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Abstract9

Space-time prisms have been extensively studied as a model to describe the uncertainty of the10

spatio-temporal location of a moving object in between measured space-time locations. In many11

applications, the desire has been expressed to provide an internal structure to these prisms, that12

includes what has been called “visit probability”. Although several proposals have been studied in13

the past decades, a precise definition of this concept has been missing. The contribution of this14

paper is to provide such a specification by means of a formal framework for visit probability. Once15

this concept is established, we are able to derive on which parts of a prism, visit probability can be16

seen to give rise to a probability space.17
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1 Introduction25

In a wide range of applications that deal with moving objects (such as people, animals26

or vehicles), time-stamped location data are collected using location-aware devices (such27

as GPS) and these data are stored and managed in moving object databases (MODs) [3].28

The actual space-time trajectories of the moving object may be reconstructed or estimated29

from these measured space-time locations (called anchor points) using, for example, linear30

interpolation [11]. Space-time prisms, originating from the field of time geography [1, 4, 7],31

are used in Geographical Information Systems (GIS) [9] and MODs [2, 5] to model the32

movement uncertainty of a moving object between anchor points, based on a known speed33

bound on the object’s movement. For spatio-temporal anchor points (p−, t−) and (p+, t+),34

with t− < t+, and a speed bound vmax, the prism with these and anchors and speed bound35

is denoted P(p−, t−, p+, t+, vmax). Figure 1 depicts space-time prisms for movement in a36

two- and a one-dimensional space, respectively. As shown in the figure, prisms can be seen37

there to be the intersection of a future and past cone. The spatial projection of the prism,38

also called the potential path area, is an envelope of the spatial whereabouts of the moving39

object between the measured spatial locations.40
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Figure 1 Part (a) of the figure shows the space-time prism (in green) for movement in the plane
as the intersection of the past cone C+ (in red) and the future cone C− (in blue). Part (b) of the
figure shows a prism for movement in a one-dimensional space.

In its basic form, a space-time prism lacks any internal structure and can be seen as a41

homogeneous geometric object, meaning that no two space-time points can be distinguished42

as more or less likely to have been visited. Conceptually, an infinite number of velocity-bound43

trajectories can be imagined within a prism and each point inside a prism is visited by44

infinitely many of them (except for some boundary points). This means that there is no45

a-priori reason to distinguish between space-time points inside the prism. Still, in many46

applications, such as animal or human movement [8], it is plausible that certain points in a47

prism, such as those on a linear interpolation path, should be considered more likely than48

other space-time points that are more towards the boundary of the prism (since they require49

a considerable detour). The notion of probability distributions in space-time prisms has50

become known as visit probability and has been studied extensively in the past decades (see51

e.g., [10, 12]). Several proposals have been made to assign probability values to space-time52

points or regions within a prism, thus providing the prism with an internal structure that53

expresses the unequal movement opportunities within the prism. Many of these proposals54

take an, often ad-hoc, approach towards the problem of establishing a visit probability for55

a particular application and each approach necessarily depends on a series of assumptions,56

which often remain obscure to a certain extend and the resulting visit probability therefore57

directly reflects these assumptions (in the best case, in a transparent way).58

In this paper, we develop a general framework (or theory) of visit probability in the59

context of space-time prisms. In this approach, we start from the clear understanding60

that any definition of visit probability assumes a probability distribution on the possible61

velocity-bound trajectories within a prism. Once a probability space is defined on the set62

of trajectories (including a σ-algebra and a probability function), we can clearly determine63

for which parts of a space-time prims a visit probability can be derived. We also specify64

which conditions the σ-algebra on the set of trajectories must satisfy in order to be able to65

speak about a visit probability of certain classes of subsets of interest in the prism. Next,66

we address the question that asks on which subsets of a prism on which the derived visit67

probability is really a probability. We give a characterization of exactly those subsets of68

a prism for which this is the case. These sets are what we call “singleton-separators” and69

they are a wider class of subsets than just time slices of prisms. In the above mentioned70

literature, it is often the case that some notion of visit probability that has been defined is71

only considered on time slices of a prism. Our result shows that in fact it can be considered72
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a probability on a wider class of subsets.73

2 Towards a definition of visit probability in space-time prisms74

In this section, we investigate how we can define the notion of “visit probability” on space-75

time prisms, thus providing some internal structure to an otherwise homogeneous prisms.76

