author level, the idea of MFC was validated (at least to some extent)
by Sivertsen, Zhang et al. (2022). Recently, Donner (2024) raised some important questions
about MFC as a methodology, a research evaluation tool, and its potential for science pol-
icy. Donner’s objections were answered in Sivertsen et al. (2022). In this article, we take
Donner’s considerations into account but mainly look at MFC from a purely mathematical
point of view, largely ignoring practical issues. Concretely, we only study occurrences in the
bylines of publications and do not try to include relative research activity, contrary to the
underlying idea of Sivertsen (2016) and its elaborations. Hence, our work should not be con-
sidered as a reply to Donner, but as a contribution to the mathematical study of MFC as a
topic in bibliometrics.

On the level of an individual scientist, the main technical-logical contribution of Sivertsen
et al. (2019) is that it is shown that the two best-known methods of giving equal credit to all
coauthors of a publication, namely full count (each author receives a full credit) and complete-
normalized fractional count (each author of an N-author publication receives a credit equal to
1/N) are just the two extremes of a continuum of author credit methods. We make this state-
ment more precise in the first part of this article. In the second part, we offer some
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mathematical thoughts on MFC as a bibliometric indicator for institutional production and
compare it to two related parametric sequences of indicators.

2. ONE AUTHOR IN A MULTIAUTHORED PUBLICATION

Consider an article with N authors, where N is a natural number, at least equal to 1. Given k >
1, it is proposed in to give an author in such an article a credit of

1 1\ /¥

Clearly, MFC is a parameter family of indicators, with parameter k. Note that k does not have
to be an integer. If k=1 we obtain the case of complete-normalized fractional counting, and in
the limit for k — oo, we obtain the case of full or total counting. We will denote this case simply
as MFC,. It is a well-known mathematical fact that

1\ 17k
= MFC; < (—) = MFC, <1 =MFC, (2)

Vk>1:
N

In order to show how exactly MFC fits into a continuum of author credit methods, we recall
the following definitions.

Definitions: Weighted averages ( , 2.2)

Let X = (xq, ..., X,) be a vector in (R})", where R denotes the strict positive real numbers, and
let W= (wy, ..., w,) be any vector in [0, 1]”, such that 27:1 w; > 0. The vector W will be used

as a weight vector. Then we define:

the weighted arithmetic average A(X) as:

and the weighted harmonic average H(X) as:

H(X) = 5)

27:1 (wi/x;)

We will use these definitions for the case n=2, X=(MFC;, MFC..), and W= (4, 1 — 1), with
0 < A < 1. The definitions for the averages in Egs. 3, 4, and 5 then become:

A(X) =24 MFCy + (1 — 2) MFC,, (6)

Gi(X) = (MFC))* - (MFC,,)'™ (7)
1

Hy(X) = (8)

(A/MFCy) + (1 = 2/MFC,,)

Next, we present the following remarkable result.
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Theorem 1

Ve [0,1] Gy = MFC“M)

Proof

. \*
VAGMH:@:ﬂMHﬂ‘wMHQYA:(N)::MK%WD

This theorem shows that every MFC is a geometric average of the two extremes with k= 1/4,
and this is independent of N.

Corollary

MEFC, (the square root case) corresponds to using equal weights (1 = ') in the classical
(unweighted) geometric average of Theorem 1.

Remarks

We will next show that a similar result involving the arithmetic or harmonic average is not
possible.

Proposition 1

It is not possible to write any MFCy (1 < k < o) as a (weighted) arithmetic average of MFC; and
MFC,, independent of N.

Proof

Assume that A; =1 - MFC, + (1 — 4) - MFC,, = %+ (1 = A). Requiring this expression to be equal
to some MFC,, we obtain:

N 2
<N> :N‘i‘ (1 —l) (9)

leading to: k = % This expression depends on N (and on 4). [
Proposition 2

It is not possible to write any MFC (1 < k < «) as a (weighted) harmonic average of MFC; and
MFC,, independent of N.

