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THE PROJECTIVE CLASS RINGS OF DRINFELD DOUBLES OF
POINTED RANK ONE HOPF ALGEBRAS

HUA SUN, HUI-XIANG CHEN, LIBIN LI, AND YINHUO ZHANG

ABSTRACT. Let k be an algebraically closed field of characteristic 0. In this
paper, we study the Grothendieck ring Go(D(Hp)) and the projective class
ring rp(D(Hp)) of the Drinfeld double D(Hp) of the rank one pointed Hopf
algebra Hp. We analyze the tensor products of simple modules with sim-
ple modules, simple modules with indecomposable projective modules, and
indecomposable projective modules with indecomposable projective modules,
providing explicit decomposition rules in each case. Finally, we compute both
the Grothendieck ring Go(D(Hp)) and the projective class ring r,(D(Hp)),
and present these two rings in terms of generators and defining relations.

1. INTRODUCTION

The representation theory of finite-dimensional Hopf algebras occupies a central po-
sition in modern algebra, connecting deeply with quantum groups, tensor categories,
and low-dimensional topology. Among the most fundamental algebraic invariants
associated with such algebras H are the Grothendieck ring Go(H) and the projec-
tive class ring r,(H), which encode the tensor product structures of the categories
of simple and projective H-modules, respectively. These rings, often viewed as fu-
sion rings of the corresponding tensor categories, provide valuable insight into how
representations interact under tensor operations and how the underlying algebraic
symmetries manifest at the categorical level.

The family of rank one pointed Hopf algebras, classified by Krop and Radford
[10] over an algebraically closed field of characteristic zero, and by Scherotzke in
a positive characteristic [14], provides a natural generalization of the classical Taft
algebras and Radford algebras. Their representation theory has been developed in
detail by Wang, Li and Zhang [19, 20]. Although the representation category g, M
of a rank one pointed Hopf algebra Hp is not a braided tensor category, both its
representation ring and its Grothendieck ring are commutative.

However, the tensor category g, M can not, in general, be embedded as a full tensor
subcategory of the Drinfeld center of Hp. This observation motivated a deeper
study of the representation theory of the Drinfeld double D(Hp), and in particular,
of the relationship between the Grothendieck (and Green) rings of D(Hp) and those
of HD.

Key words and phrases. Drinfeld double, Pointed Hopf algebra, representation, indecompos-
able module, Auslander-Reiten sequence.
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Drinfeld doubles of specific classes of Hopf algebras, such as Taft algebras, general-
ized Taft algebras, and Radford algebras, have been extensively investigated. Chen
and his collaborators computed the structures of the Green, Grothendieck, and
projective class rings of Drinfeld doubles of Taft algebras in [2, 3, 4, 16]. Erdmann
et al. investigated the representations and stable Green rings of Drinfeld doubles of
generalized Taft algebras in [7, 8], while Sun and Chen studied the representations
of Drinfeld doubles of Radford Hopf algebras in [15], revealing intricate fusion rules
closely related to those of small quantum groups and modular tensor categories.
Furthermore, Krop and Radford classified all simple and projective indecompos-
able modules of the Drinfeld double D(Hp) when G(Hp), the group of group-like
elements, is abelian [10]. More recently, Sun, Chen and Zhang in [17] completed
the classification of all finite-dimensional indecomposable D(Hp)-modules.

Since determining the complete fusion rules for all indecomposable modules of a
rank one pointed Hopf algebra is an intensive task, we divide our project into two
stages: (1) first, we compute the decomposition rules for the tensor products of
simple and projective indecomposable modules, leading to explicit descriptions of
the Grothendieck and projective class rings; and (2) subsequently, we will determine
the fusion rules involving non-projective, non-simple indecomposable modules, from
which the full Green and stable Green rings can be derived.

In this paper, we carry out the first of these steps. We determine the Grothendieck
ring Go(D(Hp)) and the projective class ring r,(D(Hp)) for an arbitrary rank one
pointed Hopf algebra Hp whose group of group-like elements is abelian. We explic-
itly describe the tensor product decompositions among simple and indecomposable
projective D(Hp)-modules, and we present the rings Go(D(Hp)) and r,(D(Hp))
in terms of generators and relations. Our results unify and generalize previously
known computations for the Drinfeld doubles of Taft algebras and other special
cases of rank-one pointed Hopf algebras, providing a coherent framework for un-
derstanding their representation-theoretic and categorical structures.

The paper is organized as follows. Section 2 recalls the definition of a group datum,
the construction of pointed rank-one Hopf algebras Hp, and their Drinfeld doubles
D(Hp). In Section 3, we review the simple and projective indecomposable D(Hp)-
modules. Section 4 analyzes the socles of tensor products of simple modules, while
Section 5 provides explicit tensor product decompositions among simple and pro-
jective modules. Finally, Section 6 describes the structures of the Grothendieck
ring Go(D(Hp)) and the projective class ring r,(D(Hp)).

Throughout, let k be an algebraically closed field with chark = 0 and k* = k\{0}.
Unless otherwise stated, all algebras and Hopf algebras are defined over k; all
modules are finite dimensional and left modules; dim and ® denote dimy and ®y,
respectively. Let Z denote the set of all integers, Z,, := Z/nZ for an integer n, and
let N denote all non-negative integers. The references [9, 12, 18] are basic references
for the theory of Hopf algebras and quantum groups. The readers can refer [1] for
the representation theory of algebras.
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2. POINTED RANK ONE HOPF ALGEBRAS AND THEIR DOUBLES

In this section, we recall the pointed rank one Hopf algebras and their Drinfeld
doubles.

Let 0 # ¢q € k. For any integer n > 0, define
(n)g=1+q+--+q" "

Note that (n), =n when ¢ = 1 and (n), = qq":11 when ¢ # 1. Define the g-factorial
of n by (0)!; =1 and

for n > 0, see [9, p.74].

A quadruple D = (G, x, a,«) is called a group datum if G is a finite group, x is a
k-valued character of G, a is a central element of G and « € k subject to x™ =1 or
a(a™—1) = 0, where n is the order of x(a). The group datum D is of nilpotent type
if a(a™—1) = 0, and it is of non-nilpotent type if a(a™—1) # 0 and x™ = 1. For any
group datum D = (G, x, a, «), Krop and Radford constructed an associated finite
dimensional pointed rank one Hopf algebra Hp and classified such Hopf algebras.
They also described the Drinfeld doubles D(Hp) of Hp, see [10].

Let D = (G, x,a,a) be a group datum. The Hopf algebra Hp is generated as
an algebra by G and an element x, subject to the group relations for G, and the
additional relations:

n

2" = a(a” —1) and xg = x(g)gx for all g € G.
The comultiplication A is given by
Ax)=2z®a+1®zand A(g) =g®g, g €G.

Then Hp has a k-basis {g2’|g € G,0 < j < n— 1}. If D is of non-nilpotent type,
then Hp = Hp: as Hopf algebras, where D’ = (G, x,a,1). Therefore, we always
assume that o = 1 whenever D is of non-nilpotent type. For further details, one
can refer to [10, 13].

Throughout the following, let D = (G, x, a, «) be a group datum, and assume that
G is abelian. Set p = x(a) and denote by n the order of p. Let I' = Hom(G,k*)
denote the group of k-valued characters of G.

Recall that the Drinfeld double D(Hp) = Hp;°P 1 Hp is generated, as an algebra,
by its two sub-Hopf algebra Hy " and Hp, where Hj, is the dual Hopf algebra of
Hp. The algebra Hy,°P is generated by & and the group T, subject to the following
relations:

&" =0 and &y =vy(a)y for all y € T

The coalgebra structure of Hyy P is determined by A(€) = {®e+xRE, A(y) = y®@y
if D is of nilpotent type, and

AW) =77+ (@) —1) Y,

X'E @€
l+r=n P

_
(,!(r)

if D is of non-nilpotent type, where v € I'.
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Proposition 2.1. [10, Proposition 5] The Drinfeld double D(Hp) is generated as
an algebra by G, x, T and & subject to the relations defining Hp and Hp°® and the
following relations:

(a) gy =g forallge G and vy €T

(b) &9 =x""(g9)g¢ for all g € G;

(c) [z,8l=a—x;

(d) v(a)xy =~z if D is nilpotent;

(e) y(a)xy =~vx + ’ZZ(:LI))_#!lfy(pa —x)&" ! if D is non-nilpotent.

3. SIMPLE MODULES AND PROJECTIVE MODULES

Throughout this and the following sections, let [(V) and rl(V') denote the length
and the radical length (Loewy length) of a module V', respectively. For any integer
s = 0, denote by sV the direct sum of s copies of V (with the convention that
0V=0).

For a module V, set
V®:={v € V]zv =0} and V¢ := {v € V|év = 0}.

Given elements vy, -+ ,v5 € V, we write (v1,---,vs) for the submodule of V' gen-
erated by {v1,---,vs}. Finally, for any set X, denote by X the cardinality of
X.

3.1. Simple modules V (I, \).

Krop and Radford [10, Subsection 2.2], and independently Sun, Chen and Zhang
[17], classified the simple modules over D(Hp) for any group datum D = (G, x, a, @)
with G being abelian. In this subsection, we recall construction of the simple
D(Hp)-modules.

Let A := G x T be the set of characters of G x T. Define a map evg, -1 : A = k*
by

eVar-1(A) = Max ™), A €A,
and let K := Ker(ev,y-1).

Denote by A the subset of characters A\ € A satisfying A(ax~!) = p* for some
0<s<n—2 Foreach A € A, define d(\) = s if A € A, and d(\) = —1 otherwise.
Let ¢ € A be defined by ¢(g7) = x " 1(g9)7(a),g € G,~ € T, and define a mapping
oc:AN— Aby

a(N) = AN+
and set T = o2,
For any 1 <1< n—1,let I; = {\ € A|]A(ax!) = p'~1}. Define
I, = AMA={\e A\ ¢ A},
and further decompose it as

I ={x e L ax™ ) #p* forany 0 <k <n—1}
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and
% -1 -1
Iy ={xe LAax™") =p"}.