Let P = P(p−, t−, p+, t+, vmax) be a space-time prism with anchors (p−, t−), (p+, t+) and77

speed bound vmax ≥ 0. A vmax-trajectory in the prism P is a (differentiable) mapping γ78

from the time interval [t−, t+] to space, that connects the anchor points and whose velocity79

vector is bounded in size by vmax at all time. The set of vmax-trajectories in the prism P80

is denoted by ΓP . Space-time prisms are homogeneous in the sense that a-priori no higher81

likelihood can be assigned to a point (p, t) in a space-time prism P = P(p−, t−, p+, t+, vmax)82

as compared to another point (p′, t′) in P. In general, the sets of vmax-trajectories passing83

through these points have the same cardinality (only points on the “rim” of a prism are84

exceptions [6]). Only by assigning a probability (or probability distribution) to the set of85

vmax-trajectories ΓP , we are be able to indicate certain points or parts of a prism as more86

likely than others. To obtain such a probability space on ΓP , we need to specify a σ-algebra87

G of subsets of ΓP and to define a probability function P on this σ-algebra.88

Once such a probability space (ΓP , G, P ) has been specified, we can start working towards89

specifying a “visit probability”: for a subset A of P , for which ΓP(A), which is the subset of90

vmax-trajectories that intersect A, belongs to G, we define the visit probability of A (relative91

to the given probability P on ΓP) as P (ΓP(A)) and we denote it by vpP (A).92

However, the fact that ΓP(A) belongs to the σ-algebra G is not guaranteed. Indeed, a93

σ-algebra G on P can range from very “poor” (or G = {∅, ΓP}) to very “rich” (or G = 2P). In94

the former case, we can derive the visit probability of very few subsets of the prism, whereas95

in the latter case, we can derive it for all subsets. When we are interested in knowing the96

visit probability of a certain class F of subsets of the prism P, we can only obtain this visit97

probability when for F ∈ F , we have that ΓP(F ) belongs to the σ-algebra G.98

We turn to a visit probability for parts of the potential path area (PPA) of a prism.99

The following definition of visit probability of a part A of the the PPA reflects the idea100

that a moving object has visited A if at some point in time it has visited A. For a subset101

A of the PPA, we denote the cylindrical subset (A × R) ∩ P of P by CylP(A) and when102

ΓP(CylP(A)) ∈ G, we can define the probability of visiting the part A of the the PPA as103

vpP (CylP(A)).104

3 When is visit probability a probability?105

In this section, we determine in which circumstances the definition of visit probability on a106

prism, as given above, gives rise to a probability space within the prism. When we have a107

prism P = P(p−, t−, p+, t+, vmax) and consider the time slices Pt1 and Pt2 at two different108

moments t− ≤ t1 < t2 ≤ t+, then we clearly have vpP (Pt1) = 1 and vpP (Pt2) = 1, since109

every vmax-trajectory must intersect a time slice (that is ΓP(Pt1) = ΓP(Pt2) = ΓP). Since t1110

and t2 are different, we have that the time slices Pt1 and Pt2 are disjoint subsets of P. For111

disjoint unions, we would expect vpP (Pt1 ∪ Pt2) to be vpP (Pt1) + vpP (Pt2), but since this is112

1 + 1 = 2, that cannot be the case. This simple example shows that vpP is not a probability113

on the complete prism P. This raises the question: are there subsets of a prism on which114

the visit probability of Section 2 is a probability? The main contribution of this paper is a115

characterisation exactly those subsets of a prism for which this is the case. These subsets116

TIME 2025
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S1

<latexit sha1_base64="8GQlu6zjDHdzSQ0sFhL9BAuKGbE="></latexit>

S3

<latexit sha1_base64="AyIxNX8B2/oPJB/vwYnXX7YYwdc=">AAAB7nicbZDLSgMxFIbP1Futt6pLQYIdQVDKjIi6s+DGZQv2Au1YMmmmhmYyQ5IRS+nSB3DjQhG3bt35HO58Bn0I08tCW38IfPz/OeSc48ecKe04n1ZqZnZufiG9mFlaXlldy65vVFSUSELLJOKRrPlYUc4ELWumOa3FkuLQ57Tqd84HefWGSsUicam7MfVC3BYsYARrY1Vt+/Zq37ab2ZyTd4ZC0+COIXf29nW3/V76LjazH41WRJKQCk04VqruOrH2elhqRjjtZxqJojEmHdymdYMCh1R5veG4fbRrnBYKImme0Gjo/u7o4VCpbuibyhDrazWZDcz/snqig1Ovx0ScaCrI6KMg4UhHaLA7ajFJieZdA5hIZmZF5BpLTLS5UMYcwZ1ceRoqh3n3OH9UcnKFAxgpDVuwA3vgwgkU4AKKUAYCHbiHR3iyYuvBerZeRqUpa9yzCX9kvf4Aaf6Ssw==</latexit>

