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THE PROJECTIVE CLASS RINGS OF DRINFELD DOUBLES OF

POINTED RANK ONE HOPF ALGEBRAS

HUA SUN, HUI-XIANG CHEN, LIBIN LI, AND YINHUO ZHANG

Abstract. Let k be an algebraically closed field of characteristic 0. In this

paper, we study the Grothendieck ring G0(D(HD)) and the projective class
ring rp(D(HD)) of the Drinfeld double D(HD) of the rank one pointed Hopf

algebra HD. We analyze the tensor products of simple modules with sim-

ple modules, simple modules with indecomposable projective modules, and
indecomposable projective modules with indecomposable projective modules,

providing explicit decomposition rules in each case. Finally, we compute both
the Grothendieck ring G0(D(HD)) and the projective class ring rp(D(HD)),

and present these two rings in terms of generators and defining relations.

1. Introduction

The representation theory of finite-dimensional Hopf algebras occupies a central po-
sition in modern algebra, connecting deeply with quantum groups, tensor categories,
and low-dimensional topology. Among the most fundamental algebraic invariants
associated with such algebras H are the Grothendieck ring G0(H) and the projec-
tive class ring rp(H), which encode the tensor product structures of the categories
of simple and projective H-modules, respectively. These rings, often viewed as fu-
sion rings of the corresponding tensor categories, provide valuable insight into how
representations interact under tensor operations and how the underlying algebraic
symmetries manifest at the categorical level.

The family of rank one pointed Hopf algebras, classified by Krop and Radford
[10] over an algebraically closed field of characteristic zero, and by Scherotzke in
a positive characteristic [14], provides a natural generalization of the classical Taft
algebras and Radford algebras. Their representation theory has been developed in
detail by Wang, Li and Zhang [19, 20]. Although the representation category HDM
of a rank one pointed Hopf algebra HD is not a braided tensor category, both its
representation ring and its Grothendieck ring are commutative.

However, the tensor category HDM can not, in general, be embedded as a full tensor
subcategory of the Drinfeld center of HD. This observation motivated a deeper
study of the representation theory of the Drinfeld double D(HD), and in particular,
of the relationship between the Grothendieck (and Green) rings ofD(HD) and those
of HD.

Key words and phrases. Drinfeld double, Pointed Hopf algebra, representation, indecompos-
able module, Auslander-Reiten sequence.
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Drinfeld doubles of specific classes of Hopf algebras, such as Taft algebras, general-
ized Taft algebras, and Radford algebras, have been extensively investigated. Chen
and his collaborators computed the structures of the Green, Grothendieck, and
projective class rings of Drinfeld doubles of Taft algebras in [2, 3, 4, 16]. Erdmann
et al. investigated the representations and stable Green rings of Drinfeld doubles of
generalized Taft algebras in [7, 8], while Sun and Chen studied the representations
of Drinfeld doubles of Radford Hopf algebras in [15], revealing intricate fusion rules
closely related to those of small quantum groups and modular tensor categories.
Furthermore, Krop and Radford classified all simple and projective indecompos-
able modules of the Drinfeld double D(HD) when G(HD), the group of group-like
elements, is abelian [10]. More recently, Sun, Chen and Zhang in [17] completed
the classification of all finite-dimensional indecomposable D(HD)-modules.

Since determining the complete fusion rules for all indecomposable modules of a
rank one pointed Hopf algebra is an intensive task, we divide our project into two
stages: (1) first, we compute the decomposition rules for the tensor products of
simple and projective indecomposable modules, leading to explicit descriptions of
the Grothendieck and projective class rings; and (2) subsequently, we will determine
the fusion rules involving non-projective, non-simple indecomposable modules, from
which the full Green and stable Green rings can be derived.

In this paper, we carry out the first of these steps. We determine the Grothendieck
ring G0(D(HD)) and the projective class ring rp(D(HD)) for an arbitrary rank one
pointed Hopf algebra HD whose group of group-like elements is abelian. We explic-
itly describe the tensor product decompositions among simple and indecomposable
projective D(HD)-modules, and we present the rings G0(D(HD)) and rp(D(HD))
in terms of generators and relations. Our results unify and generalize previously
known computations for the Drinfeld doubles of Taft algebras and other special
cases of rank-one pointed Hopf algebras, providing a coherent framework for un-
derstanding their representation-theoretic and categorical structures.

The paper is organized as follows. Section 2 recalls the definition of a group datum,
the construction of pointed rank-one Hopf algebras HD, and their Drinfeld doubles
D(HD). In Section 3, we review the simple and projective indecomposable D(HD)-
modules. Section 4 analyzes the socles of tensor products of simple modules, while
Section 5 provides explicit tensor product decompositions among simple and pro-
jective modules. Finally, Section 6 describes the structures of the Grothendieck
ring G0(D(HD)) and the projective class ring rp(D(HD)).

Throughout, let k be an algebraically closed field with chark = 0 and k× = k\{0}.
Unless otherwise stated, all algebras and Hopf algebras are defined over k; all
modules are finite dimensional and left modules; dim and ⊗ denote dimk and ⊗k,
respectively. Let Z denote the set of all integers, Zn := Z/nZ for an integer n, and
let N denote all non-negative integers. The references [9, 12, 18] are basic references
for the theory of Hopf algebras and quantum groups. The readers can refer [1] for
the representation theory of algebras.
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2. Pointed rank one Hopf algebras and their doubles

In this section, we recall the pointed rank one Hopf algebras and their Drinfeld
doubles.

Let 0 ̸= q ∈ k. For any integer n > 0, define

(n)q = 1 + q + · · ·+ qn−1.

