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the stability of two-derivative time discretizations. UHasselt Computational

Mathematics Preprint, Hasselt University. https://www.uhasselt.be/media/

4gbfm0hf/up2302.pdf
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for low-Mach flows. UHasselt Computational Mathematics Preprint, Hasselt

University. (Accepted for publication in Communications in Computational

Physics). https://www.uhasselt.be/media/hzonmb0o/paper.pdf.

xiii





Chapter 1
Introduction

The world has witnessed a tremendous improvement in science and technology over

the past two centuries1. Ordinary differential equations (ODEs) and partial differ-

ential equations (PDEs) are among the most critical analytical tools facilitating this

achievement. The history of ODEs and PDEs traces back to the late 1600s when

eminent scientists like Newton and Leibniz laid the groundwork for the essential in-

gredients. Thereafter, it was a handy tool in providing mathematical frameworks to

model and solve several complex physical phenomena.

At their core, differential equations are the mathematical language that describes

change—capturing the rhythm of the universe itself, from the grand motion of celestial

bodies to the delicate splitting of chromosomes within living cells. Thus, they provide

a powerful perspective for exploring and understanding the universe.

In the present world, the applications of differential equations span a wide range

of fields. In engineering, they are used, for example, to simulate airflow around

aircraft wings [1, 2, 3], design vehicles with optimal fluid dynamic properties [4, 5, 6],

and construct buildings and skyscrapers [7, 8] that can withstand various natural

forces. In biology and medicine, differential equations help model blood circulation

[9, 10, 11, 12], population dynamics [13, 14, 15], the spread of diseases [16, 17, 18],

and the growth of tumors [19, 20, 21, 22, 23]. They are also used to develop tools for

1The Industrial Revolution began in the late 18th century

1
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predicting the weather [24, 25, 26, 27, 28, 29] and assessing the intensity of natural

disasters [30, 31, 32, 33]. Differential equations are used in economics and social

sciences to model economic growth, inflation, market fluctuations, etc [34, 35, 36].

When it comes to energy exploration, they are inevitable in modeling fuel extraction

methods [37, 38, 39], windmills [40], and hydroelectric power stations [41]. Overall,

differential equations are essential for understanding and predicting changes in both

natural [42, 43, 44, 45, 46] and human-made [47, 48, 49, 50, 51] systems. The references

cited above represent only a small fraction of the extensive and diverse applications

of differential equations across various fields.

Fig. 1.1 shows the image of the landslide that happened in the Wayanad district

of Kerala, India, on July 30, 2024. The disaster has resulted in 254 fatalities, 397

injuries, and 118 people reported missing. Approximately 86,000 square meters of

land had moved down the hill. More technical details about the Wayanad landslide

can be found in [52]. Modeling such a phenomenon can result in an extensive system

of PDEs with many physical constraints. For instance, the fully dynamical model

equations for erosive landslides presented in [33] can be cast into the conservative

form

wt +∇ · F(w) = S(w).

Solving the above equations numerically is highly computationally expensive. As it

is a life-endangering event, solving and predicting the possible dangers must be done

quickly. So, this highlights the requirement for numerical methods that can provide

highly accurate solutions with minimal wall-clock time. The explicit formulation of

the above equation is an extended version of the shallow water equations, as presented

in [33, Eqs. 35–37]. The detailed equations are not presented here so as not to

distract the reader from the main focus of this thesis. However, we present numerical

approaches for solving isentropic equations (see Eq.(1.17) ), which have a structure

similar to the shallow water equations in the case S(w) = 0. More details are given

in the upcoming sections.

In general, making a prediction or deriving information from such models requires

solving the governing equations. In most cases, the resulting differential equations are

too complex to yield a closed-form solution. Hence, a high precision numerical ap-
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Figure 1.1: Satellite images and aerial views of the Chooralmala landslide source

area in Wayanad district, Kerala, before and after the landslide on July 30, 2024.

Reproduced with permission from Springer Nature. Yunus, A. P., Sajinkumar, K. S.,

Gopinath, G., et al. “Chronicle of destruction: the Wayanad landslide of July 30,

2024”, Landslides (2025) 22:1891–1908. © Springer Nature 2025.

proximation becomes essential. However, certain physical phenomena demand lower

computational times to enable timely predictions of their outcomes. Examples include

real-time simulations in climate modeling, to predict the spread of natural disasters,

and more.
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In this thesis, we study numerical methods for time-dependent equations. To

provide an overview of existing time-stepping methods, we consider the following

general form of an ODE for t ∈ (0, Tend]:

dw
dt = f(w), (1.1)

where w ∈ Rm is the unknown variable and f : Rm → Rm for m ∈ N. The initial

condition is given by

w(0) = w0.

In the case of PDEs, spatial discretization is typically applied first, resulting in a

large system of ODEs. This approach is known as the method of lines (MOL) [53].

In practice, the spatially discretized systems are obtained using various methods such

as finite difference [54, 55, 56], finite volume [57, 58, 59, 60, 61], finite element [62,

63, 64], discontinuous Galerkin [65, 66, 67] methods and more. Therefore, the above

formulation (1.1) serves as a general representation for both systems of ODEs and

spatially discretized PDEs. The spatial discretization methods used in this thesis are

described in Sec. 1.2.

There are also space-time methods [68, 69, 70, 71, 72] which, unlike the MOL,

solve the PDEs by discretizing both space and time simultaneously. These methods

offer several advantages: they allow for straightforward parallelization [73] due to the

presence of a single global system, enable simultaneous adaptivity [74, 73] in both

space and time, simplify the treatment of problems involving moving geometries and

more. However, space-time methods are more complex, computationally intensive and

have higher memory demands due to their coupled space-time discretization approach.

Therefore, these methods are used less often.

1.1 Background on standard timestepping methods

As mentioned in the general introduction, if the differential equation under consider-

ation does not admit a closed-form solution, the only option is to find an approximate

solution. Consider the ODE given in Eq. (1.1). The basic steps that any timestepping
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method follows to approximate the solution at time t = Tend are:

1. Choose discrete time nodes in [0, Tend], with t0 = 0 and tN = Tend. The time

t0 t1 t2 t3 t4
. . .

tN−1 tN

nodes can be either uniformly or non-uniformly spaced. The time step size is

defined as

∆tn := tn − tn−1, for 1 ≤ n ≤ N.

For simplicity of presentation, we assume that the nodes are uniformly spaced.

In that case, the constant time step size is given by ∆t = Tend

N . If variable

time step sizes are used in any of the upcoming sections, it will be explicitly

indicated.

2. Approximate the solution at each time instance tn for 1 ≤ n ≤ N using the

available information at previous time instances. Let TimeStep denotes the

sequences of steps involved in approximating the solution at tn. Then the pro-

cedure is given by

Input: Initialization w0 = w0

Output: Approximate solution wN

end

w(tn+1) ≈ wn+1 = TimeStep(wn+1,wn,wn−1, . . . )

for n← 0 to (N − 1) do

Several classifications of the timestepping methods are possible depending on the

dependencies and structure of the TimeStep used. In terms of their dependency on

the solution at different time levels, timestepping schemes are broadly categorized as

explicit or implicit.

Before proceeding further, we introduce some frequently used definitions related

to time-stepping schemes.

Definition 1 (Order of accuracy). Let the error between the approximated solution
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Explicit Methods Implicit Methods

⇒ Use only information from previous
time levels

⇒ Use information from previous and the
current time levels.

⇒ wn+1 = TimeStep(wn,wn−1, . . . ) ⇒ wn+1 = TimeStep(wn+1,wn, . . . )

⇒ E.g: Euler scheme [75] ⇒ E.g: Backward Euler scheme [75, 76]

wn+1 = wn + ∆tf(wn) wn+1 = wn + ∆tf(wn+1)

⇒ No algebraic equations to solve ⇒ Involves solving algebraic equations

Table 1.1: Comparison of explicit and implicit time-stepping methods.

wN and the exact solution w(Tend) at time Tend = ∆tN be given by

E(∆t) :=
∥∥w(Tend)−wN

∥∥ ,
for a given norm ‖·‖. A time-stepping scheme is said to have order p, if

E(∆t) = O(∆tp).

The order of accuracy of the schemes, Euler and the backward Euler, given in

Tab. 1.1 is one. In the upcoming sections, we review several time-stepping methods,

classified according to their structure, the information used from previous time levels

and stages, the manner in which the function f and its derivatives are incorporated

into the scheme, the ease of extending the method to higher orders of accuracy, and

other relevant factors.
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1.1.1 Multi-Derivative Runge–Kutta Methods

Runge–Kutta Methods

A large class of classical time-stepping schemes can be expressed as Runge-Kutta

(RK) methods, each defined by a corresponding Butcher tableau. When comparing

time-stepping schemes such as Euler’s method, Runge–Kutta (RK) methods distin-

guish themselves by utilizing information from intermediate stages {tn1 , tn2 , tn3 , · · · , tns },

which allows them to achieve higher-order accuracy. The stage values corresponding

to the intermediate time levels tnj = tn + cj∆t, are evaluated by

w(i) = wn + ∆t
s∑
j=1

aijf(w(j)), for 1 ≤ i ≤ s,

and the solution is then updated using

wn+1 = wn + ∆t
s∑
i=1

bif(w(i)).

The associated Butcher tableau is represented as

c A

bT
≡

c1 a11 a12 · · · a1s

c2 a21 a22 · · · a2s

...
...

... . . . ...

cs as1 as2 · · · ass

b1 b2 · · · bs

,

in fact it defines the method.

Extension to Multi-Derivative Runge–Kutta Methods

Multi-Derivative Runge–Kutta (MDRK) methods generalize classical Runge–Kutta

(RK) schemes by incorporating higher derivatives of the solution into the time-

stepping process. This extension enables higher-order accuracy or enhanced stability

without increasing the number of stages, at the cost of evaluating additional deriva-
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tives. Classical RK methods are recovered as a special case when only the first

derivative is used.

Since higher-order time derivatives are required for constructing MDRK schemes,

they must be evaluated from the original differential equation (1.1). Starting from

the initial equation,

dw
dt = f(w) =: f (0)(w),

the second time derivative is obtained by differentiating f (0)(w) with respect to time

d2w
dt2 = df (0)(w)

dt = f ′(w)f(w) =: f (1)(w),

where f ′(w) represents the Jacobian df
dw . Similarly, the third time derivative is ob-

tained by differentiating f (1)(w)

d3w
dt3 = df (1)(w)

dt = f ′′(w)(f(w))2 + (f ′(w))2f(w) =: f (2)(w).

Recursively, the r-th time derivative (r > 1) can be expressed as

drw
dtr = d

dtf
(r−2)(w) =: f (r−1)(w).

Using the derivatives defined above, an r-derivative, s-stage MDRK scheme updates

the solution as

wn+1 = wn +
r∑
d=1

∆td
s∑
i=1

b
(d)
i f (d−1)(w(i)),

where each stage value w(i) is computed via:

w(i) = wn +
r∑
d=1

∆td
s∑
j=1

a
(d)
ij f

(d−1)(w(j)), for 1 ≤ i ≤ s.
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This method is compactly represented by a generalized Butcher tableau:

c A(1) A(2) · · · A(r)

b(1)T b(2)T · · · b(r)T

A few examples for the MDRK scheme are:

• Classical Runge–Kutta (RK) methods correspond to r = 1, using only the first

derivative f(u).

– Explicit RK (ERK) if aij = 0 for all j ≥ i (no implicit dependencies).

– Diagonally Implicit RK (DIRK) if aii 6= 0 and aij = 0 for j > i.

– Fully Implicit RK (FIRK) if there exist aij 6= 0 for both j < i and j ≥ i.

Refer to [75, 76, 77, 78, 79] for examples of RK schemes. Examples of DIRK

and FIRK schemes are given in Tables 1.2 and 1.3, respectively.

1
2 + 1

2
√

3
1
2 + 1

2
√

3 0
1
2 −

1
2
√

3 − 1√
3

1
2 + 1

2
√

3
1
2

1
2

Table 1.2: Butcher tableau for a 2-stage, third-order DIRK method [80].

1
3

5
12 − 1

12
1 3

4
1
4

3
4

1
4

Table 1.3: Butcher tableau for the 2-stage, third-order Radau IIA method [76].

• The r-th order explicit Taylor Methods [75, 81] are given by

wn+1 = wn +
r∑

k=1

∆tk
k! f

(k−1)(wn).
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• A class of special explicit two-derivative Runge-Kutta (TDRK) schemes is pre-

sented in [82]. These schemes were constructed to require only one evaluation

of the function f (0) per step.

• The strong stability preserving (SSP) multi-derivative schemes. An example of

a one-stage second-order implicit multiderivative SSP [83] scheme is

wn+1 = wn + ∆t f (0)(wn+1)− ∆t2
2 f (1)(wn+1).

Consult [84, 85, 86, 87, 88, 89, 90, 83] for more multi-derivative RK schemes.

• Two-derivative Hermite–Birkhoff collocation schemes (HBRK) [91, 92]. These

schemes are stiffly accurate, satisfying

b(d)T = A(d)(s, :), for all 1 ≤ d ≤ r,

which implies un+1 = us. These schemes are constructed by fitting a Hermite-

Birkhoff polynomial through the time instances {c1∆t, c2∆t, . . . , cs∆t} and then

integrating the result from tn to tn+1. A sixth-order, three-stage HBRK scheme

[92] is shown in Tab. 1.4.

0 0 0 0 0 0 0
1
2

101
480

8
30

55
2400

65
4800 − 25

600 − 25
8000

1 7
30

16
30

7
30

5
300 0 − 5

300
7
30

16
30

7
30

5
300 0 − 5

300

Table 1.4: Sixth-order HBRK scheme with three stages [92].

The classical RK schemes are well-studied and widely used due to their simplicity,

flexibility, and efficiency. However, higher-order RK schemes often require several

stages, which can significantly affect performance, especially when the function f

is expensive to evaluate. This is where MDRK schemes offer advantages, as they

improve accuracy by incorporating higher-order derivatives instead of increasing the

number of stages. For instance, [93] demonstrated the use of Taylor methods of order



1.1. Background on standard timestepping methods 11

20 in astrodynamics and celestial mechanics, highlighting their improved accuracy.

Although the addition of higher derivatives provides flexibility in improving stability

(both linear and nonlinear) and accuracy for MDRK schemes, implementing them for

solving PDEs can be challenging.

We utilized multi-derivative collocation schemes [91, 92] to design higher-order

predictor-corrector methods, as elaborated in [94, Paper I] and [95, Paper II]. Fur-

thermore, we investigated the stability characteristics of SSP schemes [83] and applied

these methods to solve the Navier-Stokes equations using a DGSEM spatial discretiza-

tion [96, Paper III].

1.1.2 General Linear Methods

When it comes to improving the convergence order of timestepping schemes, it is

possible in RK methods by adding more stages to the scheme. An alternative way is to

consider multi-step timestepping schemes. If the time stepping considers contributions

from more than one previous time instance

wn+1 = TimeStep(wn+1,wn,wn−1, . . . ,wn+1−k),

then it is termed to be a multistep timestepping scheme. In particular, the above one

is a k-step timestepping scheme as it uses information from previous k time instances.

The linear multistep methods (LMMs) are those that take the form

k∑
j=0

αjwn+1−j = ∆t
k∑
j=0

βjf(wn+1−j).

where the coefficients αj and βj determines the method. A three-step fourth-order

Adams–Bashforth method [75]

wn+1 −wn = ∆t
(

23
12f(wn)− 4

3f(wn−1) + 5
12f(wn−2)

)

is an example of an explicit LMM.

By combining the concept of intermediate stages from Runge-Kutta (RK) methods
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with the multistep nature of linear multistep methods (LMMs), a broader class of

methods can be constructed. These schemes are known as General Linear Methods

(GLMs). The GLMs are represented using four matrices A ∈ Rs×s, U ∈ Rs×k,

B ∈ Rk×s, and V ∈ Rk×k as

 W

w[n+1]

 =

A U

B V


∆tF

w[n]

 ,
where w[n] and w[n+1] are the previous and current updated vectors, each containing

k components, given by

w[n] =



w[n]
1

w[n]
2
...

w[n]
k


, w[n+1] =



w[n+1]
1

w[n+1]
2
...

w[n+1]
k


.

For n = 0, the values of w[0] are either provided or computed using an appropriate

initialization procedure. The vectors W and F represent the s-stage values and their

function evaluations, respectively, defined as

W =



W1

W2

...

Ws


, F =



f(W1)

f(W2)
...

f(Ws)


.

An example of a second-order two-stage two-step GLM [97] is given in Tab.1.5. For

more general linear methods (GLMs) and their applications to differential equations,

see [98, 99, 100, 101, 102].

Compared to classical RK schemes, GLMs achieve higher orders of accuracy by

leveraging information from previous time instances while requiring fewer function

evaluations. This approach significantly reduces computational effort by decreasing
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[
A U

B V

]
=


0 0 1 0
2 0 0 1
5
4

1
4

1
2

1
2

3
4 − 1

4
1
2

1
2



Table 1.5: A second-order two-stage two-step GLM [97].

the number of intermediate stages. The combination of stages and steps can be tuned

to obtain schemes with the desired stability properties. However, the requirement

for appropriate starting procedures to initialize the method is a downside, especially

for a l-step GLM when l is large. Additionally, unlike RK methods, GLMs must be

checked for null-stability, since they rely on solutions from previous time steps.

1.1.3 Multi-Derivative General Linear Methods

When multiple derivatives are incorporated into general linear methods (GLMs),

the resulting class is known as multi-derivative general linear methods (MDGLMs).

This broader class encompasses all the previously discussed methods, including

Runge–Kutta (RK) methods, linear multistep methods (LMMs), and multi-derivative

Runge–Kutta (MDRK) methods.

The MDGLMs are formulated in a manner similar to standard GLMs, but with

additional matrices to account for multiple derivatives. The matrices involved are:

{A(d) ∈ Rs×s, 1 ≤ d ≤ r}, U ∈ Rs×k, {B(d) ∈ Rk×s, 1 ≤ d ≤ r}, and V ∈ Rk×k.

The MDGLM scheme is expressed as

 W

w[n+1]

 =

A(1) A(2) · · · A(r) U

B(1) B(2) · · · B(r) V





∆tF(0)

∆t2F(1)

...

∆trF(r−1)

w[n]


,

where, w[n+1], w[n] and W have the same interpretations as in standard GLMs. The
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vectors F(l) represent stage evaluations of the l-th derivative

F(l) =



f (l)(W1)

f (l)(W2)
...

f (l)(Ws)


, 0 ≤ l ≤ r − 1.

Any scheme that belongs to the class of Runge–Kutta (RK) methods, linear multistep

methods (LMMs), or multi-derivative Runge–Kutta (MDRK) methods is already an

example of an MDGLM. Below are a few examples of MDGLM schemes that fall

outside the above-mentioned classes:

• Brown’s schemes are one-stage multi-step multi-derivative schemes [84, 103].

An l-step k-derivative Brown’s scheme is denoted by Brown(k, l). It is given by

k∑
j=0

αjwn+1−j =
l∑

d=1
∆tdβdf (d−1)(wn+1),

where the coefficients αi and βi are chosen to achieve the maximum possible

order of accuracy, which is k + l − 1, by fixing α0 = (−1)kk−l.

• Second Derivative Backward Differentiation Formula (SDBDF) methods [76] are

a special case of Brown’s schemes where the number of derivatives is fixed at 2.

Specifically, the k-step SDBDF scheme corresponds to the Brown(k, 2) scheme.

The order of accuracy of the k-step SDBDF scheme is k + 1.

• For further details on multiderivative general linear methods (MDGLMs), in-

cluding recent developments and applications, consult [104, 105, 106, 107, 108,

109].

As the MDGLMs represent a broader class of GLMs through the incorporation

of higher-order derivatives, they inherit similar advantages to those offered by GLMs

and MDRK schemes over classical RK methods. In addition, the flexibility to choose

the number of stages, steps, and derivatives provides greater freedom in designing
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optimal schemes. In contrast to GLMs, a p-th order Taylor method that uses p − 1

derivatives of f can be employed as a starting procedure for MDGLMs. However, this

strategy is not feasible when solving PDEs.

1.2 Spatial discretization

In this thesis, we consider time-dependent partial differential equations (PDEs) of the

form

wt +∇ · F(w) = 0, (1.2)

defined on a spatial domain Ω ⊂ Rn, where w(x, t) : Ω × R≥0 → Rm is the state

vector, and F(w) : Rm → Rm denotes the flux function. In particular, we focus on

(viscous) conservation laws, where the flux is given by

F(w) := Finv(w)− Fν(w,∇w), (1.3)

with Finv representing the inviscid flux, and Fν denoting the viscous flux, which de-

pends on both the state w and its gradient ∇w. The following conservation equations

are considered in this thesis:

• Viscous Burgers’ Equation

Finv(w) = w2

2 , Fν(w,∇w) = ∇w,

where w(x, t) : Ω× R≥0 → R for Ω ⊂ R.

• Compressible Navier–Stokes Equations. For the state vector w = [ρ ρv E]T ,

the inviscid and viscous fluxes are given by:

Finv(w) =


ρv

ρv⊗ v + pId

v(E + p)

 , Fν(w,∇w) =


0

τ

τ · v + q

 ,

where ρ ∈ R is the density, v ∈ R2 is the velocity, E ∈ R is the total energy, p



16 Chapter 1. Introduction

is the pressure, τ is the viscous stress tensor and q = λT∇T is the heat flux.

• Isentropic Euler Equations. For the state vector w = [ρ ρv]T , the inviscid flux

is given by:

Finv(w) =

 ρv

ρv⊗ v + pId

 ,

and Fν(w,∇w) = 0. The variables are defined as in the compressible

Navier–Stokes equations.

Further details on the above conservation equations are provided in the subsequent

chapters, wherever they are applied. Formally, the PDE (1.2) can be cast into an

ODE

wt = R(1)(w) (1.4)

in some infinite dimensional function space where the function R(1)(w) is defined as

R(1)(w) := −∇ · F(w). (1.5)

There are several methods available in the literature for discretizing the spatial

operator R(1)(w) that arises in partial differential equations. Finite difference (FD)

methods are well-suited for structured meshes but often struggle in the presence of

discontinuities and complex geometries. Finite volume (FV) methods, on the other

hand, are capable of handling discontinuities and are compatible with unstructured

meshes, offering greater flexibility for complex solution structures. However, in FV

schemes, increasing the accuracy typically requires refining the mesh or higher-order

polynomial reconstruction, or the use of ENO-type schemes.

In order to effectively combine spatial discretization with higher-order time-

stepping methods, it is essential to use a spatial scheme that also provides high-order

accuracy. For this reason, we employ the Discontinuous Galerkin (DG) method, which

combines the local conservation and geometric flexibility of FV methods with the

high-order accuracy of finite element (FE) methods. The DG method is particularly

well-suited for solving conservation laws involving complex geometries and discon-

tinuous solutions. The Discontinuous Galerkin (DG) scheme was first introduced in
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[65]. It was later significantly developed by Cockburn and Shu, who provided a com-

prehensive theoretical foundation for the method; see [66, 67, 110, 111, 112]. For a

broader overview and various applications of DG methods, the reader is referred to

[113, 114].

In particular, we consider the specific DG method introduced in [115], known as

the Discontinuous Galerkin Spectral Element Method (DGSEM), due to its computa-

tional efficiency and the availability of DGSEM-based open-source software FLEXI2.

The FLEXI software [116] was developed at the Institute of Aerodynamics and Gas

Dynamics at the University of Stuttgart. The FLEXI framework has since been ex-

tended into various other software packages, including FLEXImultiphase, GALAEXI

[117] (a GPGPU-enabled extension), RELEXI (a reinforcement learning framework),

and ELEXI [118] (a high-order numerical Eulerian–Lagrangian extension).

1.2.1 Discontinuous Galerkin Spectral Element Method

Consider the equation (1.2)

wt +∇ · F(w) = 0,

defined on a spatial domain Ω ⊂ R2. The domain Ω is partitioned into NE non-

overlapping mesh elements,

Ω =
NE⋃
e=1

Ωe.

Define the space of broken polynomial as follows:

VNp :=
{
v ∈ L2(Ω)

∣∣∣ v|Ωe ∈ ΠNp (Ωe) , 1 ≤ e ≤ NE
}
,

where the space ΠNp
(Ωe) denotes the tensor product of one-dimensional Lagrange

basis function of degree at most Np. The weak formulation of equation (1.2) is given

by

NE∑
e=1

(wt, φ)Ωe − (F(w),∇φ)Ωe +
〈
F∗(wL,wR) · n, φ

〉
∂Ωe

= 0, ∀φ ∈ ΠNp , (1.6)

2http://www.flexi-project.org
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where (:, :)Ωe
denotes the volume integral over Ωe and 〈:, :〉∂Ωe

denotes the surface

intergral over the element boundary ∂Ωe. The term F∗(wL,wR) represents the nu-

merical flux, computed using the values wL and wR from the adjacent elements, and

n is the outward unit normal to the surface.

For the ease of computation, each element Ωe is mapped onto the reference element

[−1, 1]2, and the equations are transformed into the corresponding reference space

ξ = (ξ1, ξ2); see [119] for the detailed formulation. On the reference element, the

unknowns are approximated by polynomials constructed as the tensor product of

one-dimensional Lagrange interpolation polynomials (`) of degree Np, which form a

key component of the DGSEM. The solution is then approximated by

w(ξ) ≈ wh(ξ) :=
Np∑
i,j=0

ŵij `i(ξ1)`j(ξ2), (1.7)

and the transformed flux functions are approximated as

Fm(ξ) ≈ Fmh (ξ) :=
Np∑
i,j=0

F̂mij `i(ξ1)`j(ξ2), m = 1, 2, (1.8)

where (•̂)ij denotes the (i, j)-th coefficient in the polynomial representation of the

corresponding quantity.

The Gauss-Legendre quadrature for approximating the integrals in Eq.(1.6) and

the one-dimensional Lagrange interpolation polynomial uses the same Np + 1 Gauss-

Legendre nodes. Substituting polynomial representations of wh and Fmh in Eq.(1.6),

and applying the quadrature approximations in an element, and rearranging the

terms, we get the spatial DGSEM operator R(1)
h (wh), see [119],

R(1)
h (wh)ij :=− 1

Jgeoij

[ Np∑
λ=0
F̂1
λjD̂λj +

(
[f∗ŝ]+ξ1

j
ˆ̀
i(1) + [f∗ŝ]−ξ1

j
ˆ̀
i(−1)

)

+
Np∑
µ=0
F̂2
iµD̂iµ +

(
[f∗ŝ]+ξ2

i
ˆ̀
j(1) + [f∗ŝ]−ξ2

i
ˆ̀
j(−1)

)]
, ∀i, j, (1.9)



1.2. Spatial discretization 19

where,
ˆ̀
i := `i

ωi
and D̂ij := ωi

ωj

∂`i(ξ)
∂ξ

∣∣∣
ξ=ξj

, (1.10)

with the Gauss-Legendre quadrature weight ωi and Jgeo is the Jacobian of the geo-

metrical transformation. The four sides of the unit reference element are denoted by

−ξ1, +ξ1, −ξ2 and +ξ2. The transformed flux [f∗ŝ] is evaluated at the four edges

at each nodes in the Eq.(1.9). The states wL and wR are computed by evaluating

the solution polynomials at the cell edges. See [119], for the definition of the surface

element ŝ and for the complete derivation [115, 119]. We use the global Lax-Friedrichs

flux here,

f∗(wL,wL,n) = 1
2

(
F(wL) + F(wR)

)
· n + λ

(
wL −wR

)
(1.11)

for a globally constant value λ. This simple form of numerical flux is chosen to attain

a straightforward expression for the second derivative term, as shown in Eq. (1.15).

In contrast, other commonly used numerical fluxes may complicate the derivation of

the second derivative form. Moreover, in [120, Paper V], the global Lax-Friedrichs

flux with carefully chosen values of λ plays a key role in ensuring the asymptotic

preservation property (refer to Definition 2) of the schemes considered for low-Mach

flows.

Evaluation of the second time derivative

When it comes to multi-derivative time-stepping schemes, they require higher-order

temporal derivatives of Equation (1.2) for the computation. Here, we restrict ourselves

to second-derivative time-stepping schemes, which require only the first and second

time derivatives of Equation (1.2). The spatial operator for the second derivative is

evaluated by introducing the artificial quantity,

σ := R(1)(w) ≡ wt (1.12)
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as done in [91]. Differentiating Eq.(1.2) with respect to time and applying σ, we get,

wtt = (R(1)(w))t = −∇ ·
(
∂F
∂wR(1)(w)

)
= −∇ ·

(
∂F
∂wσ

)
:= R(2)(w, σ). (1.13)

Similarly to the first temporal derivative, the spatial DGSEM operator for the second

derivative is derived by introducing the new flux function ∂F
∂wσ

R(2)
h (wh, σh)ij :=− 1

Jgeoij

[ Np∑
λ=0

∂F̂1
λj

∂ŵλj
σ̂λjD̂λj +

(
[f̃∗ŝ]+ξ1

j
ˆ̀
i(1) + [f̃∗ŝ]−ξ1

j
ˆ̀
i(−1)

)

+
Np∑
µ=0

∂F̂2
iµ

∂wiµ
σ̂iµD̂iµ +

(
[f̃∗ŝ]+ξ2

i
ˆ̀
j(1) + [f̃∗ŝ]−ξ2

i
ˆ̀
j(−1)

)]
, ∀i, j,

(1.14)

where σh := R(1)(wh) and the numerical flux f̃∗(wL,wR, σL, σR,n). The states σL

and σR can also be computed by evaluating the solution polynomials at the cell edges.

Similar to the numerical flux in Eq.(1.9), we use the global Lax-Friedrichs flux for f̃∗

as well,

f̃∗(wL,wR, σL, σR,n) = 1
2

(
∂F(wL)
∂wL

σL + ∂F(wR)
∂wR

σR

)
· n + λ

(
σL − σR

)
. (1.15)

1.3 Stiffness in differential equations

Stiffness in differential equations refers to the presence of components that evolve at

significantly different rates. This phenomenon can arise in several ways, a few of them

are listed below

• Consider the Van der Pol problem

w′1(t) = w2, w′2(t) = (1−w2
1)w2 −w1

ε
(1.16)

This nonlinear oscillator is a classical model introduced in the 1920s by the

Dutch electrical engineer Balthasar van der Pol [121] to describe the behavior

of early vacuum tube circuits. As ε� 1, the solution components exhibit rapid

changes over short time intervals, making the system stiff.
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• When a PDE is spatially discretized, the resulting system of ODEs can exhibit

eigenvalues with widely varying magnitudes, particularly when the mesh con-

tains elements of significantly different sizes. This disparity often leads to a stiff

system, making the application of numerical schemes more challenging.

• Consider the dimensionless isentropic Euler equations

 ρ

ρv


t

= −∇ ·

 ρv

ρv⊗ v + 1
ε2 pId

 , (1.17)

where the variables are defined as in Sec. 1.2. The system is closed with the

equation of state p(ρ) := κργ , where κ > 0 and γ > 1. The stiffness of the

system is governed by the reference Mach number parameter ε, which is the

ratio of the fluid speed to the speed of sound. Depending on the value of the

stiffness parameter, equations model different flow regimes

– ε < 1: low Mach (nearly incompressible),

– ε = 1 : compressible flows with moderate speeds,

– ε > 1 : highly compressible or supersonic flows3.

A notable application where such variations in ε are relevant is the de Laval

nozzle—a specially shaped nozzle used in jet engines and rockets to accelerate

gases to supersonic speeds4. In contrast, examples of low Mach number (ε� 1)

flows include water in pipes and air flow through ducts.

However, the notion of stiffness is not always straightforward. Several factors can

introduce stiffness into a problem or its discretized equations. A comprehensive review

of the historical development of the concept of stiffness in differential equations is

presented in [122].

3For ε > 1, supersonic flows can create shock waves, leading to entropy changes that violate the
assumption of isentropic flow. Consequently, such flows must be treated with caution. However, this
regime is not addressed in the present thesis.

4https://www.grc.nasa.gov/www/k-12/airplane/isentrop.html
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1.3.1 Necessity of implicitness

Starting from the Van der Pol problem (1.16), if we apply a time-stepping scheme to

solve it numerically, we must ensure that the time step size ∆t lies within the stability

region of the chosen method. As explicit schemes usually come with a bounded

stability region, the stiffness of the problem forces explicit methods to use extremely

small time steps to maintain stability, which can make them inefficient or impractical

for long-time simulations.

Consider the isentropic Euler equation (1.17). The eigenvalues of the Jacobian of

the flux function in two dimensions are given by

λ1 = v · n, and λ2,3 = v · n± 1
ε

√
κγργ−1, (1.18)

for some direction vector n. For explicit schemes, the stability restriction imposed by

the CFL condition [123] forces small time step sizes, with

∆t = O(ε∆x)

where ∆x is the spatial mesh size. Hence, as ε→ 0, the time step ∆t must also tend

to zero, making it infeasible to use.

In order to circumvent the above-mentioned issues, implicit schemes [124]–which

possess unbounded stability regions–can be employed. As they impose no, or sig-

nificantly less severe, time step restrictions, implicit methods are well suited for the

numerical solution of stiff equations. However, implicit methods also bring compu-

tationally expensive tasks of solving nonlinear equations. The computational com-

plexity increases even further when the fluxes are highly nonlinear and stiff. Another

drawback of implicit methods is their tendency to introduce more numerical diffusion,

which can overly smooth sharp gradients or essential features in the solution.

1.3.2 Implicit-Explicit schemes

As discussed above, implicit methods can provide numerical solutions to stiff equations

without compromising on the timestep sizes. However, they require computationally
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expensive tasks like solving nonlinear equations and have drawbacks such as unwanted

numerical diffusion. One way to reduce the computational burden of inverting highly

nonlinear equations is to split the terms into stiff and non-stiff parts. For example,

in the case of ODEs, the equation (1.1) can be split as

du

dt
= f(u) =: fI(u)︸ ︷︷ ︸

stiff

+ fE(u)︸ ︷︷ ︸
non-stiff

. (1.19)

Similarly, in the case of PDEs, the flux in Eq. (1.2) can be decomposed as

wt = −∇ · F(w) =: −∇ ·
(

FI(w)︸ ︷︷ ︸
stiff

+ FE(w)︸ ︷︷ ︸
non-stiff

)
.

The stiff part can be chosen to be nearly linear, allowing it to be treated implicitly,

while the non-stiff part can be handled explicitly. Such timestepping schemes are re-

ferred to as implicit-explicit (IMEX) schemes. These class of methods take advantage

of the speed of explicit schemes and the unconditional stability of implicit methods.

The two-derivative IMEX-Taylor scheme [125]

wn+1 = wn + ∆t
(
f

(0)
I (wn+1) + f

(0)
E (wn)

)
− ∆t2

2

(
f

(1)
I (wn+1)− f (1)

E (wn)
)

(1.20)

is an example for second-order IMEX method.

Designing an effective splitting strategy for a given problem is an art and is far

from trivial. However, developing such a splitting is beyond the scope of this the-

sis. Therefore, we adopt an established splitting method that is well-suited to the

problem under consideration. For example, in the case of the dimensionless isentropic

equations (1.17), we use the splitting proposed in [126], defined as

FI(w) =

 ρv

1−ε2

ε2 pId

 , and FE(w) =

 0

ρv⊗ v + pId

 . (1.21)

The eigenvalues of the Jacobian of the explicit part are given by

λ1 = 0, λ2 = v · n and λ3 = 2v · n,
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and they do not depend on the stiffness parameter. Since the timestep restriction is

influenced only by the non-stiff part, which is treated explicitly, we have

∆t = O(∆x).

In [127], the authors presented a strategy to obtain suitable flux splittings through

characteristic decomposition of the Jacobian. For further details on various IMEX

methods, consult the following references: Runge–Kutta methods [128, 129, 130, 131,

132, 133]; linear multistep methods (LMMs) [134, 135]; multi-derivative methods

[125, 92, 83, 136, 137, 138]; and second-derivative general linear methods (GLMs)

[109]. For additional developments, see also [139, 140, 141, 142].

The equations (1.16) and (1.17) are examples of singularly perturbed problems,

meaning their mathematical type changes as ε→ 0:

• Van der Pol equation(1.16): As ε→ 0, the system reduces to

w′1(t) = w2, 0 = (1−w2
1)w2 −w1, (1.22)

a differential-algebraic equation (DAE), involving both a differential and an

algebraic constraint.

• Compressible isentropic Euler equations (1.17): In the limit ε→ 0, the equations

reduce to the incompressible Euler equations

ρ(0) ≡ const > 0, ∇ · v(0) = 0,

(v(0))t +∇ · (v(0) ⊗ v(0)) +
∇p(2)

ρ(0)
= 0.

(1.23)

This limit is obtained under the assumption that the solution w of (1.17) admits

a Hilbert expansion [143] of the form

w = w(0) + εw(1) + ε2w(2) +O(ε3).

Therefore, solving such problems numerically introduces additional challenges. To
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ensure both efficiency and stability, the temporal and spatial discretizations must

account for the changing behavior of the equations as ε→ 0.

Definition 2. A time stepping scheme is said to be asymptotic preserving (AP) if,

in the formal limit as ε→ 0, the numerical solution of the scheme with well prepared

initial data is a consistent discretization of the limiting equation. The initial data is

said to be well-prepared if it possesses a well-defined Hilbert expansion.

In the case of the Van der Pol equation (1.16) and the compressible isentropic

Euler equations (1.17), an asymptotic preserving (AP) time stepping scheme ensures

that, as ε→ 0, the numerical solution of the singularly perturbed problem converges

to a consistent approximation of the solution to the corresponding limiting problem

(Eq. (1.22) or (1.23)). For further insights on AP schemes, see [144, 145, 146, 147,

148, 149, 150, 151, 152, 125].

In [120, Paper V], we have shown that the two-derivative second-order IMEX

Taylor scheme for the compressible isentropic Euler equations, using the splitting

(1.21) given in [126], is asymptotic preserving under periodic boundary conditions.

1.3.3 Multirate schemes: Explicit approach

Unlike IMEX (Implicit-Explicit) schemes, which treat stiff terms implicitly, multirate

methods apply a specialized explicit treatment. The main reason for the implicit

treatment of stiff terms in IMEX schemes is to eliminate severe timestep restrictions

imposed by stiffness. In contrast, multirate schemes treat both stiff and non-stiff

components explicitly but with different timestep sizes.

In a typical multirate approach, the slow (non-stiff) part is integrated using a

Runge-Kutta method with a timestep ∆t, while the fast (stiff) part is computed

using a different Runge-Kutta method with a smaller timestep ∆τ < ∆t. The smaller

timestep is usually chosen as

∆τ = ∆t
M

where M ∈ N is the number of fast substeps corresponding to the fast component

within one slow timestep. The key idea is that the overall stability of the multirate

scheme depends on the choice of M .
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tn tn+1

τ0 τ1 τ2 τ3 τ4 τ5

Fast micro-steps (∆τ = ∆t
5 )

One slow macro-step (∆t)

Figure 1.2: Schematic representation of a multirate scheme: one macro-step for the

slow component and five micro-steps (M = 5) for the fast component.

For example consider the ODE

du

dt
= f(u) = fI(u) + fE(u),

where fE is the slow component and fI is the fast component. When the Euler scheme

is applied to the above ODE, the solution is given by

un+1 = un + ∆t f(un).

This can also be interpreted as the exact solution of an auxiliary ODE defined by

z(0) = un,
dz(τ)
dτ

= f(un),

with respect to a new temporal variable τ . Thus, we have un+1 = z(∆t). The concept

of multirate schemes is built on this idea. During one slow macro-timestep (∆t), the

auxiliary ODE is reformulated as

z(0) = un,
dz(τ)
dτ

= fE(un) + fI(z(τ)).

It can be noted that if fI is taken to be zero, then multirate scheme reduces to the

original base scheme (e.g., Euler). Hence, by solving the above ODE exactly for z(τ),

or by applying a Runge-Kutta scheme with finer timestep sizes ∆τ , the potential

stability issues caused by the fast component fI(u) can be mitigated. When the ODE

is solved exactly, the resulting multirate scheme inherits the stability properties of
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the base method used for the slow component. If a numerical scheme is used for

solving the auxiliary ODE, the stability of the combined method can be controlled by

adjusting M . As M increases, the stability region of the multirate method typically

expands [153]. Therefore, as the stiffness of the problem increases, the parameter M

can be increased to maintain numerical stability and achieve an accurate solution.

A general approach for constructing one-derivative multirate schemes is presented in

[154].

In [153], a multirate scheme is applied to ocean models, where fast gravity waves

contribute to the stiff part, while the remaining dynamics contribute to the non-stiff

part. For higher-order multirate schemes and their applications, consult [154, 155,

156, 157, 158, 159, 160, 161, 162, 163]. Multirate schemes are well suited for mildly

stiff problems. However, they are difficult to use for highly stiff equations (ε� 1).

Existing multirate schemes are primarily based on one-derivative formulations. In

[164, Paper IV], we extended the multirate approach to multi-derivative schemes. We

mathematically derived the non-trivial order conditions and proposed novel schemes.

The stability of this new class of multirate multi-derivative schemes was investigated,

and their numerical properties were studied using a variety of ODE and PDE test

problems.

1.4 Predictor-Corrector Schemes

As discussed in the previous sections, implicitness is essential for the development

of asymptotic preserving (AP) schemes. For implicit schemes, it is highly de-

sirable that they are A-stable, or at least A(α)-stable with α close to 90◦, see

[76, 103, 165, 166, 167]. This guarantees stability even as the problem stiffness in-

creases. Therefore, when designing a scheme that possesses properties such as being

asymptotic preserving (AP), A-stabilty, L-stability, and suitable for highly stiff prob-

lems, the scheme must allow sufficient flexibility. This consideration naturally leads

to the use of fully implicit Runge-Kutta (FIRK) type methods.

Collocation schemes are among the suitable choices of FIRK methods. See Tab. 1.3

for a one-derivative collocation scheme, and Tab. 1.4 for a two-derivative collocation

scheme. However, due to their coupled stage equations, collocation schemes lead to
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an increase in the problem size when solving PDEs. If the discretized PDE has NDOF

degrees of freedom, a collocation scheme with s implicit stages requires solving one

large system of size s ·NDOF simultaneously, where the Newton method must invert

a Jacobian matrix of size (s ·NDOF) × (s ·NDOF). In contrast, for schemes with

decoupled stages, such as DIRK schemes, it is only necessary to invert a Jacobian

matrix of size (NDOF ×NDOF) for each of the s stages separately. Computationally,

this results in a significant difference.

To mitigate the computational complexity associated with solving all coupled

stages of collocation schemes simultaneously, an iterative solution strategy is often

employed. One such approach is the Spectral Deferred Correction (SDC) method,

introduced by Dutt, Greengard, and Rokhlin in [168]. The SDC method is part of

a broader class of Deferred Correction (DC) schemes, which construct higher-order

time integration methods from lower-order building blocks using iterative refinement.

In review by Ong and Spiteri [169], DC schemes are categorized into four main

classes based on the formulation of their associated error equations. The Classical

Deferred Correction (CDC) method [170] and the method proposed in [168] (often

referred to as DGR) are based on solving initial value problems (IVPs) for the error

function. On the other hand, the SDC method [171] and the Integral Deferred Cor-

rection (IDC) schemes [172, 173] utilize the integral form of the error equation. In

principle, all of the aforementioned DC methods result in similar schemes.

Each correction step involves solving an error equation and updating the current

approximation with an increased order of accuracy. This iterative process continues

until the method reaches its designed order of consistency. Eventually the iterative

scheme converges to the solution of the underlying collocation scheme. For further

details and developments in DC methods, readers are referred to [174, 175, 176, 177,

178, 179, 180] and the references therein.

1.4.1 Hermite–Birkhoff Predictor–Corrector Schemes for Im-

plicit and IMEX Integration

A two-derivative SDC-type asymptotic preserving IMEX scheme was developed in

[125]. This work was later extended to higher-order schemes with parallel-in-time ca-
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pabilities in [92]. The stability properties of these methods were subsequently studied

and improved in [167]. The IMEX-HBPC scheme is presented below for the general

splitting in Eq. (1.19). The scheme begins with a predicted solution computed using

a two-derivative, second-order IMEX-Taylor method:

1. Predict. Solve the following expression for wn,[0],l and 1 ≤ l ≤ s:

wn,[0],l := wn + cl∆t
(
f

(0)
I (wn,[0],l) + f

(0)
E (wn)

)
− (cl∆t)2

2

(
f

(1)
I (wn,[0],l)− f (1)

E (wn)
)
,

(1.24)

2. Correct. Solve the following for wn,[k],l, for each 1 ≤ l ≤ s and each

1 ≤ k ≤ kmax:

wn,[k],l := wn + θ1∆t
(
f

(0)
I (wn,[k],l)− f (0)

I (wn,[k−1],l)
)

− ∆t2
2 θ2

(
f

(1)
I (wn,[k],l)− f (1)

I (wn,[k−1],l)
)

+ Il
(
wn,[k−1],1, . . . ,wn,[k−1],s

)
,

(1.25)

where (θ1, θ2) are stability-optimized coefficients [167], and Il is the quadrature

rule, see [92].

3. Update.

wn+1 := wn,[kmax],s

Remark 1. The fully implicit HBPC scheme can be derived from the IMEX-HBPC

algorithm by replacing fI with f and setting fE = 0.

In each correction step, the order of convergence increases by one until it reaches

the order of the underlying quadrature rule (collocation scheme). Specifically, the

convergence order after the k-th correction step is given by min(q, k + 2), where q is

the order of the quadrature rule. A proof of the convergence order is provided in [125].

In [181], implicit HBPC schemes were applied to the Navier–Stokes equations, and

results up to eighth-order accuracy were presented. Since multiderivative schemes

can mix stiff and non-stiff components during the evaluation of higher derivatives, an
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explicitness-preserving IMEX-HBPC scheme was proposed in [137] to avoid unnec-

essary inversions of the non-stiff terms. In [120, Paper V], we have shown that the

IMEX-HBPC (explicitness-preserving) scheme for the compressible isentropic Euler

equations, using the splitting (1.21) given in [126], is asymptotic preserving (AP)

under periodic boundary conditions. Numerical results are presented for schemes of

order up to eight.

1.5 Parallel-in-time methods

Numerical schemes that provide highly accurate approximate solutions are in great

demand. However, all the higher-order schemes discussed in the previous sections

require additional stages, derivatives, steps, or other computational efforts, which can

significantly increase the run time of these methods. Leveraging modern computer

architectures with multiple CPUs or GPUs, parallelizing these schemes provides an

effective way to reduce the increased run times.

One of the parallel-in-time (PinT) schemes is the parareal method. In a broad

sense, the idea behind these schemes is to divide the time domain into N sub-intervals

(or windows) and utilize N processors to solve N initial value problems in parallel.

The resulting solution is then analyzed and iteratively refined to improve accuracy.

For further insights and applications of the parareal method, consult the works in [182,

183, 184, 185]. In [186], a hybrid parareal algorithm is presented that incorporates

SDC methods within the parareal framework. We have not employed any parareal

methods in this thesis.

Deferred correction (DC) schemes lend themselves naturally to parallelization due

to their iterative and stage-based structure. Several parallel DC methods exploiting

pipeline parallelism have been proposed in the literature [187, 188, 189, 171]. These

methods represent another class of PinT schemes, referred to as parallel across the

method.

In [92], parallel-in-time HBPC methods were developed and implemented for

ODEs. We have extended the PinT HBPC method for the Navier-Stokes equations in

[94, Paper I], with further parallelization of stages in the prediction and first correction

steps. The results were demonstrated on various 2D and 3D test cases.
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1.6 Solving non-linear systems

1.6.1 Newton method

In the thesis, the results concerning the solution of ordinary differential equations

(ODEs) using implicit time-stepping schemes are presented using MATLAB-based

codes. The resulting nonlinear equations are solved using a damped Newton method.

For systems of ODEs, the Jacobian matrices in the resulting linear solvers are inverted

using MATLAB backslash operator.

When solving partial differential equations (PDEs) using the Discontinuous

Galerkin Spectral Element Method (DGSEM), spatial discretization is coupled with

Newton’s method, while the resulting linear systems at each Newton iteration are

solved using the GMRES algorithm [190, 191, 192]. Let G denote the resulting non-

linear system:

G(w) = 0,

where w is the unknown. The corresponding Jacobian J (w) of the nonlinear system

is defined as

J (w) := ∂G(w)
∂w

.

Then, the Newton iterations are given by

J (r) · δw(r) = −G(w(r)),

w(r+1) = w(r) + δw(r).

Choosing a stopping criterion for the Newton procedure is always a delicate task.

Typically, the error tolerances are set very low to ensure that the nonlinear solver does

not dominate the temporal or spatial discretization errors. However, this approach

can lead to oversolving, resulting in unnecessary computational effort and increased

run time.

An adaptive Newton strategy [193, 194] can help mitigate this issue by adjusting

the solver tolerance according to the accuracy required at each time step. In [94,



32 Chapter 1. Introduction

Paper I], we developed such a strategy for HBPC schemes, using temporal error

estimation based on a lower-order embedded scheme [193, 195, 196, 194]. Results

show a considerable reduction in the number of nonlinear iterations when the adaptive

Newton strategy is used compared to fixed tolerances.