x+<latexit sha1_base64="EmWqlPkN6YTGcxOx/uW8YcQiaEU=">AAAB7nicbZC7SgNBFIbPxluMt6ilIINZwULDrojaGbCxTMBcIFnD7GQ2DpmdXWZmxRBS+gA2ForY2tr5HHY+gz6Ek0uhiT8MfPz/Ocw5x485U9pxPq3UzOzc/EJ6MbO0vLK6ll3fqKgokYSWScQjWfOxopwJWtZMc1qLJcWhz2nV75wP8uoNlYpF4lJ3Y+qFuC1YwAjWxqra9u3VgW03szkn7wyFpsEdQ+7s7etu+730XWxmPxqtiCQhFZpwrFTddWLt9bDUjHDazzQSRWNMOrhN6wYFDqnyesNx+2jXOC0URNI8odHQ/d3Rw6FS3dA3lSHW12oyG5j/ZfVEB6dej4k40VSQ0UdBwpGO0GB31GKSEs27BjCRzMyKyDWWmGhzoYw5gju58jRUDvPucf6o5OQK+zBSGrZgB/bAhRMowAUUoQwEOnAPj/BkxdaD9Wy9jEpT1rhnE/7Iev0BbQqStQ==</latexit>

x�

t

x

<latexit sha1_base64="IJvARC2Hxmv8Im5tn8KhQH53CBs=">AAAB73icbZC7SgNBFIZn4y3GW9RSkMGsYKFhV0TtDNhYJmAukKxhdjIbh8zOrjNnhRBS+gI2ForYWtr5HHY+gz6Ek0uhiT8MfPz/Ocw5x48F1+A4n1ZqZnZufiG9mFlaXlldy65vVHSUKMrKNBKRqvlEM8ElKwMHwWqxYiT0Bav6nfNBXr1lSvNIXkI3Zl5I2pIHnBIwVs22MVwd2HYzm3PyzlB4Gtwx5M7evu6230vfxWb2o9GKaBIyCVQQreuuE4PXIwo4FayfaSSaxYR2SJvVDUoSMu31hvP28a5xWjiIlHkS8ND93dEjodbd0DeVIYFrPZkNzP+yegLBqdfjMk6ASTr6KEgEhggPlsctrhgF0TVAqOJmVkyviSIUzIky5gju5MrTUDnMu8f5o5KTK+yjkdJoC+2gPeSiE1RAF6iIyogige7RI3qybqwH69l6GZWmrHHPJvoj6/UHvUKS2w==</latexit>

t�

<latexit sha1_base64="eJRpmP0IQqKX6BkB+OjAW44TTjo=">AAAB73icbZDLSgMxFIYz9VbrrepSkGBHEJQyI6LuLLhx2YK9QDuWTJqpoZnMmJwRSunSF3DjQhG3Lt35HO58Bn0I08tCW38IfPz/OeSc48eCa3CcTys1Mzs3v5BezCwtr6yuZdc3KjpKFGVlGolI1XyimeCSlYGDYLVYMRL6glX9zvkgr94ypXkkL6EbMy8kbckDTgkYq2bbGK72bbuZzTl5Zyg8De4YcmdvX3fb76XvYjP70WhFNAmZBCqI1nXXicHrEQWcCtbPNBLNYkI7pM3qBiUJmfZ6w3n7eNc4LRxEyjwJeOj+7uiRUOtu6JvKkMC1nswG5n9ZPYHg1OtxGSfAJB19FCQCQ4QHy+MWV4yC6BogVHEzK6bXRBEK5kQZcwR3cuVpqBzm3eP8UcnJFQ7QSGm0hXbQHnLRCSqgC1REZUSRQPfoET1ZN9aD9Wy9jEpT1rhnE/2R9foDujaS2Q==</latexit>

t+

<latexit sha1_base64="AyIxNX8B2/oPJB/vwYnXX7YYwdc=">AAAB7nicbZDLSgMxFIbP1Futt6pLQYIdQVDKjIi6s+DGZQv2Au1YMmmmhmYyQ5IRS+nSB3DjQhG3bt35HO58Bn0I08tCW38IfPz/OeSc48ecKe04n1ZqZnZufiG9mFlaXlldy65vVFSUSELLJOKRrPlYUc4ELWumOa3FkuLQ57Tqd84HefWGSsUicam7MfVC3BYsYARrY1Vt+/Zq37ab2ZyTd4ZC0+COIXf29nW3/V76LjazH41WRJKQCk04VqruOrH2elhqRjjtZxqJojEmHdymdYMCh1R5veG4fbRrnBYKImme0Gjo/u7o4VCpbuibyhDrazWZDcz/snqig1Ovx0ScaCrI6KMg4UhHaLA7ajFJieZdA5hIZmZF5BpLTLS5UMYcwZ1ceRoqh3n3OH9UcnKFAxgpDVuwA3vgwgkU4AKKUAYCHbiHR3iyYuvBerZeRqUpa9yzCX9kvf4Aaf6Ssw==</latexit>