Note that (n)q = n when q = 1 and (n)q = qn−1
q−1 when q ̸= 1. Define the q-factorial

of n by (0)!q = 1 and

(n)!q = (n)q(n− 1)q · · · (1)q
for n > 0, see [9, p.74].

A quadruple D = (G,χ, a, α) is called a group datum if G is a finite group, χ is a
k-valued character of G, a is a central element of G and α ∈ k subject to χn = 1 or
α(an−1) = 0, where n is the order of χ(a). The group datum D is of nilpotent type
if α(an−1) = 0, and it is of non-nilpotent type if α(an−1) ̸= 0 and χn = 1. For any
group datum D = (G,χ, a, α), Krop and Radford constructed an associated finite
dimensional pointed rank one Hopf algebra HD and classified such Hopf algebras.
They also described the Drinfeld doubles D(HD) of HD, see [10].

Let D = (G,χ, a, α) be a group datum. The Hopf algebra HD is generated as
an algebra by G and an element x, subject to the group relations for G, and the
additional relations:

xn = α(an − 1) and xg = χ(g)gx for all g ∈ G.

The comultiplication △ is given by

△(x) = x⊗ a+ 1⊗ x and △(g) = g ⊗ g, g ∈ G.

Then HD has a k-basis {gxj |g ∈ G, 0 ⩽ j ⩽ n − 1}. If D is of non-nilpotent type,
then HD ∼= HD′ as Hopf algebras, where D′ = (G,χ, a, 1). Therefore, we always
assume that α = 1 whenever D is of non-nilpotent type. For further details, one
can refer to [10, 13].

Throughout the following, let D = (G,χ, a, α) be a group datum, and assume that
G is abelian. Set ρ = χ(a) and denote by n the order of ρ. Let Γ = Hom(G, k×)
denote the group of k-valued characters of G.

Recall that the Drinfeld double D(HD) = H∗cop
D ▷◁ HD is generated, as an algebra,

by its two sub-Hopf algebra H∗cop
D and HD, where H

∗
D is the dual Hopf algebra of

HD. The algebra H
∗cop
D is generated by ξ and the group Γ, subject to the following

relations:

ξn = 0 and ξγ = γ(a)γξ for all γ ∈ Γ.

The coalgebra structure ofH∗cop
D is determined by△(ξ) = ξ⊗ε+χ⊗ξ, △(γ) = γ⊗γ

if D is of nilpotent type, and

△(γ) = γ ⊗ γ + (γn(a)− 1)
∑

l+r=n

1

(l)ρ!(r)ρ!
γχlξr ⊗ γξl

if D is of non-nilpotent type, where γ ∈ Γ.
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Proposition 2.1. [10, Proposition 5] The Drinfeld double D(HD) is generated as
an algebra by G, x, Γ and ξ subject to the relations defining HD and H∗cop

D and the
following relations:

(a) gγ = γg for all g ∈ G and γ ∈ Γ;
(b) ξg = χ−1(g)gξ for all g ∈ G;
(c) [x, ξ] = a− χ;
(d) γ(a)xγ = γx if D is nilpotent;

(e) γ(a)xγ = γx+ γn(a)−1
(n−1)ρ!

γ(ρa− χ)ξn−1 if D is non-nilpotent.

3. Simple modules and projective modules

Throughout this and the following sections, let l(V ) and rl(V ) denote the length
and the radical length (Loewy length) of a module V , respectively. For any integer
s ⩾ 0, denote by sV the direct sum of s copies of V (with the convention that
0V=0).

For a module V , set

V x := {v ∈ V |xv = 0} and V ξ := {v ∈ V |ξv = 0}.

Given elements v1, · · · , vs ∈ V , we write ⟨v1, · · · , vs⟩ for the submodule of V gen-
erated by {v1, · · · , vs}. Finally, for any set X, denote by ♯X the cardinality of
X.

3.1. Simple modules V (l, λ).

Krop and Radford [10, Subsection 2.2], and independently Sun, Chen and Zhang
[17], classified the simple modules overD(HD) for any group datum D = (G,χ, a, α)
with G being abelian. In this subsection, we recall construction of the simple
D(HD)-modules.

Let Λ := Ĝ× Γ be the set of characters of G × Γ. Define a map evaχ−1 : Λ → k×
by

evaχ−1(λ) = λ(aχ−1), λ ∈ Λ,

and let K := Ker(evaχ−1).

Denote by Λ̃ the subset of characters λ ∈ Λ satisfying λ(aχ−1) = ρs for some

0 ⩽ s ⩽ n− 2. For each λ ∈ Λ, define d(λ) = s if λ ∈ Λ̃, and d(λ) = −1 otherwise.
Let ϕ ∈ Λ be defined by ϕ(gγ) = χ−1(g)γ(a), g ∈ G, γ ∈ Γ, and define a mapping
σ : Λ → Λ by

σ(λ) = λϕd(λ)+1,

and set τ = σ2.

For any 1 ⩽ l ⩽ n− 1, let Il = {λ ∈ Λ̃|λ(aχ−1) = ρl−1}. Define

In := Λ\Λ̃ = {λ ∈ Λ|λ /∈ Λ̃},

and further decompose it as

I ′n = {λ ∈ In|λ(aχ−1) ̸= ρk for any 0 ⩽ k ⩽ n− 1}
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and

I ′′n = {λ ∈ In|λ(aχ−1) = ρn−1}.

Then In = I ′n ∪ I ′′n , ∪n−1
l=1 Il = Λ̃ and ∪n

l=1Il = Λ. By [10, Theorem 2], it follows
that ♯Il = ♯I ′′n = ♯K, where 1 ⩽ l < n.

For any 1 ⩽ l ⩽ n and λ ∈ Il, define

αi(l, λ) := (i)ρ(λ(χ)− λ(a)ρ1−i) ∈ k, i ⩾ 1.