1.6.2 GMRES method: Using a matrix-free approach

In each Newton iteration, the GMRES method is used to solve the linear system

arising at each Newton step. The solution is approximated in the Krylov subspace

{
r0,J r0,J 2r0,J 3r0, . . . ,JKdimr0

}
where r0 is the residue and Kdim is the dimension of the Krylov subspace. It is impor-

tant to note that GMRES requires only matrix-vector products to approximate the

solution, making it particularly well-suited for matrix-free implementations. In such

an approach, these matrix-vector products are approximated using finite differences

with a small perturbation. For further details on matrix-free implementations and

finite difference approximations, see [197, 198, 199].

1.6.3 Preconditioning of the extended system

To accelerate the convergence of GMRES, the use of an appropriate preconditioner

is essential. In [181, Sec. 4], the authors evaluate various preconditioners based on

their effects on both linear and nonlinear iteration performance. The study shows

that problem-specific extended Block-Jacobi preconditioners significantly outperform

standard approaches. A visual comparison of the preconditioner matrices is presented

in [181, Fig. 1].

In this thesis, we adopt a similar matrix-free strategy with extended Block-Jacobi

preconditioning, following the methodology outlined in [181, Sec. 4.2]. The structure

of the extended nonlinear systems is presented in the respective sections where they

are applied. See [94, Paper I], [96, Paper III] and [120, Paper V].
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1.7 Outline of the thesis

In Chapter 2, the peer-reviewed publications and submitted papers are presented.

• As mentioned in the introduction, the results presented by the authors regarding

the HBPC scheme, in terms of error reduction, computational efficiency, and

optimized stability properties for ordinary differential equations (ODEs) [125,

92, 167], were promising. In [181], the authors combined the serial HBPC

scheme with the DGSEM spatial discretization for the Navier–Stokes equations,

achieving convergence rates of up to eight for various test cases. In order to

prevent the Newton error from dominating the overall solution error, solving

the nonlinear systems with higher accuracy may be necessary. However, this

can result in oversolving and lead to increased computational time. Additionally,

in long-run simulations, the serial nature of the method becomes a significant

constraint on overall efficiency.

In [94, Paper I], we have presented a parallel-in-time HBPC scheme for the

Navier–Stokes equations using the DGSEM spatial discretization. The code was

implemented in FLEXI [116], which supports spatial parallelization. Therefore,

the schemes are parallel in time and space.

Additionally, we developed an adaptive Newton strategy in [94, Paper I] to

avoid oversolving the nonlinear equations and thereby improve computational

efficiency. The PinT schemes significantly reduce computational time compared

to serial schemes. Numerical results demonstrated a parallel efficiency of ap-

proximately 60% to 70%.

My contributions: Methodology, Validation, Investigation, Writing – review &

editing.

• In previous works on HBPC schemes [125, 92, 181], including our work on

PinT HBPC schemes for DGSEM [94, Paper I], higher orders of accuracy were

achieved by utilizing a higher-order quadrature rule devised using intermedi-

ate stage values. However, increasing the number of intermediate stage values

requires solving more implicit stage equations, which in turn raises the computa-
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tional effort needed. To address this, we focus on two-derivative schemes where

incorporating a multistep nature can reduce the need for intermediate stages.

As a preliminary step, we explore the feasibility of one-stage, two-derivative

multi-step predictor-corrector schemes.

In [95, Paper II], we have developed them-step HBPC (mS-HBPC) scheme using

a multi-step quadrature rule. Since the initial stability regions were poor, we

analyzed the schemes and optimized to attain A(α)-stability. The optimization

parameters were determined for various stability angles. Numerical results were

presented for several stiff ODEs and diffusion-dominated PDE. The sixth-order

schemes exhibited the expected convergence for all stability angles, while a

reduction in order was observed in the eighth-order schemes for certain stability

angles.

My contributions: Conceptualization, Data curation, Formal analysis, Inves-

tigation, Methodology, Software, Validation, Visualization, Writing – original

draft, Writing – review & editing.

• The influence of stability properties on achieving stable solutions for ODEs and

PDEs under various stiff conditions for HBPC schemes can be found in [167],

and for mS-HBPC in [95, Paper II]. It is observed that carefully adjusting the

coefficients of ∆t and ∆t2 in the implicit part significantly enhances the stability

of the scheme. As a result, two-derivative schemes offer greater flexibility in

positioning the stability regions of the timestepping schemes compared to one-

derivative schemes. We utilize this capability to improve the linear stability

properties of the strong stability-preserving (SSP) schemes presented in [83].

In [96, Paper III], we analyze the two-derivative strong stability preserving (SSP)

schemes from [83] regarding their A(α)-stability properties. These schemes were

then coupled with the DGSEM spatial discretization using the FLEXI code

[116]. We proved that a third-order, two-stage diagonally implicit two-derivative

scheme cannot be both SSP and A-stable. Numerical results are presented for

both the Euler and Navier-Stokes equations. The second- and fourth-order SSP

schemes exhibited the desired convergence; however, the third-order scheme
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required finer timesteps to exhibit convergence. We further analyzed the third-

order scheme by constructing a family of A(α)-stable third-order SSP schemes.

Additionally, we developed a third-order adaptive SSP scheme that provides

stable solutions for all time step sizes. We also utilized the tunability of stabil-

ity regions in the two-derivative schemes to analyze the convergence anomalies

exhibited by the fourth-order SSP scheme when applied to the Navier-Stokes

equations.

My contributions: Conceptualization, Data curation, Formal analysis, Inves-

tigation, Methodology, Software, Validation, Visualization, Writing – original

draft.

• Explicit schemes provide several advantages over implicit schemes, mainly be-

cause they do not require the solution of implicit systems. However, for stiff

equations, implicit schemes become necessary due to the timestep limitations

associated with explicit schemes. The use of implicit-explicit (IMEX) schemes

can help reduce the complexity of the implicit part, making it easier to invert.

Nonetheless, the challenge of inverting non-linear systems remains.

In [164, Paper IV], we adopt an explicit approach to handle the rapidly changing

stiff components, referred to as multirate schemes. This method allows us to

compute the slow components using a Runge-Kutta scheme with a timestep ∆t,

while the fast components are computed using another Runge-Kutta scheme

with a smaller timestep ∆τ < ∆t.

We extend the one-derivative multirate schemes in [154, 153] to a multi-

derivative schemes. We derived the order conditions, and developed multi-

derivative multirate schemes up to fourth order. We investigated the stability

properties of the proposed schemes, and their performance was evaluated on a

range of highly stiff ODEs and diffusion-dominated PDEs.

My contributions: Conceptualization, Data curation, Formal analysis, Inves-

tigation, Methodology, Software, Validation, Visualization, Writing – original

draft.

• Multirate schemes are well-suited for mildly stiff problems. However, in highly
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stiff regimes, these schemes may require fast steps in the order of 1
ε to maintain

stability, where ε is the stiffness parameter. IMEX schemes can be employed to

overcome this limitation, as they alleviate the time step restrictions imposed by

stiffness.

Nevertheless, constructing higher-order IMEX Runge-Kutta schemes is chal-

lenging due to the complexity of solving the associated order conditions. A

key advantage of HBPC schemes is that they can be readily extended to IMEX

schemes by replacing the predictor with an IMEX scheme. As a result, it is

relatively straightforward to construct IMEX schemes of arbitrary order.

In [120, Paper V], we studied the second-order two-derivative IMEX Taylor

method for the isentropic Euler equations using DeTa [126] flux splitting. We

also investigated higher-order IMEX HBPC schemes for the same problem, using

the IMEX Taylor method as the predictor. The spatial discretization was based

on DGSEM. We proved that the overall schemes were asymptotic preserving

(AP) under periodic boundary conditions and appropriate numerical fluxes.

Numerical results demonstrated that the timestep sizes are independent of the

stiffness parameter.

My contributions: Conceptualization, Data curation, Formal analysis, Inves-

tigation, Methodology, Software, Validation, Visualization, Writing – original

draft.

Finally, in Chapter 3, the final conclusions of the thesis are presented, along with

suggestions for future research directions.
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Hermite-Birkhoff predictor-corrector schemes. Applied Numerical Mathemat-

ics, 205, 281–295. https://doi.org/10.1016/j.apnum.2024.07.011

• [96, Paper III]: Thenery Manikantan, A., Zeifang, J., & Schütz, J.(2025) On
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• [120, Paper V]: Thenery Manikantan, A., & Schütz, J.(2025) Two-derivative

schemes for low-Mach flows. UHasselt Computational Mathematics Preprint,
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The articles [94, Paper I], [95, Paper II], and [120, Paper V] are accepted papers.

The articles [96, Paper III] and [164, Paper IV] are submitted papers, with the latter

currently under major revision.

The papers are presented in the same order as listed above. The styling and formatting

of each article have been preserved exactly as they appeared in their original journals.

As a result, many commonly used mathematical symbols may vary between papers

and other chapters of this thesis. The data and code used in the publications are

available upon request.
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a b s t r a c t 

In this work, we consider a high-order discretization of compressible viscous flows allow- 

ing parallelization both in space and time. 

The discontinuous Galerkin spectral element method, which is well-suited for massively 

parallel simulations, is used for spatial discretization. The main novelty in this work is 

the additional demonstration of time-parallel capabilities within an implicit two-derivative 

timestepping procedure to further increase the parallel speedup. Temporal parallelism is 

made possible by a predictor-corrector-type time discretization that allows to split the as- 

sociated workload onto multiple processors. 

We identify a homogeneous load balance with respect to the linear (GMRES) iterations 

on each processor as a key for parallel efficiency. To homogenize the load and to enable 

practical simulations, an adaptive strategy for Newton’s method is introduced. It is shown 

that the time-parallel method provides a parallel efficiency of approx. 60 − 70% on 4 − 7 

computational partitions. Moreover, the capabilities of the novel method for the simulation 

of large-scale problems are illustrated with a mixed temporal and spatial parallelization on 

more than 10 0 0 processors. 

© 2023 Elsevier Inc. All rights reserved. 

1. Introduction 

In this work, we are interested in solving the compressible Navier-Stokes equations, which can be cast into flux formu- 

lation 

w t + ∇ x ·
(
F (w ) − F v (w , ∇ x w ) 

)
= 0 , with w = 

( 

ρ
ρv 
E 

) 

, (1) 

for the unknown quantities density ρ , velocity v and energy E. Note that we have closed the system by defining the pressure 

p via the ideal gas equation of state with the isentropic coefficient γ = 1 . 4 and reference Mach number ε. For a precise 

definition of the fluxes, consult Appendix A . All occuring quantities are non-dimensionalized. 

In this work, we are interested in a parallel algorithm for the temporal discretization of Eq. (1) . Upon defining 

R 

(1) (w ) := −∇ x ·
(
F (w ) − F v (w , ∇ x w ) 

)
, (2) 
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Eq. (1) can be cast as an ODE in some infinite-dimensional function space, 

w t = R 

(1) (w ) . (3) 

While classical timestepping methods only make use of the information of the first time derivative w t , the idea of two- 

derivative schemes is to additionally make use of the second temporal derivative. This adds an extra degree of freedom to 

the discretization and hence facilitates the development of storage- and runtime efficient high-order schemes. The second 

temporal derivative of w can be obtained by differentiating Eq. (1) , 

w tt = R 

(2) (w , R 

(1) (w )) , (4) 

where R 

(2) for the Navier-Stokes equations is defined through 

R 

(2) (w , R 

(1) (w )) := −∇ x ·
(

∂F 
∂w 

R 

(1) (w ) − ∂F v 

∂w 

R 

(1) (w ) − ∂F v 

∂∇ x w 

∇ x R 

(1) (w ) 
)
. (5) 

For more details on the derivation of w tt , consult [1] . In [2] , a novel class of implicit two-derivative deferred correction 

time discretization methods has been introduced. The concept is based on a predictor-corrector formulation and can - in 

principle - achieve arbitrary orders. After a predictor step based on the two-derivative Taylor method, successive correction 

steps improve the solution towards a background two-derivative Hermite-Birkhoff Runge-Kutta method, giving rise to the 

name Hermite-Birkhoff predictor-corrector methods (HBPC). In [3] , HBPC schemes up to order 8 have been numerically 

investigated. The schemes are A( α)-stable with stability angles α close to 90 ◦, see [4] . Recently, these schemes have been 

combined with a high order discontinuous Galerkin spectral element spatial discretization of the Euler and Navier-Stokes 

equations [1] . 

A common strategy to enable large-scale simulations of discretizations of Eq. (1) is the use of spatial parallelization. 

It typically comes with high parallel efficiencies. However, caused by an increase of the communication to computation 

ratio, the spatial parallelization tends to saturate as the assigned work per processor decreases. This has been observed by 

various authors, see e.g. [5–7] . One remedy is to additionally consider the parallelization of the temporal domain, which 

requires specifically designed strategies due to the causality principle. It has been shown that combining temporal and 

spatial parallelization can further reduce the required wallclocktimes, see e.g. [8–10] . An overview on parallel-in-time (PinT) 

algorithms can be found in the review articles [11] and [12] . Further literature and information can also be found on the 

PinT web page [13] . 

One particularly attractive property of the HBPC methods is that they offer a mild time parallelism. This class of time 

parallel methods is sometimes classified as ”parallel-across-the-method” [14] or ”direct time-parallel methods” [12] . This 

time-parallelism is based on the idea of distributing different correction steps to different processors, and has been in- 

troduced in [15] , but has also been used for the RIDC (revisionist integral deferred correction) schemes in [16,17] . While 

being limited to a mild parallelization, i.e. using O(10) processors at maximum, this concept offers good parallel efficien- 

cies [17] . Also for the HBPC schemes, a good speedup in computational time has been observed when solving ODEs, see [3] . 

One prerequisite for a good parallel speedup of this type of parallelization is equally expensive prediction/correction steps. 

However, already for the ODE examples investigated in [3] , a large discrepancy of the computational work of the different 

prediction/correction steps has been observed. This is due to the different costs of the solution of the algebraic systems of 

equations in the prediction/corrections steps. This non-homogeneous work distribution also transfers to the Navier-Stokes 

equations discretized with the discontinuous Galerkin spectral element method. We illustrate this with an introductory ex- 

ample that describes an advection-diffusion process of a density sine-wave, see Eq. (25) for initial conditions. The same 

simulation setup as described in [1, Sec. 5.2.] is used. The required number of GMRES iterations per prediction/correction 

step is reported in Fig. 1 . 

One can see that especially the predictor (and, to a less extent, also the first correction step) requires significantly more 

computational work than the other correction steps. Therefore, in order to achieve a good parallel speedup when distributing 

different prediction/correction steps to different processors, one has two opportunities: try to harmonize the computational 

work and/or to develop a parallelization strategy that takes the different costs of the different iterates into account. 

In this work, we harmonize the computational work per processor through a novel parallelization strategy where, in 

addition to the parallelization over the correction steps, there is also a parallelization over the stages of the predictor and 

the first corrector. Furthermore, to use computational resources as efficiently as possible, a novel strategy to adaptively 

determine the amount of Newton steps is developed. It is shown through several numerical testcases that this leads to a 

work distribution that is more homogeneous and hence more efficient than the straightforward application of the scheme 

in [1] . Time-parallel efficiencies of 60–70% are demonstrated. Also comparisons to established ESDIRK schemes are being 

made. As such, the main contributions of this work can be summarized as follows: 

• An adaptive strategy for the Newton procedure, including a reliable error estimator, is developed in the context of the 

HBPC-DGSEM-methods. The strategy is numerically investigated. 
• A parallelization strategy for the HBPC-DGSEM-methods that balances the loads over the different processors more evenly 

is developed. 
• The actual parallel speedup is thoroughly investigated numerically. 

The remainder of this paper is structured as follows: In Section 2 the implicit two-derivative predictor-corrector time 

discretization method and its temporal parallelization strategy are introduced. The fully discrete scheme is summarized in 

2
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Fig. 1. Cumulated (left) and normalized (right) number of GMRES iterations per prediction/correction step for the Navier-Stokes example described in [1, 

Sec. 5.2.] using the serial HBPC (8 , 7) scheme [3] with different timestep sizes for the temporal discretization. Normalization (right) has been done with the 

mean number of GMRES iterations per timestep. [ k ] denotes the number of the correction step, [0] corresponding to the predictor. 

Section 3 . In order to homogenize the computational work and to enable efficient simulations, an adaptive strategy for the 

non-linear solver is introduced in Section 4 . After having introduced all the ingredients of the novel method, its parallel 

performance and its efficiency compared to established serial methods is evaluated in Section 5 . Finally, conclusion and 

outlook are given in Section 6 . 

2. Parallel-in-Time HBPC method 

2.1. The Hermite-Birkhoff predictor-corrector method 

The parallel-in-time algorithm described in this paper is based on the two-derivative deferred correction method intro- 

duced in [2] and [3] , which relies on the approximate quantities 

w 

n, [ k ] ,l ≈ w (t n + c l �t) , 0 ≤ n ≤ N T , 0 ≤ k ≤ k max , 1 ≤ l ≤ s. 

Here, N T is the number of discrete time levels, c l a Runge-Kutta-type relative timestep of an s -stage Runge-Kutta method 

and k max denotes the number of correction steps of the underlying deferred correction procedure. The s -stage Runge-Kutta 

methods are given by their two-derivative Butcher tableaux consisting of typically dense matrices B (1) , B (2) ∈ R 

s ×s and a 

vector c ∈ R 

s . They define the background Hermite-Birkhoff Runge-Kutta scheme and are given in the appendix, Eq. (B.1) and 

Eq. (B.3) . More details can be found in [3] . The coefficients of the Butcher tableaux define a quadrature formula I l of order 

q through 

I l 
(
w 

1 , . . . , w 

s 
)

:= �t 

s ∑ 

j=1 

B 

(1) 
l j 

R 

(1) ( w 

j ) + �t 2 
s ∑ 

j=1 

B 

(2) 
l j 

R 

(2) ( w 

j ) (6) 

for every stage 1 ≤ l ≤ s . Note that we have omitted the additional dependencies of R 

(1) and R 

(2) given by Eq. (4) and 

Eq. (5) for the sake of brevity. 

We use the parallel-in-time HBPC method according to [3, Alg. 2] and its improvement according to [4] . The predictor 

requires more computational load than higher correction steps, we have therefore modified the algorithm such that it allows 

for a parallelization of the stages for the predictor and the first correction step. The modifications in comparison to [4] have 

been marked in red color, they only apply to the definition of the quadrature rule. Note that while the original algorithm 

in [3] offers the possibility to use an IMEX splitting, here, only the implicit part is considered. 

Algorithm 1. ( HBPC (q, k max ) ) To advance the solution to Eq. (3) in time, we compute values w 

n, [ k ] ,l . To account for the 

initial conditions w 0 , define 

w 

−1 , [ k ] ,s := w 0 . 

First, the values w 

n, [0] ,l are filled using a straightforward second-order implicit Taylor method departing from w 

n −1 , [1] ,s . 

1. Predict. Solve the following expression for w 

n, [0] ,l and each 2 ≤ l ≤ s : 

w 

n, [0] , 1 := w 

n −1 , [1] ,s , 

w 

n, [0] ,l := w 

n −1 , [1] ,s + c l �tR 

(1) (w 

n, [0] ,l ) − (c l �t) 2 

2 

R 

(2) (w 

n, [0] ,l ) . (7) 

3 
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2. Correct. Next, the corrected values w 

n, [ k ] ,l for 1 ≤ k ≤ k max are computed through solving for each 2 ≤ l ≤ s and each 

1 ≤ k ≤ k max : 

w 

n, [ k ] , 1 := w 

n −1 , [ k +1] ,s , 

w 

n, [ k ] ,l := w 

n −1 , [ k +1] ,s + θ1 �t 
(
R 

(1) (w 

n, [ k ] ,l ) − R 

(1) (w 

n, [ k −1] ,l ) 
)

− θ2 
�t 2 

2 

(
R 

(2) (w 

n, [ k ] ,l ) − R 

(2) (w 

n, [ k −1] ,l ) 
)

+ I l , (8) 

with 

I l := I l 
(
w 

n, [0] , 1 , . . . , w 

n, [0] ,s 
)
, for k = 1 , 

I l := I l 
(
w 

n, [ k ] , 1 , . . . , w 

n, [ k ] , l−1 , w 

n, [ k −1] ,l , . . . , w 

n, [ k −1] ,s 
)
, for k > 1 . (9) 

I l (·) denotes the q -th order Hermite-Birkhoff quadrature rule given in Eq. (6) . If k = k max , then the k + 1 superscripts in 

Eq. (8) are replaced by k max in order to close the recursion. 

3. Update. In order to retain a first-same-as-last property, we update the solution with 

w 

n +1 := w 

n, [ k max ] ,s . (10) 

The coefficients θ = ( θ1 , θ2 ) are obtained by an optimization of the stability region, see [4] . For Alg. 1 with the Butcher 

tables given in Eq. (B.1) and Eq. (B.3) we find 

θ = (0 . 296 , 0 . 0531) and θ = (0 . 259 , 0 . 0288) (11) 

for the sixth and the eighth order quadrature rules, respectively. The resulting methods are A (α) -stable with the stability 

angles α > 89 . 81 ◦ ( HBPC (6 , k max ) ) and α > 88 . 66 ◦ ( HBPC (8 , k max ) ). 

Remark 1. Please note that for efficiency considerations, we only treat background schemes with an explicit first stage. 

Furthermore, the last stage corresponds to collocation point c s = 1 . Strictly speaking, this is not necessary; the update step 

(10) has then to be modified accordingly. 

Remark 2. For k > 1 , we use a Gauß-Seidel type procedure in the quadrature formula (9) . Obviously, this could be done for 

k = 1 as well. However, the way we have formulated it in Alg. 1 makes it possible to parallelize over the stages for k = 0 

and k = 1 . This concept was not present in the original work [3] . The parallelization concept will be described in the next 

section. 

2.2. Parallelization of the HBPC method 

The structure of Algorithm 1 allows to distribute the predictor and the correction steps on multiple processors, see [3] . 

The underlying basic idea of pipelining has been introduced in [15] and has also been used by the RIDC schemes [16–18] . 

Although the main ingredients of the parallelization of Algorithm 1 have been already introduced in [3] , we summarize 

them here and describe the differences of the present algorithm. The keys to parallelize Algorithm 1 are: 

• The stages of the prediction step at time instance n , i.e. w 

n, [0] ,l only depend on the single value w 

n −1 , [1] ,s of the previous 

timestep. Hence, the different stages of the predictor can be calculated independently of each other. 
• As the quadrature rule for the first correction step, i.e. w 

n, [1] ,l , only depends on values of the predictor, the different 

stages of the first correction step can also be calculated independently of each other. 
• For 1 ≤ k < k max the [ k ] -th correction step at time instance n , i.e. w 

n, [ k ] ,l , depends on the [ k − 1] -th iterate at the same 

time level n , as well as on the [ k + 1] -th correction step at the previous time step, w 

n −1 , [ k +1] ,s , see Eq. (8) . 
• The last correction step [ k max ] , i.e. w 

n, [ k max ] ,l for 1 ≤ l ≤ s , depends only on the [ k max − 1] -th iterate at the same time 

level n , as well as on the last correction iterate of the previous time level, w 

n −1 , [ k max ] ,s . 

The dependencies described above are visualized in Fig. 2 at the example of the sixth-order method. On the y -axis the 

different correction levels 0 ≤ k ≤ k max are illustrated, while on the x -axis, the different time levels n, n + 1 , . . . are indicated. 

A full circle at position (n, k ) corresponds to the computation of all stages of w 

n, [ k ] ,l , l = 2 , . . . , s . (Calculation of the first 

stage l = 1 is trivial, see Eq. (8) .) Splitted circles indicate computations of only one specific stage l > 1 of w 

n, [ k ] ,l . Note that 

the sixth order quadrature rule has two implicit stages; we hence split the circle in two semi-circles 1 . Numbers inside 

(semi-)circles indicate when the corresponding calculations can be performed: (semi-) circles with the same number can be 

computed at the same time in parallel, while those with a higher number have to wait for those with a lower number to 

finish. 

1 It should be three semi-circles for the eighth-order method. 

4 
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Fig. 2. Schematic overview on parallelization strategy of HBPC (6 , 5) method. The parallelization is according to [3] , with the only difference that for k = 0 

and k = 1 , parallelization is also done over the stages, which is indicated by semi-circles. Note that the sixth order quadrature rule has two implicit stages; 

we hence split the circle in two semi-circles. At the left, the processor index # i and the current iterate [ k ] are indicated. On the x -axis, time instances 

n, n + 1 , . . . are visualized. Numbers inside (semi-)circles indicate when the corresponding calculations can be performed. The gray-shaded area highlights 

solution steps where no adaptive Newton strategy can be performed, see Remark 11 . 

The main difference of the parallelization strategy performed here and the one described in [3, Alg. 2] is that we exploit 

the independence of different stages for the prediction and the first correction step. This is inspired by the observation that 

the calculation of the predictor and the first correction step is typically more expensive than the remaining correction steps, 

see [3] . This is also true for the PDE discretization considered in this work, see Fig. 1 . The adaptive Newton strategy, which 

is described later in Section 4 , will sharpen this observation, see Fig. 5 . From Fig. 2 one can see that if one groups the 

correction iterates [ k ] and [ k + 1] , one obtains consecutively numbered circles on all processors. For the predictor and the 

first correction step this is done in an analogous way, i.e. the predictor and corrector of one specific stage l > 1 are grouped 

together. The processor boundaries resulting from this grouping are visualized with dashed lines in Fig. 2 . 

Finally, one can see that each processor contains consecutively numbered circles, i.e. if communication is instantaneous 

and all calculations indicated with a (semi-)circle are equally expensive, there is no processor idle time. 

Remark 3. The underlying assumption behind this is that solving for one stage of the predictor or the first corrector has 

the same cost as solving for all stages of one of the following correction steps ( k > 1 ). While this is of course not true in a 

mathematically rigorous way, our numerical experience, see also Fig. 1 , indicates that this assumption is reasonable. 

Hence, the total amount of work packages per timestep is 2(s − 1) + k max − 1 , where 2(s − 1) work packages stem from 

the predictor and the first corrector, and k max − 1 work packages are due to the following correction steps. Note again that 

we have directly assumed that the calculation of the first stage is trivial. For the evaluation of the temporal parallelization’s 

maximum achievable speedup, one additionally has to find the relation between the total amount of work packages and 

the work packages on a single processor where the initial startup phase is taken into account. While the amount of work 

packages on one single processor is 2 N T , the startup phase takes k max − 1 work packages until the processor with index #0 

can start. Under those assumptions the maximum achievable speedup can be calculated by 

N T (2(s − 1) + k max − 1) 

2 N T + k max − 1 

→ 

k max + 1 

2 

+ s − 2 , N T → ∞ . (12) 

3. Fully discrete method 

3.1. Two-derivative discontinuous Galerkin method 

After having introduced the temporal discretization procedure, a spatial discretization of R 

(1) and R 

(2) is needed. In [19] it 

has been shown that a careful discretization of the second derivative operator R 

(2) is required to retain the stability prop- 

erties of the ODE integrator as it is desirable for a method-of-lines approach. This idea from [19] has been formulated for 

5
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a Discontinuous Galerkin Spectral Element Method (DGSEM [20] ) discretization of nonlinear equations in [1] . Here, we will 

only very briefly recall this discretization for a purely hyperbolic PDE and refer the reader to [1] and the references therein 

for more details. The DGSEM is based on the weak formulation of Eq. (1) , 

N E ∑ 

e =1 

( w t , φ) 
e 
− ( F (w ) , ∇ x φ) 
e 

+ 

〈
F ∗(w 

L , w 

R ) · n , φ
〉
∂
e 

= 0 , ∀ φ ∈ �N p 
, (13) 

where the function space �N p of the test functions φ is the tensor-product of the one-dimensional Lagrange polynomials 

� , each of degree N p . The domain 
 is split into N E non-overlapping hexahedral (3d) or quadrangular (2d) elements. The 

integration over an element 
e ∈ 
 is denoted by the scalar product (·, ·) and integration over the cell edges ∂
e is denoted 

by 〈·, ·〉 . For the evaluation of the surface integral, the flux is substituted by a numerical flux F ∗, depending on the values 

of both adjacent elements of the edge ( w 

L and w 

R ) and the outward pointing normal vector n of the current element. The 

numerical flux is chosen to be a global Lax-Friedrichs, see [1, Eq. (13)] . Using DGSEM techniques on (13) , see [21] , yields the 

discrete operator R 

(1) 
h 

(w h ) as an approximation to R 

(1) (w ) . 

The second derivative operator R 

(2) is defined through the artificial quantity 

σ := R 

(1) (w ) ≡ w t . (14) 

In [1] a DGSEM discretization of the second temporal derivative has been proposed via the weak formulation 

N E ∑ 

e =1 

( w tt , φ) 
e 
−

(
∂ F (w ) 

∂w 

σ, ∇ x φ

)

e 

+ 

〈
∂F ∗(w 

L , w 

R ) 

∂w 

L 
σL · n + 

∂F ∗(w 

L , w 

R ) 

∂w 

R 
σR · n , φ

〉
∂
e 

= 0 , ∀ φ ∈ �N p 
. (15) 

Note that the discretization of the second derivative operator is similar to the first derivative operator except for the flux 

which has to be substituted by ∂ F (w ) /∂ w · σ (compare Eq. (13) and Eq. (15) ). In analogy to the first derivative operator we 

obtain the discrete operator R 

(2) 
h 

(w h , σh ) for the second temporal derivative. 

Considering the Navier-Stokes equations, see Eq. (1) , second order spatial derivatives occur by the introduction of the 

viscous flux F v (w , ∇ x w ) . They are discretized by following the BR2 lifting approach [22] . A detailed description of how the 

Navier-Stokes equations can be handled with the two-derivative DGSEM can be found in [1] . 

3.2. Solving for the stage values 

In Section 2.1 and Section 3.1 we have introduced the temporal and the spatial discretization, respectively. Bringing both 

together, one has to solve for the stages l > 1 of the predictor and the correction steps in Eq. (7) and Eq. (8) . The resulting 

non-linear system to be solved is very similar for the predictor and the corrector (see also [1, Sec. 3.2.1.] ). Due to the non- 

linearity of the considered systems of equations, one has to use some non-linear solution procedure. As it is common for 

time-dependent PDE discretizations, we use Newton’s method for that purpose. 

We start by casting the predictor and corrector step ( Eq. (7) and Eq. (8) ) for the current timestep n , iterate k and stage 

l into a uniform formulation. Due to the introduction of the quantity σn, [ k ] ,l 

h 
:= R 

(1) 
h 

( w 

n, [ k ] ,l 

h 
) , we have to extend the state 

vector to consist of the discrete w 

n, [ k ] ,l 

h 
and σn, [ k ] ,l 

h 
, i.e. we introduce X 

[ k ] := 

(
X 

[ k ] 
w 

, X 

[ k ] 
σ

)T 

:= 

(
w 

n, [ k ] ,l 

h 
, σn, [ k ] ,l 

h 

)T 

. The non-linear 

equation to be solved can then be written as 

X 

[ k ] ! = 

(
w old 

0 

)
+ 

(
�

(
X 

[ k ] , X 

[ k −1] , 1: s 
)

R 

(1) 
h 

( w 

n, [ k ] ,l 

h 
) 

)
=: W old + �̄

(
X 

[ k ] , X 

[ k −1] , 1: s 
)
, (16) 

with w old := w 

n −1 , [ k +1] ,s 

h 
for k < k max and w old := w 

n −1 , [ k max ] ,s 

h 
for k = k max . For the sake of notation, we use the abbreviation 

X 

[ k −1] , 1: s := 

(
X 

[ k −1] , 1 , X 

[ k −1] , 2 , . . . , X 

[ k −1] ,s 
)
. For the predictor, � is given by 

�
(
X 

[ k ] , X 

[ k −1] , 1: s 
)

:= c l �tR 

(1) 
h 

( w 

n, [ k ] ,l 

h 
) − (c l �t) 2 

2 

R 

(2) 
h 

( w 

n, [ k ] ,l 

h 
, σn, [ k ] ,l 

h 
) , (17) 

and for the first corrector step by 

�
(
X 

[ k ] , X 

[ k −1] , 1: s 
)

:= θ1 �tR 

(1) 
h 

( w 

n, [ k ] ,l 

h 
) − θ2 �t 2 

2 

R 

(2) 
h 

( w 

n, [ k ] ,l 

h 
, σn, [ k ] ,l 

h 
) 

− θ1 �tR 

(1) 
h 

( w 

n, [ k −1] ,l 

h 
) + 

θ2 �t 2 

2 

R 

(2) 
h 

( w 

n, [ k −1] ,l 

h 
, R 

(1) 
h 

( w 

n, [ k −1] ,l 

h 
)) + I l 

(
w 

n, [ k −1] , 1: s 

h 

)
. (18) 

Remark 4. For the ease of presentation, we did not distinguish between the treatment of the quadrature rule I l for k = 1 

and k > 1 , see (9) . The treatment for k > 1 results in slightly different arguments of the quadrature formula and hence 

additional arguments in �. The modifications are straightforward and do not change the proposed arguments here, yet they 

make the notation more clumsy. 

We use Newton’s method to solve equations of type (16) , in this particular case given by: 

6 
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1. For r = 1 , . . . solve ⎛ 

⎝ Id −
∂ �

(
X 

[ k ] 
r−1 

, X 

[ k −1 ] , 1: s 

r ’ 

)
∂X 

[ k ] 

⎞ 

⎠ �X r = W old + �
(

X 

[ k ] 
r − 1 , X 

[ k −1 ] , 1: s 

r ’ 

)
− X 

[ k ] 
r−1 

X 

[ k ] 
r = X 

[ k ] 
r−1 

+ �X r . (19) 

2. If the convergence criterion is met, set 

w 

n, [ k ] ,l 

h 
:= X 

[ k ] 
r , w 

and σn, [ k ] ,l 

h 
:= R 

(1) 
h 

(w 

n, [ k ] ,l 

h 
) . (20) 

Note that we have indicated that solutions from the previous correction step, i.e. X 

[ k −1] , 1: s , are obtained via Newton’s 

method terminated at some finite Newton iterate r ′ , which can be different for different stages and different k . To initialize 

the iterative procedure, some initial guess 

X 

[ k ] 
0 

≡
(

w 

n, [ k ] ,l 

h, 0 
, R 

(1) 
h 

(
w 

n, [ k ] ,l 

h, 0 

))T 

has to be specified. 

Remark 5. If not stated otherwise, we choose an explicit second order Taylor step to obtain the initial guess for the predic- 

tor. For the correction step [ k ] , the corresponding stage value of the previous iterate [ k − 1] is used, i.e. 

w 

n, [0] ,l 

h, 0 
= w old + c l �tR 

(1) 
h 

(w old ) + (c l �t) 2 R 

(2) 
h 

(w old , R 

(1) 
h 

(w old )) for l = 2 , . . . , s. 

w 

n, [ k ] ,l 

h, 0 
= w 

n, [ k −1] ,l 

h 
for l = 2 , . . . , s, and k = 1 , . . . , k max . (21) 

We have observed that using a second order explicit Taylor step to obtain an initial guess for the predictor is superior to 

performing an explicit first order step. However, using a third order Taylor step did not give noticeable advantages. Please 

note that the effectiveness of using the second order step remains problem- and timestep-dependent. 

Remark 6. Please note that at the end of the Newton algorithm, we define σn, [ k ] ,l 

h 
:= R 

(1) 
h 

(w 

n, [ k ] ,l 

h 
) in Eq. (20) rather than 

setting σn, [ k ] ,l 

h 
= X 

[ k ] 
r ,σ . If the Eq. (16) is solved exactly, σn, [ k ] ,l 

h 
would be identical to R 

(1) 
h 

(w 

n, [ k ] ,l 

h 
) . However, it is only solved 

to a certain accuracy, and hence, the identity does not necessarily hold. The definition in Eq. (20) avoids inconsistencies 

in w h , ( w h ) t and ( w h ) tt during the timestepping procedure and potential instabilities. Because of this, σh of a previous 

timestep, stage or correction iterate is no longer an independent variable and hence does not occur as an explicit argument 

in R 

(2) 
h 

( w 

n, [ k −1] ,l 

h 
, R 

(1) 
h 

( w 

n, [ k −1] ,l 

h 
)) and in I l 

(
w 

n, [ k −1] , 1: s 

h 

)
in Eq. (18) . 

In order to solve the arising linear system in Eq. (19) , we use the matrix-free GMRES approach with extended block- 

Jacobi preconditioning described in [1] . As initial condition for the GMRES method a zero vector is chosen. Choosing the 

negative right hand side times the timestep as initial guess as suggested in [23] can sometimes be advantageous. Similar 

as the authors in [23] , we observed that this advantage is problem dependent and can in some cases have an unfavorable 

influence on the required iterations, which is especially the case for large timesteps. We therefore use the zero vector as 

initial conditions in all simulations performed in this work. Similar as it has been done in [1] , we neglect the Hessian 

contribution in Eq. (19) , when solving the linear system. 

3.3. Error estimator of the HBPC method 

Controlling the numerical error introduced through the integration scheme per timestep is obviously crucial for multi- 

ple purposes. When using classical implicit Runge-Kutta methods, an error estimate is typically obtained via an embedded 

quadrature rule, see e.g. [24,25] . This embedded quadrature rule uses the same nodes as the original scheme but utilizes 

different weights. This offers the opportunity to obtain either higher or lower order embedded schemes, see e.g. [25] . In- 

spired by these error estimates for Runge-Kutta methods, we define additional quadrature rules of order ˆ q = q − 1 for the 

HBPC (6 , k max ) and the HBPC (8 , k max ) method, 

ˆ I l 
(
w 

1 , . . . , w 

s 
)

:= �t 

s ∑ 

j=1 

ˆ B 

(1) 
l j 

R 

(1) ( w 

j ) + �t 2 
s ∑ 

j=1 

ˆ B 

(2) 
l j 

R 

(2) ( w 

j ) . 

The coefficients of the tables ˆ B (1) and 

ˆ B (2) are obtained through collocation such that they utilize the same nodes, i.e. c = ˆ c . 

In the collocation procedure, the (arbitrary) choice is made that w tt at time instant c 1 = 0 is not taken into account. This 

leads to schemes that are one order lower than the original quadrature rules HBPC (6 , k max ) and HBPC (8 , k max ) , respec- 

tively. The Butcher tableaux corresponding to these fifth and seventh order, respectively, methods are given in Eq. (B.2) and 

Eq. (B.4) . 
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Error Estimate The error estimate ‖E n, [ k ] ,l 
t ‖ 2 is then obtained by 

‖E n, [ k ] ,l 
t ‖ 2 := 

∣∣∣∣∣∣w 

n, [ k ] ,l 

h 
− ˜ w 

n, [ k ] ,l 

h 

∣∣∣∣∣∣
2 
, with 

˜ w 

n, [ k ] ,l 

h 
:= w 

n −1 , [ k +1] ,s 

h 
+ 

ˆ I l 
(

w 

n, [ k ∗] , 1 

h 
, . . . , w 

n, [ k ∗] ,s 

h 

)
, (22) 

where we have defined k ∗ as a function of k to be the closest odd integer that is larger or equal than k . Due to the pipelining 

strategy of Algorithm 1 , this means that the k ∗−th iterate is always the correction with the highest index available on one 

processor. Note that due to the construction of the parallelization strategy, see also Fig. 2 , the processor(s) handling the 

predictor and the first corrector step for stages w 

n, [ k ] ,l with l � = s (in the example in the figure, this would be proc. #3) 

are somewhat special, as they do not have acceess to the final stage w 

n, [ k ] ,s 

h 
of their corresponding k ∈ { 0 , 1 } . Hence, the 

error estimates E n, [ k ] ,l 
t with l � = s are only needed for these processor(s). All other processors utilize E n, [ k ] ,s 

t for their error 

estimates. 

Alternatively, instead of evaluating the quadrature rule directly, one can perform an additional correction step with 

ˆ I l to 

obtain an approximate quantity ˜ ˜ w 

n, [ k ] ,l 
. That means, solve the following for ˜ ˜ w 

n, [ k ] ,l 
: 

˜ ˜ w 

n, [ k ] ,l 

h = w 

n −1 , [ k +1] ,s 

h 
+ θ1 �t 

(
R 

(1) ( ̃  ˜ w 

n, [ k ] ,l 

h ) − R 

(1) (w 

n, [ k ∗] ,l 

h 
) 
)

− θ2 
�t 2 

2 

(
R 

(2) ( ̃  ˜ w 

n, [ k ] ,l 

h , ̃  ˜ σ
n, [ k ] ,l 

h ) − R 

(2) (w 

n, [ k ∗] ,l 

h 
, R 

(1) (w 

n, [ k ∗] ,l 

h 
)) 

)
+ 

ˆ I l 
(

w 

n, [ k ∗] , 1 

h 
, . . . , w 

n, [ k ∗] ,s 

h 

)
, (23) 

and following, calculate the error estimate via 

‖E n, [ k ] ,l 
t ‖ 2 := 

∣∣∣∣∣∣w 

n, [ k ] ,l 

h 
− ˜ ˜ w 

n, [ k ] ,l 

h 

∣∣∣∣∣∣
2 
. (24) 

Evaluation of Temporal Error Estimate The accuracy of the embedded error estimate is evaluated by considering the Navier- 

Stokes equations ( Eq. (1) ) with initial conditions 

ρ(x , t = 0) = 1 + 0 . 3 sin ( π(x 1 + x 2 ) ) , v = ( 0 . 3 , 0 . 3 ) 
T 
, and p = 1 , (25) 

on the domain 
 = [ −1 , 1] 2 , equipped with periodic boundary conditions. Viscosity is chosen to be μ = 10 −3 and the ref- 

erence Mach number is ε ∈ { 1 , 10 −1 } . The domain is discretized with N E = 64 2 elements with N p = 7 . The ’exact’ solution 

is obtained via an explicit simulation with a fourth order low-storage Runge-Kutta method [26] with very small timestep 

( �t ≈ 2 . 9 · 10 −5 and �t ≈ 7 . 53 · 10 −6 for ε = 1 and ε = 10 −1 , respectively). 

We now perform a single timestep with different sizes for ε = 1 and ε = 10 −1 with the HBPC (6 , 9) and the HBPC (8 , 9) 

and report the exact and the estimated errors after the predictor and each correction step in Fig. 3 . One can observe a clear 

trend: the higher the stiffness of the problem, i.e. larger �t and/or smaller ε, the worse do the error estimators approximate 

the true error. For larger stiffnesses, the procedure according to Eq. (23) is more accurate than evaluating the embedded 

formula directly. For lower stiffnesses, the error estimates coincide very well with the true error until some minimum error 

is reached for some [ k ] . This is due to the fact that the embedded quadrature formula is only of order ˆ q = q − 1 and hence 

has a lower accuracy than the original quadrature rule. (Technically, the error of the lower-order method is approximated.) 

Similar results are obtained when the accuracy of the embedded error estimator is tested on different meshes (not shown 

here), which shows the robustness of the error estimator. Summing up, the error estimate in Eq. (23) requiring an additional 

solving step is slightly more accurate than directly evaluating the embedded quadrature rule; it is recommended for stiff

problems. 

4. Adaptive strategy for HBPC schemes 

A key feature for an efficient implicit time discretization method is an adaptation strategy for the iterative solution 

procedure, see e.g. [5,27,28] , as it is of utmost importance to keep Newton and GMRES iterations to an absolute minimum, 

while obviously guaranteeing a certain quality of the solution. This is very different to explicit schemes, where this part of 

the solution process simply does not exist. In this section, we are aiming for an adaptive Newton convergence criterion that 

preserves the accuracy of the time stepping method without ’oversolving’ it, i.e., we envision that the error of the Newton 

procedure, defined by 

E [ k ] ,l r := X 

[ k ] − X 

[ k ] 
r , (26) 

is of the same order as the time discretization error. Hence, 

‖E n, [ k ] ,l 
t ‖ ≈ ‖E [ k ] ,l r ‖ , 

where we have omitted the superscript n for the error of Newton’s procedure for the ease of presentation. In this way, one 

does not deteriorate the temporal accuracy, while at the same time one is not overdoing Newton iterations. A rough, but 

seemingly reliable estimate of Newton’s error is devised through an analysis of the equations in Section 4.1 . 

Remark 7. While it is possible to only use one Newton step per prediction/correction, and take into account more correction 

steps as similarly done in [29] , we have found that this approach does not really work well in our context. In particular the 
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Fig. 3. Exact L 2 -error and estimated errors via evaluating the embedded formula directly ( Eq. (22) ) and evaluating the embedded formula within one 

correction step ( Eq. (23) ) for HBPC (6 , 9) (top) and HBPC (8 , 9) scheme (bottom) after the first timestep. (Only one timestep each is performed, as the 

embedded formulae only measure local (in time) error contributions.) Left column shows results with ε = 1 and �t = 0 . 4 (solid), �t = 0 . 2 (dashed) and 

�t = 0 . 1 (dotted). Right column shows results with ε = 10 −1 and �t = 0 . 1 (solid), �t = 0 . 05 (dashed) and �t = 0 . 025 (dotted). 

solution quality of the predictor and the corrector do have a significant influence on higher corrections. This can already be 

seen in the context of ODEs; and has in fact motivated the analysis to follow. 

4.1. Adaptive Newton strategy 

Convergence criteria for Newton’s method have been addressed by several authors in the context of flow simulation with 

implicit timestepping methods relying on Newton-Krylov methods. Basically, two different approaches can be distinguished: 

• An absolute tolerance for the Newton increment �X r has been used in [30] . The inequality ‖ �X r ‖ 2 ≤ TOL , specified by 

a user-defined tolerance TOL ∈ { 10 −5 , 10 −7 } , is used as a criterion to terminate the Newton iterations. 
• More used in practice seem to be convergence criteria based on the Newton residual N(X) , which is the quantity to 

which the discrete solution fails to satisfy the equation. [31,32] and [33] start with a user defined accuracy TOL. An 

embedded Runge-Kutta method is then used to determine the corresponding timestep size and a modified tolerance 

TOL ′ . While [31] and [32] use N(X r ) ≤ N(X 0 ) · TOL / 5 as convergence criterion ( [32] also suggests the same treatment for 

the Newton increment), the authors in [33] use N(X r ) ≤ N(X 0 ) · TOL ′ / 10 . A slightly different approach is pursued in [5] , 

where a fixed timestep is prescribed by the user and the convergence criterion N(X r ) ≤ N(X 0 ) · min 

(
10 −3 , ‖E t ‖ 2 / 3 

)
is 

used, where ‖E t ‖ 2 is computed through an embedded Runge-Kutta method. An absolute tolerance for the Newton residual 
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has been proposed in [28] . They use N(X r ) ≤ ‖E t ‖ 2 / 10 , where the temporal error estimate is again based on an embed- 

ded Runge-Kutta method. 

None of these approaches can directly be used for the HBPC schemes as different levels of accuracy for the different 

prediction/correction steps are not taken into account. Inspired by the approach outlined in [28] , we derive a Newton con- 

vergence criterion that explicitly takes the different levels into account. We find that an absolute convergence criterion based 

on the Newton increment is a natural choice for this kind of methods. 

4.1.1. Newton error estimate 

In this section, we derive a heuristic that links the Newton error E [ k ] ,l r , see Eq. (26) , to the Newton increment �X r+1 of the 

following Newton step and the Newton errors E [ k −1] ,i 

r ′ of previous correction steps. This allows, in a subsequent step, to derive 

a practically usable criterion on when to terminate Newton’s algorithm. Terminating Newton’s method (see Eq. (19) and 

Eq. (20) ) at finite r , the introduced error E [ k ] ,l r is given by 

E [ k ] ,l r = X 

[ k ] − X 

[ k ] 
r = W old + �̄

(
X 

[ k ] , X 

[ k −1] , 1: s 
)

− X 

[ k ] 
r + �̄

(
X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
− �̄

(
X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
. 

Performing a Taylor expansion one obtains 

X 

[ k ] − X 

[ k ] 
r = 

∂ �̄
(

X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
∂X 

[ k ] 

(
X 

[ k ] − X 

[ k ] 
r 

)
+ 

s ∑ 

i =1 

∂ �̄
(

X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
∂X 

[ k −1] ,i 

(
X 

[ k −1] ,i − X 

[ k −1] ,i 
r ′ 

)
−X 

[ k ] 
r + W old + �̄

(
X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
+ O 

((
X 

[ k ] − X 

[ k ] 
r 

)2 
)

+ O 

((
X 

[ k −1] , 1: s − X 

[ k −1] , 1: s 
r ′ 

)2 
)

. 

Next, we truncate the higher order terms 2 and find 

E [ k ] ,l r 
. = 

⎛ 

⎝ Id −
∂ �̄

(
X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
∂X 

[ k ] 

⎞ 

⎠ 

−1 

·

⎛ 

⎝ W old + �̄
(

X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
−X 

[ k ] 
r + 

s ∑ 

i =1 

∂ �̄
(

X 

[ k ] 
r , X 

[ k −1] , 1: s 
r ′ 

)
∂X 

[ k −1] ,i 

(
X 

[ k −1] ,i − X 

[ k −1] ,i 
r ′ 

)⎞ 

⎠ . 