Proof

Assume that H, =
MFC,, we need:

(&/MFC1>+[21%)/MFCDU] = 7n37- Requiring this expression to be equal to some

1\ 7k 1
- - (10)
N AN+1 -2
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and hence:

In(N)

k="
INAN+1-2)
Again, we have an expression that depends on N (and on 2). [J

The sum of the individual credits of an N-author article is

1 (k1)
N — =N a1
VN
In particular, if k=1 this sum is 1T and when k tends to infinity, the sum tends to N. Table 1

provides some values for different N and k.

We note that, as stated in Sivertsen et al. (2019, 2025), the sum of all credits of an article is
not considered an element in the practical application of MFC for aggregate units. Yet, math-
ematically, this sum can always be calculated, and we will show that sums do play a role in
practice; see Section 5 on majorization.

Figures 1 and 2 show MFCy = (%)1/" and G, = MFCy = (1N)”l for the case N = 10.

3. CONTRIBUTIONS OF INSTITUTES TO A SET OF MULTI-INSTITUTIONAL ARTICLES

Before elaborating on this case formally, we give some informal comments related to Donner
(2024) and the original article by Sivertsen et al. (2019).

3.1. An Informal Approach

We note that there are, classically two essentially different ways of studying the publications of
an institute (research group, university, country), namely studying participation in (a yes-or-no

Table 1.  Author credits and their sums for an N-author article
Number of authors N 1 2 3 5 10 100
Credit of one author k=1 1.00 0.50 0.33 0.20 0.10 0.01

2 1.00 0.71 0.58 0.45 0.32 0.10

3 1.00 079 0.69 0.58 0.46 0.22

5 1.00 087 080 0.72 0.63 0.40
10 1.00 093 090  0.85 0.79 0.63
0 1.00 1.00 1.00 1.00 1.00 1.00

Total credit of one publication k=1 1.00 1.00 1.00 1.00 1.00 1.00
2 1.00 1.41 1.73 2.24 3.16 10.00

3 1.00 1.59 2.08 2.92 4.64 21.54

5 1.00 1.74 2.41 3.62 6.31 39.81
10 1.00 1.87 2.69 4.26 7.94 63.10

0 1.00 2.00 3.00 5.00 10.00 100.00
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Figure 1. For any value of N > 1, this curve is concavely increasing.

situation) or actual contribution to publications. Traditionally these two approaches can be
measured either by fractional counting or by full counting ( ). In the case of
participation one just establishes whether or not the institute is mentioned in the byline. With
full counting, each institute receives a credit of 1 and with fractional counting it receives a
credit of 1/(number of participating institutes) for each publication under study. In the case
of contributions, one takes the number of times the institute is mentioned in the byline into
account (we ignore here, for simplicity, scientists with multiple affiliations). With full counting,
the institute receives a credit equal to the number of authors (mentions) in the byline, and with
fractional counting, the institute receives a credit equal to the number of mentions divided by
the total number of authors. Following , the score functions in the case of
participation are called whole counting and whole-fractionalized counting, and in the case
of contributions, they are referred to as complete counting and complete-fractionalized
counting.

Consider an example of a publication with seven authors: four from institute A, two from
institute B and one from institute C. gives the scores for institutes A, B, and C using the
four score functions mentioned above.

GXA

1.2

1
0.8
0.6
0.4
0.2

QO 0.2 0.4 0.6 0.8 1 1.2

Figure 2. For any value of N, this curve is convexly decreasing.
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Table 2. Scores for the four classical counting methods

A B C Total score
Complete 4 2 1 7
Fractionalized-complete 4/7 2/7 1/7 1
Whole 1 1 1 3
Fractionalized-whole 1/3 1/3/ 1/3 1

If we want to study sequences of indicators, depending on a parameter k, then the values in
correspond to k=1 and k = o (details follow). Now, we discuss how to assign values
for intermediate values of k. First, we can keep the total score, namely N - \k/]_N/ and give 4/7th,

2/7th and 1/7th of this score to each institute. For the example above and k = 2, we have 3 x

1 _ 4.2 — 2.1 — 1
7= 7><\/7_ﬁ,7><\/7_ﬁ.