Since σ2(λ) = λϕn, αi(l, τ(λ)) = αi(l, λ). Now define β(l, λ) ∈ k by

β(1, λ) := 1, β(l, λ) := α1(l, λ)α2(l, λ) · · ·αl−1(l, λ) for 1 < l ⩽ n.

Note that αi(l, λ) ̸= 0 for all 1 ⩽ i ⩽ l − 1, and hence β(l, λ) ̸= 0.

Let 1 ⩽ l ⩽ n and λ ∈ Il. Let {vi|0 ⩽ i ⩽ l − 1} and {mi|0 ⩽ i ⩽ l − 1} be the
natural and standard k-bases of V (l, λ) given in [17], respectively.

Let 1 ⩽ l ⩽ n− 1. The D(HD)-module action on V (l, λ) is determined by

(gγ)vi = (ϕiλ)(gγ)vi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ l − 1,

xvi =

{
vi+1, 0 ⩽ i ⩽ l − 2,

0, i = l − 1,
ξvi =

{
0, i = 0,

αi(l, λ)vi−1, 1 ⩽ i ⩽ l − 1,

or determined by

(gγ)mi = (ϕiλ)(gγ)mi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ l − 1,

xmi =

{
αi+1(l, λ)mi+1, 0 ⩽ i ⩽ l − 2,

0, i = l − 1,
ξmi =

{
0, i = 0,

mi−1, 1 ⩽ i ⩽ l − 1.

Clearly, V (l, λ)x = kvl−1 = kml−1 and V (l, λ)ξ = kv0 = km0.

Now we consider the case that l = n and λ ∈ In. In this case, V (n, λ) is projective.
To describe the D(HD)-module structure on V (n, λ), it is necessary to distinguish
between two cases for D: nilpotent case and non-nilpotent case.

If D is of nilpotent type, then the module action on V (n, λ) is given by

(gγ)vi = (ϕiλ)(gγ)vi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

xvi =

{
vi+1, 0 ⩽ i ⩽ n− 2,

0, i = n− 1,
ξvi =

{
0, i = 0,

αi(l, λ)vi−1, 1 ⩽ i ⩽ n− 1,

or given by

(gγ)mi = (ϕiλ)(gγ)mi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

xmi =

{
αi+1(n, λ)mi+1, 0 ⩽ i ⩽ n− 2,

0, i = n− 1,
ξmi =

{
0, i = 0,

mi−1, 1 ⩽ i ⩽ n− 1.

Clearly, V (n, λ)x = kvn−1 = kmn−1 and V (n, λ)ξ = kv0 = km0.
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If D is of non-nilpotent type, then the module action on V (n, λ) is given by

(gγ)vi = (ϕiλ)(gγ)vi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

xvi =

{
vi+1, 0 ⩽ i ⩽ n− 2,

(λn(a)− 1)v0, i = n− 1,
ξvi =

{
0, i = 0,

αi(n, λ)vi−1, 1 ⩽ i ⩽ n− 1,

or given by

(gγ)mi = (ϕiλ)(gγ)mi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

xmi =

{
αi+1(n, λ)mi+1, 0 ⩽ k ⩽ n− 2,
λn(a)−1
β(n,λ) m0, i = n− 1,

ξmi =

{
0, i = 0,

mi−1, 1 ⩽ i ⩽ n− 1.

Clearly, V (n, λ)ξ = kv0 = km0.

Proposition 3.1. [17, Theorem 3.6] The following set

{V (l, λ)|1 ⩽ l ⩽ n, λ ∈ Il}

is a representative set of isomorphism classes of simple D(HD)-modules. Moreover,
V (n, λ) is a projective D(HD)-module for any λ ∈ In.

3.2. Indecomposable projective modules P (l, λ).

Krop and Radford described all projective indecomposable D(HD)-modules for any
group datum D = (G,χ, a, µ) with G being abelian in [10, Subsection 2.3]. Sun,
Chen and Zhang [17] reconstructed all indecomposable projective modules with
matrices, as follows.

Case 1: D is of nilpotent type. Let 1 ⩽ l ⩽ n−1, λ ∈ Il, and let {v0, v1, · · · , vn−1,
u0, u1, · · · , un−1} be the basis of P (l, λ). The D(HD)-module action on P (l, λ) is
given by

(gγ)vi = (ϕiλ)(gγ)vi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

(gγ)ui = (ϕi−n+lλ)(gγ)ui, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

xvi =

{
vi+1, 0 ⩽ i ⩽ n− 2,

0, i = n− 1,
xui =

{
ui+1, 0 ⩽ i ⩽ n− 2,

0, i = n− 1,

ξvi =


un−l−1, i = 0,

αi(l, λ)vi−1 + un−l+i−1, 1 ⩽ i ⩽ l − 1,

un−1, i = l,

αi−l(n− l, σ(λ))vi−1, l + 1 ⩽ i ⩽ n− 1,

ξui =


0, i = 0,

αi(n− l, σ−1(λ))ui−1, 1 ⩽ i ⩽ n− l − 1,

0, i = n− l,

αi−n+l(l, λ)ui−1, n− l + 1 ⩽ i ⩽ n− 1.