We then can make use of the definition of Newton’s method, see Eq. (19) to simplify the first part of the expression 

E [ k ] ,l r 
. = �X r+1 ︸ ︷︷ ︸ 

current Newton 

procedure 

+ 

⎛ 

⎝ Id −
∂ �

(
X 

[ k ] 
r , X 

[ k −1 ] , 1: s 

r ’ 

)
∂X 

[ k ] 

⎞ 

⎠ 

−1 

·

⎛ 

⎝ 

s ∑ 

i =1 

∂ �
(

X 

[ k ] 
r , X 

[ k −1 ] , 1: s 

r ’ 

)
∂X 

[ k −1 ] ,i 
E [ k −1 ] ,i 

r ’ 

⎞ 

⎠ 

︸ ︷︷ ︸ 
accumulation of previous Newton errors 

. 

The error hence consists of one part, where the Newton errors of previous prediction/correction steps are accumulated and 

another part influenced by the current Newton procedure, which equals the Newton increment of the next Newton iterate 

�X r+1 . For the predictor, we then directly find 

E [0] ,l 
r 

. = �X r+1 , 

as there are no previous prediction/correction steps that can influence the error. For the corrector one finds 

E [ k ] ,l r 
. = �X r+1 −

⎛ 

⎝ 

Id − θ1 �t 
∂R (1) 

h 

∂ w 

n, [ k ] ,l 

h 

+ 

θ2 �t 2 

2 

∂R (2) 
h 

∂ w 

n, [ k ] ,l 

h 

θ2 �t 2 

2 

∂R (2) 
h 

∂σn, [ k ] ,l 

h 

− ∂R (1) 
h 

∂ w 

n, [ k ] ,l 

h 

Id 

⎞ 

⎠ 

−1 

·
( ( 

θ1 �t 
∂R (1) 

h 

∂ w 

n, [ k −1] ,l 

h 

− θ2 �t 2 

2 

(
∂R (2) 

h 

∂ w 

n, [ k −1] ,l 

h 

+ 

∂R (2) 
h 

∂σn, [ k −1] ,l 

h 

∂R (1) 
h 

∂ w 

n, [ k −1] ,l 

h 

)
0 

0 0 

) 

E [ k −1] ,l 
r ′ 

−
s ∑ 

i =1 

( 

�t B 

(1) 
li 

∂R (1) 
h 

∂ w 

n, [ k −1] ,i 

h 

+ �t 2 B 

(2) 
li 

(
∂R (2) 

h 

∂ w 

n, [ k −1] ,i 

h 

+ 

∂R (2) 
h 

∂σn, [ k −1] ,i 

h 

∂R (1) 
h 

∂ w 

n, [ k −1] ,i 

h 

)
0 

0 0 

) 

E [ k −1] ,i 
r ′ 

) 

, 

which can be simplified to (please note that due to construction, there holds 
∂R 

(2) 
h 

∂σh 
= 

∂R 
(1) 
h 

∂w h 

3 ) 

2 Please note that this is an assumption that we make. It is not clear – in particular for large �t or stiff equations – that these terms are small. However, 

to obtain guidelines for the termination of Newton’s algorithm, we will from now on neglect the higher order terms. 
3 That this is true can be seen the easiest from the continuous level: There holds w t = R (1) (w ) due to Eq. (3) . Differentiating with respect to time yields 

w tt = 

∂R (1) (w ) 
∂w 

w t = 

∂R (1) (w ) 
∂w 

σ =: R (2) (w , σ) . From this definition, the identity follows in a straightforward way. The same is true for the DG discretization, 

yet, it is more cumbersome (but not more difficult) to show this, departing from the weak formulations in (13) and (15) . 
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E [ k ] ,l r 
. = �X r+1 −

⎛ 

⎜ ⎜ ⎝ 

S −1 

(
θ1 �t 

∂R (1) 
h 

∂ w 

n, [ k −1] ,l 

h 

− θ2 �t 2 

2 

(
∂R (2) 

h 

∂ w 

n, [ k −1] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,l 

h 

)2 
))

0 

∂R (1) 
h 

∂ w 

n, [ k ] ,l 

h 

S −1 

(
θ1 �t 

∂R (1) 
h 

∂ w 

n, [ k −1] ,l 

h 

− θ2 �t 2 

2 

(
∂R (2) 

h 

∂ w 

n, [ k −1] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,l 

h 

)2 
))

0 

⎞ 

⎟ ⎟ ⎠ 

E [ k −1] ,l 
r ′ 

+ 

s ∑ 

i =1 

⎛ 

⎜ ⎜ ⎝ 

S −1 

(
�t B 

(1) 
li 

∂R (1) 
h 

∂ w 

n, [ k −1] ,i 

h 

+ �t 2 B 

(2) 
li 

(
∂R (2) 

h 

∂ w 

n, [ k −1] ,i 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,i 

h 

)2 
))

0 

∂R (1) 
h 

∂ w 

n, [ k ] ,l 

h 

S −1 

(
�t B 

(1) 
li 

∂R (1) 
h 

∂ w 

n, [ k −1] ,i 

h 

+ �t 2 B 

(2) 
li 

(
∂R (2) 

h 

∂ w 

n, [ k −1] ,i 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,i 

h 

)2 
))

0 

⎞ 

⎟ ⎟ ⎠ 

E [ k −1] ,i 
r ′ , (27) 

with the Schur complement corresponding to the lower right block given by 

S := 

⎛ 

⎝ Id − θ1 �t 
∂R 

(1) 
h 

∂ w 

n, [ k ] ,l 

h 

+ 

θ2 �t 2 

2 

⎛ 

⎝ 

∂R 

(2) 
h 

∂ w 

n, [ k ] ,l 

h 

+ 

( 

∂R 

(1) 
h 

∂ w 

n, [ k ] ,l 

h 

) 2 
⎞ 

⎠ 

⎞ 

⎠ . 

We now consider the limits of Eq. (27) and start with �t → 0 , i.e. 

E [ k ] ,l r 
. = �X r+1 −

( (
Id + O(�t) + O(�t 2 ) 

)−1 (O(�t) + O(�t 2 ) 
)

0 (
Id + O(�t) + O(�t 2 ) 

)−1 (O(�t) + O(�t 2 ) 
)

0 

) 

E [ k −1] ,l 
r ′ 

+ 

s ∑ 

i =1 

( (
Id + O(�t) + O(�t 2 ) 

)−1 (O(�t) + O(�t 2 ) 
)

0 (
Id + O(�t) + O(�t 2 ) 

)−1 (O(�t) + O(�t 2 ) 
)

0 

) 

E [ k −1] ,i 
r ′ → �X r+1 , �t → 0 . 

We find that for vanishing �t , the Newton errors introduced by previous stages and correction steps do not play a role 

and the error is directly given by the next Newton increment. The limit �t → ∞ is more difficult to obtain. We start by 

considering the O(�t 2 ) terms 

lim 

�t→∞ 

E [ k ] ,l r 
. = �X r+1 −

⎛ 

⎜ ⎜ ⎝ 

(
∂R (2) 

h 

∂ w 

n, [ k ] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k ] ,l 

h 

)2 
)−1 (

∂R (2) 
h 

∂ w 

n, [ k −1] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,l 

h 

)2 
)

0 

∂R (1) 
h 

∂ w 

n, [ k ] ,l 

h 

(
∂R (2) 

h 

∂ w 

n, [ k ] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k ] ,l 

h 

)2 
)−1 (

∂R (2) 
h 

∂ w 

n, [ k −1] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,l 

h 

)2 
)

0 

⎞ 

⎟ ⎟ ⎠ 

E [ k −1] ,l 
r ′ 

+ 

s ∑ 

i =1 

⎛ 

⎜ ⎜ ⎝ 

2 B (2) 
li 

θ2 

(
∂R (2) 

h 

∂ w 

n, [ k ] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k ] ,l 

h 

)2 
)−1 (

∂R (2) 
h 

∂ w 

n, [ k −1] ,i 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,i 

h 

)2 
)

0 

2 B (2) 
li 

θ2 

∂R (1) 
h 

∂ w 

n, [ k ] ,l 

h 

(
∂R (2) 

h 

∂ w 

n, [ k ] ,l 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k ] ,l 

h 

)2 
)−1 (

∂R (2) 
h 

∂ w 

n, [ k −1] ,i 

h 

+ 

(
∂R (1) 

h 

∂ w 

n, [ k −1] ,i 

h 

)2 
)

0 

⎞ 

⎟ ⎟ ⎠ 

E [ k −1] ,i 
r ′ . (28) 

Remark 8. The above Eq. (28) is highly nonlinear, yet, it has an interesting structure. For linear equations, where the quanti- 

ties 
∂R 

(2) 
h 

∂ w 

n, [ k ] ,l 
h 

and 

∂R 
(1) 
h 

∂ w 

n, [ k ] ,l 
h 

are constant, there holds 

( 

∂R 
(2) 
h 

∂ w 

n, [ k ] ,l 
h 

+ 

(
∂R 

(1) 
h 

∂ w 

n, [ k ] ,l 
h 

)2 
) −1 ( 

∂R 
(2) 
h 

∂ w 

n, [ k −1] ,l 
h 

+ 

(
∂R 

(1) 
h 

∂ w 

n, [ k −1] ,l 
h 

)2 
) 

= Id , and the equa- 

tions reduce to 

lim 

�t→∞ 

E [ k ] ,l r 
. = �X r+1 −

( 

Id 0 

∂R (1) 
h 

∂ w 

n, [ k ] ,l 

h 

0 

) 

E [ k −1] ,l 
r ′ + 

s ∑ 

i =1 

⎛ 

⎝ 

2 B (2) 
li 

θ2 
Id 0 

2 B (2) 
li 

θ2 

∂R (1) 
h 

∂ w 

n, [ k ] ,i 

h 

0 

⎞ 

⎠ E [ k −1] ,i 
r ′ . 

This automatically leads to the estimate 

‖E [ k ] ,l r , w 

‖ 2 

·≤‖ �X r+1 , w 

‖ 2 + ‖E [ k −1] ,l 
r ′ , w 

‖ 2 + 

s ∑ 

i =2 

2 | B 

(2) 
li 

| 
θ2 

‖E [ k −1] ,i 
r ′ , w 

‖ 2 , for �t → ∞ , (29) 

where by E [ k ] ,l r , w 

, we denote the component of E [ k ] ,l r corresponding to the degrees of freedom of w 

n, [ k ] ,l 

h 
. E [ k −1] , 1 

r ′ = 0 due to the 

fact that the first stage is trivial to compute and does not need a Newton iteration. Please note that a similar computation 

is, to our knowledge, not possible for arbitrary nonlinear equations, in particular not for the compressible Navier-Stokes 

equations. We will, however, use (29) as a heuristic basis for our error estimation procedure. 

Inspired by the behavior of the linear algorithm, we consider the following error estimate for small and large �t: 

‖E [ k ] ,l r , w 

‖ 2 ≈ ‖ �X r+1 , w 

‖ 2 , for �t → 0 , 

‖E [ k ] ,l r , w 

‖ 2 ≈ ‖ �X r+1 , w 

‖ 2 + C l ‖E [ k −1] ,l 
r ′ , w 

‖ 2 + 

∑ s 
i =2 C i 

2 | B (2) 
li 

| 
θ2 

‖E [ k −1] ,i 
r ′ , w 

‖ 2 , for �t → ∞ . 
(30) 
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Here, C i are user-defined constants, which, later, will reduce into one global constant. Please note that we also use this form 

in case of the modified arguments for the correction steps k > 1 (see Eq. (9) ). 

Remark 9. Choosing the constants C i basically means that we assume that terms of form ∥∥∥∥∥∥∥
⎛ 

⎝ 

∂R 

(2) 
h 

∂ w 

n, [ k ] ,l 

h 

+ 

( 

∂R 

(1) 
h 

∂ w 

n, [ k ] ,l 

h 

) 2 
⎞ 

⎠ 

−1 ⎛ 

⎝ 

∂R 

(2) 
h 

∂ w 

n, [ k −1] ,l 

h 

+ 

( 

∂R 

(1) 
h 

∂ w 

n, [ k −1] ,l 

h 

) 2 
⎞ 

⎠ 

∥∥∥∥∥∥∥
are bounded. 

4.1.2. Newton convergence criterion 

The findings in Eq. (30) still depend on the various stages, which make the error estimate even more tedious to evaluate 

than it already is. In the sequel, we do therefore assume that the stage-error is constant within a timestep, and define 

‖E [ k ] r , w 

‖ 2 := ‖E [ k ] ,s r , w 

‖ 2 , and ‖E n, [ k ] 
t ‖ 2 := ‖E n, [ k ] ,s 

t ‖ 2 , (31) 

so only the last stage is taken into account. The desired goal of the adaptive Newton strategy is that the errors introduced 

by not solving the non-linear Eq. (16) exactly are smaller than the errors introduced by the timestepping procedure itself. 

In formulae, this means 

‖E [ k ] r , w 

‖ 2 ≤ η‖E n, [ k ] 
t ‖ 2 , for k = 0 , . . . , k max , (32) 

where we have introduced some safety factor 0 < η < 1 . η is testcase-dependent, and will be explicitly stated for each 

numerical result. 

Again, this is in good agreement with our numerical experience. Subsequently, based on the findings in Eq. (30) and 

definitions in Eq. (31) , we assume that the Newton error ‖E [ k ] r , w 

‖ 2 can be written as 

‖E [ k ] r , w 

‖ 2 = ‖ �X 

[ k ] 
r+1 , w 

‖ 2 + C · ‖E [ k −1] 
r ′ , w 

‖ 2 , (33) 

for a constant C. If we define ‖E [ −1] 

r ′ , w 

‖ 2 = 0 , this is valid for all k ≥ 0 . Please note that r ′ is a generic constant, as the amount 

of Newton steps in correction k can be different from the ones in correction k − 1 . 

Remark 10. For �t → 0 , there holds C = 0 , see (30) . For all the numerical experiments we made, C was always in the order 

of one, never exceeding five. In the algorithm itself, it is treated as a user-supplied constant. 

We can recursively unfold formula (33) from k = k max to obtain 

‖E [ k max ] 
r , w 

‖ 2 = 

k max ∑ 

k =0 

C k max −k ‖ �X 

[ k ] 
r ′ +1 , w 

‖ 2 . 

Please note again that r ′ is a generic amount of steps and can change from one correction to the other. Under these prelim- 

inaries, the inequality to be fulfilled for k max is given by 

‖E [ k max ] 
r , w 

‖ 2 = 

k max ∑ 

k =0 

C k max −k ‖ �X 

[ k ] 
r ′ +1 , w 

‖ 2 

! ≤ η‖E n, [ k max ] 
t ‖ 2 . (34) 

The scaling with C k max −k in (34) motivates the following heuristic choice for the Newton increment: 

‖ �X 

[0] 
r+1 , w 

‖ 2 ≤ η min 

(
C k max 

1 
‖E n, [ k max ] 

t ‖ 2 , ‖E n, [0] 
t ‖ 2 

)
, 

‖ �X 

[ k ] 
r+1 , w 

‖ 2 ≤ η min 

(
C 2 C 

k max −k 
1 

‖E n, [ k max ] 
t ‖ 2 , ‖E n, [ k ] 

t ‖ 2 

)
, for 1 ≤ k ≤ k max . (35) 

Here, C 1 ∼ C −1 and C 2 are user-defined input parameters to the code. We have included C 2 into this heuristic as we have 

found that the quality of the predictor typically has a larger influence on the quality than the correction steps; typically, C 2 is 

taken to be smaller than one. We have found numerically that the k max -dependent choices C 1 := 

k max −1 
Ck max 

and C 2 := 1 − k max −1 
k max 

seem to work very well; we will stick to this definition in the sequel. 

Remark 11. Eq. (35) shows that for the evaluation of the convergence criterion of Newton’s method for the current iterate 

[ k ] , one requires ‖E n, [ k ] 
t ‖ 2 and ‖E n, [ k max ] 

t ‖ 2 . While the former can be evaluated independently on each processor, the lat- 

ter requires some special treatment. The information about the solution w 

n, [ k max ] ,s 

h 
is only available on the processor with 

rank zero (#0) , see Fig. 2 . Hence, the temporal error estimate ‖E n, [ k max ] 
t ‖ 2 can only be evaluated on this processor. The er- 

ror information is then communicated to the other processors along the standard information propagation path, i.e. along 

the diagonal. This leads to a delay of the adaptive procedure’s start on the different processors, meaning that, instead of 
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‖E n, [ k max ] 
t ‖ 2 , the quantity ‖E n 

∗, [ k max ] 
t ‖ 2 with n ∗ < n is evaluated. This delay is indicated with the gray shaded area in Fig. 2 . 

As it is crucial to keep the parallel-in-time structure of the scheme, we need to hence make the important assumption that 

the errors ‖E n, [ k max ] 
t ‖ 2 are only changing mildly with n , so that ‖E n 

∗, [ k max ] 
t ‖ 2 is indeed a good approximation for ‖E n, [ k max ] 

t ‖ 2 . 
Note that n − n ∗ cannot exceed k max due to construction. 

Remark 12. A similar approach as the one outlined above in Section 4.1.1 and Section 4.1.2 can be done for standard di- 

agonally implicit Runge Kutta methods. In Appendix C , we briefly introduce a similar adaptive Newton strategy for ESDIRK 

methods, which will then later be used for efficiency comparisons in Section 5.4 . 

4.1.3. Newton error extrapolation 

Considering Eq. (34) and Eq. (35) , one can see that we have found a condition for ‖E [ k ] r , w 

‖ 2 via the Newton increment 

‖ �X 

[ k ] 
r+1 , w 

‖ 2 . That means that in order to obtain a condition for the error at iterate r one has to calculate or estimate the 

norm of the (r + 1) -th Newton increment. As the computation of E [ k ] r , w 

is time-consuming, we propose to use an extrapolation 

procedure to obtain an estimate for ‖ �X r+1 ‖ 2 , which is then used within the estimate for ‖E r , w 

‖ 2 , see Eq. (34) . We either 

use a linear extrapolation procedure, 

‖ �X 

[ k ] 
3 ,w 

‖ 2 ≈ ‖ �X [ k ] 
2 ,w 

‖ 2 2 

‖ �X [ k ] 
1 ,w 

‖ 2 , 

‖ �X 

[ k ] 
r+1 , w 

‖ 2 ≈ ‖ �X [ k ] 
r −2 , w 

‖ 2 ‖ �X [ k ] 
r −1 , w 

‖ 2 + ‖ �X [ k ] 
r −1 , w 

‖ 2 ‖ �X [ k ] r , w ‖ 2 
‖ �X [ k ] 

r −2 , w 
‖ 2 

2 
+ ‖ �X [ k ] 

r −1 , w 
‖ 2 

2 

‖ �X 

[ k ] 
r , w 

‖ 2 , for r ≥ 3 , 

(36) 

or a quadratic extrapolation procedure 

‖ �X 

[ k ] 
3 ,w 

‖ 2 ≈ ‖ �X [ k ] 
2 ,w 

‖ 3 2 

‖ �X [ k ] 
1 ,w 

‖ 2 
2 

, 

‖ �X 

[ k ] 
r+1 , w 

‖ 2 ≈ ‖ �X [ k ] 
r −2 , w 

‖ 2 2 ‖ �X [ k ] 
r −1 , w 

‖ 2 + ‖ �X [ k ] 
r −1 , w 

‖ 2 2 ‖ �X [ k ] r , w ‖ 2 
‖ �X [ k ] 

r −2 , w 
‖ 4 

2 
+ ‖ �X [ k ] 

r −1 , w 
‖ 4 

2 

‖ �X 

[ k ] 
r , w 

‖ 

2 
2 , for r ≥ 3 , 

(37) 

that considers at maximum the previous three calculated Newton increments. Note that for r ≥ 3 , a least-squares approxi- 

mation of the constants is used in both cases. The linear extrapolation procedure has to be applied if a fixed coarse relative 

tolerance for the GMRES solver is applied [32] . If the relative tolerances converge to zero fast enough, quadratic convergence 

of Newton’s method can be expected. One opportunity to achieve this is to use the Eisenstat-Walker procedure introduced 

in [34] . 

4.1.4. Application of adaptive Newton procedure 

In this section, all ingredients of the adaptive Newton strategy are combined and validated. The temporal error is esti- 

mated according to Eq. (22) and is evaluated only once after the first timestep. This error estimate is then used to determine 

Newton’s convergence condition via Eq. (35) , where the actual Newton increment is obtained via the extrapolation proce- 

dure, introduced in Section 4.1.3 . The constants C and η are chosen to be 0.5 and 0.1, respectively. We either use a fixed 

relative GMRES tolerance of ε GMRES = 5 · 10 −2 , which corresponds to the same criterion as used in [28] , with the linear 

extrapolation procedure of Newton’s increment given in Eq. (36) . Alternatively, we apply the adaptive Eisenstat-Walker pro- 

cedure [34] to determine the relative GMRES tolerances and utilize the quadratic extrapolation of Newton’s increment given 

by Eq. (37) . 

We choose the same setup used in Section 3.3 for the Navier-Stokes equations with the initial conditions given by 

Eq. (25) with ε = 1 , N p = 7 and N E = 32 2 . The final time is set to T end = 1 . 0 . In order to evaluate the adaptive Newton 

procedure, simulations with fixed relative tolerances are used. Additionally, an absolute convergence criterion 

‖ �X 

[ k ] 
r+1 , w 

‖ 2 ≤ 10 

−14 

√ 

nDOF 

min (1 , ε) 
, (38) 

is used for all cases including the simulations with adaptive Newton strategy, where nDOF describes the total number of spa- 

tial degrees of freedom and ε is the stiffness parameter of the considered physical equations 4 . As initial guess for Newton’s 

method, i.e. X 

[ k ] 
0 

, we choose the solution of the second order explicit Taylor step for the predictor and the corresponding 

stage value of the previous iterate [ k − 1] for the correction steps. We start counting Newton’s iterations after k max timesteps 

(compare Fig. 2 ) to ensure that the full capabilities of the adaptive strategy are evaluated. Solution steps that cannot use the 

adaptive Newton strategy (gray shaded area in Fig. 2 ) utilize a relative convergence criterion of ε Newton,rel = 10 −10 . 

The resulting errors and average Newton iterations per stage of this series of simulations are visualized in Fig. 4 . Missing 

points for the fixed tolerance ε Newton = 10 −2 indicate a diverging solution. Fig. 4 , leftmost column, displays the numerical er- 

rors made for the adaptive choice of the Newton tolerance and several fixed Newton tolerances. It is only for HBPC (6 , 5) with 

4 
√ 

nDOF is the Euclidean norm of the vector of size nDOF with each element being one. This quantity serves hence as a reference value – the larger 

nDOF, the lesser one can expect that fine target accuracies can be reached. The ε in the denominator is a safety factor to account for the stiffness of the 

problem. 
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Fig. 4. Resulting L 2 -error (left), average Newton iterations per stage (middle) and average GMRES iterations per stage (right) for HBPC (6 , 5) with Eisenstat- 

Walker GMRES tolerance (top), HBPC (6 , 5) with fixed GMRES tolerance (middle) and HBPC (8 , 7) method with fixed GMRES tolerance (bottom) when choos- 

ing different convergence criteria for Newton’s method. Adaptive Newton strategy is performed according to Eq. (35) with Newton increment extrapolation 

( Eq. (36) and Eq. (37) ) and temporal error estimate according to Eq. (22) . 

the finest timestep size that the error curves associated to the adaptive strategy and the finest tolerance deviate slightly; 

in all the other cases, the obtained ’adaptive’ error is equal to the one with the finest fixed Newton tolerance. This means 

that the adaptive strategy is succesful in the sense that it does not underresolve the algebraic systems of equations. The 

adaptive strategy is also successful w.r.t. the reduction of the required Newton and GMRES iterations, see Fig. 4 (middle, 

right). One can see that with the adaptive strategy, always at least two Newton iterations are performed. This is most likely 

caused by the fact that by choosing the Newton increment as convergence condition, we ”lag” one Newton iteration, and 

the extrapolation procedure can only be applied after two Newton increments have been calculated. 

Repetition of Introductory Example We now repeat the illustrative example shown in the introduction (see Fig. 1 ) with 

all the ingredients introduced in the previous sections. These are the parallelizable timestepping procedure described in 

Alg. 1 , an improved initial Newton guess given by Eq. (21) and the adaptive Newton strategy with linear error extrapolation 

given by Eq. (35) and Eq. (36) . Again, the constants C and η are chosen to be 0.5 and 0.1, respectively. Similar as for the 

introductory example, we use ε GMRES = 10 −3 for the linear solver. 

The total number of GMRES iterations and the normalized GMRES iterations are shown in Fig. 5 . Compared to the sim- 

ulation with the serial algorithm, using a fixed relative tolerance for the residual of Newton’s method of ε Newton = 10 −10 , 

one can clearly see a much stronger dependency of the required absolute number of iterations on the chosen timestep size. 
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Fig. 5. Repetition of the numerical experiment from Section 1, Fig. 1 , but with parallel-in-time algorithm (Alg. 1 ), adaptive Newton strategy ( Eq. (35) and 

Eq. (36) ) and improved initial Newton guess ( Eq. (21) ). Cumulated number (left) and normalized (right) GMRES iterations per prediction/correction step 

are shown. Normalization of the GMRES iterations per [ k ] has been done with the mean GMRES iterations per timestep. 

Moreover, the absolute values are much smaller than the ones reported in Fig. 1 . Considering the normalized GMRES itera- 

tions, one can see that the relative cost of the predictor has been reduced and the costs of the correction steps have been 

homogenized. Moreover, the curves for the different timestep sizes coincide very well. The only exception from this behav- 

ior are the highest iterates, i.e. k = 6 , 7 , for the smallest timestep for which a reduced number of iterations is reported. This 

drop in iterations is most likely caused by hitting the absolute tolerance (see Eq. (38) ). 

5. Parallel performance 

In this section, we investigate the parallel performance of the novel scheme. For that purpose, we first investigate the 

performance of the spatial parallelization. Next, we combine the spatial parallelization with the novel parallelization in time. 

All simulations were performed on the VSC Genius cluster using up to 36 nodes. Each node has 192 GB RAM and consists 

of 18 cores, each equipped with 2 Xeon Gold 6240 CPUs@2.6 GHz (Cascadelake) processors. The connection between nodes is 

established with an Infiniband EDR network (25 GB/s bandwidth). The Fortran-written simulation code is compiled with the 

GCC compiler (6.4.0). It uses OpenMPI (v3.1.1) for the implementation of processor communication and OpenBLAS (v0.3.17) 

for the efficient implementation of the preconditioner’s matrix inversion via LU-decomposition and matrix-matrix/matrix- 

vector multiplications. The single-derivative base-line code in which the novel method is implemented into is the open 

source code FLEXI 5 , see also [35] . 

5.1. Parallel performance of spatial parallelization 

The spatial parallelization is based on a domain decomposition via a space-filling curve. Each processor is responsible 

for its own set of elements and information between different processors is done via the surfaces of adjacent elements. 

A detailed overview on the parallelization strategy, including the communication pattern and an evaluation of the parallel 

efficiency with an explicit timestepping procedure can be found in [35] . 

We benchmark the spatial parallel performance of the implicit two-derivative method with two different settings: a two 

dimensional setup with N p = 7 and a three dimensional setup with N p = 5 . For both cases we use Eq. (25) as initial con- 

dition, where v = (0 . 25 , 0 . 25 , 0 . 25) T for the 3d and v = (0 . 3 , 0 . 3) T for the 2d-setup. The temporal discretization is done 

with the implicit two-derivative Taylor method and �t = 0 . 1 . We perform N T = 10 timesteps and use the relative tolerances 

ε Newton,rel = 10 −3 and ε GMRES = 5 · 10 −2 . The preconditioner is built once, and kept fixed for the whole simulation. Similar as 

it has been done in [1] , we neglect the Hessian contribution when solving the linear system. A measure for the computa- 

tional cost is the performance index (PID) 

PID = 

T · #processors 

nDOF · N T · (s − 1) 
, 

where T denotes the wallclocktime. PID measures the average time per degree of freedom that is necessary to perform 

one implicit stage of a single timestep. Note that, differently than for an explicit scheme, the absolute value of the PID 

does not transfer to different settings as it highly depends on the chosen test setup, i.e. on the implicit parameters and 

initial conditions 6 It can hence serve only as a relative measure. For the investigation of the parallel efficiency, a series of 

5 www.flexi-project.org , GNU GPL v3.0 
6 In particular, the conditioning of the nonlinear system of Eq. (16) plays an important role, which can be different for different test cases. 
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Fig. 6. Performance index (left), speedup (second to left), strong parallel efficiency (second to right) and weak parallel efficiency (right) for the 2d setup 

with N p = 7 (top) and the 3d setup with N p = 5 (bottom). For the PID, the strong scaling and the speedup, the legend indicates the different number of 

elements of different meshes. For the weak scaling, different lines correspond to different loads, i.e. different number of DOF per processor. 

simulations on different meshes with varying number of processors is performed. For the 2d simulations, the smallest mesh 

has 12 × 12 elements to discretize the domain 
 = [ −1 , 1] 2 . Larger grids are obtained by doubling the number of elements 

and extending the domain 
 accordingly. The domain is extended to account for the fact that the CFL number should 

stay constant (note that �t = 0 . 1 in this testcase), as otherwise, the behavior of the implicit algorithm changes drastically. 

The largest mesh has 192 × 192 elements for the domain 
 = [ −128 , 128] 2 . The meshes for the 3d simulations range from 

6 × 6 × 3 elements ( 
 = [ −2 , 2] × [ −2 , 2] × [ −1 , 1] ) up to 24 × 12 × 12 elements ( 
 = [ −8 , 8] × [ −4 , 4] × [ −4 , 4] ). The lowest 

load, i.e. the lowest number of DOF per processor, is either obtained by using 1152 processors, or having 2 or 3 elements 

per processor for the 2d and 3d case, respectively. Each simulation is performed three times. The average, the minimum and 

the maximum PID of the simulations are reported in Fig. 6 (left). From those values, the weak and strong parallel efficiency 

as well as the speedup can be derived, see Fig. 6 . Note that the minimum number of processors is 36, corresponding to one 

node. 

One can see that the PID is a relatively constant quantity for small processor numbers. However, there is a strong in- 

crease if the load decreases below approximately 10 0 0 DOF per processor and the number of processors increases. This 

increase additionally comes with an increasing variance of the measured PID. This is due to the increasing relative amount 

of communication and its high dependency on fluctuations of the machine’s performance. Regarding the parallel efficiency, 

one can still observe a weak and strong efficiency of approx. 80% when using 1152 processors for the 3d simulations. For the 

2d case, a significant dependency of the strong parallel efficiency on the amount of DOF can be observed. Depending on the 

number of DOF, it decreases until approx. 30% to 60% when using 1152 processors. Considering the weak parallel efficiency, 

one can observe a decrease towards approx. 55% when using 1152 processors. The main findings from this investigation are: 

• Good weak scaling on up to more than 10 0 0 processors indicates that the code is well-suited for large-scale applications. 
• One can decrease the computational load per processor almost until the finest possible granularity (one element per 

processor) and still observe some speedup. 
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Fig. 7. Efficiency of temporal parallelization for HBPC (6 , k max ) (top) and HBPC (8 , k max ) method using different timestep sizes. The left plot shows required 

wallclocktime T vs. resulting error using different k max for the parallel-in-time (solid) and serial method (dashed). The speedup (middle) gives the relation 

between serial and parallel wallclocktime. The black line indicates perfect speedup. The right plot displays the parallel efficiency, i.e. the relation between 

the actual speedup and the perfect speedup. 

The significant differences between the 2d and the 3d simulations can be explained with the different ratios between 

internal work and communication, especially due to the increased work for matrix-matrix/matrix-vector multiplications. 

5.2. Parallel performance of temporal parallelization 

Next, we consider the parallel performance of the temporal parallelization. Setting up a fair evaluation problem for the 

parallel-in-time speedup is a non-trivial task [36] . One not only has to choose the problem, but also iterative procedures’ 

parameters such that they are representative for the desired applications. We start with the same setup as used in the 

previous subsection with the initial conditions given by Eq. (25) with ε = 1 , N p = 7 and use the adaptive Newton strategy 

introduced in Section 4 . Again, the well-known values 0.5 and 0.1 are assigned to the constants C and η, respectively. Differ- 

ently to the previous subsection, we choose N E = 24 2 for the domain 
 = [ −1 , 1] 2 and the final time is set to T end = 10 . 0 . 

We then perform simulations with Alg. 1 running the HBPC (6 , k max ) and the HBPC (8 , k max ) serially and in parallel using 

�t = { 0 . 1 , 0 . 05 , 0 . 025 } which corresponds to performing N T = { 10 0 , 20 0 , 40 0 } timesteps. The large number of timesteps en- 

sures that the theoretical limit of the speedup for N T → ∞ given by Eq. (12) is within reach. The preconditioner is rebuilt 

every 10 th timestep and the errors of the simulations are calculated by using the result of an explicit reference simulation 

with a fourth order low-storage Runge-Kutta method with a very small timestep ( �t ≈ 3 . 4 · 10 −4 ). 

For the serial simulations we use one node with 36 processors corresponding to a load of 1024 DOF per processor for 

all k max ∈ { 1 , 3 , 5 , 7 , 9 } . For the parallel simulation we use multiple nodes, e.g. the parallel HBPC (8 , 7) method uses 6 nodes 

with 36 processor each 

7 , resulting in 216 processors. Note that the load (i.e. DOF per processor) remains the same for all 

parallel-in-time and the serial simulations. 

Parallel-in-Time Speedup In Fig. 7 we report the results of this series of simulations. On the left one can see the errors of 

the simulations w.r.t. the required wallclocktime T . While different colors correspond to different timestep sizes, the solid 

and the dashed lines indicate the parallel and the serial simulations, respectively. Points being connected by a line indicate 

simulations with increasing k max ∈ { 1 , 3 , 5 , 7 , 9 } . One can see that the parallel method is more efficient (i.e. has a better 

7 HBPC (8 , 7) is a method with four stages, the first stage being trivial. Hence, the splitted circles in Fig. 2 would be split into three rather than two. 

That means that three nodes are necessary for the handling of predictor and first corrector; and then one node each is necessary for k = 2 , 3 , k = 4 , 5 and 

k = 6 , 7 . In total, this yields the six nodes used. 
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Fig. 8. Normalized GMRES iterations per iterate [ k ] for the HBPC (6 , k max ) (top) and the HBPC (8 , k max ) (bottom) method using �t = 0 . 1 (left), �t = 0 . 05 

(middle) and �t = 0 . 025 (right). Note that the indexed iterates correspond to the different ranks of the temporal parallelization. Note that the iterates 

k = 0 / 1 are split up into the different implicit stages, see Fig. 2 . For the normalization of the GMRES iterations, the mean GMRES iterations of all iterates k 

per simulation is used. 

relation between accuracy and wallclocktime) than the serial method, which is indicated by a much steeper slope of the 

parallel methods. This behavior can be observed consistently for all considered timestep sizes and both, the HBPC (6 , k max ) 

and the HBPC (8 , k max ) method. 

Calculating the ratio between the wallclocktimes of the serial and the parallel simulations, one obtains the speedup en- 

abled by the temporal parallelization, visualized in Fig. 7 (middle). The black line indicates ideal speedup, i.e. when using 

6 nodes, one expects a speedup of 6. Note that we have neglected the influence of a finite number of timesteps on the 

ideal speedup, see Eq. (12) . Calculating the ratio between the ideal speedup and the actual achieved one, gives the paral- 

lel efficiency shown in Fig. 7 (right). Here, one can see that the parallel-in-time scheme achieves a parallel efficiency of 

approximately 60% when using k max = 9 , corresponding to 6 and 7 nodes for the HBPC (6 , 9) and the HBPC (8 , 9) method, 

respectively. 

A parallel efficiency of 60% on up to 7 partitions is in the same range as it has been reported for other PinT methods in 

literature: For solving ODEs with the implicit RIDC method, efficiencies of 90% and 69% were reported for 4 and 8 processors, 

respectively. For the HBPC scheme simulating ODEs, efficiencies up to 65% and 48% are measured for 4 and 18 processors. An 

inverted dual time stepping procedure is used in [37] and efficiencies of 95% and 45% are reported for 4 and 20 processors. 

Combined with additional spatial parallelization, an efficiency of 50% is obtained on 12 processors [9] . The reporting of 

parallel efficiencies of methods based on the parareal algorithm is difficult as the performance heavily depends on the 

problem to be solved [36] . Especially for hyperbolic dominated problems, the parareal algorithm can have relatively low 

efficiencies. In [38] , fluid structure interaction problems with the incompressible Navier-Stokes equations are solved, parareal 

is used for the temporal parallelization and an efficiency up to 22% on 20 processors is reported. The compressible Navier- 

Stokes equations are solved in [8] and the authors show that, in combination with a spatial parallelization, the parareal 

algorithm shows efficiencies up to approx. 40% on 16 processors. 

Work Distribution among the Parallel-in-Time Partitions To obtain some insight in the parallel efficiency, we consider the 

work distribution among the different parallel-in-time partitions in Fig. 8 . We visualize the normalized GMRES iterations 

performed on each partition for all the parallel-in-time simulations. One important property of the novel method can be 

seen from the different graphs in Fig. 8 : The curves for different k max and different timestep sizes are very close to each 

other. This indicates that the adaptive strategy manages relatively well to balance the load over the processors. 

Overall, the figure shows a qualitatively similar behavior for all simulations: While the partitions being responsible for 

one single stage of the predictor and the first corrector have the least load, the partition being responsible for k = { 2 , 3 } has 
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Fig. 9. Parallel speedup (left) and strong parallel efficiency (right) for a pure spatial and a mixed spatial/temporal parallelization for a 2d example using 

N p = 7 and HBPC (8 , 7) (top) and a 3d example using N p = 5 and HBPC (6 , 5) (bottom). Note that the very right point of the pure spatial parallelization 

(red, circles) corresponds to the finest possible granularity, i.e. one element per processor. The very right point of the mixed spatial/temporal parallelization 

corresponds to two elements per processor. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version 

of this article.) 

the highest load. For higher iterates, the load decreases again. Comparing Fig. 8 and the parallel efficiency in Fig. 7 , one can 

see that the value of the inverse of the maximum normalized GMRES iterations over all partitions translates almost directly 

to the achieved parallel efficiency. This highlights the importance of the homogenization of the work distribution among the 

different prediction/correction steps. 

5.3. Space-time parallel performance 

Next, we consider the parallel performance of the combined spatial and temporal parallelization. For that purpose, we 

again consider the initial conditions of the sine density wave given by Eq. (25) . Two different representative configurations 

are investigated: A two dimensional problem on the domain 
 = [ −2 , 2] 2 which is discretized with 24 × 24 elements using 

N p = 7 , and a three dimensional problem on the domain 
 = [ −2 , 2] 3 which is discretized with 8 × 8 × 9 elements using 

N p = 5 . For the 2d example the HBPC (8 , 7) and for the 3d example the HBPC (6 , 5) scheme is used leading to an 8 th order 

and a 6 th order scheme in space and time, respectively. The final time is set to T end = 5 and the timestep is �t = 0 . 05 , 

leading to N T = 100 timesteps. The preconditioner is rebuilt every 10 th timestep and the linear solver tolerance is set to 

ε GMRES = 5 · 10 −2 . C and η are set as before to 0.5 and 0.1, respectively. 

In Fig. 9 the parallel speedups and the parallel efficiencies of a pure spatial and a mixed spatial/temporal parallelization 

are reported. Increasing the number of processors for the spatial discretization, the parallel efficiency decreases up to approx. 

40% (2d) and 75% (3d). It is not possible to use more processors with the pure spatial parallelization for the considered test 

setups as the very right points of the red curves in Fig. 9 correspond to the finest possible granularity (i.e. one element per 

processor). If one wants to further reduce the required wallclocktime, spatial and temporal parallelization can be combined. 

One can clearly see that the temporal parallelization gives a further speedup. For the 2d simulation, one can see that the 

parallel efficiency can even be improved by combining spatial and temporal parallelization. Due to the very high parallel 

19 



J. Zeifang, A. Thenery Manikantan and J. Schütz Applied Mathematics and Computation 457 (2023) 128198 

Fig. 10. Temporal convergence (left) and required wallclocktime (right) to achieve a certain error for different implicit schemes for the 2d sine wave 

problem with ε = 1 using different timestep sizes. 

efficiency of the spatial parallelization for the 3d case, one cannot observe an increase in the parallel efficiency. However, 

due to the possibility to use more processors, a speedup can still be achieved. 

Concluding, Fig. 9 shows that the temporal parallelization gives an efficiency gain if the pure spatial parallelization has 

an efficiency lower than the temporal one (i.e. lower than approx. 60% ). I.e. the worse the parallel efficiency of the spatial 

operator, the more one can benefit from the temporal parallelization. Moreover, one can see that if the spatial parallelization 

reaches its limit, a further wallclocktime reduction can be achieved with the temporal parallelization. 

5.4. Efficiency comparisons 

In this final subsection, we compare the efficiency of the novel parallel-in-time two-derivative method with classi- 

cal sequential-in-time single-derivative Runge-Kutta methods. We will use the 4 th order ARK4(3)6L[2]SA method [39, Ap- 

pendix D] (abbreviated with ESDIRK4-6) and the 6 th order ESDIRK6(5)9L[2]SA method [40, Table 13] (abbreviated with 

ESDIRK6-9) as high order implicit ESDIRK methods 8 . For both, an adaptive Newton procedure that is based on the same 

principles as the one derived in Section 4 is used. Details on this can be found in Appendix C . We set C = 0 . 5 and η = 0 . 1 . 

5.4.1. Density sine wave 

We start by considering the previously used example with the initial data given by Eq. (25) with ε = 1 and N p = 7 

on the domain 
 = [ −1 , 1] 2 , discretized with N E = 24 × 24 and with T end = 10 . We run the simulation by choosing different 

timesteps with the parallel-in-time HBPC (6 , 5) , HBPC (6 , 7) , HBPC (8 , 7) and HBPC (8 , 9) schemes. Additionally, the ESDIRK4-6 

and ESDIRK6-9 are used as a reference. The simulations are performed on one node with 36 processors; for the parallel-in- 

time methods the respective multiples are used. The preconditioners are rebuilt every 10 th timestep and ε GMRES = 5 · 10 −2 

is chosen for the linear solver. Initially, when no adaptive Newton criterion is available, we choose ε Newton,rel = 10 −8 . C and 

η are set to 0.5 and 0.1, respectively. 

Fig. 10 shows the temporal convergence (left) and the efficiency (right) of the different methods. One can see that all 

methods show the desired order of convergence. The sixth order HBPC schemes show a smaller error than the sixth order 

ESDIRK method. Considering the efficiency, one can see that if small errors are desirable, the higher order methods pay off. 

Moreover, one can see that the sixth order HBPC method is superior to the ESDIRK6-9 scheme for smaller errors. 

5.4.2. Cylinder flow 

Next, we consider the two dimensional flow around a cylinder. Similar as it has been done by other authors, see 

e.g. [41,42] , we consider the aerodynamic coefficients as a quality measure. The flow parameters for the cylinder flow with 

diameter D = 1 are given by the reference Mach number ε = 0 . 1 and the Reynolds number Re D = 200 . The initial conditions 

are given by the constant state 

ρ0 = 1 , v 0 = ( 1 , 0 ) 
T 
, p 0 = 

1 

γ
, 

8 While HBPC (8 , 7) and HBPC (8 , 9) are schemes of order eight, we did, despite a thorough literature study, not find an eighth-order diagonally implicit 

Runge-Kutta scheme, see also [25] . Hence, only fourth- and sixth-order Runge-Kutta schemes are used for comparison. 
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Fig. 11. Temporal convergence (left) of mean drag coefficient C D and required wallclocktime (right) to achieve a certain error for different implicit schemes 

for the cylinder flow problem at Re D = 200 using different timestep sizes. 

and the cylindrical domain with an outer diameter of D ∞ 

= 200 is discretized using N E = 1200 with N p = 5 . On the cylinder 

surface, wall boundary conditions are prescribed. At the outer boundary, Dirichlet boundary conditions with the constant 

initial state are used. A more detailed description of the used mesh is available in [5, Sec. 5.1.1] . We run the simulation 

with a fourth order low-storage Runge-Kutta time discretization (ERK4) [26] up to T = 400 . At this time, the flow is fully 

developed and a vortex shedding has been established. In the interval from T = 400 to T = 500 , we obtain C D ≈ 1 . 35 , a 

fluctuating lift coefficient of C L ′ ≈ 0 . 501 and a Strouhal number of Sr ≈ 0 . 197 . Those aerodynamic measures agree well with 

data from literature, see e.g. [43–45] . Differences are most likely due to the relatively coarse spatial resolution. 

To evaluate the performance of the novel scheme, we use the mean drag coefficient 

C D := 

2 ̄F x 

ρ0 ‖ v 0 ‖ 

2 
2 
D 

, 

where F̄ x denotes the mean drag force at the cylinder surface as a measure for the accuracy. We restart the simulation 

at T = 400 and run it approximately for two vortex shedding periods ( T end = 410 ) using different timestepping methods 

and timestep sizes. As this is a quasi-steady flow, we estimate the temporal error only once during the adaptive Newton 

procedure. The aerodynamic forces are measured at the time intervals �t = 0 . 5 and F̄ x is calculated via mean of these 

discrete values. A simulation with a very small explicit timestep for the ERK4 serves as a reference solution to calculate an 

error measure. 

As we are using relatively large timesteps and ε = 0 . 1 , we use Eq. (23) to estimate the temporal error and do not perform 

an explicit step for the initial Newton guess. Moreover, we set C = 1 in the adaptive Newton procedure, see Eq. (35) . For the 

linear solver, the adaptive Eisenstat-Walker procedure is used. During the startup procedure of the adaptive Newton strategy, 

a relative tolerance of ε Newton,rel = 10 −4 is used. The ESDIRK schemes initially use a Newton tolerance of ε Newton,rel = 10 −6 . 

We choose the safety factor η = 0 . 1 for the ESDIRK4-6 and the ESDIRK6-9 in Eq. (C.2) . 

In Fig. 11 the convergence and efficiency considering the drag coefficient are visualized on the left and right, respectively. 

One can see that the ESDIRK4-6 reaches the desired order of convergence. The sixth order schemes have difficulties to reach 

the desired order for large timesteps but reach the asymptotic regime for small timesteps. The eighth order HBPC (8 , 7) 

scheme also achieves almost its desired order for the small timesteps. The figure shows that the HBPC (6 , 5) scheme has 

smaller errors than the ESDIRK methods using the same timestep. However, the HBPC (8 , 7) scheme could outperform the 

sixth order schemes in terms of error only for a few timesteps. Considering the efficiency, the ESDIRK4-6 seems to be 

superior to the other methods. The ESDIRK6-9 and the HBPC (6 , 5) are within reach, but are only able to outperform the 

ESDIRK4-6 for very few settings. One reason for the good behavior of the forth order method could be its L-stability. As both, 

the ESDIRK6-9 and the HBPC (6 , k max ) are not L-stable, ESDIRK4-6 is naturally better suited for stiff problems. Note that the 

results of this investigation depend on the equipped error measure and physical setting. Using another error measure or 

using another mesh and/or Reynolds number could lead to slightly different results. 

5.4.3. Taylor-Green-Vortex 

Finally, we consider the three dimensional Taylor-Green-Vortex (TGV). It is a prototypical periodic test case to study the 

transition to turbulence and its decay. The initial data for the non-dimensional equations (see also [46] ) are given by 

ρ = 1 , v = 

( 

cos (x ) cos (y ) cos (z) 
− cos (x ) sin (y ) cos (z) 

0 

) 

, and p = 

ρ

γ
+ 

ρε 2 

16 

( cos (2 x ) + cos (2 y ) ) ( cos (2 z) + 2 ) , 
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Fig. 12. Taylor-Green vortex at Re = 800 and ε = 10 −1 : temporal evolution of kinetic energy dissipation rate (left) with �t = 0 . 25 , DNS data from [47] . 

Temporal convergence (middle) and required wallclocktime (right) to achieve a certain error for different implicit schemes using different timestep sizes. 

on the periodic domain 
 = [0 , 2 π ] 3 , which we discretize with N E = 16 × 16 × 16 and N p = 3 . We use ε = 10 −1 , a Reynolds 

number of Re = 800 and T end = 10 . A measure for the turbulent decay is the dissipation rate of the kinetic energy 

∂E kin 

∂t 
= 

μ

ρ‖ 
‖ 

∫ 



∇ x v : ∇ x v dx . 

We use the dissipation rate as an error measure by calculating the L 1 -norm of the measured dissipation rates in the time 

intervals �t = 0 . 25 . An explicit simulation with a very small timestep (ERK4, �t ≈ 1 . 4 · 10 −3 ) serves as a reference. Similar 

as it has been done in Section 5.4.2 , the ESDIRK4-6 and the ESDIRK6-9 use η = 0 . 1 . For the HBPC (6 , 5) , the temporal error 

is estimated according to Eq. (23) and C = 0 . 5 , η = 0 . 1 . During the startup procedure of the adaptive Newton strategy, a 

relative tolerance of ε Newton,rel = 10 −4 is used. The ESDIRK schemes initially use a Newton tolerance of ε Newton,rel = 10 −6 . 