Yet, as noted, this is not what was done in . In their
example, reexamined by Donner, the authors wrote “if a publication has been coauthored by
five researchers and two of these researchers are affiliated with the university in focus, the
university is credited with a score of 0.63 with MFC,,” while the previous method would yield

% x /5 = 0.89, a result also mentioned by Donner.

What was actually done to obtain the value 0.63 was also to adapt the weights depending
on the parameter k, and hence also the total score of a publication.

According to this logic, the weights 4, 2, 1 become the weights v/4, v/2, /1 and the scores

for each institute become: \k/é, \k/g, \ﬁ For the case k = 2, this becomes \/E, \/;, \/; In this

approach with adapted weights, there is no simple mathematical formula for the total score of
a publication. If k=1 we have scores 4/7, 2/7, 1/7 and in the limit for k to infinity, we have 1,
1, 1. Applying this formula, the total score of a publication goes from 1 (for k = 1) to the num-
ber of different institutions participating in the target publication (for k = infinity).

Finally, if a group of publications, such as the set of all publications of a country, is the
object of study, the score of that country is simply the sum of the scores garnered by that coun-
try in each publication under study.

3.2. A Formal Approach

Let P={py, ..., p,} be a set of publications, let S be an institute, and let {qy, ..., g,,} be the
set of authors working in S that participate in at least one of the publications in P. We

simply write this as S=1{qy, ..., qm}. Of course, not all authors of publications in P belong
to S, otherwise, there was no problem as we would not have a multi-institutional frame-
work. Now we define the (m x n) incidence matrix M(S) = (a;), with i=1,.., m, j=1, .,
n, as

a,-,-:1ifq;ep,andai,-:Oifq;GEpj (12)

Next, we consider an example.
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Example 1

If P=A{p1, p2, pst, S=1{a1, 92, G5, qa} and py = {qn, g3, i1}, p2 = {qa, o} and ps = {q1, g5, qa, 13,
s}, where rj, j=1, ..., 4 denotes an author not belonging to S. Then M(S) is the following 4 x 3
matrix:

M(S) =

S = 0O =
—__ o =

oo —=0

This matrix is similar to an incidence matrix in graph theory, but differs, for instance, by the fact
that incidence matrices of simple undirected graphs (when columns represent edges) have
exactly two ones in each column.

We now use the elements of the matrix M to define modified fractional counting for an
institute S, offering two alternatives as a starting point.

Notation

Consider publication p; with N; authors from M; different institutes, Y; of which belongto S( =
1, ..., n). Then, by Eq. 12:

Vj:1,...,n:Y,—:ZLa,—,»sN,— (13)

Definition

CMFC(8) =S (7 (& " —y (2 (14)
k j=1 =1 \N; =1\ N

Here C stands for contributions.

n ZZ ajj n ZZ ajj _ n Y; _
Eq.14=3" < N.11/k /) -y (/\;jwj(/\/}. 1/k)) -y (I\;j(/\/jh (1/k>])).

J

This shows that CMFC corresponds to the first method highlighted by and
described here in the “informal” part.

Definition

MFC, an alternative for Eq. 14:

w7 g 1/k ., AL
MFCk(S) =), <f => Nl, (15)

Eq. 15 is the one used in

Next, we investigate how Egs. 14 and 15 bridge complete normalized fractional counting
and full counting.
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Taking k= 1 we see that the two formulas yield the same result, corresponding to the “con-
tributions” case (i.e., we have complete-fractionalized counting). Taking the limit for k tending
to infinity, we find the following limits:

. no Y, n
limi_,oo (CMFC(S)) = Z/’=1 [T <N]/> = ZH Y.
j
This is the total number of collaborations, corresponding to complete counting. Introducing
the notation §;, in which j is equal to 1 if the target institute participates in publication j
and is zero otherwise, we find:

. n . Y 1/k n
Ilmk_m(MFCk(S)) = 21:1 llmk_,w (ﬁ) = =1 5]',
J

which is the total number of participations, corresponding to whole counting.