Then I, = I, U I, U 'T, = A and Up_,I; = A. By [10, Theorem 2], it follows
that §I; = I/ = $K, where 1 <1 < n.

For any 1 <1< n and X € I}, define
a1, A) 1= ()N — A@)p! ) € ki > 1.
Since 02(\) = A\¢", a;(I,7(\)) = a;(I, \). Now define B(I,\) € k by
B(LA) =1, B, A) :==ar (I, N)aa(l,N) - g1 (L, A) for 1 <1 < n.
Note that a; (I, A) # 0 for all 1 <4 <1 —1, and hence (I, \) # 0.

Let 1 <l <nand A€ I;. Let {v;/0 <i<1l—1} and {m;|0 < i <1 — 1} be the
natural and standard k-bases of V' (I, \) given in [17], respectively.

Let 1 <1< n—1. The D(Hp)-module action on V (I, \) is determined by

(g7)vi = (@ N)(g7)vi, geG, yeTl, 0<i<l—1,
Vi41, 0<Z<l—2, O7 iZO,
Tv; = . fu; = :
0, Z:lfl, Oli(l,>\)’Ui_1, 1§Z<l71,

or determined by

(g7)mi = (" N)(gy)mi, geG, yel, 0<i<l—1,
I ait1(l, \)miy1, 0 <i<l -2, £m, = 0, i = Q,
0, 1=1-1, mi_1, 1<i<Il—1.

Clearly, V (I, \)* =kv;_1 =km;_1 and V (I, \)¢ = kvg = kmy.

Now we consider the case that [ = n and A\ € I,,. In this case, V(n, \) is projective.
To describe the D(Hp)-module structure on V(n, \), it is necessary to distinguish
between two cases for D: nilpotent case and non-nilpotent case.

If D is of nilpotent type, then the module action on V(n, A) is given by
(97)vi = (6'N)(g7)vi, geG, yel, 0<i<n—1,

Vi41, 0<Z<n727 O7 Z:O,
Tv; = . §u; = :
0, i=n-—1, a; (N1, 1<i<n—1,

or given by

(g7)mi = (8' ) (g7)mi, geEG, yel, 0<i<n—1,
ai+1(n, )\)ml—+1, 0 < ) < n — 2, O, 1= 0,

Tm; = . §m; = .
0, 1=n-—1, mi_1, 1<i1<n—1

Clearly, V(n, \)® = kv,_1 = km,,_1 and V(n, \)* = kvg = kmy.
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If D is of non-nilpotent type, then the module action on V' (n, A) is given by

(g7)vi = (6" N)(g7)vi, geG, vel, 0<i<n—1,
Vi41, Oézgn—Z, € 0, 1:0,
TV; = v, =
’ (N (a) — 1wy, i=n-—1, ’ ai(n,\vi—1, 1<i<n—1,
or given by
(g7v)mi = (6"N)(g7)mi, geG, yel,0<i<n—1,
Oli+1(’l7/, )\)mi+1, 0 < k <n— 2, 07 1= 0,
rmi = A" (a)—1 . 1 §m; = .
BN mo, t=n-—1, m;—1, 1<i<n—1

Clearly, V(n,\)¢ = kvy = kmy.
Proposition 3.1. [17, Theorem 3.6] The following set
{VI,NVI<I<n, eI}
is a representative set of isomorphism classes of simple D(Hp)-modules. Moreover,

V(n, ) is a projective D(Hp)-module for any \ € I,,.

3.2. Indecomposable projective modules P(I,)\).

Krop and Radford described all projective indecomposable D(Hp )-modules for any
group datum D = (G, x, a, ) with G being abelian in [10, Subsection 2.3]. Sun,
Chen and Zhang [17] reconstructed all indecomposable projective modules with
matrices, as follows.

Case 1: Disof nilpotent type. Let 1 <! < n—1, A € I}, and let {vg, vy, , 051,
Ug, U1, -+ ,Up—1} be the basis of P(I,\). The D(Hp)-module action on P(l, \) is
given by

(gm)vi = (8°N)(g7)vi, geG, yel, 0<i<n—1,
(g7)ui = (¢ N) (g7)ws, geG, yel, 0<i<n—1,
Vit+1, 0<Z<TL*27 Uit1, O<Z<n72?
TV; = TU; =
0, i=n—1, 0, 1=n—1,
Unp—1—1, L= O’
£ ai(l,)\)vi_l + Up—1+i—1, 1 g 7 < l— 1,
v; = .
Un—1, 1=1,
ai—i(n—1,0(N)v;—1, I+1<i<n—1,
0, 1= 07
ain—Lo tW)ui_q, 1<i<n—1-1,
§u; = .
0, i=n-—1,
ai_nH(l,)\)ui_l, n—Il+1<i<n—1.

Clearly, P(I,\)* =kv,_1 + ku,_1 and P(I,\)* = kug + ku,,_;.
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Case 2: D is of non-nilpotent type. Let 1 < I < n—1, A € I;, and let
{vo,v1,"* ,Vn—1,u0, U1, ,up—1} be the basis of P(l,\). The D(Hp)-module
action on P(l,\) is given by

(g7)vi = (¢ "N\ (gy)vs, g€G, veT, 0<i<n—1,

(97)ui = (6" A)(g7)wi, geG, yel, 0<i<n—1,
ai+1(nfl,0*1()\))vi+1, O<Z<n7172,
Ug, i=n-—101-—1,

TUV; = .

Qip1-nrt(l, NVig1 FUig1py, n—1<i<n—2,
Y1, Avo + ug, it=n-—1,
ip1(l, ANy, 0<i<i-2,
0, i=1—1,

TU; = .
airi—i(n =1L oMN\)uirr, 1<i<n—2

21 AU0, i=n-—1,

0, =0, 0, =0,
f’l)i: 3 fuz: .
vi—1, 1<i<n—1, Ui—1, 1<i<n—1,

where y; \ = 7"14/(\(“)1_)5’?‘(’()

n—

and 2\ = ”’\((517_1))}51’() Moreover, y; » + 21,0 = 0 and
Zn—io-1(n) = Yix by Mx) = Ma)p*~t. Clearly, P(I,A\)* = ku;_1 + k(un_1 —
2’57,\11n_1_1) and P(l,)\)f = kvg + kuyg.

Proposition 3.2. [17, Corollary 3.12] A representative set of isomorphism classes
of indecomposable projective D(Hp)-modules is given by

4. THE SOCLE OF THE TENSOR PRODUCT OF TWO SIMPLE MODULES

In this section, we investigate the socle of the tensor product of two simple non-
projective modules.

For any integer ¢, let ¢(t) := [%] denote the integer part of % That is, c(t) is
the largest integer satisfying c(t) < %

Lemma 4.1. Let 1 <t <n. Then &xt = 2'¢ + (1) 2" (x — p'~ta).

Proof. We proceed by induction on ¢. If ¢ = 1, the statement is obvious. Assume
t > 1 and that the lemma holds for ¢ — 1. Then
fﬂjt — $€:Et71 + th,1 _ aztil
— xtf + (t _ 1)pxt71X _ (t _ 1)pp27txt71a + th,1 _ al’t71
= ate+(t— 1)pxt—1X +pt oty — (¢ — l)pp2—txt—1a +pltat—1q)
= '+ (1), — p () 2t e
= 264+ 1) x - p' ).
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For any D(Hp)-module M and A € A, set

My = {v e M|(g7)v = Agy)v,97 € G x T'}.
Then M) is a subspace of M.
Lemma 4.2. Let M be a D(Hp)-module.

(1) Suppose there exists a 0 # v € M N M) for some \ € I,, such that £(zFv) #
0 for all1 <k <n—1. Then (v) = span{v, v, - , 2" v} =2 V(n, \).

(2) Suppose there exists a 0 # v € MSN My for some A € I; with 1 <1< n—1.
Then {(v) is simple if and only if, for any 1 < k < n, zFv # 0 implies
E(xFv) # 0. In this case, (v) = span{v,zv,--- 2!~ to} 2 V(I \).

Proof. (1) By Lemma 4.1,
E(0) = (1), (\00) — P F M@)o = ag(m, Nk o

for all 1 < k < n— 1. We claim that y(z*v) = v*(a)\(y)2*v for all ¥ € T and
0<k<<n—1.

If D is of nilpotent type, the claim follows from Proposition 2.1(d). Assume now that
D is of non-nilpotent type. Since v € My, we have yv = A(y)v. Let 1 <k <n—1
and assume (2" 1v) = ¥*~1(a)\(y)2*~1v. Then

7"(a) —1

k (n — 1)!p y(pa — X)fn_l(l‘k_lv) _ ’Yk(a'))\(’}/)(l‘k’u).

(@) = y(a)ay (2"

v) —

Thus, the claim holds.

On the other hand, since v € My and gr = x~!(g)zg for g € G, we obtain
g(z*v) = x*(9)A(g)z"v for all 0 < k < n — 1.

Therefore,

(g7)(z*v) = (¢"N)(gy)z*v for all 0 K k< n—1, gy € G xT.

If D is of nilpotent type, then 2™ = 0, and so z™v = 0.
If D is of non-nilpotent type, then 2™ = a™ — 1, hence, z"v = (A\"(a) — 1)v. It
follows that

(v) = span{v,zv, -+ ,x" 1w} = V(n,\).

(2) Let 0 # v € M&N M, for some A € I; with 1 <1 < n— 1. Assume first that (v)
is simple. Then (v)¢ = kv by [17, Corollary 3.7]. If z*v # 0 for some 1 < k <n—1,
then zFv ¢ (v)¢ since av = A(a)v and a(z*v) = p~*A(a)z*v. Hence, &(zFv) # 0.

Conversely, assume that whenever x*v # 0 for any 1 < k < n, we have &(zFv) # 0.
Note that "v = 0. Let ¢ be the minimal positive integer such that 2fv = 0. Then
1<t n.