At every 10-th timestep, the temporal error is estimated and the preconditioners are rebuilt. Simulations are performed 

on one node with 36 processors, or the respective multiples for the temporal parallelization. Please note that we do not 

report on HBPC (8 , 7) results in this section. Due to limited computational resources, and the large amount of degrees of 

freedom present, we could not test the method sufficiently such that fair and reliable results can be guaranteed. Only very 

preliminary results are available that show that the method does not suffer from stability issues, and numerical errors are 

at least in the order of the other methods shown here. 

The dissipation rate for the ESDIRK4-6, ESDIRK6-9 and the HBPC (6 , 5) , each with �t = 0 . 25 are shown in Fig. 12 

(left). Virtually, all schemes coincide; deviations from the DNS data [47] are due to the too coarse spatial resolution. In 

Fig. 12 (middle and right) the convergence and the efficiency w.r.t. the dissipation rate for the ESDIRK4-6, the ESDIRK6-9 

and the HBPC (6 , 5) are shown. One can see that the HBPC (6 , 5) has smaller errors than the ESDIRK methods for the same 

chosen timestep sizes. However, this advantage does not directly transfer to higher efficiencies. This motivates further re- 

search on the development of the HBPC methods as outlined in the next section, possibly offering higher accuracies and 

efficiencies for stiff problems. 

6. Conclusion and outlook 

In this work, we have shown the application of a parallel-in-time implicit two-derivative discontinuous Galerkin method 

to the Navier-Stokes equations. As time discretization the HBPC scheme has been used. In previous works, this time dis- 

cretization has been combined with the discontinous Galerkin method [1] to solve PDEs and the concept of time paral- 

lelism has been shown for ODEs [3] . The present work tackles practical aspects of combining a space-parallel discontinuous 

Galerkin PDE discretization with the time-parallel HBPC scheme. 

A homogeneous distribution of linear iterations over the different processors has been identified as a key for parallel ef- 

ficiency. Two main ingredients have been introduced for that purpose: an adaptive procedure for Newton’s method, and an 

additional distribution of the predictor’s and first corrector’s stages to different processors. It has been shown that the tem- 

poral parallelization reaches a parallel efficiency of approx. 70 − 60% on 4 − 7 partitions. The pure spatial parallelization has 

been shown to be well suited for parallel computing as it provides 50 − 80% parallel efficiency for very fine granularities on 

more than 10 0 0 processors. Combining spatial and temporal parallelization offers the possibility to obtain further speedup 

and in some cases also an improved efficiency over the pure spatial parallelization. This has also been demonstrated for 

settings with more than 10 0 0 processors, highlighting the capability of the novel method to solve large-scale problems. Fur- 

thermore, the novel method has been compared with serial-in-time ESDIRK methods in terms of efficiency. We have shown 

that in some cases the novel method can outperform these schemes. 

We consider the current paper as a milestone towards making two-derivative predictor corrector schemes a viable al- 

ternative to established schemes in applications from compressible flows. Obviously, the results in Section 5 show that 

there is still room for improvement. Active research lines include the identification of more suited background schemes in 
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Eq. (6) (other collocation points, extension to general linear methods); the use of IMEX schemes within this context, see 

[2,3,48] for first attempts in the context of ODEs; and Jacobian-free high-derivative schemes, where more than two tem- 

poral derivatives are added to the algorithm using a suitable finite difference approach, see [49] for first attempts. Further 

developments will consider full adaptivity in space and time, hence making use of spatial error estimators to determine 

both hp-adaptivity and non-constant timesteps. 
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Appendix A. Navier-Stokes fluxes 

For the Navier-Stokes Eq. (1) , inviscid and viscous fluxes F (w ) and F v (w , ∇ x w ) are given by 

F (w ) = 

( 

ρv 

ρv � v + 

1 
ε 2 

p · Id 

v (E + p) 

) 

, and F v (w , ∇ x w ) = 

( 

0 

τ
τ · v + q 

) 

. (A.1) 

Pressure is coupled to density, momentum and energy via the ideal gas equation of state, 

p = (γ − 1) 

(
E − ε 2 

2 

ρ‖ v ‖ 

2 
2 

)
. 

The viscous stress tensor τ and the heat flux q are defined as 

τ := μ
(
∇ x v + (∇ x v ) 

T − 2 

3 

(∇ x · v ) Id 

)
, and q := λT ∇ x T , 

where T denotes temperature, μ dynamic viscosity, the thermal conductivity λT = 

c p μ
Pr , specific heat capacity c p = 

Rγ
γ −1 , 

specific gas constant R = 

1 
γ ε 2 

, the ideal gas law p = ρRT and the fluid specific Prandtl number P r = 0 . 72 . 

Appendix B. Butcher Tables of the background Hermite-Birkhoff Runge-Kutta Methods 

We consider the following quadrature rules: 

• A sixth-order method ( q = 6 ) with three stages ( s = 3 , one being fully explicit), as also used in [3,19] 

c = 

( 

0 

1 
2 

1 

) 

, B 

(1) = 

⎛ 

⎜ ⎝ 

0 0 0 

101 
480 

8 
30 

55 
2400 

7 
30 

16 
30 

7 
30 

⎞ 

⎟ ⎠ 

, B 

(2) = 

⎛ 

⎜ ⎝ 

0 0 0 

65 
4800 

− 25 
600 

− 25 
80 0 0 

1 
60 

0 − 1 
60 

⎞ 

⎟ ⎠ 

, (B.1) 

with the fifth-order ( ̂  q = 5 ) embedded quadrature rule 

ˆ c = 

( 

0 

1 
2 

1 

) 

, ˆ B 

(1) = 

⎛ 

⎜ ⎝ 

0 0 0 

31 
240 

4 
15 

5 
48 

2 
15 

8 
15 

1 
3 

⎞ 

⎟ ⎠ 

, ˆ B 

(2) = 

⎛ 

⎜ ⎝ 

0 0 0 

0 − 23 
240 

− 1 
60 

0 − 1 
15 

− 1 
30 

⎞ 

⎟ ⎠ 

. (B.2) 
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• An eighth-order method ( q = 8 ) with four stages ( s = 4 , one being fully explicit), as also used in [3] 

c = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 

1 
3 

2 
3 

1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, B 

(1) = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 0 0 0 

6893 
54432 

313 
2016 

89 
2016 

397 
54432 

223 
1701 

20 
63 

13 
63 

20 
1701 

31 
224 

81 
224 

81 
224 

31 
224 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, B 

(2) = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 0 0 0 

1283 
272160 

− 851 
30240 

− 269 
30240 

− 163 
272160 

43 
8505 

− 16 
945 

− 19 
945 

− 8 
8505 

19 
3360 

− 9 
1120 

9 
1120 

− 19 
3360 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (B.3) 

with the seventh-order ( ̂  q = 7 ) embedded quadrature rule 

ˆ c = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 

1 
3 

2 
3 

1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, ˆ B 

(1) = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 0 0 0 

212 
2835 

47 
1680 

6 
35 

171 
2891 

214 
2835 

19 
105 

12 
35 

191 
2835 

8 
105 

117 
560 

18 
35 

337 
1680 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, ˆ B 

(2) = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 0 0 0 

0 − 299 
4237 

− 97 
1890 

− 51 
9599 

0 − 59 
945 

− 62 
945 

− 17 
2835 

0 − 33 
560 

− 3 
70 

− 19 
1680 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (B.4) 

Appendix C. Adaptive Criterion for ESDIRK Method 

For the comparisons in Section 5.4 , we use two different ESDIRK methods. The 4 th order ARK4(3)6L[2]SA method [39, 

Appendix D] (abbreviated with ESDIRK4-6) and the 6 th order ESDIRK6(5)9L[2]SA method [40, Table 13] (abbreviated with 

ESDIRK6-9) 9 . For those single-derivative implicit ESDIRK methods, the non-linear equation to be solved for each stage l is 

given by 

X 

l = w old + �
(
X 

l , X 

1: l−1 
)
, 

with X 

l := w 

n,l 
h 

, where w 

n,l 
h 

denotes the discrete w at time t n and stage l. For the ease of notation, we use X 

1: l−1 := (
X 

1 , X 

2 , . . . , X 

l−1 
)
. The function � is given by 

�
(
X 

l , X 

1: l−1 
)

= �tB 

(1) 
ll 

R 

(1) 
h 

( w 

n,l 
h 

) + �t 

l−1 ∑ 

i =1 

B 

(1) 
li 

R 

(1) 
h 

( w 

n,i 
h 

) . 

Note that the introduction of X 

l would not have been necessary for this method. Nevertheless, we introduce it here to 

highlight the similarities with the two-derivative method, see Eq. (16) . As initial guess for Newton’s method we use w 

n,l 
h, 0 

= 

w 

n,l−1 
h 

. After defining the error introduced by Newton’s method 

E l r := X 

l − X 

l 
r , 

where the subscript r denotes the solution of the r -th Newton step, we follow the steps outlined in Section 4.1.1 and find 

E l r 
. = �X r+1 + 

( 

Id −
∂�

(
X 

l , X 

1: l−1 
)

∂X 

l 

) −1 

·
( 

l−1 ∑ 

i =1 

∂�
(
X 

l , X 

1: l−1 
)

∂X 

i 
E i r ′ 

) 

= �X r+1 + 

( 

Id − �tB 

(1) 
ll 

∂R 

(1) 
h 

∂ w 

n,l 
h 

) −1 

·
( 

�t 

l−1 ∑ 

i =1 

B 

(1) 
li 

∂R 

(1) 
h 

∂ w 

n,i 
h 

E i r ′ 

) 

. 

The limits of this equations can then be found as 

‖E l r ‖ 2 ≈ ‖ �X r+1 ‖ 2 for �t → 0 , 

‖E l r ‖ 2 ≈ ‖ �X r+1 ‖ 2 + 

l−1 ∑ 

i =2 

˜ C i 

∣∣∣∣∣B 

(1) 
li 

B 

(1) 
ll 

∣∣∣∣∣‖E i r ′ ‖ 2 for �t → ∞ , 

for some constants ˜ C i ≈
∣∣∣∣∣
∣∣∣∣∣
(

∂R 
(1) 
h 

∂ w 

n,l 
h 

)−1 

·
(

∂R 
(1) 
h 

∂ w 

n,i 
h 

)∣∣∣∣∣
∣∣∣∣∣

2 

, which equal one for a linear system. Note that due to the explicit evalua- 

tion of the first stage it holds E 1 r = 0 . We can hence find a condition for the Newton increment of stage l via 

‖ �X 

l 
r+1 ‖ 2 + C 

l−1 ∑ 

i =2 

‖ �X 

i 
r+1 ‖ 2 + O(C 2 ) + · · · + O(C l−2 ) ≤ η‖E t ‖ 2 . (C.1) 

As for the used ESDIRK methods the last stage directly gives the solution at the new timestep, we have defined ‖E t ‖ 2 := 

‖E s t ‖ 2 . Similar as for the HBPC methods, C is a function of the timestep, though, we choose C = 0 . 5 to be constant in this 
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Fig. C.13. Accuracy of embedded error estimate for ESDIRK4-6 and ESDIRK6-9 using the initial conditions given by Eq. (25) , N p = 7 and N E = 32 2 . The 

reference Mach number is set to ε = 1 (left) and ε = 10 −1 (right). 

Fig. C.14. Resulting L 2 -error (left), average Newton iterations per stage (middle) and average GMRES iterations per stage (right) for ESDIRK4-6 (top) and 

ESDIRK6-9 (bottom) with fixed GMRES tolerance when choosing different convergence criteria for Newton’s method. Adaptive Newton strategy is performed 

according to Eq. (C.2) (adaptive �X), N(X r ) ≤ η‖E t ‖ 2 (adaptive absolute) or N(X r ) ≤ η‖E t ‖ 2 N(X 0 ) (adaptive relative). Note that the legend in the middle 

figures has been omitted for clarity but is the same as for the left and the right plot. 

paper and truncate all higher order terms of C in Eq. (C.1) . This corresponds to neglecting secondary effects of error prop- 

agation from previous stages. Demanding that the Newton increments of all stages are below a common threshold, we can 

then find 

‖ �X 

l 
r+1 ‖ 2 ≤ 1 

1 + C(s − 2) 
η‖E t ‖ , for l = 2 , . . . , s, (C.2) 

9 Note that in the original publication [40, Table 13] there is a typo for ˆ b 4 . The value should be ˆ b 4 = 

1376520686137389 
1064235527052079 

. 
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which can be combined with the Newton error extrapolation described in Eq. (36) and Eq. (37) . Note that, similar as for 

the HBPC schemes, we have introduced a safety factor η that accounts for the non-exact error estimate via the embedded 

temporal error estimate. In Fig. C.13 the accuracy of the embedded error estimates are shown for the sine wave example 

and the same setup as used in Section 4.1.4 . 

The results suggest that choosing η ≤ 0 . 1 is reasonable. 

We now combine the embedded error estimate and the adaptive Newton criterion given by Eq. (C.2) . The effectiveness 

of this adaptive strategy is highlighted in Fig. C.14 . One can see that the novel adaptation strategy is at least as good as the 

standard strategies based on the Newton residual and outperforms them for large timesteps. 
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In this study, we introduce a multi-step multi-derivative predictor-corrector time integration 
scheme analogous to the schemes in Schütz et al. (2022) [13], incorporating a multi-step 
quadrature rule. We conduct stability analysis up to order eight and optimize the schemes to 
achieve 𝐴(𝛼)-stability for large 𝛼. Numerical experiments are performed on ordinary differential 
equations exhibiting diverse stiffness conditions, as well as on partial differential equations 
showcasing non-linearity and higher-order terms. Results demonstrate the convergence and 
flexibility of the proposed schemes across diverse situations.

1. Introduction

In this work, we consider numerical solutions of initial value problems of form

𝑦′(𝑡) = 𝜙(𝑦), 𝑡 ∈ (0, 𝑇𝑒𝑛𝑑 ),

𝑦(0) = 𝑦0. (1)

There are plenty of schemes in literature to find the numerical solution of the above system (1), which can be broadly categorized into 
explicit and implicit schemes. Implicit schemes are chosen over explicit schemes for better stability and less severe timestep restriction 
properties, especially when it comes to solving stiff problems. Implicit schemes, while advantageous in certain aspects, come with 
drawbacks. These include the need to solve nonlinear equations, potentially leading to added errors in the solution. Moreover, implicit 
schemes often demand longer execution times and encounter additional bottlenecks when solving larger systems.

In classical implicit time integration methods found in literature, the numerical scheme mostly relies on the first temporal deriva-

tive (𝑦′) of the problem. For one-derivative schemes, the orders of consistency can only be increased by incorporating additional 
stages or steps to the numerical scheme. At the same time, the addition of intermediate stages ends up with an arduous task of solving 
involved order conditions. In order to achieve higher-order schemes with fewer stages, one can include higher-order derivatives of the 
problem (1) to the scheme, which results in multi-derivative time stepping methods [1–11]. In this paper, we focus on two-derivative 
schemes, which necessitate the computation of the second-order derivative of the problem (1),

𝑦′′(𝑡) = 𝜙′(𝑦)𝑦′(𝑡) = 𝜙′(𝑦)𝜙(𝑦) =∶
.
𝜙(𝑦).
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In [12], the authors have introduced a fourth-order two-derivative asymptotic preserving IMEX time stepping scheme for solving 
stiff ODEs, which was structured in a predictor-corrector fashion. Later in [13], the schemes were extended to higher-orders with 
parallel-in-time property, termed as Hermite-Birkhoff Predictor-Corrector (HBPC(𝑞, 𝑘max)) schemes, where 𝑞 is the maximum achiev-

able order and 𝑘max is the number of correction steps used. The shemes in [13] were optimized in [14] to have 𝐴(𝛼) stability with 
𝛼 close to 900. The optimized HBPC schemes were applied to the discontinuous Galerkin method in [15,16]. Explicitness-preserving 
IMEX-HBPC(𝑞, 𝑘max) schemes were presented in [17] recently.

In order to achieve higher-orders, authors have used a higher-order quadrature rule in [13], which utilizes the intermediate stage 
values, see [13, Eq. (8)]. Generally, methods involving more intermediate implicit stages require longer execution time. Schemes with 
extended computational time pose a drawback when implemented for expansive systems, such as the Euler equations, Navier-Stokes 
equations, and more. One strategy for addressing this situation could involve investigating higher-order schemes that demand fewer 
intermediate implicit stages. Hence, an evident direction is to explore schemes involving multiple steps. Several multi-step multi-

derivative schemes have been documented in literature, including Brown’s schemes [18,19], second derivative BDF schemes [20], 
strong stability preserving schemes [21,11], schemes for chemical stiff equations [22], general linear methods [23,24] and more.

To integrate the concept of a multi-step method for HBPC(𝑞, 𝑘max) schemes, we explore a higher-order quadrature rule that 
leverages the previously computed solutions rather than relying solely on intermediate stages. This results in m-Step Hermite-Birkhoff 
Predictor-Corrector schemes abbreviated as 𝑚S-HBPC(𝑞, 𝑘max). The parameter 𝑚 represents the number of steps used from the previous 
time instances, 𝑞 is the maximum achievable order of convergence, and 𝑘max is the maximum number of correction steps. The 
1S-HBPC(4, 𝑘max) is none other than the serial HBPC(4, 𝑘max) scheme in [13]. In this paper we analyze the stability properties and 
convergence of the 𝑚S-HBPC(𝑞, 𝑘max) schemes for orders up to eight (up to three-step schemes).

The paper is structured as follows: In Sec. 2, the algorithm for the 𝑚S-HBPC(𝑞, 𝑘max) schemes is presented, followed by the study 
of their stability properties in Sec. 3. The optimization procedures for the 𝑚S-HBPC(𝑞, 𝑘max) schemes for 𝐴(𝛼)-stability are discussed 
in further subsections of Sec. 3. Numerical results of the schemes on various test-cases that includes ordinary and partial differential 
equations, are shown in Sec. 4. Finally, the paper is concluded and an outlook is given in Sec. 5.

2. Numerical scheme

We consider a fixed timestep for the scheme throughout the paper. For a given number of total timesteps 𝑁 , we have

Δ𝑡 ∶=
𝑇𝑒𝑛𝑑
𝑁

.

The approximate solution at time instance

𝑡𝑛 ∶= 𝑛Δ𝑡, 0 ≤ 𝑛 ≤𝑁,

is denoted as 𝑦𝑛 ≈ 𝑦(𝑡𝑛). The 𝑚S-HBPC(𝑞, 𝑘max) scheme and the HBPC(𝑞, 𝑘max) schemes from [13] utilize an approach similar to the 
spectrally deferred correction (SDC) method [25–27]. These schemes are designed to initiate with a predicted solution, represented 
by 𝑦[0],𝑛 at 𝑡𝑛. Then the predicted solution is subsequently refined through a sequence of correction steps. The 𝑘𝑡ℎ corrected solution 
at 𝑡𝑛 is denoted as 𝑦[𝑘],𝑛. The notations 𝜙𝑛, 

.
𝜙𝑛, 𝜙[𝑘],𝑛 and 

.
𝜙[𝑘],𝑛 correspond to the function evaluations 𝜙(𝑦𝑛), 

.
𝜙(𝑦𝑛), 𝜙(𝑦[𝑘],𝑛) and 

.
𝜙(𝑦[𝑘],𝑛). At time 𝑡𝑛+1, the solution is updated with the highest corrected solution 𝑦[𝑘max],𝑛. The detailed algorithm is defined below:

Algorithm 1 (𝑚S-HBPC(𝑞, 𝑘max)). Given the solutions 𝑦𝑛, 𝑦𝑛−1, 𝑦𝑛−2, … , 𝑦𝑛+1−𝑚, the updated solution at 𝑡𝑛+1 for 𝑛 ≥𝑚 −1, is computed 
using the following prediction and correction steps. The predicted solution is computed using an implicit second-order Taylor scheme.

1. Predict. Solve the following expression for 𝑦[0],𝑛:

𝑦[0],𝑛 ∶= 𝑦𝑛 +Δ𝑡𝜙[0],𝑛 − Δ𝑡2
2

.
𝜙[0],𝑛 (2)

2. Correct. Solve the following expression for 𝑦[𝑘+1],𝑛, for each 0 ≤ 𝑘 < 𝑘max:

𝑦[𝑘+1],𝑛 ∶= 𝑦𝑛 +Δ𝑡𝜃1
(
𝜙[𝑘+1],𝑛 −𝜙[𝑘],𝑛)

− Δ𝑡2
2

𝜃2
( .
𝜙[𝑘+1],𝑛 −

.
𝜙[𝑘],𝑛)+  (

𝜙𝑛+1−𝑚,… , 𝜙𝑛−1, 𝜙𝑛,𝜙[𝑘],𝑛) , (3)

where the 𝑞𝑡ℎ order quadrature rule (see Table 1) is given by

 (
𝜓1, 𝜓2… , 𝜓𝑚,𝜓𝑚+1

)
∶= Δ𝑡

𝑚+1∑
𝑖=1

𝑏(1)𝑖 𝜓𝑖 +Δ𝑡2
𝑚+1∑
𝑖=1

𝑏(2)𝑖
.𝜓𝑖.

Note that 𝜃1 and 𝜃2 are constants; more details are given in Remark 4.

3. Update. Setting the solution at the final corrected step as the updated solution:

𝑦𝑛+1 ∶= 𝑦[𝑘max],𝑛.



Applied Numerical Mathematics 205 (2024) 281–295

283

A. Thenery Manikantan and J. Schütz

Table 1

The quadrature rules for the schemes up to order eight are given in the table. The methodology for con-

structing these quadrature rules is outlined in Remark 2. The 2(𝑚 +1)-order quadrature rule for approx-

imating ∫ 𝑡𝑛+1

𝑡𝑛 𝜓(𝑦(𝑡))𝑑𝑡 is given by  (
𝜓𝑛+1−𝑚,… , 𝜓𝑛,𝜓𝑛+1

)
∶= Δ𝑡 ∑𝑚+1

𝑖=1 𝑏(1)𝑖 𝜓𝑛+𝑖−𝑚 +Δ𝑡2
∑𝑚+1

𝑖=1 𝑏(2)𝑖
.𝜓𝑛+𝑖−𝑚 , 

where Δ𝑡 is the mesh size of a given set of equally spaced time nodes.

Scheme Quadrature rule

b(1) b(2)

1S-HBPC(4, 𝑘max) [12]
1
2

1
2

1
12

− 1
12

2S-HBPC(6, 𝑘max)
11
240

128
240

101
240

3
240

40
240

− 13
240

3S-HBPC(8, 𝑘max)
1985
90720

12015
90720

42255
90720

34465
90720

489
90720

7263
90720

22977
90720

− 3849
90720

Remark 1. In order to start up the procedure, the 𝑚S-HBPC(𝑞, 𝑘max) scheme requires solutions at the first 𝑚 time instances,

𝑦𝓁 ∶= 𝑦(𝑡𝓁), 0 ≤ 𝓁 ≤𝑚− 1,

which are either given or found using an appropriate solver. For the numerical results in this paper, we use the explicit solutions of 
the test problems, if available, for the start-up procedure. In cases where explicit solutions are inaccessible, we employ the MATLAB

solver ode15s [28] to compute a highly accurate solution.

Remark 2. The quadrature rule for the 𝑚S-HBPC(𝑞, 𝑘max) scheme is derived by fitting a Hermite–Birkhoff polynomial interpolant 
through the uniformly spaced time instances 𝑡𝑛+1, 𝑡𝑛, 𝑡𝑛−1, … , 𝑡𝑛+1−𝑚 and integrating the result from 𝑡𝑛 to 𝑡𝑛+1. This construction results 
into a quadrature rule,

𝑡𝑛+1

∫
𝑡𝑛

𝜓(𝑦(𝑡))𝑑𝑡 =  (
𝜓(𝑦(𝑡𝑛+1−𝑚),… , 𝜓(𝑦(𝑡𝑛−1), 𝜓(𝑦(𝑡𝑛), 𝜓(𝑦(𝑡𝑛+1))

)
+(Δ𝑡𝑞+1).

The 𝑚 + 1 points give the Hermite–Birkhoff polynomial of order 2𝑚 + 1, which gives an integral approximation of order 
(2𝑚+ 1) + 2 =∶ 𝑞 + 1. Hence, we have

𝑞 = 2(𝑚+ 1).

The quadrature rules for the schemes up to order eight are given in Table 1. Studies on the stability and convergence of variable 
timestep size variable formula multi-step schemes are also available in the literature; see [29–31] and the references therein. The 
𝑚S-HBPC(𝑞, 𝑘max) schemes can also be extended to variable timestep size schemes. In such cases, the quadrature rule will have 
variable coefficients that depend on the previous timestep sizes. In this paper, we analyze only the convergence and stability of the 
𝑚S-HBPC(𝑞, 𝑘max) schemes with fixed timestep.

Remark 3. Similar to the results from [12,13], in every iteration, for each correction step 𝑘 ≤ 𝑘max, the 𝑚S-HBPC(𝑞, 𝑘max) provides 
an approximation to 𝑦(𝑡𝑛+1) with an order of accuracy of min{𝑞,2 + 𝑘}, i.e.

𝑦(𝑡𝑛+1) = 𝑦[𝑘],𝑛 +(Δ𝑡min{𝑞,2+𝑘}).

Convergence results are shown numerically in Sec. 4.1. Moreover, the choice of a different predictor in Algorithm 1 can alter both 
its order and stability. Specifically, if the predictor is of order 𝑝, it results in a new scheme with an overall accuracy order of 
min

{
𝑞, 𝑝+ 𝑘max

}
. In this paper, we stick to the implicit second-order Taylor predictor (𝑝 = 2) due to its suitability for extending the 

scheme to an implicit-explicit version.

Remark 4. The parameters (𝜃1, 𝜃2) ∈ℝ2 utilized in the correction step (3) are the tuning parameters aimed at optimizing the algorithm 
to ensure better stability properties. Sec. 3 of the paper delves into the analysis of stability and the optimization of parameters (𝜃1, 𝜃2).

3. Stability analysis

In this section, the linear stability of the 𝑚S-HBPC(𝑞, 𝑘max) method is analyzed using Dahlquist’s equation 𝑦′ = 𝜆𝑦, where 𝜆 ∈ ℂ. 
Define 𝑧 ∶= Δ𝑡𝜆 and the following functions:

[0]
𝑚 (𝑧) ∶= 2

2 − 2𝑧+ 𝑧2
and [0]

𝑖 (𝑧) ∶= 0, ∀𝑖 < 𝑚,

𝑚(𝑧) ∶= 1 + 𝑏(1)𝑚 𝑧+ 𝑏(2)𝑚 𝑧2 and 𝑖(𝑧) ∶= 𝑏(1)𝑖 𝑧+ 𝑏(2)𝑖 𝑧2, ∀𝑖 < 𝑚,

(𝑧) ∶= {𝑏(1)𝑚+1 − 𝜃1}𝑧+ {𝑏(2)𝑚+1 +
𝜃2
2
}𝑧2 and  (𝑧) ∶= 1 − 𝜃1𝑧+

𝜃2
2
𝑧2.
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For a 𝑘𝑡ℎ correction step, define the functions [𝑘]
𝓁 for 1 ≤ 𝓁 ≤𝑚 such that

𝑦[𝑘] =∶
𝑚−1∑
𝑖=0

[𝑘]
𝑚−𝑖(𝑧) 𝑦

𝑛−𝑖.

Apply the 𝑚S-HBPC(𝑞, 𝑘max) scheme as defined in Algorithm 1 for the Dahlquist’s equation 𝑦′ = 𝜆𝑦. The predicted solution can be 
written as

𝑦[0] =
𝑚−1∑
𝑖=0

[0]
𝑚−𝑖(𝑧) 𝑦

𝑛−𝑖 =[0]
𝑚 (𝑧)𝑦𝑛.

Then for the 𝑘𝑡ℎ correction step, we have

𝑦[𝑘] =
(𝑧)𝑦[𝑘−1] +∑𝑚−1

𝑖=0 𝑚−𝑖(𝑧) 𝑦𝑛−𝑖 (𝑧)
=

(𝑧)∑𝑚−1
𝑖=0 [𝑘−1]

𝑚−𝑖 (𝑧) 𝑦𝑛−𝑖 +
∑𝑚−1

𝑖=0 𝑚−𝑖(𝑧) 𝑦𝑛−𝑖

 (𝑧)

=
𝑚−1∑
𝑖=0

(𝑧)[𝑘−1]
𝑚−𝑖 (𝑧) +𝑚−𝑖(𝑧)

 (𝑧)
𝑦𝑛−𝑖 =∶

𝑚−1∑
𝑖=0

[𝑘]
𝑚−𝑖(𝑧) 𝑦

𝑛−𝑖.

Hence the functions [𝑘]
𝓁 are recursively given by

[𝑘]
𝓁 (𝑧) =

(𝑧)[𝑘−1]
𝓁 (𝑧) +𝓁(𝑧)
 (𝑧)

for 1 ≤ 𝓁 ≤𝑚.

Therefore the updated solution at 𝑡𝑛+1 can be obtained as

𝑦𝑛+1 = 𝑦[𝑘max] =
𝑚−1∑
𝑖=0

[𝑘max]
𝑚−𝑖 (𝑧) 𝑦𝑛−𝑖

=∶
𝑚−1∑
𝑖=0

𝑚−𝑖(𝑧) 𝑦𝑛−𝑖. (4)

Assume a solution of type 𝑦𝑠 ∶= 𝑟𝑠 to the difference equation Eq. (4) and substituting it in Eq. (4) leads to the following polynomial 
of degree 𝑚,

𝑟𝑚 −𝑚(𝑧) 𝑟𝑚−1 −𝑚−1(𝑧) 𝑟𝑚−2⋯−2(𝑧) 𝑟−1(𝑧) = 0. (5)

If 𝑟𝑖(𝑧) are roots of the polynomial (5), then the stability of the scheme mandates each root 𝑟𝑖(𝑧) to have an absolute value less than 
or equal to one.

Theorem 1. The multi-step HBPC schemes 𝑚S-HBPC(𝑞, 𝑘max) are zero-stable for any values of (𝜃1, 𝜃2).

Proof. Substituting 𝜆 = 0 into the defined functions yields,

[0]
𝑚 (𝑧) = 1 and [0]

𝑖 (𝑧) = 0, ∀𝑖 < 𝑚,

𝑚(𝑧) = 1 and 𝑖(𝑧) = 0, ∀𝑖 < 𝑚,

(𝑧) = 0 and  (𝑧) = 1,

which are independent of (𝜃1, 𝜃2) values. Therefore, we get

[𝑘]
𝓁 (𝑧) =

{
1, 𝓁 =𝑚,
0, 𝓁 ≠𝑚,

for every 𝑘. Then the polynomial (5) is

𝑟𝑚 − 𝑟𝑚−1 = 0,

with roots 𝑟𝑖 ∈ {0,1}, and hence their magnitude |𝑟𝑖| ≤ 1. Being the multiplicity of the root 𝑟𝑚 = 1 equal to one completes the 
proof. □

Define the function

𝑚𝑎𝑥(𝑧) ∶= max
𝑖

{|𝑟𝑖(𝑧)|
}
. (6)
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Fig. 1. Stability regions of 2S-HBPC(6,4) (left) and 3S-HBPC(8,6) (right) schemes with (𝜃1, 𝜃2) = (1,1).

Then the stability region for the numerical scheme is given by

Stability Region =
{
𝑧 ∈ℂ |𝑚𝑎𝑥(𝑧) ≤ 1

}
, (7)

under the assumption that the polynomial (5) has only single roots. Since the scheme 1S-HBPC(4, 𝑘max) is the same as scheme 
HBPC(4, 𝑘max) in [12], it has been shown already in [14] that the scheme is 𝐴(𝛼)-stable, and 𝐴-stable with optimized coefficients 
(𝜃1, 𝜃2) =

(
1
2 ,

1
6

)
.

The plots in Fig. 1 show the stability regions of the 2S-HBPC(6,4) (left) and 3S-HBPC(8,6) (right) schemes with values 𝜃1 and 𝜃2
equal to one. The shaded regions in Fig. 1 show that the stability regions are bounded. To harness the advantage of an unconstrained 
timestep condition offered by an implicit scheme, it is crucial to possess a stability region that extends infinitely, contrasting with 
the finite boundaries illustrated in Fig. 1. Hence, the tuning parameters 𝜃1 and 𝜃2 are to be brought into service for expanding the 
stability region. In the following section, the tuning parameters are optimized to obtain an 𝐴(𝛼)-stable 𝑚S-HBPC(𝑞, 𝑘max) scheme. In 
this paper, we specifically limit the optimization process to schemes 2S-HBPC(6,4) and 3S-HBPC(8,6).

3.1. Constraints on tuning parameters for 𝐴(𝛼)-stability

Lemmas 1 and 2 show the existence of positive values (𝜃1, 𝜃2) ensuring that the multi-step HBPC schemes 2S-HBPC(6,4) and 
3S-HBPC(8,6) are 𝐴(𝛼)-stable. The conditions on the tuning parameters are determined by examining the roots of the difference 
equation (4). The potential candidates are the tuning parameters (𝜃1 , 𝜃2), which ensure that the roots of the difference equation (4)

have an absolute value less than one as 𝑧 approaches −∞.

Remark 5. We use the Symbolic Math Toolbox in MATLAB [32] for solving/simplifying/deriving certain equations/expressions in 
the paper due to their complexity. In particular,

• to find the roots, and their limits of the polynomials (8) and (9), in the proofs of Lemma 1 and Lemma 2, respectively;

• to find the error constant (𝜃1, 𝜃2) defined in Sec. 3.2.1 and Sec. 3.2.2.

Remark 6 (Methodology for evaluating stability angle). We utilize the algorithm outlined in [14, Sec. 3] to compute the stability angles 
for A(𝛼)-stable 𝑚S-HBPC(𝑞, 𝑘max) schemes.

Lemma 1. The 2S-HBPC(6,4) scheme is 𝐴(𝛼)-stable for any 𝜃1 > 0 and 𝜃2 ≥ 1.25868. The minimum value of 𝜃2 provided is rounded to five 
decimal places.

Proof. Begin with the polynomial equation in (5) for the 2S-HBPC(6,4) scheme

𝑟2 −2(𝑧) 𝑟−1(𝑧) = 0. (8)

Its roots are given by

𝑟1(𝑧) =
2(𝑧)
2

+

√2
2(𝑧)
4

+1(𝑧), and 𝑟2(𝑧) =
2(𝑧)
2

−

√2
2(𝑧)
4

+1(𝑧).
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Fig. 2. Absolute values of the limits of the roots are plotted against different 𝜃2 values. The value of 𝜃2 for which max𝑖 |𝑔𝑖(𝜃2)| ≤ 1 is marked on the plot. This value 
of 𝜃2 ensures A(𝛼)-stability for the scheme. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Table 2

A set of uniformly spaced values for the tuning parameters 𝜃1 and 𝜃2 has been chosen for computing the stability angles for the schemes 2S-HBPC(6,4) and 3S-HBPC(8,6), 
including the minimum required values for 𝜃2 found in Lemmas 1 and 2. The 𝜃1 and 𝜃2 values are represented in the leftmost column and topmost row of the respective 
tables. The stability angles (in degrees) for various (𝜃1, 𝜃2) values are provided for 𝐴(𝛼)-stable 2S-HBPC(6,4) (left) and 3S-HBPC(8,6) (right) schemes in the left and 
right tables, respectively. These stability angles are computed using the algorithm described in Remark 6 and rounded to one decimal place. A trend of increase in 
stability angle when 𝜃2 is increased while keeping 𝜃1 fixed and conversely a decrease in stability angle when 𝜃1 is increased while keeping 𝜃2 fixed can be observed 
in the table above.

The limits of the roots 𝑟1(𝑧) and 𝑟2(𝑧) as 𝑧 tends to −∞ result into functions that depend on 𝜃2 only. It is because 𝜃2 occurs in the 
Algorithm 1 with terms involving Δ𝑡2, whereas 𝜃1 pairs up with Δ𝑡 terms. Therefore, we can write

lim
𝑧→−∞

𝑟1(𝑧) =∶ 𝑔1(𝜃2),

lim
𝑧→−∞

𝑟2(𝑧) =∶ 𝑔2(𝜃2).

As we need to expand the stability region, conditions on 𝜃2 can be found by analyzing the absolute values of 𝑔1(𝜃2) and 𝑔2(𝜃2).
In Fig. 2a it is shown that |𝑔2(𝜃2)| < 1 for all the given 𝜃2 values whereas |𝑔1(𝜃2)| < 1 only for values of 𝜃2 ≳ 1.25868. Hence we 

have ∀𝜃2 ≥ 1.25868

lim
𝑧→−∞

𝑚𝑎𝑥(𝑧) < 1.

The stability angles for various (𝜃1, 𝜃2) values are given in Table 2 for A(𝛼)-stable 2S-HBPC(6,4). As illustrated in Fig. 3 and Table 2, it is 
evident that the 2S-HBPC(6,4) scheme exhibits 𝐴(𝛼)-stability for 𝜃2 greater than or equal to 1.25868. The stability angle corresponding 
to the pair (𝜃1, 𝜃2) = (1, 1.25868) is 83.64◦. □

Lemma 2. The 3S-HBPC(8,6) scheme is 𝐴(𝛼)-stable for any 𝜃1 > 0 and 𝜃2 ≥ 3.84703. The minimum value of 𝜃2 provided is rounded to five 
decimal places.
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Fig. 3. Stability region of 2S-HBPC(6,4) scheme for (𝜃1, 𝜃2) = (1,1.25868) with zoomed image on the right.

Fig. 4. Stability region of 3S-HBPC(8,6) scheme for (𝜃1, 𝜃2) = (1,3.84703) with zoomed image on the right.

Proof. Begin with the polynomial equation in (5) for the 3S-HBPC(8,6) scheme

𝑟3 −3(𝑧) 𝑟2 −2(𝑧) 𝑟−1(𝑧) = 0. (9)

Here, we have a third degree polynomial and its roots can be found explicitly using Cardano’s formula for cubic polynomials. The 
roots 𝑟1(𝑧), 𝑟2(𝑧) and 𝑟3(𝑧) are not provided here due to their lengthy formulations. Similar to 2S-HBPC(6,4), the limits of the roots 
𝑟1(𝑧), 𝑟2(𝑧) and 𝑟3(𝑧) as 𝑧 tends to −∞ also result into functions that depend on 𝜃2 alone,

lim
𝑧→−∞

𝑟𝑘(𝑧) =∶ 𝑔𝑘(𝜃2), 1 ≤ 𝑘 ≤ 3.

The explicit limits of the roots are omitted here due to the extended nature of the expressions.

In Fig. 2b, it is shown that |𝑔2(𝜃2)| < 1 and |𝑔3(𝜃2)| < 1 for all the given 𝜃2 values whereas |𝑔1(𝜃2)| < 1 only for values of 
𝜃2 ≳ 3.84703. Hence we have ∀𝜃2 ≥ 3.84703

lim
𝑧→−∞

𝑚𝑎𝑥(𝑧) < 1.

The stability angles for various (𝜃1, 𝜃2) values are given in Table 2 for A(𝛼)-stable 3S-HBPC(8,6). From Fig. 4 and Table 2, it is 
evident that the 3S-HBPC(8,6) scheme exhibits 𝐴(𝛼)-stability for values of 𝜃2 greater than or equal to 3.84703. The stability angle 
corresponding to the pair (𝜃1, 𝜃2) = (1, 1.25868) is 78.93◦. □

The detailed analysis on (𝜃1, 𝜃2) values for 2S-HBPC(6,4) and 3S-HBPC(8,6) schemes are given in Sec. 3.2.

3.2. Optimization of the tuning parameters

When analyzing the stability angles in Table 2 for various (𝜃1, 𝜃2) values with the minimum requirement on the 𝜃2 value for 
𝐴(𝛼)-stability, it is observed that there is an increase in the stability angle as we increase 𝜃1 keeping 𝜃2 fixed, whereas a decrease in 
the stability angle as we increase 𝜃2 keeping 𝜃1 fixed. In this subsection, we seek optimized tuning parameters that can minimize the 
one-step error when using a linear test problem.
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Fig. 5. Error constants for sixth and eighth-order schemes plotted for various 𝜃1 values. The value of 𝜃1 , for which (𝜃1, 𝜃2) is minimum, is marked on the plot.

Fig. 6. The one-step error (𝜃1, 𝜃2,Δ𝑡) for 2S-HBPC(6,4) scheme is plotted against different timesteps Δ𝑡.

Consider the test problem

𝑦′ = 𝑦, 𝑦(0) = 1,

which admits an explicit solution 𝑦(𝑡) = 𝑒𝑡. The one-step error (𝜃1, 𝜃2, Δ𝑡) for an 𝑚S-HBPC(𝑞, 𝑘max) scheme is defined as

(𝜃1, 𝜃2,Δ𝑡) ∶=
|||||||

𝑒𝑚Δ𝑡 −
(∑𝑚−1

𝑖=0 𝑖+1(Δ𝑡)𝑒𝑖Δ𝑡
)

Δ𝑡𝑞+1

|||||||
. (10)

3.2.1. 2S-HBPC(6,4) scheme

Begin with the error constant (𝜃1, 𝜃2), which is obtained by considering limΔ𝑡→0 (𝜃1, 𝜃2, Δ𝑡). The equation is given by

(𝜃1, 𝜃2) = ||||
1
6
𝜃41 −

101
360

𝜃31 +
10201
57600

𝜃21 −
1030301
20736000

𝜃1 +
743168407

139345920000
|||| . (11)

It can be noted that the error constant is independent of 𝜃2 . Therefore, it is plotted against various 𝜃1 values in Fig. 5a. It can be seen 
from Fig. 5a that the error constant reaches its minimum value at 𝜃1 ≈ 0.42083. Hence we consider only values of 𝜃1 starting from 
0.42083 to obtain different stability angles.

Plots in Fig. 6 show the one-step error (𝜃1, 𝜃2, Δ𝑡) versus timestep graph for various (𝜃1, 𝜃2) pairs corresponding to stability angles 
approximately equal to 77.85◦ (left) and 85◦ (right) respectively. It can be observed from Fig. 6 that the one-step error (𝜃1, 𝜃2, Δ𝑡)
corresponding to a given stability angle gives a considerably minimal value for lowest (𝜃1, 𝜃2) values. Hence, for an 𝐴(𝛼)-stable 
2S-HBPC(6,4) scheme we fix 𝜃2 at the minimum value of 1.25868 (rounded to five decimal places). To enhance the optimization of 
the scheme, Fig. 8a illustrates the stability angles (𝛼) across various 𝜃1 values. It can be seen from that Fig. 8a that the stability angle 
(𝛼) increases with increased 𝜃1 values.

3.2.2. 3S-HBPC(8,6) scheme

Similar to the sixth-order scheme, the error constant (𝜃1, 𝜃2) for 3S-HBPC(8,6) scheme is given by
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Fig. 7. The one-step error (𝜃1, 𝜃2,Δ𝑡) for 3S-HBPC(8,6) scheme is plotted against different timesteps Δ𝑡.

Fig. 8. Stability angles 𝛼 for the 𝐴(𝛼)-stable sixth and eighth-order schemes plotted for varying 𝜃1 values.

(𝜃1, 𝜃2) =
|||||
1
6
𝜃61 −

6893
18144

𝜃51 +
237567245
658409472

𝜃41 −
1637551019785
8959636094976

𝜃31 +
11287639179378005
216751516409659392

𝜃21

− 15561139372690517693
1966369756868430004224

𝜃1 +
2747516956745302596230737

5351671930293119099496038400

|||||
. (12)

It can be observed from Fig. 5b that the error constant reaches its minimum value at 𝜃1 ≈ 0.37957. Hence we consider only values 
of 𝜃1 starting from 0.37957 to obtain different stability angles.

Plots in Fig. 7 show the one-step error (𝜃1, 𝜃2, Δ𝑡) versus timestep graph for various (𝜃1, 𝜃2) pairs corresponds to stability angles 
approximately equal to 75.45◦ (left) and 80◦ (right) respectively. Likewise as in the sixth-order scheme, it can be noted from Fig. 7

that the one-step error (𝜃1, 𝜃2, Δ𝑡) corresponding to a given stability angle gives a considerably minimal value for lowest (𝜃1, 𝜃2)
values. Therefore, to achieve an 𝐴(𝛼)-stable 2S-HBPC(6,4) scheme we fix 𝜃2 at the minimum value of 3.84703 (rounded to five 
decimal places). To enhance the optimization of the scheme, Fig. 8b illustrates the stability angles (𝛼) across various 𝜃1 values. An 
increment in the stability angle (𝛼) with increased 𝜃1 values can be observed from Fig. 8b.

3.3. Numerical stability results

We consider the Prothero–Robinson problem [33] to illustrate the effect of the improvement in the stability properties of the 
2S-HBPC(6, 4) and 3S-HBPC(8, 6) schemes. It is given by

𝑦′(𝑡) = 𝑔′(𝑡) + 𝜆{𝑦(𝑡) − 𝑔(𝑡)} , 𝑦(0) = 𝑦0. (13)

The exact solution for (13) is 𝑦(𝑡) = 𝑒𝜆𝑡
{
𝑦0 − 𝑔(𝑡)

}
+ 𝑔(𝑡). For the results, the function 𝑔(𝑡) is chosen to be cos(𝑡), the initial solution 

is set to 𝑦0 = 0, and 𝜆 = −40. The error is calculated at 𝑇𝑒𝑛𝑑 = 100.

Definition 1. The unoptimized 𝑚S-HBPC(𝑞, 𝑘max) schemes used in the subsequent sections refer to schemes with tuning parameters 
(𝜃1, 𝜃2) = (1, 1).
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Fig. 9. Plots showcasing the effect of the improvement in the stability properties of the 2S-HBPC(6, 4) (left) and 3S-HBPC(8, 6) (right) schemes. The error is calculated 
at 𝑇𝑒𝑛𝑑 = 100, and a large range of timesteps (8 ×10−3 <Δ𝑡 < 34) is chosen to illustrate the stability of both the unoptimized and optimized schemes for the Prothero–

Robinson problem [33] given in (13). Consult Table 3 for (𝜃1, 𝜃2) values corresponding to the given stability angles.

Table 3

Stability optimized tuning parameters for 𝐴(𝛼)-stable 2S-HBPC(6,4) and 3S-HBPC(8,6) schemes.

2S-HBPC(6,4) (𝜃2 = 1.25868)

Approx. stability angle (𝛼) 77.85◦ 80.00◦ 85.00◦ 86.00◦ 87.00◦ 88.00◦ 89.00◦ 89.99◦
𝜃1 0.42083 0.60000 1.25000 1.52500 2.03750 3.31250 7.2000 17.0000
Error constant 1.05 ⋅ 10−4 2.77 ⋅ 10−4 7.88 ⋅ 10−2 2.47 ⋅ 10−1 1.13 ⋅ 100 1.16 ⋅ 101 3.52 ⋅ 102 1.25 ⋅ 104

3S-HBPC(8,6) (𝜃2 = 3.84703)

Approx. stability angle (𝛼) 75.45◦ 80.00◦ 85.00◦ 86.00◦ 87.00◦ 88.00◦ 89.00◦ 89.99◦
𝜃1 0.37957 1.23750 3.05000 3.78750 4.98750 7.23750 13.0000 28.0000
Error constant 1.23 ⋅ 10−5 6.63 ⋅ 10−2 6.03 ⋅ 101 2.60 ⋅ 102 1.59 ⋅ 103 1.73 ⋅ 104 6.73 ⋅ 105 7.39 ⋅ 107

In Fig. 9, the Euclidean errors are plotted against a large range of timestep sizes (8 ×10−3 <Δ𝑡 < 34) for the schemes 2S-HBPC(6, 4) 
and 3S-HBPC(8, 6). It can be observed that the unoptimized schemes do not show convergence for relatively large timesteps, whereas 
the optimized schemes exhibit a reduction in error for the same chosen timesteps. Since the stability region for the unoptimized 
3S-HBPC(8, 6) is smaller compared to the unoptimized 2S-HBPC(6, 4), the range of unstable timesteps is larger for the unoptimized 
3S-HBPC(8, 6).

3.4. Optimized tuning parameters for numerical results

We found constraints on the tuning parameters in the preceding sections that minimize one-step errors (10) and the error constants 
(11) and (12) using a linear test problem. Consequently, the values obtained from these procedures are employed for the numerical 
results in the forthcoming section. Some of these values are presented in Table 3.

4. Numerical results

For the convergence analysis, we calculate the Euclidean error denoted as ‖‖𝑦− 𝑦ℎ‖‖2, comparing the approximate solution 𝑦ℎ using 
the explicit solution 𝑦(𝑡) or a highly accurate solution found numerically. The error is calculated at a given final time 𝑇𝑒𝑛𝑑 .

4.1. Convergence

We consider the non-stiff ODE

𝑦′(𝑡) = −𝑦−
5
2 , 𝑦0 = 1, (14)

for showing the convergence of the 𝑚S-HBPC(𝑞, 𝑘max) schemes. The explicit solution of the problem (14) is

𝑦(𝑡) =
(
𝑦

7
2
0 − 7

2
𝑡
) 2

7
.