x+<latexit sha1_base64="EmWqlPkN6YTGcxOx/uW8YcQiaEU=">AAAB7nicbZC7SgNBFIbPxluMt6ilIINZwULDrojaGbCxTMBcIFnD7GQ2DpmdXWZmxRBS+gA2ForY2tr5HHY+gz6Ek0uhiT8MfPz/Ocw5x485U9pxPq3UzOzc/EJ6MbO0vLK6ll3fqKgokYSWScQjWfOxopwJWtZMc1qLJcWhz2nV75wP8uoNlYpF4lJ3Y+qFuC1YwAjWxqra9u3VgW03szkn7wyFpsEdQ+7s7etu+730XWxmPxqtiCQhFZpwrFTddWLt9bDUjHDazzQSRWNMOrhN6wYFDqnyesNx+2jXOC0URNI8odHQ/d3Rw6FS3dA3lSHW12oyG5j/ZfVEB6dej4k40VSQ0UdBwpGO0GB31GKSEs27BjCRzMyKyDWWmGhzoYw5gju58jRUDvPucf6o5OQK+zBSGrZgB/bAhRMowAUUoQwEOnAPj/BkxdaD9Wy9jEpT1rhnE/7Iev0BbQqStQ==</latexit>

x�

t

x

<latexit sha1_base64="IJvARC2Hxmv8Im5tn8KhQH53CBs=">AAAB73icbZC7SgNBFIZn4y3GW9RSkMGsYKFhV0TtDNhYJmAukKxhdjIbh8zOrjNnhRBS+gI2ForYWtr5HHY+gz6Ek0uhiT8MfPz/Ocw5x48F1+A4n1ZqZnZufiG9mFlaXlldy65vVHSUKMrKNBKRqvlEM8ElKwMHwWqxYiT0Bav6nfNBXr1lSvNIXkI3Zl5I2pIHnBIwVs22MVwd2HYzm3PyzlB4Gtwx5M7evu6230vfxWb2o9GKaBIyCVQQreuuE4PXIwo4FayfaSSaxYR2SJvVDUoSMu31hvP28a5xWjiIlHkS8ND93dEjodbd0DeVIYFrPZkNzP+yegLBqdfjMk6ASTr6KEgEhggPlsctrhgF0TVAqOJmVkyviSIUzIky5gju5MrTUDnMu8f5o5KTK+yjkdJoC+2gPeSiE1RAF6iIyogige7RI3qybqwH69l6GZWmrHHPJvoj6/UHvUKS2w==</latexit>

t�

<latexit sha1_base64="eJRpmP0IQqKX6BkB+OjAW44TTjo=">AAAB73icbZDLSgMxFIYz9VbrrepSkGBHEJQyI6LuLLhx2YK9QDuWTJqpoZnMmJwRSunSF3DjQhG3Lt35HO58Bn0I08tCW38IfPz/OeSc48eCa3CcTys1Mzs3v5BezCwtr6yuZdc3KjpKFGVlGolI1XyimeCSlYGDYLVYMRL6glX9zvkgr94ypXkkL6EbMy8kbckDTgkYq2bbGK72bbuZzTl5Zyg8De4YcmdvX3fb76XvYjP70WhFNAmZBCqI1nXXicHrEQWcCtbPNBLNYkI7pM3qBiUJmfZ6w3n7eNc4LRxEyjwJeOj+7uiRUOtu6JvKkMC1nswG5n9ZPYHg1OtxGSfAJB19FCQCQ4QHy+MWV4yC6BogVHEzK6bXRBEK5kQZcwR3cuVpqBzm3eP8UcnJFQ7QSGm0hXbQHnLRCSqgC1REZUSRQPfoET1ZN9aD9Wy9jEpT1rhnE/2R9foDujaS2Q==</latexit>

t+

<latexit sha1_base64="Ar4MPEJwWzU/banGhhIul/9yAxA="></latexit>

S2

Figure 2 The subsets S1 and S2 are examples of singleton-separators, S3 is not.

are “singleton-separators” in a prims, which are illustrated in Figure 2 for one-dimensional117

movement. A subset S of P is called a singleton-separator, if for any vmax-trajectory γ̂ ∈ ΓP ,118

we have that the cardinality of γ̂ ∩ S equals one.119

For a subset S of P, we define MG(S) := {A ⊆ S | ΓP(A) ∈ G} and we have as a first120

result that S is a singleton-separator if and only if for every σ-algebra G on ΓP we have that121

MG(S) is a σ-algebra on S.122

This means that the only subsets of a prism for which we can hope to obtain a probability123

space are the singleton-separators. The following theorem states how this probability space124

looks like.125

▶ Theorem 1. Let P = P(p−, t−, p+, t+, vmax) be a space-time prism and let S be a singleton-126

separator in P. Then a probability space (ΓP , G, P ) on the set of all vmax-trajectories induces a127

probability space (S, MG(S), vpP ) on S, when vpP (A) is defined as P (ΓP(A)) for A ∈ MG(S).128
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