If t =1, then (v) = ko = V(1,A). Now assume 1 < ¢t < n. Then for any
1<k <t—1, 2% # 0 and hence £(z¥v) # 0. By Lemma 4.1, we have

E(2*v) = (k) ,(Mx) — p' 7*Na))2* v for all k > 1.

In particular,
0 = £(2') = (£),(A) — P A(@)a" .
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Hence, (t),(A(x) — p'~*A(a)) = 0.
If t # 1, then A(x) — p*~*A(a) # 0 since 1 < I, < n and A(x) = p' ~!A(a). Thus,
(t), = 0, and so t = n, leading 1 < I < t. This implies a'v # 0. But {(z'v) = 0,
which contradicts the assumption. Therefore, ¢t = [ and

E(zFv) = ap (L) o for 1 <k <1 —1.
As in (1), we can show that (gv)(xFv) = (¢*\)(gy)x* v for all 0 < k < 1 —1 and
gv € G x T'. Hence,

(v) = spanf{v,zv, - -- , 2! "t} = V (I, \).

O
Lemma 4.3. Let 1 <i<n, 1<l/<n—-1, e, pel; and N € Is. Then
V(LN @V(Lp) 2 V(I ) and V(1I,A) @ P, N) = P(I,AN).
Proof. The assertion follows by a straightforward verification. O

In the remainder of this section, unless otherwise stated, assume that 2 <1 <l <
n—1, A € I; and N eIy, Let

M=V{INe VI N).

Let {mg,---,my_1} and {mg,---,m},_;} be the standard bases of V(I,\) and
V(l', \), respectively. Then

{mi@m}[0<i<I-1,0<j <l -1}
is a basis of M. For each integer s with 0 < s <1 +1' — 2, set
Mg = span{m; @ mj; | i + j = s}
and define M[_y) = Myp—1) = 0.
Lemma 4.4. Retain the above notations.

(1) For any 0 < s <I+1"—2, we have xM{g) C M1y and EMpg € Mis_qj.
(2) The subspace M* decomposes as

M=o, 75 (MT 0 M)
and dim(M?* N Mjg) =1 for any ' =1 < s <141 —2.
(3) The subspace M$ decomposes as
M¢ = &2 (M0 M)

and dim(MgﬂM[s]) =1 forany0<s<l—1.
(4) Ifl < I, then M* N M = 0; if | =1, then dim(M®* N M¢) = 1.

Proof. The statements follow by direct computation using the action of x and £ on
the basis elements of M. O

By Lemma 4.4, we have dim(M¢ N M) =1 for all 0 < s <1 — 1. In the rest of
this section, let 0 # z, € M N M) and let Us = (x,) denote the submodule of M
generated by xs, 0 < s <[ —1.
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Lemma 4.5. Let U be a simple submodule of M. Then U = U for some 0 < s <
l—1.

Proof. The assertion follows directly from Lemma 4.4 together with the known
structure of simple D(Hp)-modules. O

Lemma 4.6. Let0 < s <1—1. Thenx, € Mysxx and (¢°AN)(ax 1) = pttl'—2-2s,

Proof. Let 0 < i< sand gy € GxT. Then
glmi @mi,_;) = gm; ® gm_,
= (0N (9)ms ® (6° ' N)(g)m},_;
= (") (g)mi @ m,_;.
If D is of nilpotent type, then
Y(mi @ me—i) = ym; @ ymg—; = (¢°AN)(y)m; @ mg_;.
Now assume that D is of non-nilpotent type. Then, we have

Y(ms @ mi,_;)
= ymi@ym_;+(y"(a) = 1) Xy m(vxlérmi ®yEml_;)
= (AN © e+ (@) — 1) Dy, b (€ s © 9.

If yx'¢™m; @ y&lm!,_, #0, then i > r and s —i > [, hence s > n since r + 1 =n, a
contradiction. Therefore, all such terms vanish, and thus

y(ms @ m_;) = (¢°AN)(v)m; @ m/,_,;.

It follows that (gv)zs = (#°AN)(g77)zs; hence s € Myspy. Finally, by direct
computation, (¢*AN)(ax™t) = p!*t'=2-25 This completes the proof. O

Lemma 4.7. Lett=1+1 —n—1.

(1) Supposet <0 andlet0 < s<l—1. Then1<I+l'—1-2s<n—1, and
Us 2VI+1 —1—25,¢°AN).
(2) Suppose t >0 is even.
(a) Ifc(t) +1<s<l—1, then 1 <l4+1'—-1-2s<n—2, and
Us 2 V(I +1 —1—25,6°\N).
(b) If s=c(t), thenl+1U' =1 —2s=mn, and Us = V(n, p*I\).
(¢) If 0 < s < c(t) — 1, then Uy is not simple.
(3) Assume that t > 0 is odd.
(a) If c(t) <K s<l—1,then 1 <l4+1U'—-1—-2s<n—1, and
Us 2 V(I +1 —1—25,6°\N).
(b) If 0 < s < c(t) — 1, then Us is not simple.

Proof. (1) Since t < 0 and 0 < s < — 1, we have
ISV —1+1<l+0—=1-2s<1+1'-1<n—1.

Hence, by Lemma 4.6, we obtain ¢*AN € Iy 1_2,. Then by Lemmas 4.1 and 4.6,
for all k > 1,
E(x*zy) = ap(l+1 —1— 25,6 N )zF Ly,
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By induction on k, it follows that
E(x*z,) #0and zFz, A0 forall 1 <k <141 —2—2s.
However, (!t =1252) = 0, and hence z!t!'~1=252_ e M¢.
By Lemma 4.4(1), this implies that !+ =125z, € M N My ;. Since 0 <

s<l—1,wehave | -1 <141 —1—s<1l+1'—1. Therefore, by Lemma 4.4(3),
M0 Myyp—1—5 = 0. It follows that g =125 — ),

Applying Lemma 4.2(2), we conclude that Uy Z V(I +1' — 1 — 2s, $*AN).

(2) Suppose first ¢(t)+1 < s <1—1. Since ¢t > 0is even, we have 1 < I4+1'—1—-2s <
I+ —1-2(c(t)+1) =n—2and -1 < I+I'—1—s < I4+1I'—2—c¢(t) < I4+1'—2. Then,
by an argument identical to that of part (1), we obtain Us = V (I+1' —1—2s, $°*AN).

Next, suppose s = ¢(t). Then Il +1' —1 — 2s = n, and hence, by Lemma 4.6,
¢*AN € I,,. Repeating the reasoning of part (1), we find that

a*x, # 0 and £(zFx,) # 0 for alll <k < n.
Therefore, by Lemma 4.2(1), Us = V(n, *AN).

Finally, suppose 0 < s < ¢(t) — 1. Then
n+2<I+I—1-2s<1+1'—1<2n -3,

so that 2 <1 +1'—1—-n—2s <n—3. By Lemma 4.6, it follows that ¢*AN €
Iy 1-n2s-
As in part (1), one checks that

2Fz, #0and E(zFz,) A0 forall 1 <k <1+ —2—n—2s,
while (2 ~1=n=2s2 )y = 0. In particular, z/t"'~2-7"25;_ - 0. By Lemma 4.4(1),
this element lies in My _5_p_g. Since I +1' =2 —n—s<I+1'-2-n <" -3,
we have z!t1'=2-1=2s; ¢ M7 by Lemma 4.4(2), and hence !+ =1=7=2s5 £ (. Tt

follows from Lemma 4.2(2) that U, is not simple.

(3) When t > 0 is odd, the proof is entirely analogous to that of part (2): if
c(t) < s<l—1, then

Us 2 V(I +1 —1—25,¢°\N),
while for 0 < s < ¢(t) — 1, the submodule Uy is not simple. O

Corollary 4.8. Lett=1+1'—n—1.

(1) Ift <0, then socM = @' LV (I +1' — 1 — 25, ¢°AN).
(2) Ift >0, then socM = @' =2 V(I 4+1" —1—2s,¢°\N).

s=c(t)

Proof. 1t follows from Lemma 4.6 and Lemma 4.7. (]
5. THE DECOMPOSITION RULES FOR TENSOR PRODUCT MODULES

In this section, we study the tensor products of simple and indecomposable projec-

tive D(Hp)-modules, and determine their decompositions into the direct sums of
indecomposable modules.
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5.1. Tensor products of two simple modules.

In this subsection, we investigate the tensor products of two simple modules. We
first consider the tensor products of two non-projective simple modules. Note that
for any D(Hp)-modules, there is an isomorphism between M ® N and N ® M.

Throughout the following, we write P(n, ) := V(n, ) for any X € I,,.
Lemma 5.1. Let 1 <I,I'<n—1, eI, N €ly and s > 1. Then
V(LN @QEVIN) =BV IV, N) e P

for some projective module P.

Proof. Tt follows from the fact that the tensor product of a projective module with
any module is projective. (I

Theorem 5.2. Suppose that 1 <1 <U'<n, A€l and XN € I;y. Lett =1+1'—n—1.
(1) Ift <0, then V(I,LA) @ V({I/,N) 2 @' VI +1' —1—25,¢°AN).
(2) Ift >0, then

VN @VELN) 2 (@ PU+1 1 —25,6°AN))
D(Drr1gs<i—1V I+ =1 = 25,¢°AN)).

Proof. (1) Assume t < 0. By Corollary 4.8, we have
soc(V(ILAN) @ VI, N) e VI +1 —1—2s,¢°\N).
Since both sides have the same dimension, it follows that

VIV N = b V(I 41 —1— 25, 6°AN).

(2) Assume t > 0. By [17, Lemma 3.11], there exists an exact sequence
0— V(n=l',o(t*(\))) = QV(n=1',o(r*(\))) = VI, 7*\)eV (I, (\)) = 0.

Taking the direct sum of these sequences over all k, and then tensoring on the left
by V' (I, A\), we obtain another exact sequence:

0= @, VILAN@V(n—1,0(T8N)
— APV @QV(n =1, o(TF(\)))
— 2@ VI @V, TEN)) — 0.