Clearly, P (l, λ)x = kvn−1 + kun−1 and P (l, λ)ξ = ku0 + kun−l.
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Case 2: D is of non-nilpotent type. Let 1 ⩽ l ⩽ n − 1, λ ∈ Il, and let
{v0, v1, · · · , vn−1, u0, u1, · · · , un−1} be the basis of P (l, λ). The D(HD)-module
action on P (l, λ) is given by

(gγ)vi = (ϕi−n+lλ)(gγ)vi, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

(gγ)ui = (ϕiλ)(gγ)ui, g ∈ G, γ ∈ Γ, 0 ⩽ i ⩽ n− 1,

xvi =


αi+1(n− l, σ−1(λ))vi+1, 0 ⩽ i ⩽ n− l − 2,

u0, i = n− l − 1,

αi+1−n+l(l, λ)vi+1 + ui+1−n+l, n− l ⩽ i ⩽ n− 2,

yl,λv0 + ul, i = n− 1,

xui =


αi+1(l, λ)ui+1, 0 ⩽ i ⩽ l − 2,

0, i = l − 1,

αi+1−l(n− l, σ(λ))ui+1, l ⩽ i ⩽ n− 2,

zl,λu0, i = n− 1,

ξvi =

{
0, i = 0,

vi−1, 1 ⩽ i ⩽ n− 1,
ξui =

{
0, i = 0,

ui−1, 1 ⩽ i ⩽ n− 1,

where yl,λ = ρ1−lλ(a)−ρlλ(χ)
(n−1)!ρ

and zl,λ = ρλ(a)−λ(χ)
(n−1)!ρ

. Moreover, yl,λ + zl,λ = 0 and

zn−l,σ−1(λ) = yl,λ by λ(χ) = λ(a)ρ1−l. Clearly, P (l, λ)x = kul−1 + k(un−1 −
zl,λvn−l−1) and P (l, λ)

ξ = kv0 + ku0.

Proposition 3.2. [17, Corollary 3.12] A representative set of isomorphism classes
of indecomposable projective D(HD)-modules is given by

{P (l, λ), V (n, µ)|1 ⩽ l ⩽ n− 1, λ ∈ Il, µ ∈ In}.

4. The socle of the tensor product of two simple modules

In this section, we investigate the socle of the tensor product of two simple non-
projective modules.

For any integer t, let c(t) :=
[
t+1
2

]
denote the integer part of t+1

2 . That is, c(t) is

the largest integer satisfying c(t) ⩽ t+1
2 .

Lemma 4.1. Let 1 ⩽ t ⩽ n. Then ξxt = xtξ + (t)ρx
t−1(χ− ρ1−ta).

Proof. We proceed by induction on t. If t = 1, the statement is obvious. Assume
t > 1 and that the lemma holds for t− 1. Then

ξxt = xξxt−1 + χxt−1 − axt−1

= xtξ + (t− 1)ρx
t−1χ− (t− 1)ρρ

2−txt−1a+ χxt−1 − axt−1

= xtξ + (t− 1)ρx
t−1χ+ ρt−1xt−1χ− ((t− 1)ρρ

2−txt−1a+ ρ1−txt−1a)

= xtξ + (t)ρx
t−1χ− ρ1−t(t)ρx

t−1a

= xtξ + (t)ρx
t−1(χ− ρ1−ta).

□
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For any D(HD)-module M and λ ∈ Λ, set

Mλ := {v ∈M |(gγ)v = λ(gγ)v, gγ ∈ G× Γ}.

Then Mλ is a subspace of M .

Lemma 4.2. Let M be a D(HD)-module.

(1) Suppose there exists a 0 ̸= v ∈Mξ∩Mλ for some λ ∈ In such that ξ(xkv) ̸=
0 for all 1 ⩽ k ⩽ n− 1. Then ⟨v⟩ = span{v, xv, · · · , xn−1v} ∼= V (n, λ).

(2) Suppose there exists a 0 ̸= v ∈M ξ∩Mλ for some λ ∈ Il with 1 ⩽ l ⩽ n−1.
Then ⟨v⟩ is simple if and only if, for any 1 ⩽ k < n, xkv ̸= 0 implies
ξ(xkv) ̸= 0. In this case, ⟨v⟩ = span{v, xv, · · · , xl−1v} ∼= V (l, λ).

Proof. (1) By Lemma 4.1,

ξ(xkv) = (k)ρ(λ(χ)− ρ1−kλ(a))xk−1v = αk(n, λ)x
k−1v

for all 1 ⩽ k ⩽ n − 1. We claim that γ(xkv) = γk(a)λ(γ)xkv for all γ ∈ Γ and
0 ⩽ k ⩽ n− 1.

IfD is of nilpotent type, the claim follows from Proposition 2.1(d). Assume now that
D is of non-nilpotent type. Since v ∈ Mλ, we have γv = λ(γ)v. Let 1 ⩽ k ⩽ n− 1
and assume γ(xk−1v) = γk−1(a)λ(γ)xk−1v. Then

γ(xkv) = γ(a)xγ(xk−1v)− γn(a)− 1

(n− 1)!ρ
γ(ρa− χ)ξn−1(xk−1v) = γk(a)λ(γ)(xkv).

Thus, the claim holds.

On the other hand, since v ∈Mλ and gx = χ−1(g)xg for g ∈ G, we obtain

g(xkv) = χ−k(g)λ(g)xkv for all 0 ⩽ k ⩽ n− 1.

Therefore,

(gγ)(xkv) = (ϕkλ)(gγ)xkv for all 0 ⩽ k ⩽ n− 1, gγ ∈ G× Γ.

If D is of nilpotent type, then xn = 0, and so xnv = 0.
If D is of non-nilpotent type, then xn = an − 1, hence, xnv = (λn(a) − 1)v. It
follows that

⟨v⟩ = span{v, xv, · · · , xn−1v} ∼= V (n, λ).

(2) Let 0 ̸= v ∈M ξ ∩Mλ for some λ ∈ Il with 1 ⩽ l ⩽ n− 1. Assume first that ⟨v⟩
is simple. Then ⟨v⟩ξ = kv by [17, Corollary 3.7]. If xkv ̸= 0 for some 1 ⩽ k ⩽ n−1,
then xkv /∈ ⟨v⟩ξ since av = λ(a)v and a(xkv) = ρ−kλ(a)xkv. Hence, ξ(xkv) ̸= 0.