From these limits and the fact that CMFC and MFC are increasing in k, we see that CMFC
bridges fractional and full counting in the collaboration case; or stated otherwise: CMFC con-
nects complete-fractional counting to complete counting. MFC connects fractional counting in
the collaboration case (complete-fractionalized) with full counting in the participation case
(whole counting). This suggests a third formula, bridging fractional and full counting in the
participation case (i.e., from whole-fractionalized to whole counting). Denoting this formula
as PMFC, we define

n 5\ (170
PMFC(S) = Z;: 1 (Hj) (16)
]

S 1
i My

the index i refers to those publications in which institute S participates. For k = o, we find

(PMEC(S) = 3" lim <ﬁ)”k=i§j
=

lim
k—>o0 < k—oo \ M;
= j

Then, for k= 1, we obtain the result for fractionalized-whole counting, namely > where

This is the value for whole counting. We note that V j=1, ..., n: §; < Y;=Y_1", a;;, with equality
only if Y;=0or 1.

Proposition 3

MFC,(S) < CMFC,(S) < k > 1 (17)
Proof
Based on Egs. 14 and 15 we show for all j=1, ..., nand all k:
m % m 1
(X7 @) = 327, (@) (18)
It is well-known ( ) that for an array Z with nonnegative values, Z= (z);=1, m

i=1

m m k
Sz (Z(z,)l) iff k > 1

which proves this proposition. []
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Remark

Inequality 17 is always strict, i.e.,
MFC,(S) < CMFC,(S) (19)

if k> 1 and there exists at least one publication in P such that S has two or more contributors.

This follows from the fact that a number t is equal to /< only if t = 1.

An illustration. Consider an institution S; that collaborates with three members in a five-
author publication; the two other authors belong to the same institution. Then MFC(S;) =

\k/% and CMFC(S;) = ﬁ, illustrating the case of strict inequalities in Inequality 19. Next, we

consider S,. This institution collaborates in three five-author publications with one member in

each. Then MFC(S;) = 3(/% and CMFC(S,) is equal to é +% +\Q—£ = ﬁ In this case we

have equality, illustrating the special case mentioned after Inequality 19. More importantly,
although CMFC(S;) = CMFC(S,), MFC(S;) < MFC(S,). We consider this inequality impor-
tant, at least from a theoretical point of view, as it illustrates that for MFC outside collaborations
are more important than inside collaborations (collaborations within one institute).

Remark 1

If S is a singleton, then PMFC, MFC and CMFC coincide.

Remark 2

There is no fixed inequality between PMFC and MFC. If S has two authors in a five-author
publication, with the other three authors from the same other institution then: V k, 1 < k <

©0: PMFC(S) = 211T> MFC(S) = \/%; yet, if S has two authors in a five-author publication, where

now the three other authors each belong to a different institute, then PMFC(S) = 4117< MFCS) =

\k/%. Is it possible that PMFC(S) > CMFC,(S)? Yes, but not for all k at the same time. Consider a
publication with nine authors, two from institute S and seven from another institute T. Then
PMFC(S) = 21% and CMFC(S) = 91%. For k = 1: PMFC,(S) = % > CMFCq(S) = %; and for k =

2 we have PMFC,(S) = J5 = 0.707 > CMFC;(S) = § = 0.667. Yet, for k = 3, PMFCy(S) = 57 =

0.794 < CMFC,(S) = 3/%3 ~ 0.961.

Proposition 4: Replication invariance of MFC

If (y1, V2, ..., Vi, ..., Y& denotes an array of participations of M entities in a publication with N
coauthors, and if ¢ > 0, then, for every k, 1 < k <+, and every participating entity S; —1

MFCS) = MFCk(SfC>), where Sfc) denotes the situation where y; has become cy;, and hence N
has become cN.