Since t > 0, we have n — I’ < . Then by (1), we have

V(A @V(n—1',0(T*(N)))
"L Wn— 1 +1—1-2s,¢°0(TF(N)A)
OV (n U +1—1— 25, ¢\ N).

IR

1

Hence, by Lemma 5.1, we obtain

S V(LA ®QV(n =1, a(rH(N))
>~ (@ e AV (U 41— 125, ¢FHNN)) @ P
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for some projective module P. Let
L=ap el Vin+l +1—1-25,¢" TN, M = @] V(IL,N) @ V (I, 7(N)).
Then, the exact sequence obtained above takes the form:

0sLLorapr%om o

Forl! <s<n-1,wehave 2 <n+10'+1—1-2s <n—1. Hence, L is semisimple,
and any simple submodule of L is not projective. It follows from [17, Lemma 3.11]
that L = soc(Q2L). Moreover, by [17, Proposition 3.2 (1)], each simple submodule
of L appears with multiplicity one as a composition factor of L.

By Corollary 4.8, we have

socM = O @l ) VI+1 =1 = 25,6 F0N).

According to [17, Proposition 3.2 (1)], L and socM share no isomorphic simple
submodule.

Let 7 : QL @& P — P be the canonical projection. If 7 f # 0, then there exists a
simple submodule S of L such that w(f(S)) # 0, implying =(f(S)) = S. Conse-
quently, as a composition factor of soc(Q2L @ P), S would appear with multiplicity
at least 2. This forces S to be isomorphic to a simple submodule of M, contradict-
ing the above observation. Hence 7f = 0, and therefore Im(f) C QL. It follows
that Im(f) = soc(QQL).

By [17, Lemma 3.11], we thus obtain
2M = QL/soc(QL) & P
=P@ (@l ers) 2V (25 + 1 — 1! — 1, gFnHH —1=5)\)))
=P (@) @i, 2V +1' =1 — 25, ")),
Thus, there exists a projective module ) such that
M=Qa @ o'l VI+1I —1—2s¢"F0N)).
From the description of socM given above, we obtain
s0cQ = & Bl VI 41— 1= 25,¢"F0N).
Since @ is a projective cover (injective envelope ) of soc@®), we have
Q= oy Oy PU+T — 1= 25,05 20N
Therefore
M= (a5 @l_, ) PU+1 —1—2s,¢"\Y))
S@r L @l VI T — 1 — 25,6 T5AN)).
Since all the summands in M are pair-wise non-isomorphic, and
soc(V(1,A) @ V(I', X)) = @2l ) VI +1' =1 —25,¢°AN),
we finally obtain
Vi)V, r) = (@izc(t)P(l +1I'—1—=25,¢°A)\))
S@ L VI +T —1—25,6°AN)).



14 HUA SUN, HUI-XIANG CHEN, LIBIN LI, AND YINHUO ZHANG

Next we consider the tensor products of non-projective simple modules with pro-
jective simple modules. Let N = V(I,A) @ V(n,\), where 1 <l <n—-1, A € [
and \ € I,.
Let {mg,---,my_1} and {mg,---,m!,_;} be the standard bases of V(I,A) and
V(n, A'), respectively. Then

{mi@m}[0<i<I-1,0<j<n—1}

forms a basis of N. For 0 < s <1+mn—2, set Njg = span{m; @ m/; | i +j = s} and
define N[,l] = N[lJrn,l] = 0.
If D is of non-nilpotent type and X € I/, then X (a) = p"~*X(x), so that

)\/(CL)n — p(n—l)n)\/(x>n — )\/(Xn) - 1.

This implies that zm/,_; = 0. Therefore, by an argument similar to Lemma 4.4,
we obtain the following result.

Lemma 5.3. Retain the above notations.

(1) oNpg € Nigqq) for 0 < s <n—2. Moreover, if \ € 1],
foro<s<n+1—-2

(2) fN[S] - N[s—l] forO0<s<Il+n—2.

(3) N¢ =&l (NS N Ny), and dim(NS N Njg) =1 for 0< s <1 —1.

then .TJN[S] - N[S+1]

In what follows, choose nonzero element z, € N¢ N Nig for 0 < s <1 —1, and let
Us := (xs) denote the submodule of N generated by zs. Analogously to Lemma
4.5, we obtain the following lemma.

Lemma 5.4. Let U be a simple submodule of N. Then U = Uy for some 0 < s <
l—1.

Lemma 5.5. Let 0 < s <1l —1. Then x, € Ngsan . Moreover,

(1) if N € I, then (¢*AN)(ax ™) = p!=2725;

(i) if N € I, then ¢* N € I.
Proof. Similar to the proof of Lemma 4.6. O
Lemma 5.6. Let 0 <s <[ —1.

(1) Suppose that X' € I/,. Then Us = V(n, *AN).

(2) Suppose that \' € I and l is even. Ifé <s<l-1,then2 <n+l—-1-2s <

n—1andUs 2V (n+1—1-—2s,¢AN).

(3) Suppose that X' € I/ and 1 is odd. IfF2 < s <1-1, then2 < n4+l—1-2s <

n—2and U; 2 V(n+1—1-25,¢°AXN). Ifs = 52, then Uy, 2 V(n, ¢*AN).

Proof. By Lemmas 4.1 and 5.5, we have
E(z¥xs) = (k),((0°AN)(x) = p' (¢ AN)(a))a* " Hag, k> 1. (1)

(1) Since X' € I}, it follows from Lemma 5.5 that ¢°AN € I/,. Hence
(AN (x) — prF(¢*AN)(a) # 0 for all k € Z.
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By Equation (1) and induction on k, we obtain that &(z¥z,) # 0 for all 1 < k <
n — 1. Therefore, U; =2 V(n, $°AN') by Lemmas 4.2(1) and 5.5.

(2) Suppose £ < s <1 — 1. Since X' € I/ and [ is even, we have
2<n+l—-1-2s<n—1and ¢° N € I, 1 2s
by Lemma 5.5. Then by Eq.(1), we have
Ex*zy) = apn +1—1—25,¢" I\ )x" oy k> 1.

Thus, by induction on k, we have £(zFx,) # 0 for all 1 <k <n+1—2— 2s, while
E(znH=17253) = 0. Since n < n+l—1—s < n+1—2, it follows from Lemma 5.3(1)
and (3) that 2" =125z, € N® N Nj,4y_1_4 = 0, and hence 2"~ 1725z, = 0.

Consequently, Us 2 V(n+1—1—2s,¢*AN) by Lemmas 4.2(2) and 5.5.
(3) The proof is similar to that of (2). This complete the proof. |
Theorem 5.7. Retain the above notations.

(1) If X € I, then N = @{;})V(n, HEAN).
(2) If N € I” then N 2 69 (l pPm+1—1-=25¢"AN).

Proof. (1) If X' € I}, then by Lemmas 5.4 and 5.6(1), we have
socN = @' LU, = @' 2LV (n, *AN).
Hence, dim(socN) = In = dimN, which implies N = socN = &' 2LV (n, 5 AN).

(2) Assume X € I'/. We only consider the case when [ is odd, since the even case
is similar. By Lemma 5.6(3),

@ls_:ll;lUs =e! Tl V(n+1-1-25¢"AN).

2
Since EB _,Us CsocN and N is injective, it follows that NV contains a submodule
—?
L= @ 1

we conclude

n+1—1-—2s,¢°A)\). Comparing dimensions, dimL = In = dimN,
g

N=L=g 11 (P(n+1—1-2s,¢°AN).
0

Next, we consider the tensor products of two simple projective modules. Let T =
V(n,A) ® V(n,X), where \,\ € I,,. Let {mo, -+ ,mp_1} and {mg, - ,m,_;}
denote the standard bases of V(n, A) and V(n, \’), respectively. Then {m; ® mg \
0<1i,7<n—1}is a basis of T.

For 0 < s < 2n — 2, set
Tis) = span{m; @ m/; | i+ j = s} and T_y) = Tjop—_1] = 0.
Similarly to Lemma 4.4, we have the following result.

Lemma 5.8. Retain the above notations.

1) 2Ty CTigpqy for0<s<n—2, and T C Tigp1) B Tisp1—p) forn—1<
[s] [s+1] [s] [s+1] [s+1-n]
s < 2n — 2.
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(2) If D is of nilpotent type, then T C Tisqq) for all 0 < s < 2n — 2.
(3) &Tts) € Tis—1) for all 0 < s < 2n — 2.
(4) T = ®2— (T NTy) and dim(T*NTy) =1 f0<s<n— 1.

Proof. This follows from a straightforward verification using the action of z and &
on the basis {m; ® m;}, together with the nilpotent or non-nilpotent behavior of
D and the structure of projective simple modules. ([

Let 0 # x5 € T N T, for 0 < s <n—1, and set Uy = (z,) be the submodule of T
generated by x,.
Similarly to Lemma 4.5, we have the following lemma.

Lemma 5.9. Let U be a simple submodule of T. Then there exists 0 < s <n—1
such that U = Us.

Lemma 5.10. Let 0 < s <n—1. Then x5 € Tysxrr.

Proof. The proof is similar to that of Lemma 4.6. O
Lemma 5.11. If AN € I}, then Us = V(n, ¢*AN) for all0 < s <n—1.

Proof. Assume that AN € I, and 0 < s < n— 1. Then ¢°AN € I/,. By Lemma
5.10, and an argument similar to the proof of Lemma 5.6(1), we obtain that Uy
V(n, ¢3S AN). O

In the remainder of this subsection, unless otherwise stated, we assume A\ ¢ I/..

Let Iy := I/. Then A\ € I, for some 0 <1 < n — 1. In this case, (¢°*AN)(ax~!) =
I—1—-2s
p .