The error is calculated at 𝑇𝑒𝑛𝑑 = 0.25.

In Fig. 10, the convergence results are shown for 2S-HBPC(6, 4) (top) and 3S-HBPC(8, 6) (bottom) for various correction steps 𝑘. 
The results are compared for unoptimized and 𝐴(𝛼)-stable 𝑚S-HBPC(𝑞, 𝑘max) schemes. It can be seen from Fig. 10 that the unoptimized 
(first column) and 𝐴(85𝑜)-stable (third column), 2S-HBPC(6, 4) (top) and 3S-HBPC(8, 6) (bottom) schemes, clearly follows the trend of 
order increment by one after each correction step. This observation provides evidence in favor of the theoretical order of convergence 
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Fig. 10. Convergence plots of the 2S-HBPC(6,4) (top) and 3S-HBPC(8,6) (bottom) schemes for a simple ODE (14). The error is calculated at 𝑇𝑒𝑛𝑑 = 0.25. Consult Table 3

for (𝜃1, 𝜃2) values corresponding to the given stability angles.

of min{𝑞, 2 + 𝑘} for a 𝑘-th correction step. However, for 𝐴(77.85◦)-stable 2S-HBPC(6, 4) (second column, top) and 𝐴(75.45◦)-stable 
3S-HBPC(8, 6) (second column, bottom) schemes, there is an order increment by two until the second and third correction steps, 
respectively. This exception arises from the dominance of (Δ𝑡2) terms over (Δ𝑡) terms in the correction steps for parameters 
𝜃1 ≪ 𝜃2. Eventually, the schemes, 2S-HBPC(6, 4) and 3S-HBPC(8, 6) achieve their desired order of convergences six (𝑘max = 4) and 
eight (𝑘max = 6), respectively.

4.2. Pareschi–Russo problem

Here, we investigate the performance of 𝑚S-HBPC(𝑞, 𝑘max) schemes on stiff ODEs. The model problem considered is a system of 
IVP given by

𝑦′1(𝑡) = −𝑦2, 𝑦′2(𝑡) = 𝑦1 +
sin(𝑦1) − 𝑦2

𝜀
, 𝑦0 =

(𝜋
2
,1
)
, (15)

which was introduced in [34]. The error is calculated at 𝑇𝑒𝑛𝑑 = 5, using a highly accurate solution found numerically. To investigate 
the performance of the scheme across non-stiff and stiff equations, we vary the stiffness parameter 𝜀 across different values, specifically 
𝜀 = 1, 𝜀 = 10−2, and 𝜀 = 10−3.

In Fig. 11, the convergence plots for 2S-HBPC(6, 4) (top) and 3S-HBPC(8, 6) (bottom) with different stability angles are shown 
for various stiffness parameters. It can be seen that the unoptimized scheme becomes unstable as the problem becomes more stiff. 
For the non-stiff problem (𝜀 = 1), all the schemes exhibit their expected convergence order except the schemes 𝐴(77.85◦)-stable 
2S-HBPC(6,4) and 𝐴(75.45◦)-stable 3S-HBPC(8,6) that show some irregularities. This is a consequence of the additional decrease in 
their error constants, which are specifically connected to their (𝜃1, 𝜃2) values. When stiffness parameter 𝜀 = 10−2, the convergence of 
𝐴(𝛼)-stable schemes with low stability angles becomes irregular when relatively large timesteps are employed to solve the problem. 
As the timesteps decrease, they eventually attain their desired convergence order. For extremely small stiffness parameters (𝜀 = 10−3), 
the inconsistencies in convergence order are noticeable over a wider range of time steps, particularly in schemes with lower stability 
angles. For all specified stiffness parameters, it is notable that the 𝐴(𝛼)-stable scheme exhibits smoother convergence and achieves 
the intended convergence order as the stability angles increase. However, this improvement comes at the cost of slight shifts in the 
error.



Applied Numerical Mathematics 205 (2024) 281–295

292

A. Thenery Manikantan and J. Schütz

Fig. 11. Error of Pareschi–Russo problem (15) with 2S-HBPC(6,4) (top) and 3S-HBPC(8,6) (bottom) schemes at 𝑇𝑒𝑛𝑑 = 5. The dashed black thick line represents 
convergence orders six (top) and eight (bottom), respectively. Consult Table 3 for (𝜃1, 𝜃2) values corresponding to the given stability angles.

4.3. Van-der-Pol equation

To analyze the convergence behavior of 𝑚S-HBPC(𝑞, 𝑘max) schemes on highly stiff problems, we consider Van-der-Pol problem. 
It is given by

𝑦′1(𝑡) = 𝑦2, 𝑦′2(𝑡) =
(1 − 𝑦21)𝑦2 − 𝑦1

𝜀
, 𝑦0 =

(
2,−2

3
+ 10

81
𝜀
)
. (16)

The error is calculated at 𝑇𝑒𝑛𝑑 = 0.5, using a refined solution found numerically. The stiffness parameters are varied across different 
values, from 𝜀 = 10−1 to 𝜀 = 10−5, for the numerical investigations.

In Fig. 12, the convergence plots for 2S-HBPC(6, 4) (top) and 3S-HBPC(8, 6) (bottom) with different stability angles are shown 
for various stiffness parameters. Similar to the Pareschi–Russo Problem, the unoptimized scheme becomes unstable as the problem 
becomes more stiff. For the equation (16) with a stiffness parameter 𝜀 = 10−1, both sixth and eighth-order 𝑚S-HBPC(𝑞, 𝑘max) schemes 
converge as expected, maintaining their designated order, although with some error shifts observed for 𝐴(𝛼)-stable schemes with 
larger stability angles. When 𝜀 = 10−2, the sixth and eighth-order schemes demonstrate their expected convergence rates for lower 
stability angles. However, there is a slight reduction in order as the stability angle increases. In cases where the stiffness parameters 
are even smaller, such as 𝜀 = 10−3, 10−4, and 10−5, the sixth and eighth-order 𝐴(𝛼)-stable schemes exhibit the desired convergence 
order for larger timesteps. However, as the timestep decreases, there’s a noticeable reduction in order. Although the schemes with 
larger stability angles showcase significant error shifts in the plot for larger timesteps, the errors diminish in accordance with their 
respective convergence orders.

4.4. Viscous Burgers’ equation

Here, we consider the viscous Burgers’ equation to test the 𝐴(𝛼)-stable 𝑚S-HBPC(𝑞, 𝑘max) schemes on partial differential equations. 
It is given by

𝜕𝑡𝑢+ 𝜕𝑥

(
𝑢2

2

)
= 𝜕2𝑥𝑥𝑢, 𝑢0(𝑥) =

1 − cos(2𝑥)
2

, (17)
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Fig. 13. Convergence results of viscous Burgers’ equation (17) with 2S-HBPC(6,4) (left) and 3S-HBPC(8,6) (right) schemes at 𝑇𝑒𝑛𝑑 = 0.5. The dashed black thick line 
represents convergence orders six (left) and eight (right), respectively. Consult Table 3 for (𝜃1, 𝜃2) values corresponding to the given stability angles.

where 𝑥 ∈ [0, 2𝜋] with periodic boundary conditions. The equation (17) has an explicit exact solution computed using Hopf-Cole 
transformation [35]. The spatial domain is discretized into a grid consisting of 200 elements with an eighth-order finite difference 
setting. The error is calculated at 𝑇𝑒𝑛𝑑 = 0.5.

In Fig. 13, the convergence plots for 𝐴(𝛼)-stable 2S-HBPC(6, 4) (left) and 3S-HBPC(8, 6) (right) are shown for different stability 
angles. The sixth-order 𝐴(𝛼)-stable schemes exhibit desired order of convergence for all the given stability angles. The eight-order 
𝐴(𝛼)-stable schemes achieve desired order of convergence for lower stability angles, whereas an order reduction is observed for larger 
stability angles. This phenomenon is more likely to result from larger values of 𝜃1 for 3S-HBPC(8, 6) compared to 2S-HBPC(6, 4), for 
the same stability angles.

5. Conclusion and outlook

In this work, we have presented a class of multi-derivative predictor-corrector timestepping schemes analogous to the schemes 
presented in [13], but with an underlying quadrature rule that is constructed using a multi-step fashion. However, the initial schemes 
are found not to be 𝐴(𝛼)-stable. Therefore, the schemes have been analyzed and optimized for better stability properties.

It has been found that the 2S-HBPC(6, 4) and 3S-HBPC(8, 6) schemes are 𝐴(𝛼)-stable for any values of 𝜃2 greater than or equal to 
1.25868 and 3.84703, respectively. These threshold values have been fixed for 𝜃2 as they give the minimum one-step error for a fixed 
stability angle. Similarly, lower limit of 𝜃1 = 0.42083 for the 2S-HBPC(6, 4) scheme and 𝜃2 = 0.37957 for the 3S-HBPC(8, 6) scheme 
have been proposed by analyzing the error constant (𝜃1, 𝜃2). Therefore, schemes can be designed to have higher stability angles for 
an increased value of 𝜃1. In Table 3, a selection of 𝜃1 values corresponding to specific stability angles (𝛼) has been presented.

Convergence of the 2S-HBPC(6, 4) and 3S-HBPC(8, 6) schemes have been shown numerically. For non-stiff ordinary differential 
equations, the 𝐴(𝛼)-stable schemes converge with their expected rates, particularly demonstrating minimal error at lower stability 
angles. The 𝐴(𝛼)-stable schemes gradually converge towards their expected order of convergence in stiff problems. In contrast, a 
reduction in the order of convergence has been observed in very stiff problems. However, the unoptimized schemes were unstable for 
stiff problems. For higher-order non-linear partial differential equations, 2S-HBPC(6, 4) scheme has exhibited the desired convergence 
order for all the given stability angles, whereas 3S-HBPC(8, 6) scheme has exhibited desired order of convergence for lower stability 
angles.

As a future work, we are interested in combining the scheme with discontinuous Galerkin (DG) spatial discretization and studying 
the performance of the schemes over Navier-Stokes equations. An efficient scheme is paramount when the vast run time requirement 
for larger systems such as Navier-Stokes equations is concerned. Therefore, another possible direction for future investigation would 
be to utilize the parallelizability of the scheme across the correction steps and, hence, to implement a parallel-in-time 𝑚S-HBPC(𝑞, 
𝑘max) scheme.
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Abstract

In this paper, we analyze stability properties of the two-derivative strong stability preserving schemes pre-
sented in [Gottlieb et al., SIAM Journal on Numerical Analysis 60, 2022]. Stability analysis shows that the
diagonally implicit two-derivative two-stage third-order strong stability preserving scheme can never be A-stable.
We provide a detailed investigation of the third-order schemes and discuss stabilizing strategies. The stabilizing
techniques are applicable to tune any general implicit two-derivative scheme. We implement the two-derivative
strong stability preserving schemes for partial differential equations with a discontinuous Galerkin spectral ele-
ment spatial discretization. We use Newton’s method for non-linear stage equations and the generalized minimal
residual method with a matrix-free approach for solving linear algebraic equations under suitable precondition-
ing. The method is applied for compressible Euler and Navier-Stokes equations with orders up to four. Numerical
results show that the second and fourth-order strong stability preserving schemes attain their desired order of
convergence for relatively large timesteps. In contrast, third-order schemes require smaller timesteps to exhibit
convergence. Nevertheless, the improved adaptive third-order scheme yields stable solutions.

Keywords: Strong stability preserving; Implicit time stepping; Multiderivative schemes; Stability analysis;
Discontinuous Galerkin spectral element method

AMS Subject Classification: 65L05; 65M20; 65M22; 65M60

1 Introduction

Consider the partial differential equations (PDE) defined on the spatial domain Ω ⊂ Rn,

wt +∇ · F(w) = 0, (1)

where w(x, t) : Ω×R≥0 → Rm is the state vector and F(w) : Rm → Rm is the flux. For the Navier-Stokes equation,
the flux function is given by

F(w) := Finv(w)− Fν(w,∇w), (2)

with the inviscid flux Finv and the viscous flux Fν , where fluxes are given in Eqs. (38) and (41) below. The Euler
equations are obtained by setting Fν ≡ 0 in Eq. (2). Formally, the PDE (1) can be cast into an ordinary differential
equation (ODE)

wt = R(1)(w) (3)

in some infinite dimensional function space, where the function R(1)(w) is defined as

R(1)(w) := −∇ · F(w). (4)
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†jonas.zeifang@uhasselt.be, Faculty of Sciences & Data Science Institute, UHasselt, Belgium
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Widely used time stepping methods in the field of compressible computational fluid dynamics are of explicit
nature. However, the conditional stability of the explicit integration schemes imposes timestep restrictions, which
arise from the CFL condition. In order to overcome these timestep restrictions, we use implicit time stepping schemes
which have less severe or no restrictions on the timestep. Multistep methods such as backward difference formulae
(BDF) or multistage methods such as diagonally implicit Runge-Kutta (DIRK) methods are standard examples for
implicit time stepping methods. In [12], some efficient implicit schemes based on Rosenbrock Runge-Kutta methods
[2] and BDF methods can be found.

Classical implicit time stepping schemes in literature mostly use only the first-order derivative (wt) for temporal
integration [12]. The consistency order of one-derivative Runge-Kutta methods can only be improved by increasing
the number of stages; this requires additional memory and necessitates solving more involved order conditions.
To overcome this situation, one can include higher-order derivatives in the time stepping procedure, resulting
in multiderivative methods. The multistage multiderivative schemes were first considered half a century ago in
[29, 28, 10]. In general, these methods belong to the larger class of multistep-multistage-multiderivative methods
[10]. Including higher order derivatives in time stepping gives more flexibility to the method; hence it can achieve
higher orders of consistency with the same number of stages as used in the one-derivative schemes [28, 4]. This
current work is limited to only two-derivative schemes. Hence it is required to compute also the second-order
derivative for the temporal integration,

wtt = (R(1)(w))t = −∇ ·
(
∂F

∂w
(w)R(1)(w)

)
:= R(2)(w,R(1)(w)). (5)

An asymptotic preserving higher-order implicit two-derivative method for stiff ODEs was developed in a predictor-
corrector fashion [25, 27], termed Hermite-Birkhoff Predictor-Corrector schemes (HBPC). In each correction step,
the order of consistency is raised by one until some maximal order is reached; order reduction for low stiffness
parameters was mitigated by adding more correction steps. The HBPC scheme was optimized in [30] to have A(α)
stability almost up to α = 90o.

In [7], Gottlieb et al. developed a higher-order implicit two-derivative Runge-Kutta-type scheme that possesses
the strong stability preserving (SSP) property. Refer to [8, 5, 9] for more two-derivative SSP schemes. Besides
multistage methods, there are higher-order SSP two-derivative general linear methods in literature, see, e.g. [23]. In
[5, 9], explicit two-derivative SSP schemes are combined with weighted essentially non-oscillatory methods to solve
conservation laws. Applications of implicit multiderivative methods combined with discontinuous Galerkin spatial
discretization for (non-)linear PDEs can be found in [26, 14, 24]. In [31], the HBPC schemes [25, 27] are combined
with discontinuous Galerkin spectral element method (DGSEM) [17] and achieve order of accuracy up to eight.
The scheme is parallelized in space and in [32] also in time.

In this work, we combine the two-derivative implicit SSP [7] time discretization approach with a spatial dis-
cretization of the DGSEM to solve Navier-Stokes equations. Linear stability properties of the SSP schemes [7]
are investigated. A detailed stability analysis of the third-order SSP scheme is conducted, and several stabilizing
strategies are discussed. We leverage the flexibility of two-derivative schemes, which allows for tuning the positions
of the poles of the stability function, to enhance the stability of our scheme. As a result, we derive a family of
A(α)-stable third-order SSP schemes and implement them in an adaptive manner to provide stable solutions. The
implicit stages of the discretized system are solved using Newton’s method and the generalized minimal residual
method (GMRES) is used with appropriate preconditioning to solve the linear system arising in the Newton itera-
tions. As the SSP schemes are structurally very similar to the stages of the HBPC schemes, we closely follow the
preconditioning and the matrix-free approach implemented in [31].

The sections of this paper are structured as follows: In Sec. 2 the semi-descretization of the two-derivative
SSP schemes are explained with Butcher form, followed by the investigation of the stability properties. The fully
discrete formulation is briefed in Sec. 3 with the weak formulation of the PDEs. Effect of preconditioning and the
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implementation of the preconditioner using a matrix-free approach is shortly recalled in Sec. 3.2. In Sec. 4.1.1, a
detailed analysis of the third-order schemes is conducted, and adaptive schemes are derived to enhance stability
properties. The validation of the SSP schemes on Euler and Navier-Stokes equations is presented in Secs. 4.2 and 4.3,
including convergence results and statistics of the number of (non-)linear iterations. In the final section (Sec. 5),
conclusions are made and an outlook is given.

2 Semi-discrete formulation

In this section, we discuss the semi-discrete formulation of the implicit two-derivative SSP Runge-Kutta method.
We use the spatial operators R(1) and R(2), see Eq. (3) and Eq. (5), for the semi-discretization. The aforementioned
spatial operators are discretized using DGSEM, which will be described in Sec. 3. Given the approximate solution
wn at time tn, the s-stage diagonally implicit two-derivative SSP Runge-Kutta method can be written in Butcher
form,

w(i) := wn + ∆t

i∑

j=1

aijR
(1)(w(j)) + ∆t2

i∑

j=1

.
aijR

(2)(w(j),R(1)(w(j))), 1 ≤ i ≤ s. (6)

The solution at time tn+1 is updated with
wn+1 := w(s). (7)

The authors derived the diagonally implicit two-derivative SSP scheme in [7] for orders up to four; see Tab. 1. The

Butcher coefficients A = {aij} and
.

A = { .aij} for the schemes can be found in [7, Sec. 2.3]. In Sec. 2.1, we analyze
the linear stability of the implicit SSP schemes (Tab. 1).

Scheme Order Stages A(α)-Stability

SSP-I2DRK21 2 1 A(90.00◦)
SSP-I2DRK32 3 2 A(79.94◦)
SSP-I2DRK45 4 5 A(84.52◦)

Table 1: Strong stability preserving schemes from [7, Sec. 2.3]. The A(α) stability analysis can be found in Sec. 2.1
of the current paper.

2.1 Linear stability of the implicit two-derivative SSP schemes

In this section, the linear stability of the implicit two-derivative SSP method has been analyzed using Dahlquist’s
equation w′ = λw, where λ ∈ C. We first derive the stability function for an s-stage SSP scheme, and then the linear
stability for each of the schemes (see Tab. 1) will be analyzed in the following subsections. Plugging in R(1) = λw
and R(2) = λw′ = λ2w in Eq. (6) we get

w(i) = yn +

i∑

j=1

(
aij∆tλ+

.
aij∆t

2λ2
)
w(j) (8)

for each of the stages up to s. Define z := ∆tλ and functions Si(z), so that the stage values w(i) in Eq. (8) can be
explicitly written as

w(i) = Si(z)wn.
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For i ≥ 2, these functions can be recursively written as

Si(z) =
1 +

∑i−1
j=1

(
aijz +

.
aijz

2
)
Sj(z)(

1− aiiz −
.
aiiz2

) with S1(z) = (1− a11z −
.
a11z

2)−1.

Then the update wn+1 can be written as

wn+1 = Ss(z)wn =

(
1 +

∑s−1
j=1

(
asjz +

.
asjz

2
)
Sj(z)(

1− assz −
.
assz2

)
)
yn =: S(z)wn, (9)

where S(z) is the stability function.

Second-order SSP scheme

The second order SSP scheme SSP-I2DRK21 is none other than second-order Taylor method. From Eq. (9), the
stability function for SSP-I2DRK21 is given by

S(z) = S1(z) =
2

2− 2z + z2
for z ∈ C. (10)

Then for the modulus value |S(z)|

max
z∈C−

|S(z)| ≤ max
y∈R
|S(iy)| = max

y∈R
2

|(2− y2)− 2yi| = max
y∈R

2√
y4 + 4

≤ 1,

which implies that the second-order SSP method is A-stable, see [11, Chap. 5]. The method is also L-stable
because,

lim
z→∞

S(z) = 0.

Third-order SSP scheme

The stability function for SSP-I2DRK32 is given by

S(z) = S2(z) =
18

(6 + z2)(3− 3z + z2)
for z ∈ C. (11)

It can be found from Eq. (11) that S(z) has singularities on the boundary of the domain C− at z = ±i
√

6. In
Fig. 1 (a), the stability region (|S(z)| < 1) has been plotted for the values −5 ≤ Re(z) ≤ 5 and −6 ≤ Im(z) ≤ 6.
The stability region is represented by the areas shaded in blue in Fig. 1 (a). It can be seen that the stability region
does not cover the entire negative complex half-plane, which implies that the method is not A-stable. Using the
algorithm from [30, Sec. 3], it can be found that the method is approximately A(79.94◦) stable.

Fourth-order SSP scheme

The stability function for SSP-I2DRK45 is given by

S(z) = S5(z) =
1 +

∑4
j=1

(
a5jz +

.
a5jz

2
)
Sj(z)(

1− a55z −
.
a55z2

) for z ∈ C (12)

with the Butcher coefficients given in [7, Sec. 2.3]. Similarly to the third order SSP scheme, the stability region (blue
shaded region in Fig. 1 (b)) of the fourth order scheme also does not cover the entire negative complex half-plane,
which implies that the method is not A-stable; the method is approximately A(84.52◦) stable.
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(a) SSP-I2DRK32 (b) SSP-I2DRK45

Figure 1: Stability region (|S(z)| < 1) for third order (a) and fourth order (b) SSP schemes. Stability angle is found
using the algorithm from [30, Sec. 3] via the stability functions given in Eq. (11) and Eq. (12) respectively.

2.2 Non-existence of an A-stable implicit two-derivative two-stage third-order SSP
scheme

As the SSP-I2DRK32 scheme exhibits a relatively low stability angle, we develop an improved scheme in this section.

Lemma 1. There is no diagonally implicit two-derivative two-stage third-order scheme which is both A-stable and
SSP according to the conditions in [7, Theorem 1].

Proof. We utilize the order conditions for third-order accuracy from [7, Sec. 2.1] along with the SSP conditions
from [7, Sec. 2.2] and [7, Theorem 1] to derive the Butcher coefficients

A =

[
ρ 0
φ η

]
and

.

A =

[
α 0
γ β

]
. (13)

So, for 0 < k ≤ 1 we have

φ = kρ and γ = kα (14)

where ρ ≥ 0, η ≥ 0, α ≤ 0 and β ≤ 0. Now, rewrite the Butcher coefficients (13) with the aforementioned SSP
conditions and the first-order condition (φ+ η = 1) to obtain

A =

[
ρ 0
kρ 1− kρ

]
and

.

A =

[
α 0
kα β

]
. (15)

Now, applying the second-order condition [7, Sec. 2.1, p = 2] we get

β = k(ρ− ρ2 − α)− 1

2
. (16)
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Consider Eq. (16) and apply the third-order conditions [7, Sec. 2.1, p = 3] to obtain

k(ρ3 − 2ρ2 + 2ρα+ ρ− 2α) =
1

3
, (17)

k(2ρ3 − 2ρ2 + 4ρα+ ρ− 2α) =
1

3
. (18)

We assume that k 6= 0 because the third order conditions (see [7, Sec. 2.1]) give rise to an inconsistent system of
equations for k = 0 (see Eqs. (17) and (18)). Now, we can solve the equations (17) and (18) for ρ by eliminating k.
Hence we have

ρ3 + 2αρ = 0 ⇒ ρ = 0, or ρ = ±
√
−2α.

We start with the non-zero solution. From the condition that α ≤ 0, take α = −2µ2, for µ > 0. Since the SSP
property [7, Theorem 1] necessitates a non-negative ρ, the non-zero solution is

ρ = 2µ, µ > 0. (19)

Substituting for α and ρ in (17) or (18) gives

k =
1

6(µ− 2µ2)
, µ > 0. (20)

0 0.5 1 1.5 2

−5

0

5

k = 1

µ

k
(µ

)

Figure 2: Graph of variable k (20) from the Butcher coefficients (15), obtained as a function of µ using the order
equations (17) and (18). The function k(µ) = 1

6(µ−2µ2) never reaches values from (0,1] for any values of µ > 0.

The values of k have been plotted in Fig. 2 for µ > 0. It can been seen clearly from Fig. 2 that

k =

{
> 1, 0 < µ < 0.5

< 0, µ > 0.5
. (21)

So, there are no values for µ > 0 such that 0 < k ≤ 1. Now consider the case when ρ = 0. Then from Eq. (17) and
Eq. (16) we get

kα = −1

6
, and β = −1

3
. (22)
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Hence there are infinitely many possibilities for third-order SSP schemes when ρ = 0 and it is given by

A =

[
0 0
0 1

]
and

.

A =

[
− 1

6k 0
− 1

6 − 1
3

]
, 0 < k ≤ 1. (23)

The SSP scheme (23) is the same third-order SSP scheme referred to in [7] for k = 1. The stability function for the
scheme (23) is

S(z) =
18k + 3(1− k)z2

(6k + z2)(3− 3z + z2)
, (24)

and the scheme (23) can never be A-stable as S(z) has singularities at ±i
√

6k.

2.3 A family of A(α)-stable implicit two-derivative two-stage third-order SSP scheme

Even though the third-order SSP scheme discussed above cannot be A-stable, the analysis in the previous section
has led to a family of A(α)-stable implicit two-derivative, two-stage, third-order SSP schemes, as given in (23),
parameterized by a free variable k. The α angles are plotted against different k values in Fig. 3. It can be
noted from Fig. 3 that the schemes (23) are tending towards A(90o) as k → 0. However, the Butcher coefficient
.
a11 = − 1

6k → −∞, which can significantly affect the error constant of the schemes.

10010−110−210−310−410−5
78◦

80◦

82◦

84◦

86◦

88◦

90◦

k

st
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it

y
an

gl
e

(α
)

Figure 3: Stability angles α for the A(α)-stable two-derivative two-stage third-order scheme (23) are plotted for
different values of the free variable 0 < k ≤ 1.

Consider the stability regions plotted in Fig. 4 to analyze the effect of the free parameter k on the stability
angle. It can be seen in Fig. 4 that, as k → 0, the poles on the imaginary axis (±i

√
6k) move toward the origin.

Meanwhile, the unstable region in the left half of the complex plane becomes smaller, resulting in an increase in the
stability angle. This poses a significant issue because, as ∆t approaches 0, the term z = ∆t λ tends to concentrate
around the origin, where λ represents the eigenvalues of the discretized ODE system.

In the upcoming sections, the family of A(α) stable third-order SSP schemes (23) with 0 < k < 1, will be
denoted as SSP-I2DRK32(k). When k = 1, SSP-I2DRK32(1) refers to the original scheme SSP-I2DRK32. For values
of k > 1, the schemes are no longer SSP, and we will denote them as NSSP-I2DRK32(k).
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k = 1 k = 0.5

k = 0.1 k = 0.01

Figure 4: Stability region (|S(z)| < 1) for the third-order SSP scheme SSP-I2DRK32(k), plotted using the algorithm
from [30, Sec. 3] via the stability functions in Eq. (24) for different values of the free parameter k.

3 Fully discrete formulation

We use the discontinuous Galerkin spectral element method which has been introduced in [17] for the spatial
discretization. The spatial domain Ω under consideration is subdivided into NE quadrangular (2D) or hexahedral
(3D) elements Ωe. The discrete formulation of the DGSEM is recalled briefly in the following section by closely
following the papers [31, 13]. The weak formulations for the first and second derivatives are provided only for the
Euler equations in the following subsection; detailed formulations for the Navier–Stokes equations can be found in
[31, Sec. 5].
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3.1 Evaluation of the temporal derivatives with the DGSEM

The DGSEM utilizes the weak formulation of Eq. (1),

NE∑

e=1

(wt, φ)Ωe
− (F(w),∇φ)Ωe

+
〈
F∗(wL,wR) · n, φ

〉
∂Ωe

= 0, ∀φ ∈ ΠNp
, (25)

where ΠNp
is the space of test functions constructed by the tensor product of the one-dimensional Lagrange in-

terpolation polynomials of degree Np. The scalar product (·, ·)Ωe
denotes the element-wise integration over the

elements Ωe and 〈·, ·〉∂Ωe is the integration along the cell-edges ∂Ωe. The flux function is replaced by a numerical
flux function F ∗(wL,wR) on the cell-edges, which depends on the left and right states with respect to the cell-edge,
and n is the outward pointing normal to the cell-edge. The global Lax-Friedrichs flux is used as the numerical flux

(see [31, Eq. (13) and Eq. (17)]). The spatial DGSEM operator for the first time derivative R
(1)
h (wh) is given in

[31, Eq. (12)].
As we use two-derivative time stepping schemes (6), it is required to compute the spatial DGSEM operator

for the second derivative. The spatial operator for the second derivative is evaluated by introducing the artificial
quantity

σ := R(1)(w) ≡ wt (26)

as done in [26]. Differentiating Eq. (25) with respect to time and applying σ, we get,

NE∑

e=1

(wtt, φ)Ωe −
(∂F(w)

∂w
σ,∇φ

)
Ωe

+
〈∂F∗(wL,wR)

∂wL
σL · n +

∂F∗(wL,wR)

∂wR
σR · n, φ

〉
∂Ωe

= 0,∀φ ∈ ΠNp
. (27)

The spatial DGSEM operator for the second time derivative R
(2)
h (wh,R

(1)) is also evaluated similarly to that of
the first time derivative and it is given in [31, Eq. (16)].

The SSP schemes [7] for the conservation laws (1) are implemented in the open source code FLEXI1, which was
developed for solving hyperbolic-parabolic conservation equations in a discontinuous Galerkin setting [18].

3.2 Preconditioning of the extended linear system

The stage values in Eq. (6) can be solved using Newton’s method. For the ith stage, the equation can be cast into
the non-linear form

G(w(i)) := g(w(i))− b = 0, (28)

where the function g and vector b are given by

g(w(i)) = w(i) −∆taiiR
(1)(w(i))−∆t2

.
aiiR

(2)(w(i),R(1)(w(i))),

b = wn + ∆t

i−1∑

j=1

aijR
(1)(w(j)) + ∆t2

i−1∑

j=1

.
aijR

(2)(w(j),R(1)(w(j))).

More details over the non-linear formulation (28) can be found in [31, Sec. 3.2.1]. The linear system which arises
in every Newton step is solved using the GMRES method. For faster convergence of the GMRES, application of a
preconditioner is necessary.

1http://www.flexi-project.org
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In [31, Sec. 4], the authors have compared the effect of different preconditioners on linear and non-linear itera-
tions (see [31, Fig. 2 and Fig. 4]) and found that problem-tailored extended Block-Jacobi preconditioners BJH

ext and
BJext perform better than standard Block-Jacobi and ILU(0) preconditioners, in terms of the GMRES iterations
per timestep and the wall-clock time. Consult [31, Fig. 1] for the pictorial representation of the mentioned precon-
dition matrices. The authors employed a matrix-free approach with the BJext preconditioner for their numerical
investigations in [31], as it was efficient and effective. See the papers [6] and [16] for the matrix-free implementation.
In this paper, we also use the matrix free approach with BJext preconditioning as implemented in [31, Sec. 4.2].

4 Numerical investigations

As discussed in the previous section, we use Newton’s method for solving the implicit equations and employ GMRES
to solve the linear equations that arise in each Newton step. For a given Newton tolerance εNewton, the stopping
criterion for the kth Newton iteration is given by

∥∥G(Xk)
∥∥ < εNewton ·

∥∥G(X0)
∥∥ ,

where
∥∥G(Xk)

∥∥ and
∥∥G(X0)

∥∥ are the Euclidean norms of the kth and initial residuals, respectively. For a spec-
ified tolerance for the linear solver, εGMRES, the stopping criterion for the GMRES iterations for the kth Newton
increment is ∥∥rk

∥∥ < εGMRES ·
∥∥G(Xk−1)

∥∥ ,
where rk is the residual of the linear equation, as indicated in [31, Eq. 18]. Test cases are described in the following
sections.

4.1 Linear advection equation

Consider the two-dimensional linear advection equation

wt +∇ · (aw) = 0, (29)

where a ∈ R2 is a constant vector. We consider an exact solution of the equation (29) given by

w(x, t) = sin
(
π

2∑

j=1

(xj − ajt)
)
, (30)

with a = (0.3, 0.3) and x ∈ Ω = [−1, 1]2 with periodic boundary conditions to analyze the SSP schemes. The classic
upwind flux is chosen as the numerical flux for the DGSEM spatial discretization.

The L2-error, average Newton iterations per timestep per stage and average GMRES iterations per Newton
iteration for linear advection of a sine wave with Tend = 0.8 and Tend = 1.6 are presented in Fig. 5. The plots in
Fig. 5 show that both the second-order and fourth-order SSP schemes exhibit the expected convergence for all the
timestep sizes considered for Tend = 0.8 and Tend = 1.6. However, the third-order scheme encounters convergence
issues for certain timesteps and requires greater number of Newton and GMRES iterations compared to the second
and fourth-order schemes. Additionally, the severity of divergence in the third-order SSP scheme increases for the
larger final time of Tend = 1.6.

A comprehensive study on the third-order SSP scheme is presented in Sec. 4.1.1 using the linear advection
equation discretized using DGSEM. Additionally, a few strategies are discussed in Sec. 4.1.2 to control the divergence
of the algorithm.
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Figure 5: L2-error (left), average Newton iterations per timestep per stage (middle) and average GMRES iterations
per Newton iteration (right) for linear advection of a sine wave with Tend = 0.8 (top) and Tend = 1.6 (bottom).
The initial condition is evaluated from (30) and simulated using the SSP schemes for different timesteps ∆t. The
spatial discretization is set to NE = 16 × 16 and Np = 5. A tolerance of εNewton = 10−6 and εGMRES = 10−3 is
used, with a limit of 10 Newton iterations per implicit solve and 2000 GMRES iterations per Newton iteration.

4.1.1 Analysis of the constraints in the third-order SSP scheme

As discussed in the previous section, the third-order SSP scheme exhibits convergence issues over a specific range of
timestep sizes when applied to the linear advection of a sine wave. The initial condition was evaluated using equation
(30), and the DGSEM spatial discretization was configured with NE = 16 × 16 elements and polynomial degree
Np = 5. To investigate the influence of the stability angle on the under-performance of the SSP-I2DRK32 scheme,
we first consider a two-derivative, diagonally implicit, third-order Runge-Kutta scheme (I2DRK32(79.94◦)), which
possesses the same stability angle (79.94◦) as the SSP-I2DRK32 scheme. The construction of the I2DRK32(79.94◦)
(44) is given in A.1.

In Fig. 6, we compare the convergence, average Newton and GMRES iterations required for implicit solves using
the SSP-I2DRK32 scheme and the I2DRK32(79.94◦) scheme. The results indicate that although the I2DRK32(79.94◦)
scheme has the same stability angle as the SSP-I2DRK32, it achieves the desired error reduction with a similar
Newton and GMRES consumption as the second and fourth-order SSP schemes (see Fig. 5). Therefore, as a
preliminary conclusion from Fig. 6, it is not the stability angle that affects the convergence of the SSP-I2DRK32
scheme. Hence, a detailed investigation on the stability regions is necessary.

The stability regions for the SSP-I2DRK32 and I2DRK32(79.94◦) schemes are illustrated in Fig. 7. Although
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Figure 6: L2-error (left), average Newton iterations per timestep per stage (middle) and average GMRES iterations
per Newton iteration (right) for linear advection of a sine wave with Tend = 1.6. The initial condition is evaluated
from (30). The spatial discretization is set to NE = 16 × 16 and Np = 5. A tolerance of εNewton = 10−6 and
εGMRES = 10−3 is used, with a limit of 10 Newton iterations per implicit solve and 2000 GMRES iterations per
Newton iteration.

both schemes have the same stability angle of 79.94◦, the locations of their unstable regions near the imaginary axis,
which determine the stability angle, differ. To understand the influence of differences in unstable regions, we need

SSP-I2DRK32 I2DRK32(79.94◦)

Figure 7: Stability region (|S(z)| < 1) for SSP-I2DRK32 scheme (left) and I2DRK32(79.94◦) scheme (right).

to examine the eigenvalues of the Jacobian of the spatially discretized part, -∇ · F, from Eq. (1). Let Λ be the set
of eigenvalues corresponding to the linear advection equation in Sec. 4.1.1 with discretization set to NE = 16× 16
and Np = 5. Note that for linear advection equations, the Jacobian corresponding to the spatially discretized ODE
system is a constant matrix.

From Fig. 6, it can be observed that the range of timestep sizes that experience convergence issues is ∆t =
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{0.2, 0.1, 0.05}. Therefore, in Fig. 8 we plot the points

Z = ∆tΛ,

on the stability regions for both the SSP-I2DRK32 and I2DRK32(79.94◦) schemes. It is clear that the values of Z
fall into the unstable regions for all timestep sizes ∆t = {0.2, 0.1, 0.05} for the SSP-I2DRK32 scheme. Thus, the
stability function (Eq. 11) generates values greater than one for the components associated with eigenvalues that
are in the unstable regions. As the number of timesteps varies between 8 and 32, the error accumulates over these
timesteps, leading to diverging solutions. The increase in the number of Newton and GMRES iterations observed
in Figs. 5 and 7 might have resulted from several factors: error accumulation due to stability, a poor initial guess
for the Newton method—since we used previous stage solutions as the initial guess—and higher residual norms, see
Eq. (28).

In the case of the I2DRK32(79.94◦) scheme, almost all values of Z fall into stable regimes for timestep sizes
∆t = {0.1, 0.05}, and therefore, the desired convergence is achieved. Although a few eigenvalues fall into the
unstable region for ∆t = 0.2, the lower severity of the stability function (|S(z)| . 4) and the reduced number of
time steps help minimize error accumulation. In comparison, the absolute stability function (|S(z)|) reaches values
up to 40 in the unstable regimes for the SSP-I2DRK32 scheme.

Therefore, from the Figs. 7 and 8, it can be concluded that it is not the stability angle, but the position of the
unstable region near the imaginary axis that contributes to the convergence issues for the SSP-I2DRK32 scheme.

4.1.2 A k-adaptive SSP scheme

As discussed in the previous section, the occurrence of values ∆tΛ in the unstable region leads to error accumulation,
resulting in a solution divergence when using the SSP-I2DRK32 scheme. Fig. 9 shows that a convergent solution for
a specified timestep ∆t can be achieved by selecting an appropriate SSP-I2DRK32(k) or NSSP-I2DRK32(k) scheme.
However, not all values of k yield convergent solutions. Therefore, we aim to explore the relationship between ∆t
and the free parameter k to develop a k-adaptive scheme, referred to as AD-SSP-I2DRK32 for the adaptive SSP
scheme and AD-NSSP-I2DRK32 for the adaptive non-SSP scheme.

In [19], the authors analyzed the one-dimensional linear advection equation using a discontinuous Galerkin
spatial discretization with upwinding and periodic boundary conditions. They found that the eigenvalues Λ of the
discretization matrix can be bounded by a value that depends on the wave speed a ∈ R, the spatial mesh size ∆x,
and the polynomial degree Np. They proved that the growth rate of the largest eigenvalues is less than (Np + 1)2,
and more precisely, they conjectured that it is proportional to (Np + 1)1.75.

Taking into account the eigenvalue bounds described in [19], we modifiy it slightly for the two-dimensional linear
advection equation (29), with wave velocity a ∈ R2. Hence, we consider a bound on maximum absolute value of
the eigenvalue given by

Λmax :=

∑ |ai|
∆x

(Np + 1)1.75. (31)

As seen in Sec. 2.2, the stability of the family of third-order schemes (24) has poles at ±
√

6ki. Therefore by
analyzing the distribution eigenvalues in Fig. 8, we consider the following assumption

√
6k ≥ ∆tΛmax (32)

to make sure that no values ∆tΛ is falling on the unstable region of the schemes (23). From Eq.(32), we derive

kmin :=
(∆tΛmax)2

6
(33)
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∆t = 0.2

} → |S(z)| & 20

∆t = 0.1

SSP-I2DRK32

∆t = 0.05

∆t = 0.2

} → |S(z)| . 4

∆t = 0.1

I2DRK32(79.94◦)

∆t = 0.05

Figure 8: The stability regions for the SSP-I2DRK32 scheme and the I2DRK32(79.94◦) scheme are given in the top
and bottom rows, respectively. The values Z = ∆tΛ are plotted (purple circles) for the eigenvalues Λ corresponding
to the linear advection equation discussed in Sec. 4.1.1, with the discretization set to NE = 16 × 16 and Np = 5.
The points Z = ∆tΛ are plotted for timestep sizes ∆t = {0.2, 0.1, 0.05}. The real and imaginary axes are restricted
to the ranges −3 ≤ Re(z) ≤ 3 and 0 ≤ Im(z) ≤ 10.

which is the minimum k value needed for the scheme (23) so as to assure a converging solution for a given ∆t.
Hence the non-SSP adaptive scheme is given by

AD-NSSP-I2DRK32 :=

{
SSP-I2DRK32, ∆tΛmax ≤

√
6

NSSP-I2DRK32(kmin), otherwise
. (34)

Since the non-SSP does not guarantee kmin ≤ 1 for every ∆t, we need a slightly different approach to develop an
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Figure 9: L2-error for linear advection of a sine wave with Tend = 8 using various third-order schemes. The initial
condition is evaluated from (30). The spatial discretization is set to NE = 16 × 16 and Np = 5. A tolerance of
εNewton = 10−6 and εGMRES = 10−3 is used, with a limit of 20 Newton iterations per implicit solve and 2000
GMRES iterations per Newton iteration. Note that the missing points on the plots indicate diverged solutions.

adaptive SSP scheme. Consider the absolute value of stability function for SSP-I2DRK32(k) along the imaginary
axis

|S(iy)| =
∣∣∣∣

18k + 3(1− k)(iy)2

(6k + (iy)2)(3− 3(iy) + (iy)2)

∣∣∣∣ ,

=

∣∣∣∣
18k + 3(k − 1)y2

(6k − y2)

∣∣∣∣
1√

y4 + 3y2 + 9
.

To find the points where the absolute value equals one on the imaginary axis, we set |S(iy)|2 to one, which yields

y4
(
y4 + (3− 12k) y2 +

(
27k2 − 18k

))
= 0.

Analyzing the roots of this equation, we find that the real roots lie in the interval

I :=

[
−
√

6k +
3

2

(√
4k2 + 1− 1

)
,

√
6k +

3

2

(√
4k2 + 1− 1

)]
.

For visual clarity, refer to the stability regions shown in Fig. 4. Let lΛ > 0 be a value slightly less than the minimum
modulus of eigenvalues in Λ that have a non-zero imaginary part and a real part very close to zero. For a clearer
visual understanding of lΛ, refer to Fig. 10. Therefore, to achieve a stable SSP solution for a given time step ∆t,
we require √

6k +
3

2

(√
4k2 + 1− 1

)
= ∆tlΛ. (35)

The condition (35) ensures that the set I is contained within the interval [−∆tlΛ,∆tlΛ]. Consequently, this implies
that there are no eigenvalues present in the unstable region. Hence, the stable SSP adaptive scheme is given by

AD-SSP-I2DRK32 :=

{
SSP-I2DRK32, ∆tΛmax ≤

√
6

SSP-I2DRK32(ksmall), otherwise
(36)
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{
lΛ

Figure 10: The eigenvalues Λ (shown on the left) corresponding to the linear advection equation discussed in
Sec. 4.1.1, with a discretization set to NE = 16× 16 and Np = 5. On the right, a zoomed-in plot of the eigenvalues
Λ is provided, with lΛ marked on it.

with ksmall := min(k∆t, 1), where k∆t is the root of the equation defined above. Note that the value lΛ must be
known a priori. For the linear advection equation (29) with a = (0.3, 0.3), discretized using NE = 16 × 16 and
Np = 5, the value lΛ is found to be less than 0.9, See Fig. 10. In a different spatial discretization setting, lΛ can
only be determined by analyzing the distribution of the eigenvalues, which is a current limitation. Further study
and analysis are needed to find an empirical formulation for lΛ, which is beyond the scope of the current paper.

In Fig. 11, the convergence plots for the linear advection equation are presented for the SSP-I2DRK32, AD-NSSP-
I2DRK32 and AD-SSP-I2DRK32 schemes, using various final times Tend. It is evident that the AD-NSSP-I2DRK32
and AD-SSP-I2DRK32 schemes provide stable solutions for all given timestep sizes ∆t, while the SSP-I2DRK32
scheme diverges for the majority of timestep sizes. The adaptive schemes maintain stability across all final times,
Tend = 8, 16, 32. The AD-NSSP-I2DRK32 scheme exhibits the desired convergence order for all timestep sizes.
Although the AD-SSP-I2DRK32 scheme yields stable solutions, there is a noticeable degradation in order for several
timestep sizes. The error constant for the SSP-I2DRK32(k) scheme is given by

∣∣∣∣
1

36k
− 1

24

∣∣∣∣ .

Thus, smaller values of k result in larger error constants, which lead to order reductions.

4.2 Euler equations

We consider the two dimensional Euler equations of gas dynamics

wt +∇ · Finv(w) = 0, (37)

with the state vector w =



ρ
ρv
E


 . The flux function Finv is given by

Finv(w) =




ρv
ρv ⊗ v + p · Id

v(E + p)


 , (38)
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Figure 11: L2-error for linear advection of a sine wave with Tend = 8 (left), Tend = 16 (middle) and Tend = 8
(right) using SSP-I2DRK32, AD-NSSP-I2DRK32 and AD-SSP-I2DRK32 schemes. The initial condition is evaluated
from (30). The spatial discretization is set to NE = 16 × 16 and Np = 5. A tolerance of εNewton = 10−6 and
εGMRES = 10−3 is used, with a limit of 20 Newton iterations per implicit solve and 2000 GMRES iterations per
Newton iteration. Note that the missing points on the plots indicate diverged solutions.

where ρ is density, v = (v1, v2) is velocity, E is total energy and p is pressure. Pressure is evaluated using the
equation of state of a perfect gas,

p = (γ − 1)
(
E − ρ

2
‖v‖22

)

with the isentropic coefficient γ = 1.4. For the numerical validation of the Euler equations (37), we consider an
extension of the linear advection equation (29) with a constant velocity v ≡ a = (0.3, 0.3)T and pressure p = 1.
The initial conditions are therefore evaluated from the exact solution

ρ(x, t) = 1 + 0.3 sin
(
π

2∑

j=1

(xj − ajt)
)
, v = a, p = 1, x ∈ Ω = [−1, 1]2, (39)

and boundary conditions are taken to be periodic. The λ value for the global Lax-Friedrichs numerical flux (see
[31, Eqs. (13) and (17)]) is chosen to be λ =

(
1, 1, 1, 1

)
, as per the values given in [15].

The exact solution given in equation (39) serves as the reference solution for analyzing the L2-error. The
convergence results for the SSP-I2DRK21, SSP-I2DRK32, and SSP-I2DRK45 schemes are visualized in Fig. 12. For
the SSP-I2DRK21 and SSP-I2DRK45 schemes, the errors decrease as the time step decreases, exhibiting the expected
order of convergence. However, the SSP-I2DRK32 scheme diverges for ∆t ≤ 0.2. For the converged solutions, the
number of Newton and GMRES iterations per implicit solve remains more or less the same.

In Fig. 13, we have presented the convergence plots, as well as the average Newton and GMRES iterations
required for implicit solves, for the SSP-I2DRK32, AD-NSSP-I2DRK32 , and AD-SSP-I2DRK32 schemes. In contrast
to the linear advection equations, the Euler equations have variable wave speeds given by {u ·n,u ·n± c}, where c

is the speed of sound, defined as c =
√

γp
ρ . As we consider Euler equations corresponding to the explicit solution

(39), we can obtain an upper bound on the wave speeds in any direction n. The upper bound is given by

max{u · n,u · n± c} ≤ |u · n|+
√
γp

ρ
≤ 0.3 +

√
1.4

min ρ
= 0.3 +

√
2.

Consequently, we can evaluate kmin using the relation (31), replacing
∑ |ai| = 2(0.3+

√
2). The AD-NSSP-I2DRK32

shows desired convergence order for all the timestep sizes, with relatively few GMRES iterations compared to
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Figure 12: L2-error (left), average Newton iterations per timestep per stage (middle) and average GMRES iterations
per Newton iteration (right) for Euler equations with advection of density sine wave with Tend = 0.8 for the initial
condition evaluated from the exact solution (39) using the SSP timestepping schemes. The plots are given for
different timesteps ∆t. The spatial discretization is set to NE = 16× 16 and Np = 5. A tolerance of εNewton = 10−6

and εGMRES = 10−3 is used, with a limit of 20 Newton iterations per implicit solve and 2000 GMRES iterations per
Newton iteration. For the SSP-I2DRK45 scheme, the value of εNewton is set to 10−8 to avoid dominance of Newton
error (only for ∆t = 0.025). Note that the missing points on the plots indicate diverged solutions.
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Figure 13: L2-error (left), average Newton iterations per timestep per stage (middle) and average GMRES iterations
per Newton iteration (right) for Euler equations with advection of density sine wave with Tend = 0.8 for the initial
condition evaluated from the exact solution (39) using SSP-I2DRK32, AD-NSSP-I2DRK32 and AD-SSP-I2DRK32
schemes. The plots are given for different timesteps ∆t. The spatial discretization is set to NE = 16 × 16 and
Np = 5. A tolerance of εNewton = 10−4 and εGMRES = 10−2 is used, with a limit of 20 Newton iterations per
implicit solve and 2000 GMRES iterations per Newton iteration. Note that the missing points on the plots indicate
diverged solutions.