Conversely, assume that whenever xkv ̸= 0 for any 1 ⩽ k < n, we have ξ(xkv) ̸= 0.
Note that xnv = 0. Let t be the minimal positive integer such that xtv = 0. Then
1 ⩽ t ⩽ n.
If t = 1, then ⟨v⟩ = kv ∼= V (1, λ). Now assume 1 < t ⩽ n. Then for any
1 ⩽ k ⩽ t− 1, xkv ̸= 0 and hence ξ(xkv) ̸= 0. By Lemma 4.1, we have

ξ(xkv) = (k)ρ(λ(χ)− ρ1−kλ(a))xk−1v for all k ⩾ 1.

In particular,

0 = ξ(xtv) = (t)ρ(λ(χ)− ρ1−tλ(a))xt−1v.
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Hence, (t)ρ(λ(χ)− ρ1−tλ(a)) = 0.
If t ̸= l , then λ(χ) − ρ1−tλ(a) ̸= 0 since 1 ⩽ l, t ⩽ n and λ(χ) = ρ1−lλ(a). Thus,
(t)ρ = 0, and so t = n, leading 1 ⩽ l < t. This implies alv ̸= 0. But ξ(xlv) = 0,
which contradicts the assumption. Therefore, t = l and

ξ(xkv) = αk(l, λ)x
k−1v for 1 ⩽ k ⩽ l − 1.

As in (1), we can show that (gγ)(xkv) = (ϕkλ)(gγ)xkv for all 0 ⩽ k ⩽ l − 1 and
gγ ∈ G× Γ. Hence,

⟨v⟩ = span{v, xv, · · · , xl−1v} ∼= V (l, λ).

□

Lemma 4.3. Let 1 ⩽ l ⩽ n, 1 ⩽ l′ ⩽ n− 1, λ ∈ I1, µ ∈ Il and λ
′ ∈ Il′ . Then

V (1, λ)⊗ V (l, µ) ∼= V (l, λµ) and V (1, λ)⊗ P (l′, λ′) ∼= P (l, λλ′).

Proof. The assertion follows by a straightforward verification. □

In the remainder of this section, unless otherwise stated, assume that 2 ⩽ l ⩽ l′ ⩽
n− 1, λ ∈ Il and λ

′ ∈ Il′ . Let

M = V (l, λ)⊗ V (l′, λ′).

Let {m0, · · · ,ml−1} and {m′
0, · · · ,m′

l′−1} be the standard bases of V (l, λ) and
V (l′, λ′), respectively. Then

{mi ⊗m′
j | 0 ⩽ i ⩽ l − 1, 0 ⩽ j ⩽ l′ − 1}

is a basis of M . For each integer s with 0 ⩽ s ⩽ l + l′ − 2, set

M[s] = span{mi ⊗m′
j | i+ j = s}

and define M[−1] =M[l+l′−1] = 0.

Lemma 4.4. Retain the above notations.

(1) For any 0 ⩽ s ⩽ l + l′ − 2, we have xM[s] ⊆M[s+1] and ξM[s] ⊆M[s−1].
(2) The subspace Mx decomposes as

Mx = ⊕l+l′−2
s=l′−1

(
Mx ∩M[s]

)
and dim(Mx ∩M[s]) = 1 for any l′ − 1 ⩽ s ⩽ l + l′ − 2.

(3) The subspace M ξ decomposes as

Mξ = ⊕l−1
s=0

(
Mξ ∩M[s]

)
and dim(Mξ ∩M[s]) = 1 for any 0 ⩽ s ⩽ l − 1.

(4) If l < l′, then Mx ∩M ξ = 0; if l = l′, then dim(Mx ∩M ξ) = 1.

Proof. The statements follow by direct computation using the action of x and ξ on
the basis elements of M . □

By Lemma 4.4, we have dim(Mξ ∩M[s]) = 1 for all 0 ⩽ s ⩽ l − 1. In the rest of

this section, let 0 ̸= xs ∈Mξ ∩M[s] and let Us = ⟨xs⟩ denote the submodule of M
generated by xs, 0 ⩽ s ⩽ l − 1.
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Lemma 4.5. Let U be a simple submodule of M . Then U = Us for some 0 ⩽ s ⩽
l − 1.

Proof. The assertion follows directly from Lemma 4.4 together with the known
structure of simple D(HD)-modules. □

Lemma 4.6. Let 0 ⩽ s ⩽ l−1. Then xs ∈Mϕsλλ′ and (ϕsλλ′)(aχ−1) = ρl+l′−2−2s.

Proof. Let 0 ⩽ i ⩽ s and gγ ∈ G× Γ. Then

g(mi ⊗m′
s−i) = gmi ⊗ gm′

s−i

= (ϕiλ)(g)mi ⊗ (ϕs−iλ′)(g)m′
s−i

= (ϕsλλ′)(g)mi ⊗m′
s−i.

If D is of nilpotent type, then

γ(mi ⊗ms−i) = γmi ⊗ γms−i = (ϕsλλ′)(γ)mi ⊗m′
s−i.

Now assume that D is of non-nilpotent type. Then, we have

γ(mi ⊗m′
s−i)

= γmi ⊗ γm′
s−i + (γn(a)− 1)

∑
r+l=n

1
(l)!ρ(r)!ρ

(γχlξrmi ⊗ γξlm′
s−i)

= (ϕsλλ′)(γ)mi ⊗m′
s−i + (γn(a)− 1)

∑
r+l=n

1
(l)!ρ(r)!ρ

(γχlξrmi ⊗ γξlm′
s−i).