Lemma 5.12. Let 0 < s <n —1 and retain the above notations.
(1) Ife(l) < s<l, thenl1 <n+1l—2s<n and
Us 2V (n+1—2s,¢°I\).
(2) Ife(n+1) <s<n—1,then2<2n+1—-2s<n and
Us 2V (2n+1—2s,¢°AN).

Proof. We only consider the case when n and [ are both even, since the proofs for

other parity combinations are similar. In this case, c¢(l) = £ and c(n +1) = 2.
By Lemma 4.1 and 5.10, we have
Eahxs) = (k) ((6°AN)(x) — p'*(¢*AN)(a))a"as, k> 1. (2)

(1) First, let s = % Then n + 1 — 2s = n and (¢°AN)(ax~!) = p"~1. Hence
®*AN € I!!. By Eq.(2), &(xFxs) = ag(n, ¢*AN)z* "1z, for k > 1. Induction on k
gives &(zFz5) # 0 for all 1 < k < n — 1. Hence, by Lemmas 4.2(1) and 5.10

U, = V(n, ¢°AN).
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Next, suppose ”72 <s<Il Then2<n+l—2s<n—2and ¢\ € L1 2.

Again by Eq.(2), we have
E(zFzy) = ap(n +1—2s,¢° AN )"y, k> 1.

By induction on k, it follows that £(xFx,) # 0 forall 1 < k <n+1—1— 2s. For
k =n+1—2s, we have {(z¥x,) = 0. Since n < k+s < 2n—2, Lemma 5.8(1) yields
2" x5 € Tiors) ® Tits—n)-

Using Lemma 5.8(4) and the fact that ¥z, € T¢, we deduce z*z, = axy,,_, for

some « € k.

By Lemma 5.10, we have

(97)(@*z) = Agy)@hss—n = (¢ AN (gN)@prs—n = (5T AN) (g7)2" 2
for all gy € G x I'. On the other hand, using £z = 0 and 2 < k < n — 2, we have
En=l(adzy) = 0 for all 0 < j < k. Then by gz = x~*(g)xg and Proposition 2.1(d,
e), one can check that

(g7)(@"z) = (8" AN (g7)2" s

for all gy € G x . If 2¥x, # 0, then ¢F+5—" AN = ¢F+5AN| which forces ¢" = 1.
Since ord(¢) = mn, this implies m = 1. Hence, D is of nilpotent type by [17,
Remark 3.4]. By Lemma 5.8(2, 4), we would then have

aha, € Ty NTE =0,

a contradiction. Therefore, z¥x, = 0, and it follows from Lemmas 4.2(2) and 5.10.
that
Us 2V (n+1—2s,¢°I\).

(2) First, suppose s = ”T“ Then 2n + 1 — 2s = n and (¢*AN)(ax~t) = p"~ L.
Hence, by an argument similar to case (1), we have
U, 2 V(n, ¢*AN).

Next, suppose %l“ <s<n—1. Then2 < 2n+1—2s < n—2 and AN € Iop ) os.
Moreover, n+1 < 2n+1— s < 2n — 3. Using a reasoning analogous to case (1), we
conclude

Us 2V (2n +1 —2s,¢°AN).

Theorem 5.13. Let A\ N € I, and T =V (n,\) @ V(n, \).

(1) IF AN €1, then T = @"3V (n, ¢°AN).
(2) If there exists an integer 0 <1< n —1 such that AN € I, then
T= (Depycs<tP(n+1-25,¢°AX))
@(@c(n+l)<3<n_1p(2n + l — 28, QSS)\)\/))

Proof. (1) Assume that A\ € I/. Then by Lemma 5.11, T contains a sub-
module isomorphic to @Z;SV(TL, #*A)\). Comparing their dimensions, we have
T = @72 V(n, ¢FAN).
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(2) Suppose there is an integer 0 < I < n — 1 such that A\ € I;. Using the above
notations, we only consider the case where both n and [ are even, since the proofs
for the remaining cases are similar.

Assume that both n and [ are even. Then, by Lemma 5.12, the module T contains
a semisimple submodule
(@,

1
°=2

Us) & (92 0na Us)
n+l

since | < "5=. Because T is injective (and hence projective), it contains a submodule
isomorphic to

(8,_ 1) & (&7 1(TL))
V(n,¢2AN) @ V(n, "= AN)
EB(@%QQP(TL +1—2s,0°A\))
B(®n L2 <scn 1 P2n+1—25,¢"AX))

=~ (@ _,P(n+1—25,¢°AN)) & (& P(2n +1—25,¢°AN)).
-2

6:72

1

By comparing dimensions, we conclude that
T (@ _ Pn+1—25¢° ))& (6" 1, P2n+1—2s¢°\\)).
s=14 4

S=—H—

5.2. Tensor products of simple modules with projective modules.

In this subsection, we study the tensor products of simple modules with non-simple
indecomposable projective modules. We begin by examing the tensor products of
non-projective simple modules with non-simple indecomposable projective modules.

Theorem 5.14. Let 1 < I,I' <n, A € I; and N € I, and set Iy = min{l,l'} and
t=1+0I'-n-1.
(1) Ift <0, then
V(I,A\) ® P(I',\)
(B P+ —1—2s,¢°A)))
B(Ber—1)<s<i—1 Br_g P(n+ 141 — 1 —2s,¢6"7FAX)).
(2) Ift >0, then
V(I,A\) @ P(I',N)
> (Beir—1)<s<io1 Dr_g P(n+ 1+ 1 =1 —25,¢°7 " \N))
(B! 2P +1' = 1= 25,¢°\N)) & (LS4 P+ — 1= 25,6°AN)).

1%

Proof. Let W =V (I,\) @ P(l', \).

(1) Assume ¢ < 0. First, suppose I <1'. Let W’ := V (I, \) @ socP(I’, ). Then W’
is a submodule of W. Since socP(I', ) = V(I',X'), it follows from Lemma 5.2(1)
that

W 2VIANQVN)Ze (VI +1'—1—25,¢°AN).
Hence P(W') can be embedded into W as a submodule. We have

PW) 2! ZLP(I+1'—1—2s5,¢°A\).
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Since 1 <I14+0I'—1—-2s<n—1forall 0 <s<1—1,it follows that dim(P(l 41" —
1—2s5,¢°A))) = 2n, and hence dimP(W’) = 2nl =dim(W). This implies

W2l bPI+1 —1—25,¢°\\).

Next suppose I’ < I. Applying V (I, A\)® to the exact sequence

0= V(I ,N)—PUN)=Q VI, \N) =0,
we obtain another exact sequence

0=VILNQVI,N)=V(INPUN)=V(IN2Q VI, N)—o.

Note that I < n—0"and I+n—0'=n—1=1-10'"—1> 0. By [17, Lemma 3.11(2)],
we have soc(Q 1V (I', ) 2 V(n—1U,0(N))®V(n—1',071(\)). Consequently, by
Theorem 5.2, we have
V(I \) @ soc(Q1V (I, \))
(@20 PU+n =1 —1—25,¢°TON))

o@ Tl P +n—1—1—25¢""AN))
@@ VI+n—1'—1-25¢AN))

o@ 2 VI+n—1 —1-2s¢"AN)).

Il

Let

Pi= (@51 Pn+1—1'—1- 25,6 2N))

o Pn+1—1 —1—25,¢5 "+ \N))
which is both projective and injective. Thus, there exists an epimorphism
¢:W:=V(IN®P(IU,N)—>P
such that Ker¢ contains a submodule isomorphic to V(I,\) ® V(I',\'). Hence
W =Ker¢ @ P, and so soc(W) = soc(Ker(¢)) @ soc(P). By Theorem 5.2(1),
VAN VI, N) 2l ZdVI+1 —1—2s,¢°AN).
Let U = soc(V(I,A) @ V(I', \)) @ soc(P). Then
Uz (@' ZVI+1 —1-2s¢°2N))
s@ g, V=1 —1-25¢ X))
@ ) V=1 = 1= 25,67 =mAN)).
Thus, P(U) is isomorphic to a submodule of W. A straightforward computation
shows that dimP(U) = 2nl =dimW, and hence
WePU)x (@ Z1PI+1 —1—2s,¢"AN))
oy P+ 11— 125,65 AN))
O@ P+l =1 =1 =2s5,¢"'""\X))
(@ P+ 1 — 1= 25,¢°AN))
S(@ L y_ P+ 141 —1-25,6"AX))
(@ Ly P+ 141 —1—25,¢""AX)).

1

(2) Assume t > 0. First, suppose [ < !’. Then we have an exact sequence

0= VLN @QVI,N) = V(LA @ PU,N) = V(AN VI, N)— 0.
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By Theorem 5.2(2), P := @’;:c(t)P(l+l’— 1—2s, ¢*A)X) is isomorphic to a summand
of V(I,\) @ V(I', \'). Hence there exists a module epimorphism
oW =V(IN@PIU,\N)=P
such that Ker¢ contains a submodule isomorphic to V' (I, A) @ QV (I, \'). Note that
V(N @QVIN) 2V @ soc (QVIN) 2 VIV, N).
Thus, by Proposition 5.2(2), an argument similar to that in (1) show that socW
contains a submodule U isomorphic to
soc(V(I,A) @ V(I', X)) & soc(P) = (@izc(t)QV(l +1U'=1-2s,¢°AX))
S(Brr1cs<i—1 V(I +HU =1 = 2s,0°AX)).
Thus, P(U) is isomorphic to a submodule of W. A straightforward computation
shows that dimP(U) = 2nl = dim(W). It follows that
W= PU) (@gzc(t)QP(l +U—1-2s,¢°A)))
S@ L P+ —1—25,¢°AN)).

Next, suppose I’ < [. Then we have two exact sequences:
0=VINQVIN)=VINQPU,N)=V(IN@Q'VI,N) =0,

0o VILN@Vn-1UocXN)eVIANR V(-0 (N))
SVILN@Q WV N) = VN @ VI, N) — 0.