SSP-I2DRK32 AD-SSP-I2DRK32 schemes. We consider the minimum of the wave speeds to compute lΛ, which is
necessary for the AD-SSP-I2DRK32 scheme. Using the explicit solution (39), we find that the minimum bound on
the wave speeds

min{u · n,u · n± c} = 0.3.

Since the minimum value of the wave speed is 0.3, we select the same value of lΛ = 0.9 used for linear advection
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equations. Similar to the findings in linear advection equations, the AD-SSP-I2DRK32 scheme provides stable
solutions for the Euler equations with a reduction in error. However, the convergence order has decreased to almost
one, likely due to the larger error constants.

4.3 Navier-Stokes equations

Next, we consider the two dimensional Navier-Stokes equations,

wt +∇ ·
(
Finv(w)− Fν(w,∇w)

)
= 0, (40)

with the state variables w, the inviscid Euler flux Finv; and the viscous flux Fν given by

Fν(w,∇w) =




0
τ

τ.v + q


 (41)

where τ is the viscous tensor and q is the heat flux, given by

τ := µ
(
∇v + (∇v)T − 2

3
(∇ · v)Id

)
, and q := λT∇T, (42)

respectively. The corresponding other parameters and constants used in the above equations are, dynamic viscosity
µ, temperature T given by the ideal gas equation, thermal conductivity λT =

cpµ
Pr , Pr = 0.72 is the fluid specific

Prandtl number, specific heat capacity cp = Rγ
γ−1 and the specific gas constant R = 1

γ .

As the viscous flux Fν in the Navier-Stokes equations (40) depends on the state vector w as well as its gradient
∇w, it results into a second order PDE system. It is required to use an extended first order form for the equation
(40) so as to utilize the fully discrete forms mentioned in the previous sections. Here, we use the BR2 lifting operator
(see [1]) for the discretization of the second order equations. See [31, Sec. 5.1.1 - Sec. 5.1.3] for a detailed derivation.

For the numerical validation of the Navier-Stokes equations, we use the same set up as for the Euler equations.
The viscosity is chosen to be µ = 10−3. In order to compute the L2-error, a reference solution is computed via a
fourth order explicit scheme [3] with a very small timestep ∆t = 10−6. The convergence results for the schemes are
plotted in Fig. 14. The second order SSP scheme (SSP-I2DRK21) exhibit their desired order of convergence almost
for every timesteps. However, the fourth order SSP scheme (SSP-I2DRK45) attains its actual order of convergence
only for timesteps ∆t ≤ 0.0125. Even the second order schemes performs slightly better than the fourth order
scheme for a couple of timesteps. The third order scheme (SSP-I2DRK32) diverges for timesteps 0.0125 ≤ ∆t ≤ 0.1
and provides stable solutions to other timesteps. Comparison of the linear and non-linear iterations for the Navier-
Stokes equations for the three schemes in Fig. 14 shows a similar behavioral pattern as that of the Euler equations.

In Fig. 15, we present the convergence plots along with the average Newton and GMRES iterations required
for implicit solves using the SSP-I2DRK32, AD-NSSP-I2DRK32 and AD-SSP-I2DRK32 schemes for the Navier-Stokes
equations. Due to a lack of information regarding the distribution of eigenvalues for the spatially discretized
advection-diffusion equation, we have chosen to use the minimum wave speed of 0.3 +

√
2 from the hyperbolic part

of the Navier-Stokes equation (40). Consequently, the value of kmin required for the AD-NSSP-I2DRK32 scheme is
determined based on this wave speed bound of 0.3 +

√
2, similar to the calculation used for the Euler equations.

The AD-NSSP-I2DRK32 scheme exhibits the desired convergence, requiring relatively few GMRES iterations
compared to the SSP-I2DRK32 and AD-SSP-I2DRK32 schemes. For the AD-SSP-I2DRK32 scheme, we choose lΛ =
0.45 heuristically. This scheme provides stable solutions for the Navier-Stokes equations with a reduction in error.
The trend of order reduction observed in the Euler and linear advection equations is also evident here. However,
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Figure 14: L2-error (left), average Newton iterations per timestep per stage (middle) and average GMRES iterations
per Newton iteration (right) for Navier-Stokes equations with advection and diffusion of density sine wave with
Tend = 0.8 for the initial condition evaluated from the exact solution (39) using the SSP timestepping schemes.
The plots are given for different timesteps ∆t. The spatial discretization is set to NE = 16 × 16 and Np = 5. A
tolerance of εNewton = 10−6 and εGMRES = 10−3 is used, with a limit of 20 Newton iterations per implicit solve
and 2000 GMRES iterations per Newton iteration. Note that the missing points on the plots indicate diverged
solutions.
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Figure 15: L2-error (left), average Newton iterations per timestep per stage (middle) and average GMRES iterations
per Newton iteration (right) for Navier-Stokes equations with advection and diffusion of density sine wave with
Tend = 0.8 for the initial condition evaluated from the exact solution (39) using SSP-I2DRK32, AD-NSSP-I2DRK32
and AD-SSP-I2DRK32 schemes. The plots are given for different timesteps ∆t. The spatial discretization is set to
NE = 16 × 16 and Np = 5. A tolerance of εNewton = 10−6 and εGMRES = 10−3 is used, with a limit of 20 Newton
iterations per implicit solve and 2000 GMRES iterations per Newton iteration. Note that the missing points on the
plots indicate diverged solutions.

the AD-SSP-I2DRK32 scheme requires more GMRES iterations per Newton iteration compared to the AD-NSSP-
I2DRK32 scheme, which may be a consequence of smaller k values leading to a non-linear system.

For the fourth-order SSP scheme, we observed a significant deterioration in error reduction for timestep sizes
ranging from 0.025 to 0.1. Since the SSP-I2DRK45 scheme is not A-stable, we further investigated stability in this
context. We constructed a series of I2DRK45(α) schemes with varying stability angles α, maintaining the imaginary
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Figure 16: L2-error (left) for Navier-Stokes equations with advection and diffusion of density sine wave with Tend =
0.8 for the initial condition evaluated from the exact solution (39) using SSP-I2DRK45, I2DRK45(87.42◦) and
I2DRK45(90◦) schemes. The spatial discretization is set to NE = 16×16 and Np = 5. A tolerance of εNewton = 10−6

and εGMRES = 10−3 is used, with a limit of 20 Newton iterations per implicit solve and 2000 GMRES iterations
per Newton iteration. On the right, the stability angle and the stability region of the schemes SSP-I2DRK45,
I2DRK45(87.42◦) and I2DRK45(90◦) are shown.

parts of the poles that cause instability at nearly the same positions. The detailed construction of the I2DRK45(α)
schemes is provided in A.2.

In Fig. 16, we show the convergence plots for the SSP-I2DRK45, I2DRK45(87.42◦), and I2DRK45(90◦) schemes.
It is clear that the I2DRK45(87.42◦) and I2DRK45(90◦) schemes show significant improvement compared to SSP-
I2DRK45, consistently reducing errors for timestep sizes of 0.025 ≤ ∆t ≤ 0.1. Therefore, the results in Fig. 16 implies
that the anomalies observed in the SSP-I2DRK45 scheme for the Navier-Stokes equations most likely stemmed from
its instability.

5 Conclusion and outlook

In this work, we have analyzed the stability properties of the two-derivative SSP schemes [7], and have shown
that the diagonally implicit two-derivative two-stage third order SSP can never be A-stable. SSP timestepping
schemes [7] were implemented for Navier-Stokes equations in a DGSEM spatial framework. The complexity of
the implementation of two-derivative Runge-Kutta scheme was outstripped by the introduction of the additional
variable σ for the first order derivative as done in [26]. The stage values of non-linear equations were solved using
Newton’s method by employing GMRES method with a matrix-free approach on underlying preconditioned linear
systems.

The second and fourth-order SSP schemes gave good convergence results on Euler and Navier-Stokes equations
within a considerable number of Newton and GMRES iterations. The domination of temporal error over the spatial
error for the chosen simulation setups was seen from the convergence plots. However, third-order SSP scheme
encountered stability issues across a wide range of time step sizes due to the presence of poles of the stability
function on the imaginary axis.

We have constructed and analyzed a family of A(α)-stable third-order schemes. The analysis reveals that the
location of the unstable region in an A(α)-stable time-stepping scheme is more crucial than the stability angle. Based
on the findings from the stability analysis, we have developed a stability adaptive third order SSP and non-SSP
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schemes. The adaptive non-SSP scheme converged with the desired order for all test cases. Although the adaptive
SSP scheme experienced an order reduction, it provided a stable solution in contrast to the original third-order SSP
scheme. As we have devised a strategy to identify stable timestep sizes for A(α) schemes using eigenvalue bounds
given in [19], it is possible to develop a hybrid SSP method that selectively incorporates higher-order SSP schemes
to ensure both stability and overall accuracy.

While our analysis concentrates on a specific third-order method, the stabilizing techniques can be applied to
a general class of two-derivative schemes. We also utilized these techniques to construct a series of A(α)-stable
fourth-order schemes to investigate the anomalies observed in the fourth-order SSP scheme when applied to the
Navier-Stokes equations. Numerical results showcased the importance of requiring A-stable time-stepping schemes
when simulations are conducted over large final times, particularly for stiff systems.

There are four possible directions for future investigations. First, we are interested in implementing the asymp-
totic preserving IMEX timestepping schemes for low-Mach problems combined with DGSEM spatial discretization.
Second, incorporation of the higher derivatives (order greater than two) using the Jacobian-free methods [4] and
hence more flexibility can be achieved over the coefficients. Third, since there are higher-order strong stability
preserving GLMs in literature [23, 21, 22], the implementation of these schemes into the DGSEM framework is
subject to numerical investigations. Lastly, as there are only limited studies on strong stability preserving deferred
correction schemes [20], investigating SSP-HBPC schemes is another potential direction for future research.
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A Construction of reference schemes

A.1 The third-order I2DRK32(79.94◦) scheme

The ξ-I2DRK32 schemes are constructed by keeping the implicit term of the first derivative (a11) in the first stage
as a free variable ξ. Using the order conditions [7, Sec. 2.1, p=1, 2, 3], the remaining coefficients were written as
a function of ξ. Hence we have the Butcher coefficients for the two-derivative two-stage third order Runge-Kutta
scheme ξ-I2DRK32

A =

[
ξ 0

0 1

]
and

.

A =

[
− 1

6 0

− 1
6(1−ξ) − 1

2 + 1
6(1−ξ)

]
, (43)

with ξ 6= 1. The ξ-I2DRK32 are A(α)-stable schemes.
The I2DRK32(79.94◦) scheme is constructed to have the same stability angle as that of an SSP-I2DRK32 scheme.

The scheme is obtained via slightly tuning the 1
60 -I2DRK32 scheme with a different coefficient

.
a11 = − 100

6307 . Hence
the Butcher coefficients for two-derivative two-stage third order I2DRK32(79.94◦) scheme is given by

A =

[
1
60 0

0 1

]
and

.

A =

[
− 100

6307 0

− 10
59 − 39

118

]
. (44)
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A.2 The fourth-order I2DRK45(α) schemes

For the SSP-I2DRK45 scheme, it was observed that the pole of the stability function

S(z) =
1 +

∑4
j=1

(
a5jz +

.
a5jz

2
)
Sj(z)(

1− a55z −
.
a55z2

)

that is responsible for instability arise from the fourth stage

1

1− a44z −
.
a44z2

. (45)

To have a pole at the point z = q ±mi for Eq. (45), it is sufficient to choose the following coefficients

a44 =
2q

q2 +m2
,

.
a44 =

−1

q2 +m2
. (46)

The poles of the Eq. (45) for the SSP-I2DRK45 scheme with coefficients a44 = 0.191388711018110 and
.
a44 =

−0.161628266349058 is
q ±mi ≈ 0.592064480246234± 2.4158841558212118i.

We construct I2DRK45(α) schemes by fixing m ≈ 2.4158841558212118 and varying the real part q using the
relationship given in Eq. (46). The coefficients aii and

.
aii for i 6= 4 are taken directly from the Butcher tableau of

the SSP-I2DRK45 scheme. The remaining lower diagonal coefficients aij and
.
aij for i < j are determined by solving

order equations to achieve fourth-order accuracy.
The values of q corresponding to the schemes I2DRK45(87.42◦) and I2DRK45(90◦) are 1.4 and 2.5, respectively.

The I2DRK45(α) scheme shows a trend of increasing stability angle α as q is increased. See, Fig. 16 for the stability
regions.
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Abstract

In this work, we treat the numerical resolution of ordinary differential equations (ODEs) that contain both
stiff and non-stiff terms, where these terms can be identified and separated, and where the stiff terms are ’easier’
to evaluate than the non-stiff terms. In [Wensch, Knoth, Galant, BIT Numer Math 49 (2009), pp. 449–473], a
class of so-called multirate schemes has been proposed to efficiently resolve said ODEs. Here, we extend this class
of schemes by adding multiple temporal derivatives of the non-stiff part to the formulation. Order conditions and
simplified order conditions of up to order four are derived in this work. Through this modification to the original
algorithm, we can devise schemes with lesser stages at the same order. In particular, we devise a four-stage
fourth-order scheme. The efficacy of the proposed methods is demonstrated through numerical experiments.

Keywords: Multirate; multiderivative; singularly perturbed ODE
MSC Classification: 65L05

1 Introduction

Ordinary differential equations serve as a fundamental tool for comprehending and exploring complex dynamics.
Within these dynamics, phenomena can manifest across a spectrum of temporal scales. This implies that the
characteristics of the phenomena may vary widely in terms of their time scales, with some exhibiting significantly
smaller characteristic times compared to others. Such terms, known as stiff terms, pose unique challenges in
computational analysis. To fix the ideas, let us consider the ODE

y′(t) = F (y) ≡ f(y) + g(y), (1.1)

where g denotes the ’stiff’ or fast part and f the ’non-stiff’ or slow part. Obviously, the definition of stiffness is
non-trivial [31]. For this work, we interpret it in the way that f should be treated with a ’large’ timestep ∆t, while g
should be treated with a ’small’ timestep ∆τ < ∆t. This type of equations frequently arises in singularly perturbed
equations such as, for example, the low-Mach Navier-Stokes equations [22] or relaxation problems [20]. Normally,
because of the stiff term, a small time step has to be used for explicit schemes, leading to long simulations. However,
in some cases, this stiff term g can be evaluated more easily than the non-stiff terms. For instance, this is the case
for physical problems where one spatial dimension is significantly less important than the others. Atmospheric or
hydrodynamic models are examples of this. In these models, the horizontal lengths of the domains are much larger
than the vertical one. In this configuration, fast phenomena with small characteristics are computed using two

∗
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dimensional terms, while the slow ones are represented by three dimensional ones. For atmospheric models [12, 32],
waves with a characteristic speed typically of 300 m/s are much faster than velocity of the air. For ocean models
[19], external gravity waves are the fast processes with a characteristic velocity that can be 100 times the one of
others phenomena.

To address these potential challenges, high-order multirate schemes have been introduced in the seminal work
[33]. They have been quite heavily extended, for a highly incomplete list of references, see [15, 24, 25, 28, 10, 1,
13, 14, 21] and the references therein. The underlying idea of these schemes is to compute the parts corresponding
to f – the non-stiff part – with an explicit Runge-Kutta scheme of timestep ∆t, and the parts corresponding to g
using another explicit scheme of timestep ∆τ < ∆t. Obviously, as for any coupled scheme, not any two schemes
can be combined, but they need to fulfill certain coupling conditions to preserve the order of accuracy. Typically,
these come in the form of algebraic requirements on the schemes’ coefficients.

In this work, we extend the work of [33] to deal with multiderivative Runge-Kutta schemes for the slow part.
Multiderivative schemes are schemes that do not only incorporate y′, which is f(y) + g(y) as visible from (1.1), but
also (parts of) y′′ and higher derivatives, see, e.g., [16, 7, 9, 30] and the references therein. In this work, we use those

parts of the higher derivatives of y that are associated to f , i.e., we use for example the term f(y){1} ≡ f ′(y)F (y),
see Rem. 1 for more information. This way, one arrives at higher order schemes with fewer stages than without this
addition. In particular, we show a fourth-order multirate scheme with only four stages.

This article is structured as follows. It begins by introducing the multiderivative split-explicit time integrator
method in Section 2, along with some illustrative and newly developed examples. The subsequent section presents
the order conditions. Sections 4 and 5 explore the properties and numerical results of the presented schemes on
various ODE and PDE. Finally, a conclusion is provided at the end of this article.

2 Split-explicit time integration methods

In this section, we give the general formulation of a multiderivative-multirate scheme; and then, in anticipation of
the order conditions in Sec. 3, already show some novel schemes particularly developed for this work.

2.1 Formulation

Following [33], we define a multirate scheme in a semi-discrete way. While f is already discretized through an
explicit multiderivative Runge-Kutta method, the equation associated to g is left continuous in time. In this work,
we use multiderivative Runge-Kutta methods with up to four temporal derivatives in total, see also Rem. 1. In all
what follows, ∆t > 0 is a given time-step size that can be either constant throughout the algoritm or adaptive.

Definition 1. (Multiderivative multirate scheme) For a given number of stages s ∈ N and a given number of

derivatives 1 ≤ m ≤ 4, we assume that the matrices α, γ, β{k} ∈ R(s+1)×(s+1), 0 ≤ k ≤ m − 1, are given and are
all strictly lower-triangular to obtain an explicit scheme. As in [33, eq. (2.3)], we assume the balancing condition

di =

s+1∑

j=1

βij , 1 ≤ i ≤ s+ 1. (2.1)
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Then, the semi-discrete multiderivative multirate scheme is given by (1 ≤ i ≤ s+ 1)

Zni(0; ∆t) = yn +

i−1∑

j=1

αij
(
Ynj(∆t)− yn

)
,

∂τZni(τ ; ∆t) =
1

∆t

i−1∑

j=1

γij
(
Ynj(∆t)− yn

)
+ dig(Zni(τ ; ∆t))

+

m−1∑

k=0

i−1∑

j=1

∆tkβ
{k}
ij f{k}(Ynj(∆t)),

Yni(∆t) = Zni(∆t; ∆t);

(2.2)

the update is then given by

yn+1 = Yn,(s+1)(∆t).

For this definition, we have used

f{0}(y) :=f(y),

f{1}(y) :=fyF,

f{2}(y) :=fyy(F, F ) + fy(fy + gy)F,

f{3}(y) :=fyyy(F, F, F ) + 3fyy((fy + gy)F, F )

+ fy
(
fyy(F, F ) + gyy(F, F )

)
+ fy(fy + gy)(fy + gy)F.

(2.3)

fy(y) denotes the Jacobian of f w.r.t. to y. fyy(·, ·) and fyyy(·, ·, ·) denote the second and third order derivatives
of f w.r.t. to y, respectively. For an easier presentation, we have omitted the argument (y). The colors introduced
here will also be used in the presentation of the order conditions.

Remark 1. Let us make some comments here:

• Please note that for the exact solution y to (1.1) and k ∈ N≥0, there holds

dk

dtk
f(y(t)) = f{k}(y(t)).

If g was identically zero, this would mean y′′(t) = f{1}(y(t)), y′′′(t) = f{2}(y(t)) and so on, hence the term

multiderivative. While a two-derivative scheme (i.e., using f{1}(y)) has been proven to be of relevance in
practice, see, e.g, [34], the higher-derivative schemes are included for scientific curiosity. If they are to be
used, the higher derivatives should typically be approximated by some sort of finite difference, see [3, 8, 35, 11]

• The scheme from Def. 1 is still continuous in the pseudo-time τ . In the numerical experiments, this will be
discretized using an explicit one-derivative Runge-Kutta method with a finer timestep-size ∆τ ≤ ∆t. The

reason that we do not use a multi-derivative Runge-Kutta method lies in the fact that for g{k}, k ≥ 1, one
would need evaluations of f and its derivatives again. This would be unattractive given that we consider f to
be more difficult to evaluate than g.
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• The magenta terms in Def. 1 distinguish the algorithm that we propose here from the one in [33]. These extra
terms will be the reason that we can construct schemes with less stages while keeping the order of convergence.

As in [33, Thm. 2.1], Def. 1 yields a multiderivative Runge-Kutta method in the case that g ≡ 0, with Butcher
tableaux

A{k} := Rβ{k}, 0 ≤ k ≤ m− 1, (2.4)

where

R := (Id−α− γ)
−1
. (2.5)

Typically, we will indicate schemes by giving A, α and γ rather than the β.

2.2 Schemes

Based on the order conditions to be shown in Sec. 3, we have developed a couple of novel schemes. In particular,
here, we present

• a class of two-stage, third-order two-derivative schemes depending on a parameter ξ, called Mul3s2m2(ξ)

• a four-stage, fourth-order two-derivative scheme, called Mul4s4m2,

• a three-stage, fourth-order three-derivative scheme, called Mul4s3m3.

Third order two-stage two-derivative scheme Mul3s2m2(ξ) Let ξ ∈ R6=
−1
6 be a free parameter and define

c1 := 2ξ +
1

3
, ḃ1 =

3ξ

6ξ + 1
, ḃ2 =

1/2

6ξ + 1
.

Then, the Butcher-tableaux of the schemes are defined by

A{0} =




0
c1 0
1 0 0


 , A{1} =




0
ξ 0

ḃ1 ḃ2 0


 . (2.6)

If we set α =




0
0 0
0 1 0


, and γ = 0, then it can be deduced from the order conditions to be presented in Sec. 3

that the multirate scheme with β = R−1A and β̇ = R−1Ȧ is third-order convergent.

Fourth order four-stage two-derivative scheme Mul4s4m2 This scheme, and also the next scheme, have
been developed by solving the simplified order conditions, see Thm. 2, numerically in Matlab with the help of fsolve.

A{0} =




0 0 0 0 0
0.644528962237943 0 0 0 0

0 0.793930203564751 0 0 0
0 0.651368938661906 0.234630026296709 0 0

0.368783295148086 0.361990106948867 0.147750352586748 0.121476245316299 0



, (2.7)
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A{1} =




0 0 0 0 0
0.019204137009700 0 0 0 0

0 1.074197913721907 0 0 0
0 −0.328894199359934 −0.868581157332243 0 0

0.046047593117438 −0.004291996212853 0 0 0




(2.8)

α is set to α =




0
0 0
0 1 0
0 0 1 0


, and γ = 0.

Fourth-order three-stage three-derivative scheme Mul4s3m3

A{0} =




0 0 0 0
1.009283680769299 0 0 0
3.720878355840538 −2.718495837492225 0 0

1 0 0 0




A{1} =




0 0 0 0
0.253296309203584 0 0 0
−3.356309948891324 −2.584529228478059 0 0
−0.331202647364177 0.855031437707487 −0.023828790343315 0




A{2} =




0 0 0 0
0.075395834891222 0 0 0
0.989887257282753 1.428802815206199 0 0
−0.297547643762234 −0.882455016628254 0.507585613307806 0




(2.9)

α and γ are set in exactly the same way as for the scheme before. For comparison, please note that the fourth-order
one-derivative scheme presented in [5] has five stages and uses a γ that is different from zero.

3 Order conditions

In this section, we investigate the order of consistency of the scheme presented in Def. 1. Although other approaches
are possible as well, e.g., via generalized additive Runge-Kutta methods [15], we rely very heavily on the approach
presented in [33] and later extended in [5]. As only the magenta terms in Def. 1 change in comparison to [33, 5], it
is clear that the order conditions also look rather similar, with the addition of the multiderivative order conditions.
For comparison, order conditions of up to order four for explicit two derivative schemes are, e.g., given in [9], for
three derivative schemes in [26]; and for one-derivative multirate schemes in [5].

Theorem 1 (Order conditions for scheme in Def. 1). Define D as a diagonal matrix with Dii = di; and b{k} ∈
R1×(s+1) as the last row of A{k}. 1 ∈ R(s+1)×1 denotes a columvector filled with ones. As usual for Runge-Kutta
schemes, define

c
{k}
i =

∑

j

A
{k}
ij .

For notational simplicity, we will set b ≡ b{0} and c ≡ c{0}. Further, we define

c̃ = αc, b̃ = (RD)(s+1), ∈ R1×(s+1),

5



i.e., b̃ denotes the last row of the matrix RD.
Then, the scheme in Def. 1 is of order 1 ≤ q ≤ 4, if it fulfills the following order conditions up to order q:

Order Algebraic condition Elem. diff.
1

1 b1 = 1 F

2 bc+ b
{1}1 = 1

2
fyF

b̃(c+ c̃) = 1 gyF

3 bc
2

+ 2b
{1}
c+ 2b

{2}1 = 1
3

fyy(F, F )

bAc+ b
{1}
c+ bc

{1}
+ b

{2}1 = 1
6

fyfyF

b̃(Id+ α)(Ac+ c
{1}

) = 1
3

gyfyF

3b̃(α+ γ/2)RD(c+ c̃) + b̃D(c+ 2c̃) = 1 gygyF

bRD(c+ c̃) + 2b
{1}
c+ 2b

{2}1 = 1
3

fygyF

b̃(c
2

+ c̃
2

+ c · c̃) = 1 gyy(F, F )

4 4bc
3

+ 12b
{1}
c
2

+ 24b
{2}
c+ 24b

{3}1 = 1 fyyy(F, F, F )

12bRD(c+ c̃)c+ 12b
{1}

(2c
2

+RD(c+ c̃))

+ 72b
{2}
c+ 72b

{3}1 = 3 fyy(gyF, F )

24bcAc+ 24bcc
{1}

+ 24b
{1}
Ac

+24b
{1}
c
{1}

+ 24b
{1}
c
2

+ 72b
{2}
c+ 72b

{3}1 = 3 fyy(F, fyF )

12bAc
2

+ 24bA
{1}
c+ 12b

{1}
c
2

+ 24b
{2}
c+ 24bc

{2}
+ 24b

{3}1 = 1 fyfyy(F, F )

24bA
2
c+ 24bAc

{1}
+ 24bA

{1}
c+ 24b

{1}
Ac+ 24b

{1}
c
{1}

+ 24bc
{2}

+ 24b
{2}
c+ 24b

{3}1 = 1 fyfyfyF

12bARD(c+ c̃) + 24bA
{1}
c+ 12b

{1}
RD(c+ c̃)

+24bc
{2}

+ 24b
{2}
c+ 24b

{3}1 = 1 fyfy(gy)F

4bRD(c
2

+ c̃
2

+ cc̃) + 12b
{1}
c
2

+ 24b
{2}
c+ 24b

{3}1 = 1 fygyy(F, F )

12bRD(Id+ α)(Ac+ c
{1}

)

+24b
{1}

(Ac+ c
{1}

) + 24b
{2}
c+ 24b

{3}1 = 1 fygyfyF
4bRD

(
3(α+ γ

2
)RD(c+ c̃) +D(c+ 2c̃)

)

+12b
{1}
RD(c+ c̃) + 24b

{2}
c+ 24b

{3}1 = 1 fygygyF

b̃(c
3

+ c
2
c̃+ cc̃

2
+ c̃

3
) = 1 gyyy(F, F, F )

b̃
(
(4 + 8α)c̃+ (8 + 4α)c

)
� (Ac+ c

{1}
) = 3 gyy(F, fyF )

6b̃(Id+ α)(Ac
2

+ 2A
{1}
c+ 2c

{2}
) = 1 gyfyy(F, F )

6b̃(Id+ α)(2AAc+ 2Ac
{1}

+ 2A
{1}
c+ 2c

{2}
) = 1 gyfyfyF

b̃
(

6(Id+ α)(ARD(c+ c̃) + 2A
{1}
c+ 2c

{2}
)
)

= 1 gyfygyF

b̃
(

6αRD(c+ c̃)
2

+ γRD(c+ c̃)(4c+ 2c̃) + 6Dc̃c+ 3Dc
2

+ 3Dc̃
2
)

= 3 gyy(F, gyF )

b̃
(

4(α+ γ
2

)RD(c
2

+ c̃
2

+ cc̃) + 3Dc̃
2

+ 2Dc̃c+Dc
2
)

= 1 gygyy(F, F )

b̃
(

12(α+ γ
2

)RD(Id+ α)(Ac+ c
{1}

) +D(4Id+ 8α)(Ac+ c
{1}

)
)

= 1 gygyfyF

b̃
(
4(α+ γ

2
)RD(3(α+ γ

2
)RD(c+ c̃) +D(c+ 2c̃))

+D(6α+ 2γ)RD(c+ c̃) +D
2
(c+ 3c̃)

)
= 1 gygygyF

Proof. The proof of these order conditions is in big parts very similar to the proof in [33]; it can be found in the
appendix.

1
Elementary differential
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The order conditions presented here are rather lengthy; it is 27 conditions for order four. It has been realized
in [33] that some older methods can be cast into the framework of Def. 1 with a particular definition of α and γ,
that is called ’Property A’ in [33] and (slightly specialized) ’MIS-KW’ in [5]. This property A is also very helpful
in our setting:

Theorem 2. For meaning of the variables, consult Thm. 1. Let γ = 0, and let α be such that αij ∈ {0, 1}, and∑s+1
j=1 αij ∈ {0, 1}, see [33, Def. 5.1]. Then, the scheme in Def. 1 is of order 1 ≤ q ≤ 4, if it fulfills the following

order conditions up to order q:

Order Algebraic condition Elem. diff.

1 b1 = 1 F

2 bc+ b
{1}1 = 1

2
fyF

3 bc
2

+ 2b
{1}
c+ 2b

{2}1 = 1
3

fyy(F, F )

bAc+ b
{1}
c+ bc

{1}
+ b

{2}1 = 1
6

fyfyF

b̃(Id+ α)(Ac+ c
{1}

) = 1
3

gyfyF

4 4bc
3

+ 12b
{1}
c
2

+ 24b
{2}
c+ 24b

{3}1 = 1 fyyy(F, F, F )

24bcAc+ 24bcc
{1}

+ 24b
{1}
Ac

+24b
{1}
c
{1}

+ 24b
{1}
c
2

+ 72b
{2}
c+ 72b

{3}1 = 3 fyy(F, fyF )

12bAc
2

+ 24bA
{1}
c+ 12b

{1}
c
2

+24b
{2}
c+ 24bc

{2}
+ 24b

{3}1 = 1 fyfyy(F, F )

24bA
2
c+ 24bAc

{1}
+ 24bA

{1}
c+ 24b

{1}
Ac+ 24b

{1}
c
{1}

+24b
{2}
c+ 24bc

{2}
+ 24b

{3}1 = 1 fyfyfyF

12bRD(Id+ α)(Ac+ c
{1}

) + 24b
{1}

(Ac+ c
{1}

)

+24b
{2}
c+ 24b

{3}1 = 1 fygyfyF

b̃
(
(4Id+ 8α)c̃+ (8Id+ 4α)c

)
� (Ac+ c

{1}
) = 3 gyy(F, fyF )

6b̃(Id+ α)(Ac
2

+ 2A
{1}
c+ 2c

{2}
) = 1 gyfyy(F, F )

6b̃
(

(Id+ α)(2AAc+ 2Ac
{1}

+ 2A
{1}
c+ 2c

{2}
)

= 1 gyfyfyF

b̃
(

12αRD(I + α)(Ac+ c
{1}

) +D(4 + 8α)(Ac+ c
{1}

)
)

= 1 gygyfyF

Proof. The proof is very similar to the one of [33, Thm. 5.1]. In particular, one can use the same identities

c̃k = αck, k ≥ 1, D = C − C̃,

where C and C̃ are diagonal matrices with c and c̃, respectively, on the diagonals. For the conditions up to order
three, the procedure is the same as in [33], with the obvious incorporation of the multiderivative parts. For order
four then, it is straightforward to see that the conditions corresponding to the elementary differentials gyyy(F, F, F ),
gygyy(F, F ), gyy(gyF, F ) and gygygyF are equivalent to cs+1 = 1 which, then again, is equivalent to b1 = 1. The
conditions corresponding to the elementary differentials fyygyF , fygyy(F, F ) and fygygyF are equivalent to the one
corresponding to fyyy(F, F, F ). The ones corresponding to fyfygyF are equivalent to the ones of fyfyy; and the
ones of gyfygyF are equivalent to the ones of gyfyy(F, F ).

Lemma 1. Under the assumptions of Thm. 2, there is no two stage scheme (s = 2) of order four, even not with
higher derivatives.

Proof. The conditions corresponding to gyy(fyF, F ) and gygyfyF cannot be fulfilled simultaneously under these
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assumptions, as they will lead to

A
{1}
31 +A

{1}
32 −A

{0}
21 (A

{0}
31 − 1) =

3

8
,

A
{1}
31 +A

{1}
32 −A

{0}
21 (A

{0}
31 − 1) =

1

4

which obviously cannot be fulfilled simultaneously.

4 Stability regions

To analyze the stability of the methods, we apply, as is customary for IMEX schemes [2], our developed schemes to
the model equation

y′(t) = iµy(t) + λy(t),

where i denotes the imaginary unit and µ ∈ R, λ ∈ R are assumed to be constants. This equation is a prototype of a
convection-diffusion equation, as the eigenvalues of a pure convection operator lie on the imaginary axes, and those
of a pure diffusion operator on the (negative) real axis. In [33, Sec. 5.1], a similar problem has been considered.

The term f(y) := iµy is assumed to be the slow part; the second term g(y) := λy the fast part. We follow the
steps of [33] and observe that for some given constant c, the solution to y′ = c+ λy is given by

y(t) = eλty0 + tφ(λt)c,

with φ(z) := e
z−1
z . Applying this to (2.2), one finds that

Yni(∆t) =ediλ∆t


yn +

i−1∑

j=1

αij(Ynj(∆t)− yn)




+ φ(diλ∆t)



i−1∑

j=1

γij
(
Ynj(∆t)− yn

)
+

m−1∑

k=0

i−1∑

j=1

∆tk+1β
{k}
ij (iµ)k+1Ynj(∆t)


 .

Recursively unfolding this to Yn,s+1 yields the stability function R(λ̃, µ̃) as a function of µ̃ := i∆tµ and λ̃ := ∆tλ.
For the schemes presented in this work, we have plotted the stability regions in Fig. 1. The first to notice is that

the stability regions incorporate the whole negative real axis. This means that the splitting method is consistent
so that if one solved exactly the fast part, it does not give rise to any stability problems. The second observation
is that the stability region is smaller for higher-order methods. Lastly, for the same order of accuracy, the stability
region is larger for schemes with more stages. This is because having more stages provides more degrees of freedom
to select the coefficients, potentially leading to a larger stability region.

Let us note that all the developments in this section are based on the assumption that the fast part is solved
exactly or with high order temporal schemes combined with a really small time step. In practice, this is not always
possible. In this case, the stability regions will also depend on the method used to solved the stiff terms.

5 Numerical results

Please note that in principle, multirate schemes are agnostic to the fine solver. This is also the case for this work
here. For the numerical results, the fine solver is either a standard RK4 with timestepsize ∆τ = ∆t

M for some given
M ; or it is exactly integrated through a highly resolved numerical computation.
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Mul3s2m2(ξ = 1/12)
Mul4s4m2
Mul4s3m3

Figure 1: Stability domains for the different methods presented in this work, i.e., parts of the domain where there
holds |R(λ̃, µ̃)| ≤ 1. For this picture, we treat the part λy as the ’fast’ (i.e., stiff) part. It can be seen very well that
all the schemes encompass the negative real axis, which is natural, as the λy part is treated exactly.

5.1 A singularly perturbed ODE: van der Pol equation

In this section, we discuss numerical results for the van der Pol equation

y′1(t) = y2(t), y′2(t) =
1

ε

(
(1− y1(t)2)y2(t)− y1(t)

)
, (5.1)

y1(0) = 2, y2(0) = − 2

3
+

10

81
ε− 292

2187
ε2. (5.2)

Van der Pol’s equation constitutes a singularly perturbed problem as ε→ 0, making it particularly challenging for a
numerical solver to accurately resolve the solution. For ε→ 0, stiffness increases. The initial conditions are chosen
in such a way that the solution is asymptotically smooth as ε→ 0 and final time Tend small enough, so we do not
have to deal with any sharp gradients that spoil the numerical solution [17]. We integrate until time Tend = 0.5,
which is small enough for having solutions without sharp gradients. The numerical error is then defined as the
Eulerian norm of the difference of exact and numerical solution at time Tend. As is frequently done in the context
of IMEX schemes, see, e.g., [6], we set non-stiff and stiff parts as

f(y) =

(
y2(t)

0

)
, g(y) =

1

ε

(
0

(1− y1(t)2)y2(t)− y1(t)

)
.

In Fig. 2, we report on numerical results using the third-order scheme (2.6) with ξ = 1
12 (Mul3s2m2(1/12))

for various ε. First (top picture left), we assess the quality of the outer iteration, and we set the resolution of the
pseudo-time τ in (2.2) to be an exact solution (as there is no exact analytical solution to the van der Pol equation, a
very highly resolved numerical computation is used). For the other three pictures, we use the classical Runge-Kutta
4 (RK4) scheme for the inner iteration using a ∆τ = ∆t

M with M = 4 (top right), M = 10 (bottom left) and M = 1
ε

(bottom right). Values not plotted are NaN, hence, the method was not stable in this case. For the case with an
exact fast solver, it is clearly visible that the method converges with order three for larger values of ε (’non-stiff
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case’), which is to be expected based on the analysis from Sec. 3. For the smaller ε, order reduction appears due
to the stiff nature of the problem. Furthermore, for increasing stiffness, more iterations on the fast solver need to
be done for the method to be stable. Obviously, this is not unexpected for a fully explicit scheme. In particular,
only for ∆τ = ε∆t, so a highly-resolved fast solver, there is no convergence issue at all. Also ∆τ =

√
ε∆t has been

checked, this did not lead to a uniformely stable scheme throughout the ε-values considered. The message at this
point is pretty clear, it is that the multirate scheme, in combination with a fully explicit interior scheme, is only
useful for moderately stiff problems, or in combination with an implicit fast solution process.
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Figure 2: Numerical results for the van der Pol equation (5.1), generated using the third-order two-derivative
multirate scheme (2.8) with a value of ξ = 1

12 . Integration of the pseudo-time τ is done using an RK4 scheme with

∆τ = ∆t
M with M = 4 (top right), M = 10 (bottom left) and M = 1

ε (bottom right). Please note that values not
plotted were NaN, i.e., the overall method was not stable there.

From now on, we will hence only consider moderately stiff problems, i.e., we make the somewhat arbitrary
choice of 10−2 ≤ ε ≤ 1. In Fig. 3 on the left, we compute solutions to van der Pol equation (5.1) using the fourth-
order two-derivative scheme Mul4s4m2 given in (2.8). The pseudo-time τ is integrated using an RK4-scheme with
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Figure 3: Numerical results for the van der Pol equation (5.1), generated using the fourth-order two-derivative
multirate scheme (2.8) (left) and the fourth-order three derivative multirate scheme (2.9) (right). Integration of the
pseudo-time τ is done using an RK4 scheme with ∆τ = ∆t

10 . Please note that values not plotted were NaN, i.e., the
method was not stable there.

∆τ = ∆t
10 . For ε considered here, this is enough to guarantee stability for all values of ∆t considered. It is visible

from the numerical results that the error converges with the design order of the scheme, which is four in this case.
Fig. 3 on the right shows numerical results for the fourth-order three-derivative scheme Mul4s3m3, see (2.9). For
large ∆t and ε = 10−2, the scheme has stability issues. This is not surprising given the size of the stability region
shown in Sec. 4.

5.2 Stiff hyperbolic equation

To examine the properties of the method more closely, we consider in this section the following prototypical stiff
hyperbolic equation, taken from [29]:

wt +Awx = 0, (x, t) ∈ [0, 2π]× [0, Tend] (5.3)

with

A =



a 1 0
1

ε
2 a 1

ε
2

0 1 a




for some given parameter a > 0 (that we choose a = 1 in the numerical experiments). Tend is set to 0.5. Boundary
conditions are assumed to be periodic; as initial conditions, we choose

w(x, 0) =



e− sin(x)

e− sin(x)
2

cos(x)


 .
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This hyperbolic system has the three wave speeds a and a±
√

2
ε . For ε� 1, there is a slow wave speed (mimicking

the ’convective’ wave speed of the Euler equations) and two fast wave speeds (the equivalent for Euler equations
would be the ’acoustic’ wave speeds). Using an explicit time integration scheme on this equation, such as, e.g.,
explicit Euler, would result in the timestep restriction

∆t . ∆x

a+
√

2
ε

= O (ε∆x) .

As in [29, Sec. 4], we split the matrix A into A = Â+ Ã, with

Â =



a ε 0
1
ε a 1

ε
0 ε a


 , Ã =




0 1− ε 0
1−ε
ε
2 0 1−ε

ε
2

0 1− ε 0


 .

The wavespeeds of Â are a and a±
√

2; the wavespeeds of Ã are 0 and ±
√

2(1−ε)
ε . In the following, the contribution

Âwx is treated as the non-stiff part, and Ãwx as the stiff part. We discretize the equation in space through a
standard first-order Finite Volume method with a local Lax-Friedrichs / Rusanov numerical flux.
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Figure 4: Numerical results to the hyperbolic problem (5.3) using a first-order Finite Volume scheme with a local
Lax-Friedrichs/Rusanov flux, hence the first-order convergence. As time integration, Mul3s2m2 is chosen. We use
M = 1, M = 5 and M = 56 for ε = 1, ε = 0.1 and ε = 0.01, respectively. The errors are scaled by the norm of the
solution, which is ε−dependent.

In Fig. 4, we plot numerical results for the problem integrated with the third-order Mul3s2m2(1/12) scheme.
As basis for our investigations, we use the non-stiff CFL condition

∆t . ∆x

a+
√

2
.

This leads to an initial setup of 20 spatial cells and 5 time steps; which is then multiplied by two in each subsequent
iteration. To choose ∆τ , we need the stiff CFL condition

∆τ . ∆x
ε√

2(1− ε)
.
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This leads to M = 1, M = 5 and M = 56 for ε = 1, ε = 0.1 and ε = 0.01, respectively. ∆τ is then defined as
∆τ = ∆t

M . It can be clearly seen from the numerical results that the resulting algorithm is stable.

5.3 Diffusion-dominated equation

We consider the viscous Burgers’ equation to study the effect of multirate schemes on diffusion-dominated equations.
The equation is given by:

ut = −∂xf(u) + ν∂xg(ux), (5.4)

where x ∈ [0, 2π] and ν is the diffusion coefficient. The functions f and g are defined by f(u) = u
2

2 and g(q) = qx,
respectively. Let the initial condition be

u(x, 0) = u0(x), (5.5)

with periodic boundary conditions.
For ν > 0, an exact solution to Eqs. (5.4) and (5.5) exists, and it is obtained using the Cole-Hopf transformation

[18]. Classical explicit time-stepping schemes require a timestep

∆t = O
(

∆x2

ν

)
, (5.6)

for highly diffusive problems in order to maintain stability. Upon treating the nonlinear convection (f) as the
non-stiff part and the diffusion (g) as the stiff part, the timestep restriction can be brought down to

∆t = O (∆x) . (5.7)

As diffusivity increases, the number of fast steps (M) can be adjusted accordingly to ensure stability while main-
taining the new timestep condition (5.7).

The spatial part is discretized using the discontinuous Galerkin spectral element method (DGSEM) [23] with
BR1 lifting procedure [4, 27] for the diffusion terms and global Lax-Friedrichs numerical flux for the convective
part. Therefore, the second-order equation (5.4) is reduced to a first-order equation using an auxiliary variable q.
The equations are given by

q = ∂xu, ut = −∂xf(u) + ∂xg(q). (5.8)

Divide the spatial domain Ω = [0, 2π] into Ne non-overlapping mesh elements as follows

Ω =

Ne⋃

e=1

Ωe.

Let T be the set of all mesh elements Ωe, 1 ≤ e ≤ Ne, and ∂T be the set of all mesh element boundaries ∂Ωe.
Define the space of broken polynomial as follows:

VNp
:=

{
v ∈ L2(Ω)

∣∣∣ v|Ωe
∈ ΠNp

(Ωe) , 1 ≤ e ≤ Ne
}
,

where the space ΠNp
(Ωe) denotes polynomials of degree at most Np. As basis functions, DGSEM uses the La-

grangian basis functions on Gaussian nodes. We define the following bilinear operators

(a, φ)T :=

Ne∑

e=1

∫

Ωe

aφ dx, 〈a, φ〉∂T :=

Ne∑

e=1

(
aφ
∣∣∣
∂Ωe

)
,
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for functions a, φ ∈ VNp
. Let the average value and the jump, respectively, of a function at a boundary be represented

by

{
h(u)

}
:=

h(uL) + h(uR)

2
,

[
h(u)

]
:= h(uL)− h(uR),

where values uL and uR are the left and right values derived from the neighboring elements of a boundary ∂Ωe,
respectively. Then, the discontinuous Galerkin variational form of equation (5.8) is given by

(q, ψ)T = − (u, ψx)T +
〈
{u} , ψ

〉
∂T ,

(ut, φ)T =
1

2

(
u2, φx

)
T
− 1

2

〈
{u2}+ [u] , φ

〉
∂T︸ ︷︷ ︸

non-stiff

− (νq, φx)T +
〈
{νq} , φ

〉
∂T︸ ︷︷ ︸

stiff

,

for all ψ, φ ∈ VNp
. The non-stiff part is hence given by

(
uNSt , φ

)
T

=
1

2

(
u2, φx

)
T
− 1

2

〈
{u2}+ [u] , φ

〉
∂T

, (5.9)

and the stiff part is given by

(
uSt , φ

)
T

= − (νq, φx)T +
〈
{νq} , φ

〉
∂T . (5.10)

In this test case, we restrict our results to the two-derivative multirate schemes. The second derivative of the
non-stiff term is evaluated using the Lax-Wendroff procedure through

uNStt = −∂t
(
∂xf(u)

)
= −∂x

(
∂tf(u)

)
= −∂x

(
f ′(u)ut

)
,

and the variational form is given by

(
uNStt , φ

)
T

= (uut, φx)T +

〈
{−uut} −

1

2
[ut] , φ

〉

∂T
. (5.11)

The two-derivative multirate method uses the discretized fluxes from equations (5.9), (5.10), and (5.11) to perform
time integration. The DGSEM approximates the exact integrations in equations (5.9), (5.10), and (5.11), using the
same quadrature nodes employed in constructing the one-dimensional Lagrange interpolation polynomials. Refer
to [34] for the detailed formulation of the DGSEM method.

In Fig. 5, the results for the two-derivative multirate schemes are shown for the viscous Burgers equation (5.4)
with the initial condition

u0(x) = sin2(x).

The third-order (Mul3s2m2 (1/12)) multirate scheme is combined with DGSEM with Np = 2, and the fourth-order
(Mul4s4m2) multirate scheme is combined with DGSEM with Np = 3 to achieve overall accuracies of three and
four, respectively. For a given set of spatial discretization parameters, the timestep for the multirate scheme is
calculated using equation

∆t = CFLscale ·
∆x

(2Np + 1) min(u)
,
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Figure 5: Numerical results for the viscous Burgers’ equation (5.4) with u0(x) = sin2(x) are shown for a two-
derivative third-order (Mul3s2m2 (1/12)) multirate scheme (left) and a two-derivative fourth-order (Mul4s4m2)
multirate scheme (right). The L2-error is plotted against the mesh size ∆x, for a fixed CFLscale = 0.9 for the
third-order scheme and CFLscale = 0.25 for the fourth-order scheme. The error is evaluated at Tend = 0.5 in
comparison to the exact solution [18]. The DGSEM spatial discretization method is used, with Np = 2 for the
third-order scheme and Np = 3 for the fourth-order scheme. The dashed black thick line represents convergence
orders of three (left) and four (right). Results are shown for various diffusion coefficients ranging from ν = 0.005 to
ν = 1, with their required fast steps (M).

where CFLscale is a value less than one, ∆x is the mesh size, and min(u) is the minimum eigenvalue of the convective
flux. The CFLscale for the Mul3s2m2 (1/12) scheme is set to 0.9. However, CFLscale for the Mul4s4m2 scheme
is set to 0.25 due to its narrow stability region (see Fig. 1). The L2-error is plotted against the mesh size ∆x in
Fig. 5. The error is evaluated at Tend = 0.5 in comparison to the exact solution [18]. As diffusivity increases, the
schemes require more fast steps (M). Although the required number of steps M depends on spatial discretization,
we have chosen a value of M large enough to work for all chosen mesh sizes. The convergence plots are shown for
Ne = {5, 10, 20, 40, 60, 80, 160}. It can be seen in Fig. 5 that the multirate-DGSEM exhibits the desired convergence
order for almost all the diffusion coefficients considered.

6 Conclusion and outlook

In this paper, we focused on differential equations containing both stiff and non-stiff terms. These equations
are challenging because they typically require a very small time step for the entire equation, even though only
some terms necessitate it. To address this issue, we presented a multiderivative scheme that incorporates multiple
derivatives of the stiff part. The idea behind this scheme is to solve the non-stiff terms with a large time step while
solving the stiff part exactly or with a very small time step. This approach is particularly relevant when the term
with a small time characteristic is less computationally intensive than the other terms.