If γχlξrmi ⊗ γξlm′
s−i ̸= 0, then i ⩾ r and s− i ⩾ l, hence s ⩾ n since r + l = n, a

contradiction. Therefore, all such terms vanish, and thus

γ(mi ⊗m′
s−i) = (ϕsλλ′)(γ)mi ⊗m′

s−i.

It follows that (gγ)xs = (ϕsλλ′)(gγ)xs; hence xs ∈ Mϕsλλ′ . Finally, by direct

computation, (ϕsλλ′)(aχ−1) = ρl+l′−2−2s. This completes the proof. □

Lemma 4.7. Let t = l + l′ − n− 1.

(1) Suppose t < 0 and let 0 ⩽ s ⩽ l − 1. Then 1 ⩽ l + l′ − 1− 2s ⩽ n− 1, and
Us

∼= V (l + l′ − 1− 2s, ϕsλλ′).
(2) Suppose t ⩾ 0 is even.

(a) If c(t) + 1 ⩽ s ⩽ l − 1, then 1 ⩽ l + l′ − 1− 2s ⩽ n− 2, and
Us

∼= V (l + l′ − 1− 2s, ϕsλλ′).
(b) If s = c(t), then l + l′ − 1− 2s = n, and Us

∼= V (n, ϕsλλ′).
(c) If 0 ⩽ s ⩽ c(t)− 1, then Us is not simple.

(3) Assume that t ⩾ 0 is odd.
(a) If c(t) ⩽ s ⩽ l − 1, then 1 ⩽ l + l′ − 1− 2s ⩽ n− 1, and

Us
∼= V (l + l′ − 1− 2s, ϕsλλ′).

(b) If 0 ⩽ s ⩽ c(t)− 1, then Us is not simple.

Proof. (1) Since t < 0 and 0 ⩽ s ⩽ l − 1, we have

1 ⩽ l′ − l + 1 ⩽ l + l′ − 1− 2s ⩽ l + l′ − 1 ⩽ n− 1.

Hence, by Lemma 4.6, we obtain ϕsλλ′ ∈ Il+l′−1−2s. Then by Lemmas 4.1 and 4.6,
for all k ⩾ 1,

ξ(xkxs) = αk(l + l′ − 1− 2s, ϕsλλ′)xk−1xs.
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By induction on k, it follows that

ξ(xkxs) ̸= 0 and xkxs ̸= 0 for all 1 ⩽ k ⩽ l + l′ − 2− 2s.

However, ξ(xl+l′−1−2sxs) = 0, and hence xl+l′−1−2sxs ∈Mξ.

By Lemma 4.4(1), this implies that xl+l′−1−2sxs ∈ Mξ ∩M[l+l′−1−s]. Since 0 ⩽
s ⩽ l − 1, we have l − 1 < l + l′ − 1− s ⩽ l + l′ − 1. Therefore, by Lemma 4.4(3),

Mξ ∩M[l+l′−1−s] = 0. It follows that xl+l′−1−2sxs = 0.

Applying Lemma 4.2(2), we conclude that Us
∼= V (l + l′ − 1− 2s, ϕsλλ′).

(2) Suppose first c(t)+1 ⩽ s ⩽ l−1. Since t ⩾ 0 is even, we have 1 ⩽ l+l′−1−2s ⩽
l+l′−1−2(c(t)+1) = n−2 and l−1 < l+l′−1−s ⩽ l+l′−2−c(t) ⩽ l+l′−2. Then,
by an argument identical to that of part (1), we obtain Us

∼= V (l+l′−1−2s, ϕsλλ′).

Next, suppose s = c(t). Then l + l′ − 1 − 2s = n, and hence, by Lemma 4.6,
ϕsλλ′ ∈ In. Repeating the reasoning of part (1), we find that

xkxs ̸= 0 and ξ(xkxs) ̸= 0 for all1 ⩽ k < n.

Therefore, by Lemma 4.2(1), Us
∼= V (n, ϕsλλ′).

Finally, suppose 0 ⩽ s ⩽ c(t)− 1. Then

n+ 2 ⩽ l + l′ − 1− 2s ⩽ l + l′ − 1 ⩽ 2n− 3,

so that 2 ⩽ l + l′ − 1 − n − 2s ⩽ n − 3. By Lemma 4.6, it follows that ϕsλλ′ ∈
Il+l′−1−n−2s.

As in part (1), one checks that

xkxs ̸= 0 and ξ(xkxs) ̸= 0 for all 1 ⩽ k ⩽ l + l′ − 2− n− 2s,

while ξ(xl+l′−1−n−2sxs) = 0. In particular, xl+l′−2−n−2sxs ̸= 0. By Lemma 4.4(1),
this element lies in M[l+l′−2−n−s]. Since l+ l′ − 2− n− s ⩽ l+ l′ − 2− n ⩽ l′ − 3,

we have xl+l′−2−n−2sxs /∈Mx by Lemma 4.4(2), and hence xl+l′−1−n−2sxs ̸= 0. It
follows from Lemma 4.2(2) that Us is not simple.

(3) When t > 0 is odd, the proof is entirely analogous to that of part (2): if
c(t) ⩽ s ⩽ l − 1, then

Us
∼= V (l + l′ − 1− 2s, ϕsλλ′),

while for 0 ⩽ s ⩽ c(t)− 1, the submodule Us is not simple. □

Corollary 4.8. Let t = l + l′ − n− 1.

(1) If t < 0, then socM ∼= ⊕l−1
s=0V (l + l′ − 1− 2s, ϕsλλ′).

(2) If t ⩾ 0, then socM ∼= ⊕l−1
s=c(t)V (l + l′ − 1− 2s, ϕsλλ′).