Note that n —I' <land l+n—1U—-n—-1=1—-1'"—1> 0. By Theorem 5.2(2),
VI,V (n=1l',a(N)®V (I,\)@V (n—1I',0~1()\)) contains a summand isomorphic
to

(@t Pt =1 =1 = 25,671 AN)

B Ly Pln+1 -1 —1-25,¢"H'7"0N))

and V(I,\) ® V(I’, \') contains a summand isomorphic to
Dmen PU+1 =1 = 25,6°AN).

It follows that V(I,\) @ Q~1V(I', ') contains a projective summand P isomorphic
to
(@20 P +1— 1 —1—25,6"'\N))

e(@ Tl Pn+1—1—1—2s ¢ "m)N))

@(@ch(t)P(l +1'—1—2s,05AN)).

Then, an argument similar to the proof of (1) shows that soc(V

(
contains a submodule U isomorphic to soc(V (I, \)@V (I, X)) @soc(P
4.8(2) or Theorem 5.2(2), we have

Uz &} V41— 1-25,¢°AN) @ socP
(@t V(I + =1 = 1= 25,65 0))
o@ ) Vin+1 =1 —1=2s,¢"T"="\\))
@(@;:C(t)w(l + 1" —1—25,¢°A\))
@ L V(I 4+ —1—25,¢°2V)).

A) @ P, X))
). By Corollary

1%

2
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Then one can check that dimP(U) = dimW, and so

W (@ls‘lc’(‘ll, WP +1—1 —1—25 " AN))
(@ i lc(;ll/ PP+ 1=1 =1 =256 =m\N))

®(Dt_ 2Pl +1" =1 =25,¢°AX))
®(D ls_t1+1 (I+1"=1-25,¢°AX))
ol }:(W WP+ T+ =1 - 25,¢°AN))

( o— c(l+l’ 1)P(ﬂ+l+l’ —1—2s ¢87n)\)\/))
&t 2P +1" =1 =25,¢°AX))
D@L L P+ —1—25,¢°AN)).

@

1
EB —

]

Next, we consider the tensor products of simple projective modules with non-simple
indecomposable projective modules.

Theorem 5.15. Let 1 <I'<n—1, A€, and N € I.
(1) If N e I, then
V(n,A) @ P(I, X)) 2 (6L Z12V (n, °AN)) & (872} @h_o V(n, ¢*FAN)).
(2) If X eI/, then

Vi(n,\) @ P(I',\N) = (@ls’—cl(l, D2P(n 41 =1 = 25,¢°AN))

D(OL i _1) Phoo PR+ 1 = 1= 25,¢"7FAN)).
Proof. (1) Assume X\ € I},. Since V(n,\) is projective, by [17, Lemma 3.11], we
have

V(n,A\) @ P(U',\)

2(Vin, Y@ VI, X)) e (Vin,\)@V(in=1U,0(N)))
S(V(n,\)@V(n—1,071(\))).

Then, by Theorem 5.7(1), we have

14

V(n,2) ® P(I,X) = (@502V(n, ¢ AN)) @ (@125~ @)_g V(n, T 7F"AN))

S

> (@12 12V (n, ¢"AN)) @ (872} @h_g V(n, " F"AN)).

S

(2) The proof is analogous to that of (1), and is therefore omitted. O
5.3. The tensor product of two projective modules.

In this subsection, we study the tensor products of two non-simple indecomposable
projective modules.

Theorem 5.16. Let 1 < LI’ <n—1, A € I; and N € Iy, and let Il =min{l,l'},
lo=max{l,l'} andt =141 —(n+1).
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(1) Ift <0, then
PN @ P(I',N)
(L 2P(I 41 — 1 —25,¢°A\))
B(Be(i41—1)<s<la—1 Phoo 2P(n+ 14+ 1 — 1 — 25,077 AN))
B@ el  Pn+1+1 —1—2s,¢ 5 AN))
(

1

S—lz

(S¥) ®c(n+l+l/—1)<s§n—1 @IIC,;D:O P(2Tl + l/ + [—1— 28, (bsfk:nfpnA)\/)).

(2) Ift =0, then

PN @ P(I',XN)

(@ 4P+ 1 = 1= 25,¢°AN)) ® (BL}12P(1 +1' — 1 — 25,¢°AN))
O(® W D<s<la—1 Pheo 2P(n+1+1 —1—25,¢° F*AN))

B(BI) Bhoo P(n+1+1 —1— 25,6 AX)).

I

Proof. Since P(I, \)®@ P(I', \') =2 P(I’,N) ® P(l, \), we may assume that [ > [’. By
[17, Lemma 3.11], we have

PN @ P, )= 2(V(I,\) @ P(I',\)) @ (©r_oV(n— 1, (7 Fa)(\) @ P(I', \)).
Moreover,n —l+1U' = (n+1)=1'—1-1<0.

(1) Assume t < 0. Then n —1 > I’. By Proposition 5.14(1),

PN @ P(I',N)

(@ J2P(l+1' — 1 —2s,¢°AN))

(Boqr-1)<s<io1 Boo 2P(n+ 141 — 1= 25,¢"FAN))

B(@l_y Bl P(n—1+1' — 1 — 25, ¢l=knts\\)

®(§9c(n—l+l’—1)<s<n—l—1 @llg,p=o P@2n—1+10—-1-2s, ¢l_kn_p"+s/\)\'))
(@B Z12P(l+ 1 —1 — 25, 6°2X))

B(Be(i41/-1)<s<i-1 Bhoo 2P+ 1+ 1" — 1= 25,¢°7FAN))

St @l P41+ —1—2s,¢"FmAN))

69(EB(‘(n—Q—l+l’ 1)<s<n 1 €9k; ,p=0 P(2n + Z + ll -1- 25a (bSiknipn)‘)‘/))'

1%

1%

(2) Assume t > 0. Thenn — 1 < ', and hence ¢(n — 1 +1' —1) > n —1 — 1. Thus,
by Proposition 5.14, we have

PN @ P, N)

= (Bl 4P +1 = 1-25,6°AN)) @ (@ LT 2P+ 1 — 1 — 25,0°AN))
B(Be(rr—1)<s<i—1 Phog 2P(n+1+1" =1 = 25,¢°7FAN))
D(Dh_o B2 Pln— 1 +1 — 1 — 25, ¢! Fnts)\\))

1%

(&1 AP+ 1 — 1= 25,°2N)) @ (&2}, 2P(L+ 1/ — 1 — 25, 6°AN)
@(@c(l+l/,1)<5<171 @,16:0 2P(n41+41'—1—2s, ¢ kn)\)\/)>
BB Bl P(n+ 141 —1—2s,¢°"FmAN)).
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6. THE PROJECITVE CLASS RINGS r,(D(Hp))

In this section, we investigate the Grothendieck ring Go(D(Hp)) and projective
class ring r,(D(Hp)).

6.1. The Grothendieck ring Go(D(Hp)).

In this subsection, we compute the Grothendieck ring Go(D(Hp)). Note that
{IV({I, V]|l <1< n, A€} is a Z-basis of Go(D(Hp)).

Proposition 6.1. Assume that 1 <1 <U' <n, A€ I, and N € Iy. Lett =
l+1U—n—1. In Go(D(Hp)), we have

(1) If t <0, then [V, N[V, N)] = Zi;B[V(l +U—1-=2s,¢°2N)].
(2) Ift >0, then

VNIV N)] =

H, if ¢ is odd,
H+[V(n,¢zAN)], if tis even,

where

H= 3 coaalVIU+T—1=25¢"AX)]
+ 2 e nycact 2V I+ = 1= 25,0°AN))]
+ Zc(t+1)<sgt Z;:O[V(n Sl 14 2s, ¢)l+l’_1—s—’inAA/)].

Proof. The result follows directly from Theorem 5.2 together with [17, Lemma
3.11]. O

Proposition 6.2. Let 1<l <n, A€ I, and N € I,,. In Go(D(Hp)), we have

(1) If X € I, then [V (L, N[V (n, X)] = (24 [V(n, ¢ AN)].
(2) If N € I/, then

W+ [V(n, ¢ = AN)], if L is odd,
W, if [ is even,

V(L NIV (n, V)] = {

where
-1 s
W = ZS:fg% 2[V(711 +1—-1-2s,¢ /\_)\')}
+ ZS:C(Z) leo[v(25 + 1 — l, ¢1n+l717$>\)\/)].
Proof. Tt follows from Theorem 5.7 and [17, Lemma 3.11]. O
Proposition 6.3. Let \,\' € I,. In Go(D(Hp)), we have

(1) IfAN € I, then [V (n, V][V (n, X)] = 2025 [V (n, 9*AN)).
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(2) If there is an integer 0 <1 < n —1 such that AN € I), then

U+ [V(n,¢" AN)], if 1 and n are odd,

U, if [ is odd and n is even,
[V (n, V][V (n, X')] = Ly e :

U+ [V(n,¢zN)], if [ is even and n is odd,

U+ ,V(n 6™ AN)], if [ and n are even,

where In = I!! and

U= > aty<s< 2lV(n+1-2s,¢"AN)]
+ Zc(lﬂ)gsgz ZLO[V(% — 1, ¢ =S AN)]
+ Zc(n+l+1)<5<n_1 2V (2n +1 — 25, p°AN)]
+ 2 et 1) <s<n—1 Z?Zl V(25 — 1 — n, o™= AN)].

Proof. Tt follows from Theorem 5.13 and [17, Lemma 3.11]. O
Lemma 6.4. Let 2 < s<n—1. Then
s18—21+1 /s )
V(0% 2ol T () (s 11— 2, 00y,
(7X) 69120877;%*1 i (S+ Zv(bX)
Proof. The proof is similar to that of [4, Lemma 5.3]. O

Let zx = [V(L,AM)), A€ K, y=[V(2,x)] and zx = [V(n,N)], N € I.