This class of temporal schemes has been previously studied, but only for single derivatives. We proposed
schemes that include up to three derivatives of the non-stiff term and derived the order conditions to develop
temporal methods up to order four. We presented three schemes that vary in the number of stages and derivatives.
The stability regions were demonstrated using a classical convection-diffusion problem, where the eigenvalues of the
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stiff terms are purely real, while others are imaginary. Additionally, these schemes were tested on two benchmarks,
confirming their order and precision.

Future work is on extending the framework to more realistic settings, e.g., for the compressible Navier-Stokes
equations at low Mach numbers, or the shallow water equations at low Froude numbers. In particular, it seems
challenging to choose fast-scale solvers that are efficient and keep the stability region as close to the ’exact’ stability
region as possible.
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[26] Mukaddes Ökten Turaci and Turgut Öziş. Derivation of three-derivative Runge-Kutta methods. Numerical
Algorithms, 74(1):247–265, 2017.

17



[27] Sigrun Ortleb. A comparative Fourier analysis of discontinuous Galerkin schemes for advection–diffusion with
respect to BR1, BR2, and local discontinuous Galerkin diffusion discretization. Mathematical Methods in the
Applied Sciences, 43(13):7841–7863, 2020.

[28] Adrian Sandu. A class of multirate infinitesimal GARK methods. SIAM Journal on Numerical Analysis,
57(5):2300–2327, 2019.
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7 Appendix: Proof of the order conditions

In this appendix section, we prove Thm. 1. The proof goes very much along the lines of [33, Sec. 3], most of
equations are very similar. However, some of the details vary, which is why we provide it here. The notation used
is the notation from [33]. We restrict ourselves to four derivatives at most, i.e., m ≤ 4. The function Zni from (2.2)

is a function of τ and ∆t, obviously. As in [33], we define Z(k,l) to be the k−th derivative of Z in direction τ , and

the l−th derivative of Z in direction of ∆t. Y (l) denotes the l−th derivative of Y in direction ∆t. Evaluation is in
both cases at τ = ∆t = 0. By (f{k})l, we denote the l−th derivative of f{k}(Y ) in direction ∆t. The understanding

is that (f{k})l is zero if l < 0. If l = 0, we assume (f{k})0 = f{k}; consult (2.3) for the definition.
With these defintions, there holds

Z
(0,l)
ni =

∑

j

αijY
(l)
nj , l ≥ 1

Z
(1,l)
ni =

1

l + 1

∑

j

γijY
(l+1)
nj + dig(Zni)

(0,l) +

m−1∑

k=0

l!

(l − k)!

i−1∑

j=1

β
{k}
ij f{k}(Ynj)

(l−k)

Z
(k,l)
ni =dig(Zni)

(k−1,l), k ≥ 2
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In the matrix notation of [33], this amounts to

Z(0,l) =αY (l), l ≥ 1

Z(1,l) =
1

l + 1
(γ ⊗ I)Y (l+1) + (D ⊗ I)g(Z)(0,l) +

m−1∑

k=0

l!

(l − k)!
(β{k} ⊗ I)f{k}(Y )(l−k)

Z(k,l) =(D ⊗ I)g(Z)(k−1,l), k ≥ 2

Here, Y denotes the upright vector Y = (Yn1, . . . , Yn,s+1)T , and similarly for Z. We understand f{k}(Y ) and similar

expressions as the vector (f{k}(Yn1), . . . , f{k}(Yn,s+1)T . Using the chain rule, we obtain that for Y (κ), there holds

Y (κ) =

κ∑

l=0

(
κ

l

)
Z(l,κ−l)

=

κ∑

l=1

(
κ

l

)
(D ⊗ I)g(Z)(l−1,κ−l) + ((γ + α)⊗ I)Y (κ)

+

m−1∑

k=0

κ!

(κ− k − 1)!
(β{k} ⊗ I)f{k}(Y )κ−k−1.

Upon using the definitions of R and A{k} as in (2.4) and (2.5), we obtain

Y (κ) =

κ∑

l=1

(
κ

l

)
(RD ⊗ I)g(Z)(l−1,κ−l) +

m−1∑

k=0

κ!

(κ− k − 1)!
(A{k} ⊗ I)f{k}(Y )κ−k−1.

In the following, we define

c{k} := A{k}1.

For k = 0, this is the usual definition of the time instances of the stages for Runge-Kutta schemes. For easier

notation, we write c ≡ c{0}. We now go through the terms recursively as in [33].

Zeroth and first order To zeroth and first order, there holds

Y (0) =Z(0,0) = 1⊗ yn,
Y (1) =(RD ⊗ I)g(Z)(0,0) + (A{0} ⊗ I)f{0}(Y )(0) = (RD1)⊗ g + (A{0}1)⊗ f{0}

=c⊗ F.

The last step is true because D1 = β{0}1 due to the balancing condition.

Second order Further, there holds

Z(0,1) =αY (1) = (αc⊗ I)F =: c̃⊗ F,
Z(1,0) =(γ ⊗ I)Y (1) + (β{0} ⊗ I)f{0}(Y )(0) + (D ⊗ I)g(Z)(0,0)
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=(γc⊗ I)F + (β{0}1⊗ I)f{0} + (D1⊗ I)g

=((γc+ β{0}1)⊗ I)F.

Now we have

β1 = R−1A{0}1 = R−1c,

and hence

Z(1,0) = ((γ +R−1)c⊗ I)F = ((I − α)c)⊗ I)F = (c− c̃)⊗ F.
Now, to second order:

Y (2) =

2∑

l=1

(
2

l

)
(RD ⊗ I)g(Z)(l−1,2−l) + 2(A{0} ⊗ I)f{0}(Y )(1) + 2(A{1} ⊗ I)f{1}(Y )(0)

=2(RD ⊗ I)g(Z)(0,1) + (RD ⊗ I)g(Z)(1,0) + 2(A{0} ⊗ I)fyY
(1) + 2(A{1} ⊗ I)f{1}(Y )(0)

=2(RD ⊗ I)gyZ
(0,1) + (RD ⊗ I)gyZ

(1,0) + 2A{0}c⊗ fyF + 2A{1}1⊗ fyF
=2RDc̃⊗ gyF +RD(c− c̃)⊗ gyF + 2A{0}c⊗ fyF + 2c{1} ⊗ fyF
=RD(c+ c̃)⊗ gyF + (2A{0}c+ 2c{1})⊗ fyF.

Third order Continuing with higher-order terms, we obtain

Z(0,2) =αY (2) = αRD(c+ c̃)⊗ gyF + (2αA{0}c+ 2αc{1})⊗ fyF

Z(1,1) =
1

2
(γ ⊗ I)Y (2) + (β{0} ⊗ I)f{0}(Y )(1) + (β{1} ⊗ I)f{1}(Y )(0) + (D ⊗ I)g(Z)(0,1)

=
1

2
(γ ⊗ I)Y (2) + (β{0} ⊗ I)fyY

(1) + (β{1}1)⊗ fyF + (D ⊗ I)gyZ
(0,1)

=
1

2
(γ ⊗ I)Y (2) + βc⊗ fyF + (R−1c{1})⊗ fyF + (Dc̃)⊗ gyF.

Z(2,0) =(D ⊗ I)g(Z)(1,0) = (D ⊗ I)gyZ
(1,0) = D(c− c̃)⊗ gyF.

Now finally, we end up with the third derivative of Y :

Y (3) =

3∑

l=1

(
3

l

)
(RD ⊗ I)g(Z)(l−1,3−l) + 3(A{0} ⊗ I)f{0}(Y )(2)

+ 6(A{1} ⊗ I)f{1}(Y )(1) + 6(A{2} ⊗ I)f{2}(Y )(0)

=(RD ⊗ I)

3∑

l=1

(
3

l

)
g(Z)(l−1,3−l) + 3(A{0} ⊗ I)f(Y )(2)

+ 6(A{1} ⊗ I)f{1}(Y )(1) + 6(A{2} ⊗ I)f{2}(Y )(0). (7.1)

First, the sum is treated. If one realizes that β = R−1A and R−1 = I − α− γ, then in a straightforward way, one
obtains

3∑

l=1

(
3

l

)
g(Z)(l−1,3−l) =

(
c2 + c̃2 + c� c̃

)
⊗ gyy(F, F )
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+
(

3(I + α)(A{0}c+ c{1})
)
gyfyF

+

(
3(α+

γ

2
)RD(c+ c̃) +D(c+ 2c̃)

)
gygyF.

Now we treat the remainder of (7.1). Before doing this, we make the following computation about the Jacobian of
the first total derivative:

f{1}y =(fyF )y = (fy(f + g))y = fyfy + fygy + fyyF,

Furthermore, there holds

f{2} = fyy(F, F ) + fyFyF.

Hence,

3(A{0} ⊗ I)f{0}(Y )(2) + 6(A{1} ⊗ I)f{1}(Y )(1) + 6(A{2} ⊗ I)f{2}(Y )(0)

=3(A{0} ⊗ I)
(
fyy(Y (1), Y (1)) + fyY

(2)
)

+ 6(A{1} ⊗ I)f{1}y Y (1) + 6(A{2} ⊗ I)f{2}(Y )(0)

=3(A{0}c2)⊗ fyy(F, F ) + 3(A{0} ⊗ I)fyY
(2) + 6(A{1}c)⊗ (fyfyF + fygyF + fyy(F, F ))

+ 6A{2}1⊗
(
fyy(F, F ) + fyFyF

)
.

Now, we can collect all terms in Y (3) to conclude:

Y (3) =RD
(
c2 + c̃2 + c� c̃

)
⊗ gyy(F, F )

+RD
(

3(I + α)(A{0}c+ c{1})
)
⊗ gyfyF

+RD

(
3(α+

γ

2
)RD(c+ c̃) +D(c+ 2c̃)

)
⊗ gygyF

+ 3(A{0}c2 + 2A{1}c+ 2A{2}1)⊗ fyy(F, F )

+ 3
(
A{0}RD(c+ c̃) + 2A{1}c+ 2A{2}1

)
⊗ fygyF

+ 3
(

2A{0}A{0}c+ 2A{0}c{1} + 2A{1}c+ 2A{2}1
)
⊗ fyfyF.

Fourth order We conclude this investigation with the conditions for fourth order. The computations are tedious
but straightforward. As we are not aiming for fifth order, we do not go into all the details here.

Z(0,3) =αY (3)

Z(1,2) =
1

3
(γ ⊗ I)Y (3) + (D ⊗ I)g(Z)(0,2) + (β{0} ⊗ I)f{0}(Y )(2)

+ 2(β{1} ⊗ I)f{1}(Y )(1) + 2(β{2} ⊗ I)f{2}(Y )(0)

=
1

3
(γ ⊗ I)Y (3) + (Dc̃2 ⊗ I)gyy(F, F ) + (D ⊗ I)gyZ

(0,2)

+ (β{0}c2 ⊗ I)fyy(F, F ) + (β{0} ⊗ I)fyY
(2)
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+ 2(β{1} ⊗ I)f{1}y Y (1) + 2(β{2} ⊗ I)f{2}(Y )

Z(2,1) =(D ⊗ I)g(Z)(1,1) = (D ⊗ I)
(
gyy(Z(0,1), Z(1,0)) + gyZ

(1,1)
)

=(Dc̃� (c− c̃)⊗ I)gyy(F, F ) + (D ⊗ I)gyZ
(1,1)

Z(3,0) =(D ⊗ I)g(Z)(2,0) = (D ⊗ I)
(
gyy(Z(1,0), Z(1,0)) + gyZ

(2,0)
)

=(D(c− c̃)2 ⊗ gyy(F, F ) +DD(c− c̃)⊗ gygyF

Finally, with this, one can derive the fourth-order conditions to be

Y (4) =

4∑

l=1

(
4

l

)
(RD ⊗ I)g(Z)(l−1,4−l)

+ 4(A{0} ⊗ I)f{0}(Y )(3) + 12(A{1} ⊗ I)f{1}(Y )(2)

+ 24(A{2} ⊗ I)f{2}(Y )(1) + 24(A{3} ⊗ I)f{3}(Y )(0).

Please note that there holds

f{0}(Y )(3) =fyyy(Y (1), Y (1), Y (1)) + 3fyy(Y (2), Y (1)) + fyY
(3),

f{1}(Y )(2) =fyyy(Y (1), Y (1), F ) + fyy(Y (2), F ) + 2fyy(Y (1), FyY
(1))

+ fyFyy(Y (1), Y (1)) + fyFyY
(2)

f{2}(Y )(1) =fyyy(Y (1), F, F ) + 2fyy(FyY
(1), F ) + fyy(Y (1), fyF )

+ fyfyy(Y (1), F ) + fyfyFyY
(1) + fyy(Y (1), gyF )

+ fygyy(Y (1), F ) + fygyFyY
(1).

Now, upon observing that

4∑

l=1

(
4

l

)
(RD ⊗ I)g(Z)(l−1,4−l)

=4(RD ⊗ I)g(Z)(0,3) + 6(RD ⊗ I)g(Z)(1,2) + 4(RD ⊗ I)g(Z)(2,1) + (RD ⊗ I)g(Z)(3,0)

and

g(Z)(0,3) =gyyy(Z(0,1), Z(0,1), Z(0,1)) + 3gyy(Z(0,2), Z(0,1)) + gyZ
(0,3)

g(Z)(1,2) =gyyy(Z(1,0), Z(0,1), Z(0,1)) + 2gyy(Z(0,1), Z(1,1)) + gyy(Z(1,0), Z(0,2)) + gyZ
(1,2)

g(Z)(2,1) =gyyy(Z(1,0), Z(1,0), Z(0,1)) + 2gyy(Z(1,1), Z(1,0)) + gyy(Z(2,0), Z(0,1)) + gyZ
(2,1)

g(Z)(3,0) =gyyy(Z(1,0), Z(1,0), Z(1,0)) + 3gyy(Z(2,0), Z(1,0)) + gyZ
(3,0),

one can in a straightforward way obtain the order conditions as in Thm. 1.
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Abstract

In this paper, we analyze two-derivative IMEX (implicit/explicit) schemes applied to the isentropic Euler equations. In particular,
we investigate a broad range of stiffness, varying from a weakly compressible regime (ε � 1) to a fully compressible regime
(ε ≈ 1). The high-order discontinuous Galerkin spectral element method is used as spatial discretization. We prove that the
considered two-derivative IMEX schemes for the splitting described in [Degond, Tang, 2011] are asymptotically preserving. We
show experimentally that the schemes are stable and convergent under a convective CFL condition independent of the stiffness
parameter ε.

Keywords: Asymptotic preserving, isentropic Euler, IMEX schemes, discontinuous Galerkin, predictor-corrector schemes

1. Introduction

Solving partial differential equations (PDE) is an ubiquitous task in computational modelling of all sorts of physi-
cal phenomena. In particular, it is of greatest importance in fluid dynamics. Approximating PDEs is a widely studied
field, yet there are still open issues and challenges. Solving time-dependent conservation equations in fluid dynamics
is highly demanding and, at the same time, computationally expensive. Therefore, new strategies that utilize the most
modern computational architecture are constantly being developed. Generally, the procedure of finding a numerical
solution to these equations starts with discretizing the spatial derivatives in the PDE, resulting in a time-dependent
system of ordinary differential equations (ODE). Then, well-suited timestepping procedures are employed to solve
this system of ODEs numerically.

In many cases, this ODE is stiff, with stiffness arising from, e.g., the equations themselves or the spatial dis-
cretization. Typically, stiffness manifests itself through vast differences in orders of magnitude of the eigenvalues of
the underlying system. In this work, we consider a model for compressible flow of form

wt + ∇ · F(w) = 0, (1)

with a flux term F(w) that depends on the scaled reference Mach number ε that is supposed to be small, see [1, Sec. 2].
In this prototypical equation, the stiffness is hence characterized by ε. In particular, for ε → 0, the eigenvalues are of
vastly different size, see Eq. (4).

Widely used timestepping schemes for compressible fluid equations are explicit schemes due to their easy imple-
mentation and their high efficiency for non-stiff equations. However, the stability restriction that arises from the CFL

Email addresses: arjun.thenerymanikantan@uhasselt.be (Arjun Thenery Manikantan), jochen.schuetz@uhasselt.be (Jochen
Schütz)
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conditions [2] can often force unfeasible bounds on the timestep size. In the case of equation (3), it mandates choosing
the timestep size ∆t to be O(ε∆x), where ∆x is the spatial mesh size. Hence, it is impractical to use a timestep

∆t = O(ε∆x), as ε→ 0.

In this situation, using implicit timestepping schemes [3] helps to overcome timestep restrictions. However, it brings
on the cumbersome task of solving large non-linear algebraic systems of equations. Additionally, if the fluxes are
highly non-linear and/or very stiff, the implicit solver may require many iterations to converge (or not converge at all),
resulting in a longer execution time for the timestepping scheme.

Considering the challenges of timestepping schemes mentioned above, methods that simultaneously leverage the
computational efficiency of an explicit scheme and the unconstrained timestep size requirement from implicit schemes,
are highly demanding. The aforementioned methods that use a split flux evaluation are the implicit-explicit (IMEX)
time-stepping schemes, see, e.g., [4, 5, 6, 7, 8, 9]. The flux function is generally split into stiff and non-stiff parts, i.e.,

wt + ∇ ·
(

FI(w)︸︷︷︸
stiff

+ FE(w)︸︷︷︸
non-stiff

)
= 0. (2)

Then, the stiff and non-stiff parts are evaluated implicitly and explicitly, respectively. The effective way would be to
choose a (nearly) linear stiff part, making the implicit solver work faster, and a non-stiff part, which can give a more
reasonable timestep restriction that is independent of ε, i.e.,

∆t = O(∆x).

Classical time integration schemes are of the one-derivative type, i.e., they rely on the first temporal derivative (wt)
of the problem only. Adding intermediate stages or utilizing solutions from the previous timesteps is the only way
to increase their order of convergence. Devising higher-order schemes using these often comes with the strenuous
chore of solving many order conditions. Also, utilizing solutions from previous timesteps beyond a threshold can
severely affect stability properties. Considering multi-derivative schemes results in simpler order conditions and more
flexibility over coefficients that are to be found. This class of schemes utilizes higher-order derivatives of the problem
(wtt and more), see Eq. (9). For some multiderivative schemes, we refer to [10, 11, 12, 13, 14, 15] and [16, 17, 18] for
some IMEX multi-derivative schemes.

In [16], a two-derivative asymptotic preserving (AP) IMEX scheme for ordinary differential equations, that works
in a predictor-corrector fashion, has been developed. The scheme has been extended later, see [19, 20, 21], and
termed Hermite-Birkhoff Predictor-Corrector (HBPC) scheme. When solving PDEs, time stepping schemes are to be
combined with higher-order spatial discretizations for highly accurate numerical solutions. In [19, 22], the authors
have combined the HBPC scheme with the higher-order Discontinuous Galerkin Spectral Element Methods (DGSEM)
[23] for viscous compressible flow equations.

When numerically solving the singularly perturbed problem (3) for ε � 1, there is the additional difficulty that
for ε → 0, the equations change type (hence singularly perturbed). To be efficient and stable, both temporal and
spatial discretization must take this behavior into account, a property that is called ’asymptotic preservation’ (AP)
[24, 25, 26, 27, 16, 28]. An asymptotically preserving scheme means that the ε→ 0 limit of the numerical solution is
consistent with the solution in the singular limit of the problem (6) for finite values of ∆t and ∆x.

In this paper, we analyze and showcase the effect of IMEX-HBPC schemes [16, 19, 29] combined with DGSEM
[23] spatial discretization on the low-Mach isentropic Euler equations. Considering the reference Mach number ε, the
latter are given by

wt + ∇ · F(w) = 0, where w =

(
ρ
ρv

)
and F(w) =

(
ρv

ρv ⊗ v +
p
ε2 Id

)
. (3)

The system is closed with the equation of state p(ρ) := κργ, where κ > 0 and γ > 1.1 The eigenvalues of the Jacobian
in the direction of some vector n, i.e.,

(
∂F
∂w · n

)
are in two dimensions given by

λ1 = v · n and λ2,3 = v · n ±
√

p′(ρ)
ε

. (4)

1Please note that more general equations of state are possible, as long as p′(ρ) > 0 is guaranteed. The modifications to the analysis are
straightforward.
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To achieve a well-behaved limit of Eq. (3) as ε→ 0 [30], we consider well-prepared initial data

ρ
∣∣∣
t=0 = const + O(ε2) and ∇ · (ρv)

∣∣∣
t=0 = O(ε), (5)

and we assume that the solution w of (3) has a Hilbert expansion, given by

w = w(0) + εw(1) + ε2w(2) + O(ε3).

Formally, for ε→ 0, (3) yields the incompressible Euler equations given by

ρ(0) ≡ const > 0, ∇ · v(0) = 0,

(v(0))t + ∇ · (v(0) ⊗ v(0)) +
∇p(2)

ρ(0)
= 0.

(6)

There exist several well-studied splittings FI and FE in literature, see, e.g., [1, 31, 32] and the references therein. As
developing or comparing splittings is not at the core of this work, we use the splitting of [31], given by

FI(w) =

(
ρv

1−ε2

ε2 pId

)
and FE(w) =

(
0

ρv ⊗ v + pId

)
. (7)

Please note that other splitting choices are possible, and will not alter the algorithm significantly. We show that
the combination of HBPC with DGSEM, applied to this splitting, results in an asymptotically preserving algorithm.
To our knowledge, this is the first result in this direction for a two-derivative scheme. The result can be extended to
more elaborate equations representing compressible flow.

The sections of this paper are structured as follows: In Sec. 2, we introduce the two-derivative IMEX-Taylor
method followed by the semi-discrete and fully-discrete analysis of the method in Sec. 2.1 and Sec. 2.2 to show the
asymptotic preservation. Then, the AP analysis of the IMEX-HBPC schemes is given in Sec. 3. In Sec. 4, we focus
on the solution of the algebraic system of equations. Subsequently, numerical results are shown in Sec. 5. The paper
concludes in Sec. 6 with an outlook.

2. Two-derivative IMEX-Taylor method

The PDE (1) can be formally cast into an ODE of form

wt = −∇ · F(w) =: R(1)(w) (8)

in some infinite dimensional space. The timestepping schemes considered in this work require the second time deriva-
tive of the equation. Hence, we have

wtt =

(
− ∇ · F(w)

)

t
= −∇ ·

(
∂F(w)
∂w

wt

)
= −∇ ·

(
∂F(w)
∂w

R(1)(w)
)

=: R(2)(w). (9)

Consider a general splitting of the flux term in (3) into implicit (I) and explicit (E) parts, given by

F(w) = FI(w) + FE(w), (10)

with FI(w) and FE(w) as defined in (7). Then, in Tab. 1, we define similar notations as in Eqs. (8) and (9) for the split
flux (10). Using the definitions from Tab. 1, we have the split flux PDE cast into the ODE

wt = R(1)
I (w) + R(1)

E (w) (11)

for the first derivative and
wtt = R(2)

I (w,w) + R(2)
E (w) (12)

for the second derivative.
3
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Notation Definition w.r.t a general splitting

R(1)(w) −∇ · F(w)

R(1)
E (w) −∇ · FE(w)

R(1)
I (w) −∇ · FI(w)

R(2)(w) −∇ ·
(
∂F(w)
∂w R(1)(w)

)

R(2)
E (w) −∇ ·

(
∂FE(w)
∂w R(1)(w)

)
= −∇ ·

(
∂FE(w)
∂w

(
R(1)

I (w) + R(1)
E (w)

))

R(2)
I (w̄,w) −∇ ·

(
∂FI(w)
∂w

(
R(1)

I (w) + R(1)
E (w̄)

)
, (Refer to Rem. 1)

Table 1. Definition of notations used in paper.

Remark 1. The idea of IMEX time-stepping schemes is that the explicit flux terms are never inverted. However, when
it comes to multi-derivative schemes, the derivatives of the implicit flux term are forced to carry contributions from
the explicit flux due to their definition, as in the implicit part of wtt given by

− ∇ ·
(
∂FI(w)
∂w

(
R(1)

I (w) + R(1)
E (w)

))
. (13)

Hence, the term (13) indirectly inverts the explicit flux contributions, adversely affecting the schemes. To tackle this
condition of the explicit flux contribution on the higher derivatives of the implicit flux terms, the authors in [29] have
introduced a slightly modified definition of the implicit part of wtt for the use in IMEX schemes. It is given by

− ∇ ·
(
∂FI(w)
∂w

(
R(1)

I (w) + R(1)
E (w̄)

))
=: R(2)

I (w̄,w), (14)

where w̄ will be an explicitly known value in the algorithm, hence preventing explicit contributions from getting
inverted, see, e.g., Eq. (15) below this remark. We utilize the latter definition (14) for the implicit part of wtt in all the
schemes and its analysis provided in the paper.

Algorithm 1 (Two-derivative IMEX-Taylor). Given the solution wn at time instance tn, the solution update at tn+1 by
the two-derivative IMEX-Taylor method is given by

wn+1 := wn + ∆t
[
R(1)

E (wn) + R(1)
I (wn+1)

]
+

∆t2

2

[
R(2)

E (wn) − R(2)
I (wn,wn+1)

]
. (15)

2.1. Semi-discrete asymptotic analysis

We assume that the differential equations are defined on the domain Ω × [0,Tend] with Ω ⊂ R2 and periodic
boundary conditions. As stated in (7), we consider the splitting from [31] (called DeTa in the sequel),

(
ρ
ρv

)

t︸︷︷︸
wt

+∇ ·
(

ρv
1−ε2

ε2 pId

)

︸     ︷︷     ︸
FI(w)

+∇ ·
(

0
ρv ⊗ v + pId

)

︸            ︷︷            ︸
FE(w)

= 0. (16)

Take w = (ρ, u, v)T and w̄ = (ρ̄, ū, v̄)T with the pressures p and p̄ respectively. The derivative of the pressure term is
denoted as p′ = κγργ−1. Expanded definitions of the divergence terms mentioned in Tab. 1 for the DeTa splitting (16)
are given in Tab. 2.
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Notation Definition w.r.t DeTa splitting (16)

R(1)(w) −


ρu
ρu2 + 1

ε2 p
ρuv


x

−


ρv
ρuv

ρv2 + 1
ε2 p


y

R(1)
E (w) −


0

ρu2 + p
ρuv


x

−


0
ρuv

ρv2 + p


y

R(1)
I (w) −



ρu
1−ε2

ε2 p
0


x

−


ρv
0

1−ε2

ε2 p


y

R(2)(w)



(
ρu2 +

p
ε2

)
x

+ (ρuv)y(
−u2 +

p′

ε2

) (
(ρu)x + (ρv)y

)
+ 2u

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)

−uv
(
(ρu)x + (ρv)y

)
+ v

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)
+ u

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)


x

+



(ρuv)x +
(
ρv2 +

p
ε2

)
y

−uv
(
(ρu)x + (ρv)y

)
+ v

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)
+ u

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)

(
−v2 +

p′

ε2

) (
(ρu)x + (ρv)y

)
+ 2v

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)


y

R(2)
E (w)



0(
−u2 + p′

) (
(ρu)x + (ρv)y

)
+ 2u

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)

−uv
(
(ρu)x + (ρv)y

)
+ v

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)
+ u

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)


x

+



0

−uv
(
(ρu)x + (ρv)y

)
+ v

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)
+ u

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)

(
−v2 + p′

) (
(ρu)x + (ρv)y

)
+ 2v

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)


y

R(2)
I (w̄,w)



1−ε2

ε2 px +
((
ρ̄ū2 + p̄

)
x

+ (ρ̄ūv̄)y

)

1−ε2

ε2 p′
(
(ρu)x + (ρv)y

)

0


x

+



1−ε2

ε2 py +

(
(ρ̄ūv̄)x +

(
ρ̄v̄2 + p̄

)
y

)

0
1−ε2

ε2 p′
(
(ρu)x + (ρv)y

)


y

Table 2. Expansion of the divergence terms mentioned in Tab. 1 for the DeTa splitting (16). Let w = (ρ, u, v)T and w̄ = (ρ̄, ū, v̄)T with the pressures
p and p̄ respectively. The derivative of the pressure is denoted as p′, where p′ = κγργ−1.

Definition 1 (Well-prepared numerical solution). Let wn be the numerical solution of Eq.(3) depending on a small
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parameter ε < 1. We say that wn admits an asymptotic expansion in ε at time tn if

wn = wn
(0) + εwn

(1) + ε2 wn
(2) + O(ε3),

where wn
(k), k = 0, 1, 2, . . . , are the asymptotic coefficients. Then, the solution at tn is said to be well-prepared if

ρ n = const + O(ε2), and ∇ · v n = O(ε).

Lemma 1. The quantities ρn+1
(0) and ρn+1

(1) in the asymptotic expansion of ρn+1 in Eq. (17) are constant in space, with
an assumption of well-prepared solution at tn and periodic boundary conditions.

Proof. Substituting the corresponding flux terms from Tab. 2 in the time-stepping scheme (15), we get


ρ
ρu
ρv



n+1

=


ρ
ρu
ρv



n

− ∆t
( 

(ρu)x + (ρv)y
1−ε2

ε2 px
1−ε2

ε2 py



n+1

︸                ︷︷                ︸
−R(1)

I (wn+1)

+



0(
ρu2 + p

)
x

+ (ρuv)y

(ρuv)x +
(
ρv2 + p

)
y



n

︸                       ︷︷                       ︸
−R(1)

E (wn)

)

− ∆t2

2

(


{
1−ε2

ε2 px

}n+1
+

{(
ρu2 + p

)
x

+ (ρuv)y

}n

{
1−ε2

ε2 p′
(
(ρu)x + (ρv)y

)}n+1

0


x

+



{
1−ε2

ε2 py

}n+1
+

{
(ρuv)x +

(
ρv2 + p

)
y

}n

0{
1−ε2

ε2 p′
(
(ρu)x + (ρv)y

)}n+1


y︸                                                                                                        ︷︷                                                                                                        ︸

R(2)
I (wn,wn+1)

)

+
∆t2

2

(


0(
−u2 + p′

) (
(ρu)x + (ρv)y

)
+ 2u

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)

−uv
(
(ρu)x + (ρv)y

)
+ v

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)
+ u

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)



n

x

+



0

−uv
(
(ρu)x + (ρv)y

)
+ v

((
ρu2 +

p
ε2

)
x

+ (ρuv)y

)
+ u

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)

(
−v2 + p′

) (
(ρu)x + (ρv)y

)
+ 2v

(
(ρuv)x +

(
ρv2 +

p
ε2

)
y

)



n

y︸                                                                                                            ︷︷                                                                                                            ︸
R(2)

E (wn)

)
. (17)

Consider the O(ε−2) terms from (17) with well-preparedness assumption on wn. From the density equation, we have

∂xx pn+1
(0) + ∂yy pn+1

(0) = 0, (18)

and from the momentum equations, we have

−∆t∂x pn+1
(0) −

∆t2

2
∂x

(
p′(0)

((
ρ(0)u(0)

)
x +

(
ρ(0)v(0)

)
y

))n+1
= 0,

−∆t∂y pn+1
(0) −

∆t2

2
∂y

(
p′(0)

((
ρ(0)u(0)

)
x +

(
ρ(0)v(0)

)
y

))n+1
= 0.

(19)

Similarly considering the O(ε−1) terms, we get

∂xx pn+1
(1) + ∂yy pn+1

(1) = 0 (20)

from the density equation and

−∆t∂x pn+1
(1) −

∆t2

2
∂x

(
p′(1)

((
ρ(0)u(0)

)
x +

(
ρ(0)v(0)

)
y

)
+ p′(0)

((
ρ(0)u(1) + ρ(1)u(0)

)
x +

(
ρ(0)v(1) + ρ(1)v(0)

)
y

))n+1
= 0,

−∆t∂y pn+1
(1) −

∆t2

2
∂y

(
p′(1)

((
ρ(0)u(0)

)
x +

(
ρ(0)v(0)

)
y

)
+ p′(0)

((
ρ(0)u(1) + ρ(1)u(0)

)
x +

(
ρ(0)v(1) + ρ(1)v(0)

)
y

))n+1
= 0

(21)

6
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from the momentum equations. The O(1) term from the density equation gives

ρn+1
(0) = ρn

(0) − ∆t
((
ρ(0)u(0)

)
x +

(
ρ(0)v(0)

)
y

)n+1 − ∆t2

2

(
∂xx pn+1

(2) + ∂x

((
ρ(0)u2

(0)

)
x

+
(
ρ(0)u(0)v(0)

)
y

)n)

− ∆t2

2

(
∂yy pn+1

(2) + ∂y

((
ρ(0)u(0)v(0)

)
x +

(
ρ(0)v2

(0)

)
y

)n)
, (22)

considering well-prepared assumptions at tn. Since the boundary conditions are set to be periodic, it implies the
existence of Fourier series expansion for pn+1

(0) and pn+1
(1) . Substituting the Fourier series solution in (18) and (20) forces

zero values to the Fourier coefficients. Hence it can be proved that the solutions to (18) and (20) are independent of
space variables. Therefore the equation of state p(ρ) := κργ implies that density terms ρn+1

(0) and ρn+1
(1) are independent

of space variables.
Now integrating Eq. (22) over the spatial domain, we obtain

∫

Ω

ρn+1
(0) − ρn

(0)

∆t
= −

∫

Ω

ρn+1
(0) ∇ ·

(
v(0)

)n+1 − ∆t
2

∫

Ω

∇ · (∇p(2)
)n+1

− ∆t
2

∫

Ω

ρn
(0) ∇ ·

((
u2

(0)

)
x

+
(
u(0)v(0)

)
y ,

(
u(0)v(0)

)
x +

(
v2

(0)

)
y

)n

(
ρn+1

(0) − ρn
(0)

) |Ω|
∆t

= −ρn+1
(0)

∫

∂Ω

n · vn+1
(0) −

∆t
2

∫

∂Ω

n · (∇p(2)
)n+1

− ∆t
2
ρn

(0)

∫

∂Ω

n ·
((

u2
(0)

)
x

+
(
u(0)v(0)

)
y ,

(
u(0)v(0)

)
x +

(
v2

(0)

)
y

)n

⇒ ρn+1
(0) − ρn

(0) = 0 (due to periodic boundary conditions) . (23)

Similarly using the O(ε) terms from the density equation we can obtain

ρn+1
(1) − ρn

(1) = 0. (24)

Hence from Eq. (23) and Eq. (24), we get

ρn+1 = const + O(ε2). (25)

Lemma 2. The quantity vn+1
(0) is divergence free under the assumptions of Lemma 1.

Proof. From Eq. (19), we get

∂x

((
u(0)

)
x +

(
v(0)

)
y

)n+1
= 0

∂y

((
u(0)

)
x +

(
v(0)

)
y

)n+1
= 0


⇒ ∇ · vn+1

(0) = C,

where C ∈ R is a constant. Now substituting ∇ · vn+1
(0) = C in (22) and integrating over the spatial domain gives

0 = −
∫

Ω

ρn+1
(0) C −

∆t
2

∫

Ω

∇ · (∇p(2)
)n+1 − ∆t

2

∫

Ω

ρn
(0) ∇ ·

((
u2

(0)

)
x

+
(
u(0)v(0)

)
y ,

(
u(0)v(0)

)
x +

(
v2

(0)

)
y

)n

0 = −ρn+1
(0) C |Ω| −

∆t
2

∫

∂Ω

n · (∇p(2)
)n+1 − ∆t

2
ρn

(0)

∫

∂Ω

n ·
((

u2
(0)

)
x

+
(
u(0)v(0)

)
y ,

(
u(0)v(0)

)
x +

(
v2

(0)

)
y

)n

⇒ 0 = C (due to periodic boundary conditions) .

Hence we get
∇ · vn+1 = O(ε). (26)

7
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Lemma 3. The O(1) terms from the momentum equations in Eq. (17) are the semi-discretization of the limiting
equation

(
v(0)

)
t +
∇p(2)

ρ(0)
+ ∇ · (v(0) ⊗ v(0)

)
= 0, (27)

under the assumptions of Lemma 1, with an implicit treatment of pressure term p(2) and an explicit treatment of the
tensor product

(
v(0) ⊗ v(0)

)
.

Proof. Consider the O(1) terms from the momentum equations along with the results from Eq. (25) and Eq. (26) with
the stiffness parameter ε→ 0,

ρn+1
(0) un+1

(0) = ρn
(0)u

n
(0) − ∆t∂x pn+1

(2) − ∆tρn
(0)

((
u2

(0)

)
x

+
(
u(0)v(0)

)
y

)n − ∆t2

2
∂x

((
p′

(
(ρu)x + (ρv)y

))
(2)

)n+1

+
∆t2

2
ρn

(0)∂x

(
2u(0)

((
u2

(0) +
p(2)

ρ(0)

)

x
+

(
u(0)v(0)

)
y

))n

+
∆t2

2
ρn

(0)∂y

(
v(0)

((
u2

(0) +
p(2)

ρ(0)

)

x
+

(
u(0)v(0)

)
y

)
+ u(0)


(
u(0)v(0)

)
x +

(
v2

(0) +
p(2)

ρ(0)

)

y


)n

ρn+1
(0) vn+1

(0) = ρn
(0)v

n
(0) − ∆t∂y pn+1

(2) − ∆tρn
(0)

((
u(0)v(0)

)
x +

(
v2

(0)

)
y

)n
− ∆t2

2
∂y

((
p′

(
(ρu)x + (ρv)y

))
(2)

)n+1

+
∆t2

2
ρn

(0)∂x

(
v(0)

((
u2

(0) +
p(2)

ρ(0)

)

x
+

(
u(0)v(0)

)
y

)
+ u(0)


(
u(0)v(0)

)
x +

(
v2

(0) +
p(2)

ρ(0)

)

y


)n

+
∆t2

2
ρn

(0)∂y

2v(0)


(
u(0)v(0)

)
x +

(
v2

(0) +
p(2)

ρ(0)

)

y




n

,

where
(
p′

(
(ρu)x + (ρv)y

))
(2)

= p′(0)

((
ρ(0)u(2) + ρ(2)u(0)

)
x +

(
ρ(0)v(2) + ρ(2)v(0)

)
y

)
.

Upon dividing the above equations by the term ρ(0), we get

vn+1
(0) = vn

(0) + ∆t

∇ ·
(
− p(2)

ρ(0)
Id

)n+1

+ ∇ · (−v(0) ⊗ v(0)
)n



+
∆t2

2

{
∂x

(
J (0)

x ∇ ·
(
v(0) ⊗ v(0) +

p(2)

ρ(0)
Id

))n

+ ∂y

(
J (0)

y ∇ ·
(
v(0) ⊗ v(0) +

p(2)

ρ(0)
Id

))n

−∇ ·
(

p(2)

ρ(0)

(
ρ(0)∇ · v(2) + v(0) · ∇ρ(2)

)
Id

)n+1
 (28)

where J (0)
x and J (0)

y are the Jacobian matrices given by

J (0)
x =

(
2u(0) 0
v(0) u(0)

)
and J (0)

y =

(
v(0) u(0)
0 2v(0)

)
. (29)

Eq. (28) is nothing but the semi-discretization of the limiting equation (6) using the two-derivative IMEX-Taylor rule
(15) when applied to the splitting

(
u(0)
v(0)

)

t
+ ∇ ·


p(2)

ρ(0)
0

0 p(2)

ρ(0)


︸       ︷︷       ︸

FI(w(0))

+∇ ·
(

u2
(0) u(0)v(0)

u(0)v(0) v2
(0)

)

︸                ︷︷                ︸
FE(w(0))

= 0,

which can be simplified to
(
v(0)

)
t +
∇p(2)

ρ(0)
+ ∇ ·

(
v(0) ⊗ v(0)

)
= 0.

8
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We are now ready to prove the following theorem:

Theorem 1. The two-derivative IMEX-Taylor method combined with the DeTa splitting (16) is AP in the sense that the
formal limit ε → 0 of the numerical solution using (15), with well-prepared data and periodic boundary conditions,
is a consistent discretization of the incompressible Euler equations (6).

Proof. The proof of the theorem is a direct consequence of Lemmas 1, 2 and 3. Lemma 1 and Lemma 2 show the
well-prepared property of the updated solution at tn+1. Lemma 3 shows that the limiting method is the consistent
semi-discretization of the limiting equation.

2.2. Fully-discrete asymptotic analysis

Let the spatial domain Ω ⊂ R2 be divided into NE non-overlapping mesh elements

Ω =

NE⋃

e=1

Ωe.

Let T denotes the set of all mesh elements Ωe and ∂T denotes the set of all element boundaries. In each Ωe, we
define a space of polynomials of degree Np, denoted by ΠNp (Ωe). The space ΠNp (Ωe) is constructed by the tensor
product of the one-dimensional Lagrange interpolation polynomials of degreeNp. Now, we define the space of broken
polynomials VNp on the basis of the above spatial discretization by setting

VNp :=
{
ν ∈ L2(Ω)

∣∣∣ ν|Ωe ∈ ΠNp (Ωe) ∀e ≤ NE

}
,

and let Vk
Np

denote the product space

Vk
Np

:= VNp × VNp × · · · × VNp︸                       ︷︷                       ︸
k times

.

As per definition, any function in Vk
Np

is allowed to have discontinuities over a cell boundary. Therefore, for any
x ∈ ∂Ωe and the outward pointing normal vector ne to Ωe, we define

ξR := lim
δ→0

ξ(x + |δ|ne),

as the exterior and

ξL := lim
δ→0

ξ(x − |δ|ne),

as the interior values of ξ(x) at x. Finally, we define the following bilinear operators

(a,b)T : (a,b) ∈ Vk
Np
× Vk

Np
→

NE∑

e=1

∫

Ωe

a · b dx

for the integral over whole domain Ω, and

{a,b}∂T : (a,b) ∈ Vk
Np
× Vk

Np
→

NE∑

e=1

∫

∂Ωe

((
aR + aL

)
· ne

)
· b ds,

[[a,b]]∂T : (a,b) ∈ Vk
Np
× Vk

Np
→

NE∑

e=1

∫

∂Ωe

(
aL − aR

)
· b ds,

for the integral over domain boundaries ∂Ω.

9
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The DGSEM utilizes the weak formulation of Eq. (3). Therefore, at each time step tn, we search for an approximate
solution w = (ρn, ρvn) to the two-dimensional isentropic Euler equations (3) in V3

Np
. The approximation to the first

derivative wt is given by

(wt, φ)T − (F(w),∇φ)T +
1
2
{F∗(w), φ}∂T + λ

[[
w, φ

]]
∂T = 0, ∀φ ∈ V3

Np
; (30)

the second derivative wtt is given by

(wtt, φ)T −
(
∂F(w)
∂w
σ,∇φ

)

T
+

1
2

{
∂F∗(w)
∂w

σ, φ

}

∂T
+ λ

[[
σ, φ

]]
∂T = 0, ∀φ ∈ V3

Np
, (31)

with the artificial quantity
σ := R(1)(w) ≡ wt (32)

as introduced in [33]. F∗(w) is the global Lax-Friedrichs numerical flux that depends on the left (wL) and right (wR)
states with respect to the cell-edge, and λ is a globally constant vector. For isentropic Euler equations, the λ values
for the explicit and implicit numerical fluxes (corresponding to FE and FI from Eq. (16)) are chosen to be

λE = (ε, ε, ε) , λI =

(
1
ε2 , 1, 1

)
,

respectively. If the full flux F is used for reference, we choose

λ =

(
1
ε2 , 1, 1

)
.

The particular λ values given above are chosen to ensure the asymptotic preserving property of the schemes [34].
For the two-dimensional isentropic Euler equations (16), the fully discrete two-derivative IMEX-Taylor method

(Alg. 1) is given by

0 =
(
wn+1 − wn, φ

)
T + ∆t

{
−

(
FI(wn+1),∇φ

)
T +

1
2

{
FI(wn+1), φ

}
∂T +

1
2

Diag
[

1
ε2 , 1, 1

] [[
wn+1, φ

]]
∂T

}

+∆t
{
− (FE(wn),∇φ)T +

1
2
{FE(wn), φ}∂T + ε

[[
wn, φ

]]
∂T

}

−∆t2

2

{
−

(
∂FI(wn+1)

∂w
σn+1,∇φ

)

T
+

1
2

{
∂FI(wn+1)

∂w
σn+1, φ

}

∂T
+

1
2

Diag
[

1
ε2 , 1, 1

] [[
σn+1, φ

]]
∂T

}

+
∆t2

2

{
−

(
∂FE(wn)
∂w

R(1)(wn),∇φ
)

T
+

1
2

{
∂FE(wn)
∂w

R(1)(wn), φ
}

∂T
+ ε

[[
R(1)(wn), φ

]]
∂T

}
. (33)

We solve the above expression (33) for wn+1 along with a discretization of (32), given by

0 =
(
σn+1, φ

)
T −

(
FI(wn+1),∇φ

)
T +

1
2

{
FI(wn+1), φ

}
∂T +

1
2

Diag
[

1
ε2 , 1, 1

] [[
wn+1, φ

]]
∂T

− (FE(wn),∇φ)T +
1
2
{FE(wn), φ}∂T + ε

[[
wn, φ

]]
∂T . (34)

Consider the asymptotic expansion of the numerical solution

wn+1 = wn+1
(0) + εwn+1

(1) + ε2wn+1
(2) + O(ε3) and σn+1 = σn+1

(0) + εσn+1
(1) + ε2σn+1

(2) + O(ε3),

10



A. Thenery Manikantan, J. Schütz / Preprint (2025) 1–23 11

with σ =
(
σρ,σρu,σρv

)T
=:

(
σρ,σρv

)T
. Expanding the components of the σ equations, we get

0 =
(
σn+1
ρ , φ

)
T −

(
ρn+1vn+1,∇φ

)
T +

1
2

{
ρn+1vn+1, φ

}
∂T +

1
2ε2

[[
ρn+1, φ

]]
∂T + ε

[[
ρn, φ

]]
∂T , (35)

0 =
(
σn+1
ρv , φ

)
T −

(
1 − ε2

ε2 pn+1Id,∇φ
)

T
+

1
2

{
1 − ε2

ε2 pn+1Id, φ
}

∂T
+

[[
ρn+1vn+1, φ

]]
∂T

− ((ρv ⊗ v + pId)n ,∇φ)T +
1
2
{(ρv ⊗ v + pId)n , φ}∂T + ε

[[
ρnvn, φ

]]
∂T . (36)

Lemma 4. The quantities ρn+1
(0) and ρn+1

(1) in the asymptotic expansion of ρn+1 are continuous across the entire spatial
domain.

Proof. The O(ε−2) and O(ε−1) terms from Eq. (35) give
[[
ρn+1

(0) , φ
]]
∂T = 0, and

[[
ρn+1

(1) , φ
]]
∂T = 0. (37)

[35, Lemma 2] applied to Eq. (37) implies the continuity of ρn+1
(0) and ρn+1

(1) over the entire spatial domain.

Lemma 5. The quantities ρn+1
(0) and ρn+1

(1) in the asymptotic expansion of ρn+1 are constant in space.

Proof. The O(ε−2) and O(ε−1) terms from Eq. (36) give

−
(
pn+1

(0) Id,∇φ
)
T +

1
2

{
pn+1

(0) Id, φ
}
∂T = 0,

−
(
pn+1

(1) Id,∇φ
)
T +

1
2

{
pn+1

(1) Id, φ
}
∂T = 0.

Applying integration by parts to the above equations with the continuity results from Lemma 4 gives

(
∇ · pn+1

(0) Id, φ
)
T +

1
2

[[
pn+1

(0) Id · ne, φ
]]
∂T = 0 ⇒

(
∇pn+1

(0) , φ
)
T = 0,

(
∇ · pn+1

(1) Id, φ
)
T +

1
2

[[
pn+1

(1) Id · ne, φ
]]
∂T = 0 ⇒

(
∇pn+1

(1) , φ
)
T = 0.

By choosing φ = ∇pn+1
(m) and substituting it into the equations above, we obtain

(
∇pn+1

(m) ,∇pn+1
(m)

)
T = 0 ⇒ ∇pn+1

(m) = 0, ∀m ∈ {0, 1}.

Hence, the quantities ρn+1
(0) and ρn+1

(1) are constant in space.

Lemma 6. The quantities ρn+1
(0) and ρn+1

(1) in the asymptotic expansion of ρn+1 are constant in time, given periodic
boundary conditions are considered.

Proof. Consider the density equation from Eq. (33)

0 =
(
ρn+1 − ρn, φ

)
T + ∆t

{
−

(
ρn+1vn+1,∇φ

)
T +

1
2

{
ρn+1vn+1, φ

}
∂T +

1
2ε2

[[
ρn+1, φ

]]
∂T

}

−∆t2

2

{
−

(
σn+1
ρv ,∇φ

)
T +

1
2

{
σn+1
ρv , φ

}
∂T +

1
2ε2

[[
σn+1
ρ , φ

]]
∂T

}
. (38)

The O(1) terms from density equation (38) are

0 =
(
ρn+1

(0) − ρn
(0), φ

)
T + ∆t

{
−

(
ρn+1

(0) vn+1
(0) ,∇φ

)
T +

1
2

{
ρn+1

(0) vn+1
(0) , φ

}
∂T +

1
2

[[
ρn+1

(2) , φ
]]
∂T

}

−∆t2

2

{
−

(
σn+1
ρv(0),∇φ

)
T +

1
2

{
σn+1
ρv(0), φ

}
∂T +

1
2

[[
σn+1
ρ(2), φ

]]
∂T

}
.