Proof

This follows immediately from the definition, Eq. (15). (J

In words: The MFC value for an institute that participates with one author in a four-author
publication is the same as that for an institute participating with three authors in a 12-author
publication, and so on. We think that this is a property worth pursuing, and which is not shared
with CMFC.
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4. SOME MORE PROPERTIES OF MFC

For completeness’ sake, we first recall the following properties of MFC shown in
The first one is on the author level.

Proposition 5 (Proposition 1 in )

If an author is added to an article with N authors, then the score of each original author
becomes smaller, with the exception of the case of full counting.

Proposition 6 (Proposition 2 in )

If the score of an entity (institution, country) is weighted according to the relative number of
authors that belong to this entity, and a new entity is added to an article with M entities, then
the scores of the original entities decrease.

Proposition 7 (Proposition 3 in )

If the score of an entity (institution, country) is weighted according to the relative number of
authors that belong to this entity, and if an entity wants to add one or more authors, then the
scores of all other entities will decrease, again except for the case of full counting.

The practical importance of these propositions is explained in . Next,
we add the following proposition.

Proposition 8

If the score of an entity (institution, country) is weighted according to the relative number of
authors that belong to this entity, and if all entities add the same number of coauthors, then the
new score of an entity is larger than or equal to the old one, if and only if the old number of
participations of this entity is smaller than or equal to the average number of original
participations.

Proof

Let (a1, a, ..., ayy) be the original array of participations of M entities, let T= Zf; aj and let a>

0 be the number added to each a; then we have to show that
«/ aj+a S a;
— 2> /= 20
T+ Ma \/; (20)

T
@ajsm:,u (21)

We see that Inequality 20 < 2 <254

<o a(T+Ma <(a+al) > Ma=Te aj=y, which

is Inequality 21.

Corollary 1

K/ ata . k[a

Using the same notation as in Proposition 8, we have /7 < \/7

e aq>L=p
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Corollary 2
Unless (a;, ay, ..., ar) is a constant array, there exist indices j; and j, such that
k a/]+a k aj2+a kajz
> 422 22
VT T+ Ma T (22)
Proof

This follows immediately from Inequalities 20 and 21, Corollary 1 and the fact that, for a non-
constant array (ay, ay, ..., am),

min(ay,...,apm) <u < max(ap,...,am) O

This corollary shows that both inequalities can happen as a result of the same action.

Corollary 3
If a> 0, Md = median(a;, a, ..., ary), and (a;, ay, ..., apy is ranked increasingly, then
Md
a <o = (Wil <)< i) \/E 2 23)
Proof
By Markov’s inequality ( , pPp- 85, 88) we know that Md/2 < u and hence

Vj; 1 < j < i: a; < u. Hence Corollary 3 follows immediately from Inequalities 20 and 21.

Note that a; < Md/2 may not always happen, as in the case of the array (3, 4, 4).

5. A SUBTLE REMARK ABOUT PERCENTAGES, EXPLAINED BY MAJORIZATION

An example. Keep the number of authors fixed (here at 10) as well as the number of authors
belonging to the target institute (G) (here at 2). Moreover, also the total number of different
institutes in each publication is kept fixed (here at 4). In this way the score of the target institute
is constant, but its percentage contribution is not. This is shown in for k = 2. Institutes
other than G do not have to be the same in different publications.

How can be explained? For this, we need the notion of majorization.
Definition: The Lorenz curve ( )
Let X = (x1, X2, ..., Xxn) be an N-sequence with x; € R, j =1, .., N. If X is an N-sequence,

ranked in decreasing order (always used in the sense that ranking is not necessarily strict), then

Table 3. An example in which only the contributions of other institutes change

G MEFC, scores Sum Percentage
2 6 1 1 0.447 0.775 0.316 0.316 1.854 24.1
2 5 2 1 0.447 0.707 0.447 0.316 1.917 23.3
2 4 3 1 0.447 0.632 0.548 0.316 1.943 23.0
2 4 2 2 0.447 0.632 0.447 0.447 1.973 22.7
2 3 3 2 0.447 0.548 0.548 0.447 1.99 22.5
806
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the Lorenz curve of X is the curve in the plane obtained by the line segments connecting the

k
k Z/:1 X
I N
N Z/:1 Xi

origin (0, 0) to the points ( ), k=1,.., N.For k= N, the endpoint (1, 1) is reached.