Lemma 6.5. Let 1 < I’ <n with ¢ € Iy and let ¢ € I/!. The following equations

hold in Go(D(Hp)):
(1) V(T,9)] = [V(1ex "
(2) [Vin, )] = V(1,4
(8) VX =25 (1 (T )l ey 1< <

~— —

Proof. (1) and (2) follow directly from Lemma 4.3 and the equalities §I; = $I/) =
1K

(3) We prove the statement by induction on I. For | = 1, ] = 2 or [ = 3, the
equation holds trivially. Assume now that 2 <1 < n — 1 and the statement holds
for all smaller values of [. By Theorem 5.2, we have

V) @ VI =2VI+1L,x) e V(- 1,6x).
By the induction hypothesis, we have

VI+1x) = ylVIX"D] = [V = 1x7?)]zgye

Z£l202( 1)1(1 1 7) flsx2yl_2i_
o BT
— Z’[LE:]O(_l)Z(liv))‘r¢X2yl 21.

This completes the proof. ([
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Corollary 6.6. The commutative ring Go(D(Hp)) is generated by {xx,y, zx |\ €
KN el)}.

Proof. Let R be the subring of Go(D(Hp)) generated by {zx,y, 2 |A € K, X € I, }.
Clearly, R C Go(D(Hp)). By Lemma 6.5, we have [V (I,¢)] € R and [V (n,¢)] € R
for1<l<n,pel;and ¢ € I/. Hence, Go(D(Hp) C R. Therefore, Go(D(Hp) =
R. ]

Lemma 6.7. In Go(D(Hp)), we have

.n n—1\ )
(-1)° - ( ; >xfbxzy”21 — Tgnyn — Tyn = 0.

Proof. We only consider the case when n is odd, the proof for even n is similar.

By Lemma 6.5(3), we have

n— 2 i n—1-—1 i n—1-—23
Vo = S0 ("
=0
Hence,
- z ifn—1—=2\ ., . o
Vi = (" e
i=0

On the other hand, by Proposition 6.2 and Lemma 6.5(1) we also have
ylV(n, x""H] = 2[V(n = LX"")]zgye + Tgnyn + Ty

Combing these two expressions yields

n—1 n_3

Z(—l)l ( Z );UZ’;SXZyn2Z pry 2 (—1)Z ( . >x:’;};£yn22l+x¢nxn +£L'Xn.

(3
i=0 =0

A direct verification shows that this equation is equivalent to

n—1

2 .
..n n—1 . vy
Z(_l)zn—i( i )m;xzyn %= wgnen + Ty
i=0
This completes the proof. O

1-1 . - .
Forany 1 <1< n,let fi(xgy2,y) = ZEE](fl)l(l_i_z)xﬁbxzyl*k% in Go(D(Hp)).

Proposition 6.8. Let \,u € K and N, \' € I.

(1) 2amy = Tru-

( ) TARN = ZAN -

(3) YZa = Zyx T Zgyn - )

( ) [f AN S 11/17 then ZN RN = Z;:_O ZpI NN -
(5) If NN € I, for some 0 <1< n—1, then
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Ul7)\/7)\// —+ fn(l‘d,XQ,y)ZE(bn;—L A’A”Xl_"7 lf l and n are Odd,
Ul,)\/,)\”7 lf l is Odd and n is even,
Zn e = - .
PYEA Uiy + fn(m¢xz,y)xﬁ)\o\wxlw, if [ is even and n is odd,
1 .
Uxoar+ >0 fn(;vquz,y)xw,gz . if [ and n are even,
where
Uivar = Peqncsst 2nti-2s(Toxz, Y)Tgpexnyatizton

1
+ Zc(l+1)<s<l Zi:o fgsfl(x(ﬁxz R y)$¢in+l—5)\/)\//xl+l—2s
+ Zc(n+l+1)§s§n71 2 fonti—2s ($¢X2 R y)l‘¢s)\/>\ux1+2s—z—2n
2
+ Zc(n+l+1)<sgn—1 Zi:l fgsfl,n($¢x2 R y)x¢in+l75)\/)\//xl+l+nf2s .

Proof. (1) follows from Proposition 6.1. (2) and (3) follow from Proposition 6.2(1).
(4) follows from Proposition 6.3(1). (5) follows from Proposition 6.3(2) and Lemma
6.5. (I

Corollary 6.9. The set
{zay', 20 <i<n—1LAe KN €I}

is a Z-basis of Go(D(Hp)).

Proof. By Lemma 6.7, we have

(5]

on (n—1\ , iy
y” = Tgnyn + Tyn 72(,1)l < . )xfngQyn 21.

£ n—1i
=1

Thus, it follows from Proposition 6.8 that Go(D(Hp)) is generated, as Z-module,
by

(o', 20 <i<n—1 e KN eI},

Since the rank of Z-module Go(D(Hp)) equals the cardinality of this set, {z\y?, 2|0 <
i<n—-1,Ae K,XN eI} forms a Z-basis of Go(D(Hp)). O

Now we proceed to describe the structure of the Grothendieck ring Go(D(Hp))
separately for the cases when n is even and when n is odd. Let X = {zx,y, 2x|\ €
K, XN €I} and denote by Z[X] the corresponding polynomial ring.

Case 1: n is even
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In this case, define a subset Ay C Z[X] by

TATp — Tap; TAZN — ZAN;
YZN = ZxN — Zox s A€ K
N VD DTN N, A1 e € Iwith Mg € I

Ay — a3 23 — Ui ag s A3, Ag € I with A\3\y € I
N for some odd [,0 <1l <n—1; ’
Sico fal@ae V)T mge | A, Mg € Twith Ash € T
E?:O(_l)inﬁi ("Zﬂ)x;x,‘,y” 2i for some even k,0 < k< n—1.
_I¢"Xn — l'Xn.

where Uy x;,n, and Uy », 5, are given as in Proposition 6.8.

Theorem 6.10. Assume that n is even. Then the Grothendieck ring Go(D(Hp))
is isomorphic to the quotient ring Z[X]/(Ao), where (Ag) denotes the ideal of Z[X]
generated by Ap.

Proof. By Corollary 6.6, there is a ring epimorphism F : Z[X] — Go(D(Hp))
defined by
Fay) = V(LA Fy) = [V(2,0], F(zx) = [V(n, V)]

for A € K and X' € I,. By Lemma 6.7 and Proposition 6.8, we have F(Ay) = 0
Hence, F' induces a ring epimorphism

F: Z[X]/(Ao) = Go(D(Hp))

such that F = Frr, where 7 : Z[X] — Z[X]/(Ap) is the canonical projection. By
the construction of Ay, the quotient Z[X]/(Ap) is generated, as a Z-module, by

{n(z)7m(y),,m(za)|0<i<n—1,A e K,\N €1},

It follows from Corollary 6.9 that F is a Z-module isomorphism. Consequently, F
is a ring isomorphism. O

Case 2: n is odd
In this case, define a subset 4; C Z[X] by

TALy — Taps TXZN — 2AN;3
YEX = BN — Zox '3
n—1
ZMZhs — Dojm0 FdIAiAss
ZxaZha — Uipg na—
L hy2 T +1 ;
fn( 105% ay) P v

A p € K;

)\/, A1, A € I%With Ao € I;l;
)\3, A\ € I;Wlth A3y € I

s U for some odd 1,0 <1l <n—1;
As2Xe — Uk A5, A6 — .

i ° ) § ¢ . A5, Ag € Il with A\sAg € Iy,
nn;ri;x ’ P AAexIT | for some even k,0 <k <n—1.

Zz‘:zo (_1)171712 (nl 1) ¢Xzyn %
—Sﬁ’qj)nxn — Z'Xn.

Aq

where Uy x,.2, and Uz, 5 are given as in Proposition 6.8.
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Theorem 6.11. Assume that n is odd. Then the Grothendieck ring Go(D(Hp)) is
isomorphic to the quotient ring Z|X]/(A1), where (A1) is the ideal of Z[X] generated
by Al .

Proof. The proof is similar to that of Theorem 6.10. O
6.2. The projective class ring r,(D(Hp)).

In this subsection, we investigate the projective class ring r,(D(Hp)). By Section
5, the subcategory of D(Hp)-mod consisting of semisimple and projective modules
forms a monoidal subcategory. Moreover,

(VN [PU NN L<IEn, 1< <n—1, e ,)N €Iy}
forms a Z-basis of r,(D(Hp)).
For convenience, set
oy = V(LA y = [V(2,X)], 20 = [V(n, V)]

in r,(D(Hp)), where A € K and A" € I],. Note that z is invertible for any A € K,
with inverse m;l = x,-1, by Lemma 4.3.

Proposition 6.12. The following equations hold in r,(D(Hp)):

(1) VI = [V, EDIV XY forall 1 <1< nand X € I);

2) [V(n,N)] = [V(L X"~ ”)][V(n X" )] for all X € I/;

(3) [V(I+1,xH] = ¢ ZZ 1 lzt-11 2; (Z)x L[V (126, % 2] forall1 <1 < n;
4) [P(I,N)] = [V, X HI[P(, XY far all<l<nand X € Ij;

(5) y[V(n,x"1)] = zgy2[P (nfl X" 2);

(6) 9[P(1, )] = [P + [V X (rgrsn + Tptomyar);

(7) y[P(n—1,x" )] = 2[V(n, X" )] + 2gy2[P(n — 2,x"?)];

(8) y[P(L, X" M) =[P+ 1,x"] + zgy2 [P — 1,x'72)] for all2 <1< n—2.

Proof. Statements (1) and (2) follow directly from Lemma 4.3. Statement (3)
follows from (1) together with Lemma 6.4. Statement (4) is a consequence of
Lemma 4.3. Statement (5) follows from (4) and Theorem 5.7(2). Statement (6)
is obtained from (2) and 5.14(1). Finally, statements (7) and (8) follow from (4)
together with Theorem 5.14(2) and 5.14(1), respectively. O

Lemma 6.13. In r,(D(Hp)), we have

(1) VXY =S D) ey for all 1< 1< g
W] = T ) R () ey WV (n, x)] for all

Proof. (1) is similar to Lemma 6.5(3). We prove (2) by induction on n —[. If
| = n—1, then by Proposition 6.12 (5), we have [P(n—1,x"~2)] = ¢X2y[V(n, X" )]
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as desired. If [ = n — 2, then by Proposition 6.12(7),

[P(n—2,x""®)] = @, 5y[P(n—1,x""2)] = 2[V(n,x"~")])
- Pl =2V ( )
= (P, — 20, ) [V )

which matches the desired formula.