11
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Substituting φ ≡ 1 in the above equation, we get

0 =
(
ρn+1

(0) − ρn
(0), 1

)
T + ∆t

{
1
2

{
ρn+1

(0) vn+1
(0) , 1

}
∂T +

1
2

[[
ρn+1

(2) , 1
]]
∂T

}
− ∆t2

2

{
1
2

{
σn+1
ρv(0), 1

}
∂T +

1
2

[[
σn+1
ρ(2), 1

]]
∂T

}
.

As we assume periodic boundary conditions, the boundary integrals will add up to zero. Combining the result from
Lemma 5, we obtain (

ρn+1
(0) − ρn

(0)

)
(1, 1)T = 0 ⇒ ρn+1

(0) − ρn
(0) = 0.

Similarly, it can be shown that ρn+1
(1) − ρn

(1) = 0, using O(ε) terms from density equation (38). Therefore, the quantities
ρn+1

(0) and ρn+1
(1) are constant in space and time.

Lemma 7. The O(1) terms from the density equation (38) form a consistent discretization of ∇ · v(0) = 0, assuming
well-prepared solution at tn and periodic boundary conditions.

Proof. Consider the O(1) terms from the density equation (38) with the results from Lemmas 5 and 6

0 = ∆t
{
−

(
vn+1

(0) ,∇φ
)
T +

1
2

{
vn+1

(0) , φ
}
∂T +

1
2



ρn+1

(2)

ρ(0)
, φ



∂T

}

− ∆t2

2

{
−


σn+1
ρv(0)

ρ(0)
,∇φ


T

+
1
2


σn+1
ρv(0)

ρ(0)
, φ


∂T

+
1
2



σn+1
ρ(2)

ρ(0)
, φ



∂T

}
.

The above equation is nothing but the implicit two-derivative DGSEM discretization of ∇ · v(0) along with the O(1)
terms from Eqs. (35) and (36).

Reconsider the momentum equations from Eq. (33),

0 =
(
ρn+1vn+1 − ρnvn, φ

)
T + ∆t

{
−

(
1 − ε2

ε2 pn+1Id,∇φ
)

T
+

1
2

{
1 − ε2

ε2 pn+1Id, φ
}

∂T
+

1
2

[[
ρn+1vn+1, φ

]]
∂T

}

+∆t
{
− ((ρv ⊗ v + pId)n ,∇φ)T +

1
2
{(ρv ⊗ v + pId)n , φ}∂T + ε

[[
ρnvn, φ

]]
∂T

}

−∆t2

2

{
−

(
1 − ε2

ε2 p′n+1σn+1
ρ Id,∇φ

)

T
+

1
2

{
1 − ε2

ε2 p′n+1σn+1
ρ Id, φ

}

∂T
+

1
2

[[
σn+1
ρv , φ

]]
∂T

}

+
∆t2

2

{
−

((
p′Id − v ⊗ v

)n R(1)
ρ (wn) +Jn R(1)

ρv (wn),∇φ
)
T

+
1
2

{(
p′Id − v ⊗ v

)n R(1)
ρ (wn) +Jn R(1)

ρv (wn),∇φ
}
∂T + ε

[[
σn
ρv, φ

]]
∂T

}
, (39)

where R(1) =
(
R(1)
ρ ,R

(1)
ρu ,R

(1)
ρv

)T
=:

(
R(1)
ρ ,R

(1)
ρv

)T
, and J =

[
Jx

∣∣∣∣ Jy

]
is given by (compare with (29))

Jx =

(
2u 0
v u

)
and Jy =

(
v u
0 2v

)
.

Lemma 8. The O(1) terms from the momentum equations in Eq. (39) are the two-derivative IMEX-Taylor DGSEM
discretization of the limiting equation

(
v(0)

)
t +
∇p(2)

ρ(0)
+ ∇ · (v(0) ⊗ v(0)

)
= 0, (40)

under the assumptions of well-prepared solution at tn and Lemmas 5 and 6, with an implicit treatment of pressure
term p(2) and an explicit treatment of the tensor product

(
v(0) ⊗ v(0)

)
.

12
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Proof. Consider the O(1) terms from the momentum equations in Eq. (39) along with results from Lemmas 5 and 6,
and applying integration by parts to the explicit pressure term gives

0 =
(
vn+1

(0) − vn
(0), φ

)
T + ∆t

{
−


pn+1

(2)

ρ(0)
Id,∇φ


T

+
1
2


pn+1

(2)

ρ(0)
Id, φ


∂T

+
1
2

[[
vn+1

(0) , φ
]]
∂T

}

+∆t
{
−

(
vn

(0) ⊗ vn
(0),∇φ

)
T +

1
2

{
vn

(0) ⊗ vn
(0), φ

}
∂T

}

−∆t2

2

{
−


p′(2)

n+1

ρ(0)
σn+1
ρ(0)Id,∇φ


T

+
1
2


p′(2)

n+1

ρ(0)
σn+1
ρ(0)Id, φ


∂T

+
1
2



σn+1
ρv(0)

ρ(0)
, φ



∂T

}

+
∆t2

2

{
−

(Jn
(0)

ρ(0)
R(1)
ρv(0)(w

n),∇φ
)

T
+

1
2

{Jn
(0)

ρ(0)
R(1)
ρv(0)(w

n),∇φ
}

∂T

}
,

where σρ(0) and σρv(0) are the respective O(1) terms from Eqs. (35) and (36). The above equation is nothing but
the two-derivative IMEX-Taylor DGSEM discretization of the limiting equation (6) when applied to the following
splitting (

u(0)
v(0)

)

t
+ ∇ ·


p(2)

ρ(0)
0

0 p(2)

ρ(0)


︸       ︷︷       ︸

FI(w(0))

+∇ ·
(

u2
(0) u(0)v(0)

u(0)v(0) v2
(0)

)

︸                ︷︷                ︸
FE(w(0))

= 0.

Theorem 2. The two-derivative IMEX-Taylor method combined with the DeTa splitting (16) and spatially discretized
with DGSEM is asymptotically consistent, in the sense that the formal limit ε→ 0 of the numerical solution with well-
prepared data and periodic boundary conditions, is a consistent discretization of the incompressible Euler equations
(6).

Proof. The proof of the theorem follows from Lemmas 4, 5 and 6, which show the well preparedness of the updated
solution. Lemmas 7 and 8 shows that the limiting method is a consistent discretization of the limiting equations.

3. Extension to higher order methods

The two-derivative IMEX-Taylor method (15) discussed previously gives a second-order accurate solution. When
higher-order implicit or explicit Runge-Kutta methods are concerned, devising them involves a cumbersome process
of solving many equations. The number of unknowns and equations exponentially increases as we search for Runge-
Kutta schemes with higher orders of accuracy. Due to additional conditions, the scenario worsens when probing for
higher-order IMEX schemes. The use of predictor-corrector schemes [16, 19, 20, 29] discussed in the introduction
reduces the algebraic burden of devising high order schemes. The schemes are constructed in such a way that the
order is increased in each correction step until it hits its maximum achievable order.

Extending implicit predictor-corrector schemes to IMEX schemes is trouble-free. An IMEX predictor step instead
of an implicit predictor can change the overall scheme to an IMEX method with slight modifications on the correction
steps. Hence, we have the two-derivative IMEX-HBPC scheme given in Alg. 2, which uses the two-derivative IMEX-
Taylor scheme as the prediction step. We consider the serial IMEX version of the HBPC algorithm described in
[16, 19] incorporating the stability parameters (θ1, θ2) introduced in [20].

Algorithm 2 (IMEX-HBPC(q, kmax)). To advance the solution in time, we compute values wn,[k],l. To account for the
initial conditions w0 ≡ w(t = 0), define

w−1,[k],s := w0.

1. Predict. Solve the following expression for wn,[0],l and each 1 ≤ l ≤ s:

wn,[0],l := wn + cl∆t
(
R(1)

I (wn,[0],l) + R(1)
E (wn)

)
+

(cl∆t)2

2

(
R(2)

E (wn) − R(2)
I (wn,wn,[0],l)

)
. (41)

13
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2. Correct. Next, the corrected values wn,[k],l for 1 ≤ k ≤ kmax are computed through solving for each 1 ≤ l ≤ s
and each 1 ≤ k ≤ kmax:

wn,[k],l := wn + ∆tθ1

(
R(1)

I (wn,[k],l) − R(1)
I (wn,[k−1],l)

)

− ∆t2

2
θ2

(
R(2)

I (wn,[k−1],l,wn,[k],l) − R(2)
I (wn,[k−1],l)

)
+ Il, (42)

with
Il := Il

(
wn,[k−1],1, . . . ,wn,[k−1],s

)
. (43)

Il(·) denotes the q-th order Hermite-Birkhoff quadrature rule.
3. Update. In order to retain a first-same-as-last property, we update the solution with

wn+1 := wn,[kmax],s. (44)

Remark 2. The order of accuracy of the IMEX-HBPC(q, kmax) scheme outlined in Alg. 2 is min(2 + kmax, q). The
scheme begins with a second-order predicted solution, and the order of accuracy is improved by one in each correction
step until it reaches the maximum accuracy order q determined by the underlying quadrature rule (43). For a proof,
refer to [16, 19, 29].

Theorem 3. The two-derivative IMEX-HBPC scheme combined with the DeTa splitting (16) and spatially discretized
with DGSEM is asymptotically consistent in the sense that the formal limit ε → 0 of the numerical solution using
Alg. (2) with well-prepared data and periodic boundary conditions, is a consistent discretization of the incompressible
Euler equations (6).

Proof. The proof of the asymptotic consistency for the predictor step of the IMEX-HBPC scheme follows the same
steps as of Theorem 2. Similar arguments can be extended to the corrector steps to complete the proof.

4. Solving the (non-)linear system of equations

We use Newton’s method to solve the non-linear equations arising in the implicit formulations of the IMEX-HBPC
scheme. For a given system of non-linear equations G(X) := 0, Newton’s method starts with an initial guess X0. Then,
the following linear equation is solved for the Newton increment ∆X:

∂G(Xr)
∂X

· ∆X = −G(Xr),

∆X is hence used to update the new iterate through

Xr+1 = Xr + ∆X.

The iterative procedure is continued until a desired solution is found that satisfies the imposed stopping criterion. The
formulations of the non-linear equations associated with each implicit step of Alg. 1 and Alg. 2 are given by

G(X) ≡
(Gw(X)
Gσ(X)

)
:=

w − α1∆tR(1)
I (w) + α2∆t2

2 R(2)
I (w,σ)

σ − R(1)
I (w)

 −
(

b(w̄)
R(1)

E (w̄)

)
= 0,

where b(w̄) and the parameters α1 and α2 depend on the respective schemes. The unknown value is denoted as w,
whereas w̄ is the known solution from a previous step. The associated Jacobian for the above non-linear equation
system is

J(X) :=


Id − α1∆t ∂R(1)

I (w)
∂w + α2∆t2

2
∂R(2)

I (w,σ)
∂w

α2∆t2

2
∂R(1)

I (w)
∂w

− ∂R(1)
I (w)
∂w Id

 . (45)

There holds ∂R(2)
I (w,σ)
∂σ =

∂R(1)
I (w)
∂w due to the structure of the spatial discretization. Hence, the terms ∂R(2)

I (w,σ)
∂σ are replaced

by ∂R(1)
I (w)
∂w in the Jacobian defined above.

14
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The linear equations arising in the Newton iterations are solved using the GMRES method. As the GMRES
method utilizes the matrix-vector products J∆X for the solution search, we use a matrix-free approach, as done in
[36, Sec. 4]. Consult the papers [37] and [38] for more details on the matrix-free implementation. Applying the
matrix-free approach, then the Jacobian-vector product is

J∆X =


∆w − α1∆t R(1)

I (w+εw
FD∆w)−R(1)

I (w)
εw

FD
+ α2∆t2

2
R(2)

I (w+εw
FD∆w,σ)−R(2)

I (w,σ)
εw

FD
+ α2∆t2

2
R(1)

I (w+εσFD∆σ)−R(1)
I (w)

εσFD

−R(1)
I (w+εw

FD∆w)−R(1)
I (w)

εw
FD

+ ∆σ

 ,

replacing the derivatives with finite difference approximations. The small parameter ε(•)
FD is defined by

ε(•)
FD :=

√
εmachine

ε ‖∆(•)‖2
,

where ε is the reference Mach number, and εmachine denotes the approximate machine accuracy, see [36]. In fortran,
there exists an intrinsic epsilon function, which provides an approximate value of εmachine ≈ 2 · 10−16.

An appropriate and efficient preconditioner is necessary for the faster convergence of the GMRES method. We use
a problem-tailored extended Block-Jacobi preconditioner as used in [36]. Refer to the figures [36, Fig. 2 and Fig. 4]
and the section [36, Sec. 3.2.3] for more details on the construction of the extended Block-Jacobi preconditioner. As
shown in [36], neglecting the Hessian contribution ( ∂R(2)(w)

∂w ) from the linear equation and preconditioner exerts only a
negligible influence on Newton’s iterations; we also adopted it in this paper.

4.1. Newton stopping criteria
For a given εNewton, the stopping criterion for the kth Newton iteration is given by

∥∥∥Gw(Xk)
∥∥∥ < εNewton ·

∥∥∥Gw(X0)
∥∥∥ ,

where ‖ · ‖ is the Euclidean norm.
The residual norm stagnates in the Newton procedure as the stiffness of the problem increases (ε ≤ 10−2). The

implicit solver cannot reduce the residual norm beyond a specific value for low values of εNewton. In order to address
this condition and modify the Newton stopping criteria, we use a stagnated residual norm stopping criteria. Consider
the sequence of residual norms

{∥∥∥Gw(X0)
∥∥∥ ,

∥∥∥Gw(X1)
∥∥∥ ,

∥∥∥Gw(X2)
∥∥∥ , . . . ,

∥∥∥Gw(Xk)
∥∥∥
}

in the Newton iteration. For each
Newton iteration k, we define a measure of stagnation (Ms) using

Msk :=

∣∣∣∣∣∣
∥∥∥Gw(Xk)

∥∥∥ −
∥∥∥Gw(Xk−1)

∥∥∥
∣∣∣∣∣∣

∥∥∥Gw(Xk−1)
∥∥∥

.

In each Newton iteration, Msk will be computed. If Msk ≤ Mms and
∥∥∥Gw(Xk)

∥∥∥ ≤ Mη holds for predefined values
Mms andMη, the stagnation counter increases by one. When the stagnation counter hits a predefined valueMC , the
Newton algorithm stops, indicating that the residual was at a stagnated value for at leastMC iterations. If the residual
norm oscillates along with the stagnation condition, the algorithm chooses the Newton solution with minimal residual
norm. The values Mms, Mη and MC are user-defined; hence, they will be mentioned for the obtained numerical
results in the upcoming section.

5. Numerical Results

The aforementioned time-stepping schemes are implemented in the open-source code FLEXI2, which is developed
to solve hyperbolic-parabolic conservation equations in a discontinuous Galerkin setting [39].

2www.flexi-project.org, GNU GPL v3.0
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5.1. Higher-order traveling vortex (HOTV)

In this section, we cite an explicit solution to the isentropic Euler equations (3) with parameters κ = 0.5 and γ = 2
from [40, 34, 41]. The spatial domain under consideration is Ω = [0, 1] × [0, 1], with periodic boundary conditions.
The initial conditions are

ρ(x, 0) = 2 + (500ε)2 ·


0.5e
2
∆r ∆r − Ei( 2

∆r ), for r < 0.5,
0, otherwise

,

v(x, 0) =

(
0.5
0

)
+ 500

(−x2 + 0.5
x1 − 0.5

)
·


e
1
∆r , for r < 0.5,

0, otherwise
,

where r :=
√

(x1 − 0.5)2 + (x2 − 0.5)2 and ∆r := r2 − 0.25. The exponential integral function Ei(x) is given by

Ei(x) :=
∫ x

−∞

et

t
dt,

and it is computed using the algorithm given in [42, Sec. 6.3]. The exact solution corresponding to the above given
initial conditions is

ρ(x, t) = ρ

((
x1 − 0.5t

x2

)
, 0

)
, v(x, t) = v

((
x1 − 0.5t

x2

)
, 0

)
. (46)

5.2. Timestep selection for the IMEX schemes with DGSEM spatial discretization

We use the formulation of the allowable timestep given in [43] for an explicit scheme under the constraints of CFL
conditions for discontinuous Galerkin schemes. For the IMEX scheme, it is given by

∆t = cflconv ·
∆l

(2Np + 1) · |λE|max
, (47)

where cflconv is the convective CFL value, |λE|max is the maximum of the absolute values of the eigenvalues associated
with the explicit flux given by

λ1 = 0, λ2 = v · n and λ3 = 2v · n, (48)

and ∆l is the characteristic length of the considered mesh element. The convective CFL value is chosen to be cflconv ≤ 1
for stability.

5.3. Comparison of explicitness-preserving and non-explicitness-preserving IMEX schemes

There are two ways to consider the implicit part of the second derivative, as mentioned in Rem. 1. The schemes
that use the formulation in Eq. (14) are called explicitness-preserving, and those that use Eq. (13) can be termed
non-explicitness-preserving IMEX schemes. Hence, any two-derivative IMEX schemes can have these two variants.
We have only shown the analysis for explicitness-preserving IMEX-Taylor and IMEX-HBPC schemes in the paper.
However, we have verified that Theorems 1, 2 and 3 also hold for their non-explicitness-preserving variants.

Explicitness-preserving schemes are more natural as they give more justice to the concept of an IMEX splitting.
However, we compare the explicitness and non-explicitness-preserving schemes using IMEX-HBPC(4, 3) to under-
stand their computational disparities. Regarding the implicit solver, there is a slight difference on the third block of

the Jacobian (45), where it is − ∂R(1)(w)
∂w for the non-explicitness-preserving and − ∂R(1)

I (w)
∂w for the explicitness-preserving

scheme. The difference is also adapted in the respective preconditioner.
For the comparison test, the spatial discretization is set to NE ∈ {16 × 16, 24 × 24, 32 × 32} with Np = 4. The

cflconv value is fixed at 0.9. The relative tolerances for the Newton and GMRES iterations are chosen to be 10−6 and
10−2 respectively with valuesMms = 0.1,Mη = 10−5 andMC = 3 for the residual norm stagnation criteria. Then the
L2-errors are computed at final time Tend = 0.1, compared to the explicit solution (46).
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In the first column of Fig. 1, the L2-error is plotted for various values of stiffness parameters ε ranging from 10−3

to 100. The scheme converges for explicitness-preserving and non-explicitness-preserving schemes without fail for
all the values of ε ≥ 10−3, and convergence is nearly impossible to distinguish.

In the third column of Fig. 1, the average number of GMRES iterations per timestep is plotted for various values
of stiffness parameters. There is a notable difference in the linear iterations between explicitness-preserving and
non-explicitness-preserving schemes utilized per timestep. The non-explicitness-preserving strategy consumes extra
GMRES iterations to achieve the same error reduction as the explicitness-preserving strategy. The difference increases
as the stiffness of the system increases. The GMRES iteration consumption is directly reflected in the computational
time required for the schemes to complete the simulation. Therefore, in the second column of Fig. 1, it can be seen
that the non-explicitness-preserving strategy consumed enormous extra time compared to the explicitness-preserving
strategy. These dissimilarities seen above are mainly due to the additional non-linearity and unnecessary function
inversions that the non-explicitness-preserving brings into the scheme.

The disparities discussed above and the results shown in Fig. 1 show the importance of choosing the explicitness-
preserving strategy for a multi-derivative IMEX scheme. Therefore, we use the explicitness-preserving scheme for
the higher-order extensions in the coming sections to obtain the numerical results.

5.4. Numerical results of IMEX-HBPC schemes on HOTV
Fig. 2 shows the L2-errors of the IMEX-HBPC schemes up to order eight for various stiffness values. The spatial

discretization is set to NE = {16 × 16} and two sets of polynomial degrees Np. The first set includes polynomial
degrees 3, 5, and 7 for IMEX-HBPC(4, kmax), IMEX-HBPC(6, kmax) and IMEX-HBPC(8, kmax), respectively. The
second set takes polynomial degrees 4, 6, and 8. The errors are calculated compared to the explicit solution (46) at
the final time Tend = 2. The relative tolerances for the Newton and GMRES iterations are chosen to be 10−6 and 10−2,
respectively, with valuesMms = 0.3,Mη = 10−5 andMC = 1 for the residual norm stagnation criteria.

The errors are computed for IMEX-HBPC(4, kmax) and IMEX-HBPC(6, kmax) schemes at a fixed cflconv = 0.9. The
fourth-order scheme showcases convergence for all ε ≥ 10−3 for correction steps kmax ≤ 3. However, the sixth-order
scheme mandates more correction steps as the stiffness increases to achieve the desired convergence. The correction
steps ranged from 5 ≤ kmax ≤ 12 for 10−3 ≤ ε ≤ 1. The fourth-order scheme is A-stable for all values of kmax, and
the sixth order scheme is at least A(89.7◦)-stable for all possible values of kmax, see the stability plots in [20, Fig. 3].
The demand for additional correction steps in IMEX-HBPC(6, kmax) likely arises from two main factors: the need for
enhanced stability and the necessity to mitigate the decrease in convergence order, as outlined in [16, Fig. 2]. Since the
stability angle approaches values close to 90◦ when kmax > 5, the latter factor may have contributed more significantly
to the requirement for additional correction steps as stiffness increases.

Compared to the IMEX-HBPC(4, kmax) and IMEX-HBPC(6, kmax) schemes, the eight-order scheme IMEX-HBPC
(8, kmax) has relatively low stability angle for lower values of kmax, see [20, Fig. 3]. The scheme is approximately
A(89.4◦)-stable for kmax = 7, and the stability angle drops monotonically to approximately 88.65◦ for kmax = 15.
Then, the stability angle gradually increases (with oscillations) to 89.4◦ for kmax = 50. The severity of the oscilla-
tions decreases as kmax is increased. The above-mentioned oscillating stability properties of the IMEX-HBPC(8, kmax)
scheme have caused difficulty choosing (cflconv , kmax) combinations for stiffer problems. In Fig. 2, the errors were
computed for ε ≥ 10−2, and schemes exhibited convergence for the given (cflconv , kmax) combinations. In contrast to
the IMEX-HBPC(6, kmax) scheme, the need for stability improvement may have contributed primarily to the require-
ment for additional correction steps. The result for ε = 10−3 has been skipped due to the high computational costs
required.

5.5. Isentropic Navier-Stokes equations
In this section, we investigate the applicability of the IMEX-HBPC schemes to the Navier-Stokes equations,

specifically focusing on the isentropic Navier-Stokes equations presented in [1]. The equations are given by
(
ρ
ρv

)

t
+ ∇ ·

(
ρv

ρv ⊗ v +
p
ε2 Id

)
= ∇ ·

(
0
µ∇v

)
, (49)

where µ denotes the dynamic viscosity of the fluid. The above system (49) is closed with the equation of state
p(ρ) := κργ.
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IMEX-HBPC(4, 3) , ε = 10−1
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IMEX-HBPC(4, 3) , ε = 10−2
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IMEX-HBPC(4, 3) , ε = 10−3
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Figure 1. L2-error vs meshsize (left), L2-error vs wallclock time (middle), and average number of GMRES iterations per timestep vs meshsize
(right) for HOTV (Sec. 5.1) with Tend = 0.1 using IMEX-HBPC(4, 3) timestepping scheme plotted for a fixed cflconv = 0.9. The comparison is made
for the strategies non-explicitness-preserving and explicitness-preserving for different values of the stiffness parameter ε. The spatial discretization
is set to NE ∈ {16 × 16, 24 × 24, 32 × 32} with Np = 4. The Newton and GMRES tolerances are taken to be 10−6 and 10−2, respectively, within a
limit of 50 Newton iterations per implicit solve and 700 GMRES iterations with 50 restarts per Newton iteration. For the residual norm stagnation
criteria, the values are chosen to beMms = 0.1,Mη = 10−5 andMC = 3. The simulations use spatial parallelization on 36 processors.
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Figure 2. Total L2-error for HOTV (Sec.5.1) at Tend = 2 for the IMEX-HBPC schemes with a constant cflconv = 0.9 for various stiffness
parameters. The IMEX-HBPC(8, kmax) scheme has used a different cflconv = 0.45 for ε = 10−1. The spatial discretization is set to NE = {16 × 16}
with two sets of polynomial degrees Np. On the right, Np equals 3, 5, and 7 for the schemes IMEX-HBPC(4, kmax), IMEX-HBPC(6, kmax),
and IMEX-HBPC(8, kmax), respectively. On the left, Np equals 4, 6, and 8 for the schemes IMEX-HBPC(4, kmax), IMEX-HBPC(6, kmax), and
IMEX-HBPC(8, kmax), respectively. The Newton and GMRES tolerances are taken to be 10−6 and 10−2, respectively, with a limit of 50 Newton
iterations per implicit solve and 700 GMRES iterations with 50 restarts per Newton iteration. For the residual norm stagnation criteria, the values
are chosen to beMms = 0.3,Mη = 10−5, andMC = 1. The simulations on the left use spatial parallelization on 36 processors, and simulations
on the right use spatial parallelization on 72 processors. IMEX-HBPC(8, 50) with Np = 7 is also run on 72 processors. The result for ε = 10−3

for IMEX-HBPC(8, kmax) has been skipped due to the high computational costs required. The correction steps kmax for the IMEX-HBPC schemes
are chosen for different values of ε < 1 such that they yield stable solutions with maximum error reduction (as observed for ε = 1) for the given
cflconv = 0.9. Moreover, the required kmax values decrease as the cflconv value is reduced.

Considering well-prepared initial data as in (5) with periodic boundary conditions, we obtain in the limit ε → 0
that Eq. (49) reduces to the incompressible isentropic Navier–Stokes equations [1]. These limiting equations take the
form

ρ(0) ≡ const > 0, ∇ · v(0) = 0,

(v(0))t + ∇ · (v(0) ⊗ v(0)) +
∇p(2)

ρ(0)
=

µ

ρ(0)
∇ · ∇v(0) .

(50)

Following the implementation described in [1], we explicitly account for the parabolic component in the flux splitting.
Therefore, we define the implicit and explicit flux components for the isentropic Navier-Stokes equations (49) as

FI(w) =

(
ρv

1−ε2

ε2 pId

)
and FE(w) =

(
0

ρv ⊗ v + pId

)
−

(
0
µ∇v

)
. (51)

To discretize the second-order equations, we employ the BR1 lifting approach [44, 45]. The lifting procedure extends
the second-order equations into an equivalent system of first-order PDEs [46, 19]. We consider the following two test
cases for the numerical investigations:

(a) The equation (49) with parameters κ = 0.5, γ = 2, and µ = 0.01, initialized with a vortex as described in Sec.
5.1. The spatial domain is Ω = [0, 1] × [0, 1] equipped with periodic boundary conditions.

(b) The equation (49) with parameters κ = 1, γ = 2, and µ = 0.01, initialized with

ρ(x, 0) = 1 + ε2 sin2 (2π(x1 + x2)) ,
u(x, 0) = sin (2π(x1 − x2)) , (52)
v(x, 0) = sin (2π(x1 − x2)) .

The spatial domain is again Ω = [0, 1] × [0, 1] with periodic boundary conditions.
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Since no exact solutions are available for these two cases, we utilize a fine explicit reference solution corresponding to
each value of ε to evaluate the error. As the parabolic term is treated explicitly, the allowable timestep for the IMEX
schemes are determined using the criteria

∆t = min
{

cflconv ·
∆l

(2Np + 1) · |λE|max
, cfldiff ·

∆l2

(2Np + 1)2 · ν
}
, (53)

where cfldiff is a scheme-dependent safety factor for the diffusive stability restriction [39], and ν =
µ
ρ

represents the
kinematic viscosity.

In Fig. 3, the L2-error of the IMEX-HBPC schemes at Tend = 0.5 for the isentropic Navier-Stokes equations (49)
is presented for two test cases with various stiffness parameters. The spatial discretization consists of NE = 16 × 16
elements, utilizing polynomial degrees Np = 3 for IMEX-HBPC(4, kmax) and Np = 5 for IMEX-HBPC(6, kmax).
The parameters cflconv and cfldiff generally depend on the selected polynomial degree and the time-stepping scheme.
However, these values are yet to be optimized for the IMEX-HBPC schemes. Here, we set cflconv to 0.9 for all
schemes, while cfldiff is determined to be 0.495 for IMEX-HBPC(4, kmax) and 0.288 for IMEX-HBPC(6, kmax). For
the Newton and GMRES methods, the tolerances are set to 10−6 and 10−2. The criteria for the residual norm stagnation
are established with values ofMms = 0.3,Mη = 10−5, andMC = 1.

It can be observed in Fig. 3 that both the fourth-order and sixth-order IMEX-HBPC schemes are stable and are
converging towards their respective explicit reference solutions across all tested stiffness parameters. The correction
steps were determined based on trends observed in the numerical results for the purely hyperbolic problem discussed
in Sec. 5.1. While the eighth-order scheme is also expected to exhibit similar error reduction as mentioned in Sec. 5.1,
its results have been omitted due to the increased computational costs required for the scheme and obtaining reference
solutions for error comparison. Furthermore, while the asymptotic analysis of the isentropic Navier-Stokes equations
has not been conducted in this paper, the numerical results indicate that the IMEX-HPBC scheme effectively preserves
the asymptotic behavior of the parabolic equations (49) for the splitting given in Eq. (51).
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Figure 3. Total L2-error at Tend = 0.5 for the isentropic Navier-Stokes equations (49) with vortex (left) and sinusoidal (right) initial data, computed
using IMEX-HBPC schemes for various stiffness parameters. The boundary conditions are periodic. The spatial discretization consists of NE =

16 × 16 elements with polynomial degrees Np = 3 for IMEX-HBPC(4, kmax) and Np = 5 for IMEX-HBPC(6, kmax). The value cflconv is set to
0.9 for all schemes, while cfldiff is set to 0.495 and 0.288 for IMEX-HBPC(4, kmax) and IMEX-HBPC(6, kmax), respectively. The correction steps
kmax were determined based on trends observed in the numerical results for the purely hyperbolic problem discussed in Sec. 5.1. The Newton and
GMRES tolerances are taken to be 10−6 and 10−2, respectively, with a limit of 50 Newton iterations per implicit solve and 700 GMRES iterations
with 50 restarts per Newton iteration. For the residual norm stagnation criteria, the values are chosen to beMms = 0.3,Mη = 10−5, andMC = 1.
The simulations use spatial parallelization on 36 processors. The result for IMEX-HBPC(8, kmax) has been skipped due to the high computational
costs required.

5.6. Efficiency comparisons with existing IMEX schemes
To evaluate the efficiency of IMEX-HBPC schemes in terms of wall-clock time required for error reduction, we

compare them with several existing higher-order IMEX schemes. (Please note that we are not aware of IMEX Runge-
20
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Kutta schemes with order greater than five.) For the comparison, we consider the one-derivative third-order IMEX
scheme IMEX-ARS443, as outlined in [5], and the fourth-order scheme IMEX-ARK4A2 from [47].

The L2 error and efficiency plots for the methods described above are presented in Fig. 4 for the HOTV-vortex
problem defined in equation (46) at Tend = 0.5 with a fixed cflconv = 0.5. We selected IMEX-HBPC(4, 1) as a candidate
for a third-order two-derivative IMEX scheme since it achieves third-order accuracy when we limit the number of
correction steps to one. The IMEX-HBPC(4, kmax) requires at least kmax = 2 to theoretically achieve fourth-order
accuracy. The spatial discretization is set to NE = 16 × 16 elements, consistent with previous numerical results. The
polynomial degrees Np are chosen to be 2 and 3, corresponding to third and fourth-order schemes, respectively. For
the implicit solvers, the Newton and GMRES methods, the tolerances are set to 10−6 and 10−2. Additionally, the
preconditioner is rebuilt after every 10 timesteps.

In Fig. 4, it can be observed that the computational time for all IMEX schemes increases with stiffness. For stiff-
ness parameters ε ≥ 10−1, the run time is nearly the same across all schemes. However, for ε ≤ 10−2, one-derivative
schemes achieve the same level of error with lower computational time compared to two-derivative schemes, and this
difference becomes more pronounced as stiffness increases. This distinction can be attributed to two main factors:
first, two-derivative methods require an additional evaluation of the second derivative; second, the incorporation of
an additional variable σ to reduce the stencil and enhance stability has led to larger systems of nonlinear equations.
Consequently, the computational cost for building the preconditioner and solving the nonlinear system can be higher.

On the other hand, IMEX-HBPC schemes can be easily extended to higher orders beyond five, which is a notable
advantage over IMEX Runge-Kutta schemes, in particular for applications that desire very tight numerical tolerances.
Furthermore, parallel-in-time IMEX-HBPC schemes [19] could be a promising approach for minimizing computa-
tional time; however, this aspect is not studied in the current paper.
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Figure 4. Total L2-error (left) and the wall-clock time (right) for HOT-vortex at Tend = 0.5 shown for third (IMEX-ARS443,IMEX-HBPC(4, 1))
and fourth-order (IMEX-ARK4A2, IMEX-HBPC(4, 2)) IMEX methods with a constant cflconv = 0.5 for various stiffness parameters. The spatial
discretization is set toNE = {16×16} with polynomial degreesNp equals 2 and 3 for the third and fourth-order methods, respectively. The Newton
and GMRES tolerances are taken to be 10−6 and 10−2, respectively, with a limit of 50 Newton iterations per implicit solve and 700 GMRES
iterations with 50 restarts per Newton iteration. For the residual norm stagnation criteria, the values are chosen to beMms = 0.3,Mη = 10−5, and
MC = 1. The simulations use spatial parallelization on 36 processors.

6. Conclusions and Outlook

In this paper, we have combined the higher-order two-derivative IMEX-HBPC scheme with higher-order discon-
tinuous Galerkin spatial discretization for isentropic Euler equations. The IMEX-HBPC scheme utilized the DeTa
flux splitting [31]. The asymptotic analysis has been done for the semi-discrete and fully-discrete formulations of the
isentropic Euler equations. The overall scheme is proven to be asymptotic preserving. Numerical results showed that
the IMEX schemes are stable under convective CFL conditions independent of ε.

The implicit part of the second derivative flux has been evaluated in two ways: explicitness-preserving (14) and
non-explicitness-preserving (13). It has been shown in the comparison test that the explicitness-preserving scheme is
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more efficient than the non-explicitness-preserving scheme in terms of the consumed linear iterations. The schemes
were theoretically proved asymptotically consistent with the appropriate choice of numerical fluxes. Numerical exper-
iments were performed on the high-order traveling vortex (HOTV) (46) with periodic boundary conditions. Results
have been shown for IMEX-HBPC schemes up to order eight, see Fig. 2. All the schemes have exhibited a reduction
in the error by their order of accuracy for fixed convective CFL conditions, uniformly for all the ε values.

By adapting the strategy of explicitly treating diffusion terms, numerical results were also obtained for isentropic
Navier-Stokes equations. Results for fourth and sixth-order IMEX-HBPC schemes were shown, demonstrating con-
vergence across all stiffness ranges under the advection-diffusion CFL restrictions (53). In terms of efficiency in
error reduction with respect to computational time, the one-derivative schemes showed better performance at lower ε
values.

One of the future research directions is to investigate other possible flux splitting options for the isentropic Eu-
ler equations. Also, we are interested in studying the IMEX-HBPC schemes for the full Navier-Stokes equations.
However, as the PDE system becomes more complex, selecting appropriate flux splitting and numerical fluxes for
the full Navier-Stokes equations will be cumbersome. Furthermore, for the parallel-in-time HBPC schemes [19], it is
interesting to study and conduct asymptotic analysis on their IMEX versions.
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[20] J. Zeifang, J. Schütz, D. Seal, Stability of implicit multiderivative deferred correction methods, BIT Numerical Mathematics (2022).
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[27] G. Bispen, M. Lukáčová-Medvid’ová, L. Yelash, Asymptotic preserving IMEX finite volume schemes for low Mach number Euler equations
with gravitation, Journal of Computational Physics 335 (2017) 222–248.

[28] X. Xie, H. Dong, M. Li, Numerical simulations of the shallow water equations with coriolis forces in full froude number by an asymptotic
preserving dg scheme, Journal of Applied Mathematics and Computing (2025). doi:10.1007/s12190-025-02501-4.
URL https://doi.org/10.1007/s12190-025-02501-4
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[35] K. Kaiser, J. Schütz, Asymptotic error analysis of an IMEX Runge–Kutta method, Journal of Computational and Applied Mathematics 343
(2018) 139–154.
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Chapter 3
Conclusions and future work

The singularly perturbed conservation equations pose significant challenges for ex-

plicit time integration schemes, particularly when the stiffness parameter ε� 1. The

primary difficulty stems from the severe timestep restriction imposed by the CFL con-

dition, which depends on ε. For example, in the case of the low-Mach compressible

isentropic Euler equations, this leads to a timestep size of

∆t = O(ε∆x),

which makes explicit schemes unsuitable for such stiff problems as ε → 0. There-

fore, in this thesis, we have explored various time stepping methods that incorporate

elements of implicitness, either through algebraic implicit formulations or through re-

peated explicit sub-steps. As a result, implicitness facilitates the alleviation of severe

timestep restrictions. Additionally, most of these methods have a multi-derivative

nature, enabling the achievement of higher orders of accuracy. Furthermore, we have

presented a new class of multirate multi-derivative explicit schemes capable of han-

dling moderately stiff problems.

In [94, Paper I], we have presented a parallel-in-time (PinT) implit two-derivative

discontinous Galerking spectral element method (DGSEM) for Navier-Stokes equa-

tions. These schemes are an extension of the HBPC-DGSEM method [181], incor-
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porating parallel-in-time strategies developed for ODEs in [92]. As the DGSEM is

implemented using the open-source code FLEXI [116], which supports spatial par-

allelization, this resulted in a scheme that is parallel in both time and space. In

comparison to the previous version presented in [92], we further improved the cur-

rent scheme by parallelizing the stages of the predictor and first corrector steps. In

addition, we adopted an adaptive Newton procedure. These developments have en-

hanced the efficiency of the scheme by reducing computation time, benefiting both

from improved parallelization and a reduction in (non-)linear iterations. The tempo-

ral parallelization demonstrated a parallel efficiency of approximately 60% to 70%.

The combination of parallel-in-time and parallel-in-space methods showed improved

performance, particularly in regimes where the efficiency of pure spatial paralleliza-

tion declined. While PinT schemes have demonstrated superior performance over

ESDIRK schemes [193] of the same order on simpler problems, achieving similar

benefits for more complex flows—such as the two-dimensional cylinder flow or the

three-dimensional Taylor–Green vortex—remains challenging.

There is room for further development, particularly in exploring background quadra-

ture rules within the framework of General Linear Methods (GLMs), as well as ex-

tensions to higher-order derivatives using Jacobian-free approaches. Inspired by the

preconditioned spectral deferred correction (SDC) schemes in [171, 200], a promising

future direction lies in the design of a new class of multi-derivative SDC (MD-SDC)

methods. These methods have the potential to incorporate strategies that enable

faster convergence to the underlying background schemes. In particular, the HBPC

method can be viewed as a special case of the MD-SDC approach. It employs a

quadrature rule with uniformly spaced nodes and a diagonal preconditioner.

In [95, Paper II], we developed an m-step HBPC (mS-HBPC) scheme, where the

multistep character is embedded in the construction of the underlying background

scheme. The sixth- and eighth-order schemes were optimized to achieve A(α)-stability,

with the number of correction steps fixed at four and six, respectively. The stability

parameters (θ1, θ2) were given for various stability angles. It was observed that in-

creasing the stability angle led to an increase in the error constants for both schemes.

Numerical results were presented for various non-stiff and stiff ODEs, as well as for
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nonlinear PDEs. While the sixth-order schemes consistently achieved the expected

convergence across all stability angles, the eighth-order schemes experienced a reduc-

tion in convergence order at certain stability angles.

As previously mentioned, the mS-HBPC schemes can serve as a foundation for future

work on developing HBPC methods with General Linear Method (GLM)-type back-

ground schemes. A thorough mathematical analysis, particularly on order reduction

and related aspects, is necessary. Additionally, extending the mS-HBPC schemes

to PinT frameworks and applying them to the Navier–Stokes equations are further

promising directions for improvement.

In [96, Paper III], we have combined the two-derivative strong-stability-preserving

(SSP) schemes from [83] with DGSEM using the open-source code FLEXI [116]. We

analyzed the schemes for their A(α)-stability properties. The second-order scheme

was found to be A-stable, while the third- and fourth-order schemes were A(α)-stable

with stability angles of approximately 79.94◦ and 84.51◦, respectively.

For the third-order, two-stage diagonally implicit two-derivative scheme, we proved

that it cannot be both A-stable and SSP, based on the conditions outlined in [83,

Theorem 1]. We presented numerical results for both the Euler and Navier-Stokes

equations. The second and fourth-order SSP schemes demonstrated the desired con-

vergence; however, the third-order scheme encountered convergence issues due to the

presence of poles of the stability function along the imaginary axis. By constructing

a family of A(α)-stable third-order SSP schemes, we showed that the location of the

instability is more critical than the stability angle itself.

We devised an adaptive coefficient third-order SSP and non-SSP scheme based on

the findings from the stability analysis and the distribution of the eigenvalues of the

spatially discretized linear advection equations. The adaptive schemes were then

applied to the Euler and Navier-Stokes equations under certain assumptions. The

non-SSP scheme converged with the desired order for all timestep sizes. The adap-

tive SSP scheme produced stable solutions for all the given timestep sizes; however,

a reduction in order was observed, likely due to large error constants. We leveraged

the flexibility in positioning the stability region for the two-derivative schemes to in-

vestigate the convergence issues encountered by the fourth-order SSP schemes when
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applied to the Navier-Stokes equations. The overall results indicate that A-stability

is crucial for time-stepping schemes to reduce error accumulation during simulations

that run for extended final times, without compromising the timestep sizes.

Analyzing and implementing the IMEX SSP schemes from [83] for low-Mach num-

ber problems using DGSEM is one of the possible future directions. A natural next

step would be to study the Jacobian-free multi-derivative SSP schemes and the two-

derivative SSP general linear methods (GLMs) [109] within the framework of DGSEM

spatial discretization. Since there are only a few studies on deferred correction schemes

with the SSP property [201], extending HBPC schemes to possess SSP properties is

another possible direction for future research.

As mentioned at the beginning of the conclusion section, we have developed a

class of multi-derivative multirate schemes in [164, Paper IV], extending the single-

derivative multirate schemes presented in [154, 153]. Unlike IMEX schemes, multirate

schemes utilize the efficiency of explicit treatment for both the stiff and non-stiff parts

of the ODE or PDE under consideration. The non-stiff part is computed with large

timesteps, whereas the stiff part is computed using smaller timesteps or, if possible,

solved exactly. We have derived the order conditions up to order four. The multi-

derivative treatment was performed up to three derivatives for the non-stiff part. We

have investigated the stability properties of the proposed schemes, and their perfor-

mance was evaluated on a range of highly stiff ODEs and diffusion-dominated PDEs.

As the stiffness parameter (ε) of the problem increased, the number of fast steps in-

creased to the order of 1
ε to maintain stable solutions. Therefore, multirate schemes

are well-suited for mildly stiff problems.

As future work, the schemes can be extended to the compressible Navier–Stokes equa-

tions for low-Mach number flows or to other conservation equations. Additionally,

investigating the parallelizability of the fast steps could further improve efficiency on

highly stiff problems. Developing order trees for multi-derivative multirate schemes

to simplify their presentation is a worthwhile future work.

Finally, in [120, Paper V], we have analyzed the two-derivative schemes for low-

Mach flows. We studied the two-derivative IMEX schemes on the isentropic Euler

equations using a flux splitting approach from [126], combined with DGSEM spa-



169

tial discretization. As a first step, we proved the two-derivative second-order Taylor

method is asymptotic-preserving (AP) in both the semi-discrete and fully discrete

settings, under periodic boundary conditions. The numerical fluxes are carefully cho-

sen for both the stiff and non-stiff parts to achieve the asymptotic-preserving (AP)

property. Unlike in the single-derivative IMEX schemes, mixing of stiff and non-stiff

components can occur in the higher derivatives of the fluxes. Therefore, the im-

plicit part of the second derivative is treated using the strategy presented in [137] to

avoid dependence on the non-stiff terms during function inversions. Consequently, the

entire analysis presented in this paper applies to explicitness-preserving schemes as

described in [137]. The non-explicitness-preserving schemes can also be shown to be

asymptotic-preserving by adopting a similar analysis as presented in the paper. The

numerical results comparing explicitness-preserving and non-explicitness-preserving

schemes show that the latter requires significantly more computational time, primar-

ily due to the additional non-linearity and unnecessary function inversions introduced

by the non-explicitness-preserving approach. The schemes were extended to higher

orders, up to eight, using the IMEX-HBPC schemes. We also proved that the IMEX-

HBPC schemes are asymptotic-preserving (AP). Numerical results show that all the

schemes exhibited a reduction in error consistent with their order of accuracy for fixed

convective CFL conditions, uniformly across all values of ε.

As future work, the IMEX-HBPC schemes should be studied on the full Navier–Stokes

equations with appropriate splitting strategies. Furthermore, conducting asymptotic-

preserving (AP) analysis for parallel-in-time IMEX versions of the schemes is a promis-

ing direction. As mentioned previously, a detailed study of multi-derivative spectral

deferred correction (MD-SDC) schemes and their IMEX variants opens windows for

future research. Additionally, incorporating the compact approximate Taylor (CAT)

[202, 203, 204] methods to include higher derivatives using Jacobian-free techniques

is another potential extension.

In this thesis, we have presented various nonstandard time integration schemes

to alleviate the numerical difficulties caused by stiffness in ordinary and partial dif-

ferential equations, particularly in flow equations. The contributions made in this

work incorporate equation splitting techniques, parallel computing architectures, and
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improved nonlinear solvers to enhance the overall efficiency of the proposed schemes.

The proposed future directions aim to further advance these methods to address

more complex challenges. From the outcomes discussed in this thesis, parallel-in-time

(PinT) schemes have shown promising results in reducing computational time. How-

ever, these schemes need further improvement to handle more complex problems effec-

tively. Since the PinT HBPC scheme already possesses a multistep nature, extending

the concept of multistep HBPC schemes to multi-derivative GLMs and developing

corresponding PinT schemes could offer additional advantages. Incorporating infor-

mation from previous steps can help reduce the number of implicit stages, thereby

increasing computational efficiency. The inclusion of GLMs can also provide addi-

tional flexibility to improve both linear stability properties (such as A-stability) and

nonlinear stability properties (such as SSP). Therefore, a detailed study and analysis

aimed at developing PinT multistep multi-derivative inexact asymptotic-preserving

solvers for complex problems could serve as a promising overall future direction of

this thesis.
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[125] J. Schütz, D. Seal, An asymptotic preserving semi-implicit multiderivative

solver, Applied Numerical Mathematics 160 (2021) 84–101.

[126] P. Degond, M. Tang, All speed scheme for the low Mach number limit of the

isentropic Euler equation, Communications in Computational Physics 10 (2011)

1–31.
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[174] K. Böhmer, P. W. Hemker, H. J. Stetter, The Defect Correction Approach,

Springer Vienna, Vienna, 1984, pp. 1–32. doi:10.1007/978-3-7091-7023-6_

1.

[175] M. Minion, Semi-implicit spectral deferred correction methods for ordinary dif-

ferential equations, Communications in Mathematical Sciences 1 (3) (2003) 471–

500.

[176] J. Huang, J. Jia, M. Minion, Accelerating the convergence of spectral deferred

correction methods, Journal of Computational Physics 214 (2) (2006) 633–656.

doi:10.1016/j.jcp.2005.10.004.

[177] Y. Xia, Y. Xu, C.-W. Shu, Efficient time discretization for local discontinuous

galerkin methods (2007). doi:10.3934/dcdsb.2007.8.677.

[178] M. Weiser, Faster sdc convergence on non-equidistant grids by dirk sweeps,

BIT Numerical Mathematics 55 (4) (2015) 1219–1241. doi:10.1007/

s10543-014-0540-y.

[179] R. Speck, D. Ruprecht, M. Emmett, M. Minion, M. Bolten, R. Krause, A multi-

level spectral deferred correction method, BIT Numerical Mathematics 55 (3)

(2015) 843–867. doi:10.1007/s10543-014-0517-x.

[180] M. F. Causley, D. C. Seal, On the convergence of spectral deferred correction

methods, Communications in Applied Mathematics and Computational Science

14 (1) (2019) 33–64.
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[203] J. Chouchoulis, J. Schütz, J. Zeifang, Jacobian-free explicit multiderivative

Runge–Kutta methods for hyperbolic conservation laws, Journal of Scientific

Computing 90 (3) (2022) 96.
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