Definition: The majorization property ( ; )
If X and X’ are N-sequences, ranked in decreasing order, then X is majorized by X’ (equiva-
lently X" majorizes X), denoted as X <; X/, if

k k /
P Xi . X:
2j=1% < 2 Lfork=1,..,N (24)

N =N
2N 2 X

The index L in X <; X refers to the fact that this order relation corresponds to the order relation

N L
1 x]f, then it is not necessary to

between the corresponding Lorenz curves. If Z}'\; Xj =

divide by this sum in Inequality 24.

Continuing now with the explanation of , we first note that the sum of the scores of
one publication is obtained as

Z,—A; \k@ (25)

where 0 < b; < 1, denotes the relative contribution of the jth institute among the M different
institutes. As (3, 3,2,2)<,4,2,2,2)<,4,3,2,1)<,5,2,2,1) <, (6,2,1, 1), and the
function in Eq. 25 is a diversity measure (sum of concave functions), which are known to
respect the majorization order ( ), we see that the more even the data
the larger the total score (sum) of a publication.

This shows that when using MFC an institute scores better (in terms of percentage of the
total sum of all scores) the more unequal the role of institutes in its publications (all other
aspects being equal).

We recall that the issue of majorization has already been discussed briefly in

6. DISCUSSION

As stated in , we wrote this article from a mathematical perspective and did not con-
sider the—important—issue of fairness of practical evaluations. Such considerations, espe-
cially for the case k = 2, have been provided by and in

, . The practical consequences of counting methods have also been studied
recently in

When considering the defining formula for MFC(S) we see that it contains, the relative con-
tributions of the members of institute S, namely the values (b)) = (Y;/N) in the calculation of

N 1/k

MFCKS) = 27:1 (%) . We wish to make the important remark that if it were possible to
)

determine the exact—intellectual—contribution of an institute to a publication, not just a rel-

ative value based on numerical proportions, then the whole mathematical framework of MFC

is still valid. As a first step in this direction, one could, in those fields where this applies, in the

determination of the Y;s and their sums N, count middle authors as 1, the first author as 4, the

second as 2, and the corresponding author as 3 (just as an example).
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Returning to Example 1, with S={q1, 92, g3, g4} and p; = {q1, g3, r1}, po = {2, »}, and p3 =
g1, g3, qa, 13, ra}, where r;, j=1, ..., 4, denotes an author not belonging to S and assuming that
the last author is the corresponding author then we have for institute S, b-values of 6/9, 4/7,
and 7/11, see Inequalities 22, instead of 2/3, 2 and 3/5.

We emphasize that this is just an example, not a proper proposal, to show that the MFC
mathematical framework might also be used in other situations in which institutes are
weighted.

7. CONCLUSION

In this article, we have made precise what was meant by stating that the indicator family MFC
lies between full counting and complete-normalized fractional counting for individuals.
Indeed, it was shown that for one author all MFC, are weighted geometric averages of these
two extremes.

Three sequences of formulas for measuring the contributions of institutes in multi-
institutional articles are presented.

It is shown that next to the formula proposed by and the generalizing
sequence as introduced in , other sequences are equally possible. Prac-
tical applications will have to show which is the best, or that all three are, in practice, equally
admissible. It is shown that more subtle properties of MFC can be proven using the majoriza-
tion order.

Finally, it is suggested that the MFC framework can not only be used when contributions of
institutes are weighted by numbers of participations, but also by actual intellectual contribu-
tions, at least if these could be determined.
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