Now let 1 <1 < n—3. Then by Proposition 6.12(4),(8), together with the induction
hypotheses, we obtain

[P(l,x"1)]

= ;;dg[ (l+11X)] ¢X [ (l—|—2 XZ‘H)]

= wyzz 0 ]( D (T e Ty R [V () )
_%x? ZE:O ](_1)i n—l—2_(n—lf2—i)xi+l2+2 nym—l=2-2i[1/ (1)

U )Ty v
- in}’l](—l)Z‘—nﬁzii(“*;I-i)x;;t“yn*l*%[V( )
(1) g (a2 (, ).
If n — [ is odd, then
PUNY = abayt+ o 1yl ()
|

l—1—1
[L—l] . 1 _1—i itl— -2
= Yo (FU)'3E5 (n i Z)x:ﬁﬁ Ty
If n — [ is even, then

_ n. n— - 7 n—I[l— n—Il—1—1
PN = e+ ST D R )
n— n i—n n—I1—2i n—1 ="
Tt (i e Y T T 2 ) TG

n—Il—1—

l—1—1
[u] . _ iy i l— o
= Zi:% (_1)lnilii (nz Z)mgc"‘ "y" =,

O
Corollary 6.14. The commutative ring r,(D(Hp)) is generated by {xx,y, zx |\ €
K,XNel}.
Proof. The proof follows from Proposition 6.12 and Lemma 6.13. O
Proposition 6.15. In r,(D(Hp)), we have

O O VP G PANATLR D DI
n—1 n—1—i i
(S 1 ) =0

Proof. By Lemma 6.13(2), we obtain

—1 .
ToeyP(Le) = Y (1) s (1)l sy IV ()
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On the other hand, by Proposition 6.12(6) and Lemma 6.13(2), we have
7121/P(1 £)
= ¢f‘ e [P(2,0] + (2 _3+x;3Xf,)[V(n,x"’1)]
= L5 (S (e Ty RV (Y
+( X" +x¢.nxn)[v(n7xn_l)]'
Therefore, we have
n—1 .
ZE[:O}](—W,L L (el IV (n,x)
iz () s (M e syt e Fag W)V )] = 0.
Consequently, by Lemma 6.13(1), we obtain
(5] i n_(n—i\, i—n, n—27 1 -
(Zf%&(]—l) 5 (M Ty = X T gonyn)
iy (1) (" ey =0

For any 1 <1< n,let f(zyy2,y) = ZE;O

gl(xrbxz’y)
AP j . i(n—1—i\ i  n—1-2i
= (O (a2 (S (i (%)

Proposition 6.16. Let \,u € K and N, \" € I.

Ml PV + f(l'¢x 7y)l’ n+l if [ and n are Odd,
Ml A A if [ is odd and n is even
Ny ) 9

N RN = . . .
My + f(xgy2,y)x o5 A A= if [ is even and n is odd,

My + ZZ 0 f(m¢xz,y)x bl 1 if [ and n are even,

where
Ml,)\’,)\” = Zc(l+l)<s<l gn+l72s ({I?¢X27y)l'd)s)\/)\//xzwrl—l—n

+ Ec(n+l+1)<sgn71 92n+1—2s (l‘¢X2 , y)x¢.<>\/>\zfx1+zs—z—2n.

Proof. Statements (1) and (2) follow directly from Lemma 4.3. Statement (3)
follows from Theorem 5.7(1). Statement (4) is obtained from Theorem 5.13(1).
Statement (5) follows from Theorem 5.13(2), Proposition 6.12 and Lemma 6.13. O
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Corollary 6.17. The set
{ray',2v[0<i<2n -2, € K, N € I,}
forms a Z-basis of r,(D(Hp)).

Proof. By Lemma 6.15, we have

Y2l = _ZELT?](_ )7,(77« Zl z) ¢X2y2n—2i—1
_Z[ﬂ]( 1)inni(ni z) ¢X2y2n—2i—1+(m¢nxn_’_xxn)yn—l
_(Z ( l)znnz( g ) ¢X2yn_2i_m¢"><" _xX")
(0 () ey 2 ).

It then follows from Proposition 6.16 that r,(D(Hp)) is generated, as Z-module,
by

{oayf,zv0<i<2n -2, e K.\ € I,}.

Since the rank of Z-module r,(D(Hp)) is equal to the cardinality of this set, the
set {zxy’, 20 [0 <i<2n—2,A € K, X € I} forms a Z-basis of r,(D(Hp)). O

Now we describe the projective class ring r,(D(Hp)) in the two case of even n and
odd n, respectively. Let

Y ={z\,y,2v| A€ KN €I}
and let Z[Y] denote the corresponding polynomial ring.

We first consider the case when n is even. Define a subset Jy C Z[Y] by

TALp — Taps TARN — ZAN;
YZXN — Zxy N — Zpx Ny

n—1 .
e T 20 ZéiAie / . ,
ZxsZag — Miag e XAz Ay /6 IT“LWIth MAs € I
Jo =4 #x2x6 — Mrasae— ?3’ A€ I”;Etlho)\i)\?j I )

1 _ 1.
Zi 0f(93¢x2a )x m+k)\ Aox!- n o some(j L Sesn ’
(Z% (_1)1, " (n 2) 2yn 2 )\57 /\6 S InWIth /\5)\6 eI

=0 n—i\ i ¢X for some even £,0 < k < n —1;

1 - n32 i
— Zj:p $¢j1n,xn)(Zz:0 ( 1)
(nfilfz)xszzynfmfl)_

where Mj x, x, and My, », », are given as in Proposition 6.16.

A p € K

Theorem 6.18. Suppose that n is even. Then the projective class ring r,(D(Hp))
is isomorphic to the quotient ring Z[Y]/(Jo) of Z[Y'], where the ideal (Jo) is gener-
ated by Jy.

Proof. The proof is similar to that of Theorem 6.10. ]

Now suppose that n is odd. Define a subset J; C Z[Y] by
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TATy — Taps TAZN — ZAN;
YZN = 2N T Zgx s
221 %N0 — Zﬂilz i R
A1 72 3=0 PIA1 A2 )\7/1/ c K’
As2as ™ Midgai— N, AL As € Thwith AAs € I
J = f(x¢X27 y)x¢n;rl AsAaxi—n’ /\37 Ay € ITIIWIth )\3)\4 e I
! ZxsZxe — Miag, 06— for some odd 1,0 <1 <n—1; ’
flaoey)e g, o A5, Ag € I with AsAg € I
N —1)in (nT¥) pi-n,m—2i | for some even k,0 < k< n—1;
(Zz:O ( ) n—i i x¢x2y
1 1 n—1 A
g (S (-1
(n—il—z)mzszynfmfl).

where Mj x, », and My, x5, are given as in proposition 6.16.

Theorem 6.19. Suppose thatn is odd. Then the projective class ring r,(D(Hp)) is
isomorphic to the quotient ring Z[Y]/(J1) of Z[Y], where the ideal (J1) is generated
by Jl.

Proof. The proof is analogous to that of Theorem 6.10. O

Remark 6.20. For any Hopf algebra H, the forgetful functor F : £YD — yM,
from the category of Yetter-Drinfeld H-modules to the category of left H-modules,
is exact and monoidal. Consequently, I induces a ring homomorphism ¢ from
the Green ring r(HYD) to the Green ring r(H). Note that r(2YD) is commonly
denoted as r(D(H)) since YD = p()M holds when H is finite-dimensional.

Similarly, the forget functor induces a ring homomorphism @ from the Grothendieck

ring Go(D(H)) to the Grothendieck ring Go(H).

It is clear that ¢ (respectively, ) is surjective if and only if every indecomposable
(respectively, simple) H-module is the underlying module of some Yetter-Drinfeld
H-module structure.

While this surjectivity holds for specific examples, such as the Taft algebras and the
Radford algebras, this conclusion fails for a general pointed rank one Hopf algebra.
Consequently, the study of the images of ¢ and @ is of particular interest and
warrants further investigation.

Example 6.21. We consider the generalized Taft Algebra Hyo. Let G = (g) be
a cyclic group of order 4 generated by g, and let ¢ € k be a primitive 4-th root
of unit. Define a character v of G by 7(g) = ¢. Then the character group is
I = Hom(G,k*) = {y|i € Z4}, and the dual group of G x T'is A = G x I =
{vi§7i,j € Zs}, where § € T is defined by §(7) = v(g9) = q. Let x = 72 and
p=¢q* Then D = (G, x, g, ) is a group datum and x(g) = p, where o € k. By a
straightforward computation, one gets that

K=1={gj € 2}, I = {7*V"VF 7§ ,7°F|j € Za}.
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Now let D = (G, x, ¢,0). This is a group datum of nilpotent type. The correspond-
ing Hopf algebra Hp is the 8-dimensional generalized Taft algebra Hy o, which is
generated, as an algebra, by g and x subject to the relations:

gt=1, 2*=0, Tg = pgr.

The coalgebra structure of Hy o is given by A(g) = g®g and A(zx) =z®g9+1®x.
By [11], there are 4 non-isomorphic simple modules over Hy o:

{M(la 6)? M(L’Y)’ M(1,72),M(17’y3)},

and they are all one dimensional. On the other hand, all one-dimensional simple
D(Hys)-modules are {V(1,\)|]A € I1}. It is obvious that for any i, vg' ¢ I
and 723" ¢ I,. Consequently, the simple modules M(1,~) and M(1,+%) do not
possess Yetter-Drinfeld module structures. It follows that the ring homomorphism
@ : Go(D(Hyp2)) = Go(Hy,2) is not surjective.
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