Proof. It follows from Lemma 4.6 and Lemma 4.7. □

5. The decomposition rules for tensor product modules

In this section, we study the tensor products of simple and indecomposable projec-
tive D(HD)-modules, and determine their decompositions into the direct sums of
indecomposable modules.
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5.1. Tensor products of two simple modules.

In this subsection, we investigate the tensor products of two simple modules. We
first consider the tensor products of two non-projective simple modules. Note that
for any D(HD)-modules, there is an isomorphism between M ⊗N and N ⊗M .

Throughout the following, we write P (n, λ) := V (n, λ) for any λ ∈ In.

Lemma 5.1. Let 1 ⩽ l, l′ ⩽ n− 1, λ ∈ Il, λ
′ ∈ Il′ and s ⩾ 1. Then

V (l, λ)⊗ Ω±sV (l′, λ′) ∼= Ω±s(V (l, λ)⊗ V (l′, λ′))⊕ P

for some projective module P .

Proof. It follows from the fact that the tensor product of a projective module with
any module is projective. □

Theorem 5.2. Suppose that 1 ⩽ l ⩽ l′ < n, λ ∈ Il and λ
′ ∈ Il′ . Let t = l+l′−n−1.

(1) If t < 0, then V (l, λ)⊗ V (l′, λ′) ∼= ⊕l−1
s=0V (l + l′ − 1− 2s, ϕsλλ′).

(2) If t ⩾ 0, then

V (l, λ)⊗ V (l′, λ′) ∼= (⊕t
s=c(t)P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕t+1⩽s⩽l−1V (l + l′ − 1− 2s, ϕsλλ′)).

Proof. (1) Assume t < 0. By Corollary 4.8, we have

soc(V (l, λ)⊗ V (l′, λ′)) ∼= ⊕l−1
s=0V (l + l′ − 1− 2s, ϕsλλ′).

Since both sides have the same dimension, it follows that

V (l, λ)⊗ V (l′, λ′) ∼= ⊕l−1
s=0V (l + l′ − 1− 2s, ϕsλλ′).

(2) Assume t ⩾ 0. By [17, Lemma 3.11], there exists an exact sequence

0 → V (n−l′, σ(τk(λ′))) → ΩV (n−l′, σ(τk(λ′))) → V (l′, τk(λ′))⊕V (l′, τk+1(λ′)) → 0.

Taking the direct sum of these sequences over all k, and then tensoring on the left
by V (l, λ), we obtain another exact sequence:

0 → ⊕m−1
k=0 V (l, λ)⊗ V (n− l′, σ(τk(λ′)))

→ ⊕m−1
k=0 V (l, λ)⊗ ΩV (n− l′, σ(τk(λ′)))

→ 2(⊕m−1
k=0 V (l, λ)⊗ V (l′, τk(λ′))) → 0.

Since t ⩾ 0, we have n− l′ < l. Then by (1), we have

V (l, λ)⊗ V (n− l′, σ(τk(λ′)))
∼= ⊕n−l′−1

s=0 V (n− l′ + l − 1− 2s, ϕsσ(τk(λ′))λ)
∼= ⊕n−1

s=l′V (n+ l′ + l − 1− 2s, ϕkn+sλ′λ).

Hence, by Lemma 5.1, we obtain

⊕m−1
k=0 V (l, λ)⊗ ΩV (n− l′, σ(τk(λ′)))

∼= (⊕m−1
k=0 ⊕n−1

s=l′ ΩV (n+ l′ + l − 1− 2s, ϕkn+sλ′λ))⊕ P
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for some projective module P . Let

L = ⊕m−1
k=0 ⊕n−1

s=l′ V (n+ l′ + l− 1− 2s, ϕkn+sλ′λ),M = ⊕m−1
k=0 V (l, λ)⊗ V (l′, τk(λ′)).

Then, the exact sequence obtained above takes the form:

0 → L
f−→ ΩL⊕ P

g−→ 2M → 0.

For l′ ⩽ s ⩽ n− 1, we have 2 ⩽ n+ l′ + l− 1− 2s ⩽ n− 1. Hence, L is semisimple,
and any simple submodule of L is not projective. It follows from [17, Lemma 3.11]
that L ∼= soc(ΩL). Moreover, by [17, Proposition 3.2 (1)], each simple submodule
of L appears with multiplicity one as a composition factor of L.

By Corollary 4.8, we have

socM ∼= ⊕m−1
k=0 ⊕l−1

s=c(t) V (l + l′ − 1− 2s, ϕkn+sλλ′).

According to [17, Proposition 3.2 (1)], L and socM share no isomorphic simple
submodule.

Let π : ΩL ⊕ P → P be the canonical projection. If πf ̸= 0, then there exists a
simple submodule S of L such that π(f(S)) ̸= 0, implying π(f(S)) ∼= S. Conse-
quently, as a composition factor of soc(ΩL⊕ P ), S would appear with multiplicity
at least 2. This forces S to be isomorphic to a simple submodule of M , contradict-
ing the above observation. Hence πf = 0, and therefore Im(f) ⊆ ΩL. It follows
that Im(f) = soc(ΩL).

By [17, Lemma 3.11], we thus obtain

2M ∼= ΩL/soc(ΩL)⊕ P
∼= P ⊕ (⊕m−1

k=0 ⊕n−1
s=l′ 2V (2s+ 1− l′ − l, ϕkn+l+l′−1−sλλ′))

∼= P ⊕ (⊕m−1
k=0 ⊕l−1

s=t+1 2V (l + l′ − 1− 2s, ϕkn+sλλ′)).

Thus, there exists a projective module Q such that

M ∼= Q⊕ (⊕m−1
k=0 ⊕l−1

s=t+1 V (l + l′ − 1− 2s, ϕkn+sλλ′)).

From the description of socM given above, we obtain

socQ ∼= ⊕m−1
k=0 ⊕t

s=c(t) V (l + l′ − 1− 2s, ϕkn+sλλ′).

Since Q is a projective cover (injective envelope ) of socQ, we have

Q ∼= ⊕m−1
k=0 ⊕t

s=c(t) P (l + l′ − 1− 2s, ϕkn+sλλ′)

Therefore

M ∼= (⊕m−1
k=0 ⊕t

s=c(t) P (l + l′ − 1− 2s, ϕkn+sλλ′))

⊕(⊕m−1
k=0 ⊕l−1

s=t+1 V (l + l′ − 1− 2s, ϕkn+sλλ′)).

Since all the summands in M are pair-wise non-isomorphic, and

soc(V (l, λ)⊗ V (l′, λ′)) ∼= ⊕l−1
s=c(t)V (l + l′ − 1− 2s, ϕsλλ′),

we finally obtain

V (l, r)⊗ V (l′, r′) ∼= (⊕t
s=c(t)P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l−1
s=t+1V (l + l′ − 1− 2s, ϕsλλ′)).

□
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Next we consider the tensor products of non-projective simple modules with pro-
jective simple modules. Let N = V (l, λ) ⊗ V (n, λ′), where 1 ⩽ l ⩽ n − 1, λ ∈ Il
and λ′ ∈ In.
Let {m0, · · · ,ml−1} and {m′

0, · · · ,m′
n−1} be the standard bases of V (l, λ) and

V (n, λ′), respectively. Then

{mi ⊗m′
j | 0 ⩽ i ⩽ l − 1, 0 ⩽ j ⩽ n− 1}

forms a basis of N . For 0 ⩽ s ⩽ l+n− 2, set N[s] = span{mi ⊗m′
j | i+ j = s} and

define N[−1] = N[l+n−1] = 0.

If D is of non-nilpotent type and λ′ ∈ I ′′n , then λ
′(a) = ρn−1λ′(χ), so that

λ′(a)n = ρ(n−1)nλ′(χ)n = λ′(χn) = 1.

This implies that xm′
n−1 = 0. Therefore, by an argument similar to Lemma 4.4,

we obtain the following result.

Lemma 5.3. Retain the above notations.

(1) xN[s] ⊆ N[s+1] for 0 ⩽ s ⩽ n−2. Moreover, if λ′ ∈ I ′′n , then xN[s] ⊆ N[s+1]

for 0 ⩽ s ⩽ n+ l − 2
(2) ξN[s] ⊆ N[s−1] for 0 ⩽ s ⩽ l + n− 2.

(3) Nξ = ⊕l−1
k=0

(
Nξ ∩N[s]

)
, and dim(Nξ ∩N[s]) = 1 for 0 ⩽ s ⩽ l − 1.

In what follows, choose nonzero element xs ∈ N ξ ∩N[s] for 0 ⩽ s ⩽ l − 1, and let
Us := ⟨xs⟩ denote the submodule of N generated by xs. Analogously to Lemma
4.5, we obtain the following lemma.

Lemma 5.4. Let U be a simple submodule of N . Then U = Us for some 0 ⩽ s ⩽
l − 1.

Lemma 5.5. Let 0 ⩽ s ⩽ l − 1. Then xs ∈ Nϕsλλ′ . Moreover,

(i) if λ′ ∈ I ′′n , then (ϕsλλ′)(aχ−1) = ρl−2−2s;
(ii) if λ′ ∈ I ′n, then ϕ

sλλ′ ∈ I ′n.

Proof. Similar to the proof of Lemma 4.6. □

Lemma 5.6. Let 0 ⩽ s ⩽ l − 1.

(1) Suppose that λ′ ∈ I ′n. Then Us
∼= V (n, ϕsλλ′).

(2) Suppose that λ′ ∈ I ′′n and l is even. If l
2 ⩽ s ⩽ l−1, then 2 ⩽ n+l−1−2s ⩽

n− 1 and Us
∼= V (n+ l − 1− 2s, ϕsλλ′).

(3) Suppose that λ′ ∈ I ′′n and l is odd. If l+1
2 ⩽ s ⩽ l−1 , then 2 ⩽ n+l−1−2s ⩽

n−2 and Us
∼= V (n+ l−1−2s, ϕsλλ′). If s = l−1

2 , then Us
∼= V (n, ϕsλλ′).

Proof. By Lemmas 4.1 and 5.5, we have

ξ(xkxs) = (k)ρ((ϕ
sλλ′)(χ)− ρ1−k(ϕsλλ′)(a))xk−1xs, k ⩾ 1. (1)

(1) Since λ′ ∈ I ′n, it follows from Lemma 5.5 that ϕsλλ′ ∈ I ′n. Hence

(ϕsλλ′)(χ)− ρ1−k(ϕsλλ′)(a) ̸= 0 for all k ∈ Z.
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By Equation (1) and induction on k, we obtain that ξ(xkxs) ̸= 0 for all 1 ⩽ k ⩽
n− 1. Therefore, Us

∼= V (n, ϕsλλ′) by Lemmas 4.2(1) and 5.5.

(2) Suppose l
2 ⩽ s ⩽ l − 1. Since λ′ ∈ I ′′n and l is even, we have

2 ⩽ n+ l − 1− 2s ⩽ n− 1 and ϕsλλ′ ∈ In+l−1−2s

by Lemma 5.5. Then by Eq.(1), we have

ξ(xkxs) = αk(n+ l − 1− 2s, ϕsλλ′)xk−1xs, k ⩾ 1.

Thus, by induction on k, we have ξ(xkxs) ̸= 0 for all 1 ⩽ k ⩽ n+ l − 2− 2s, while
ξ(xn+l−1−2sxs) = 0. Since n ⩽ n+l−1−s ⩽ n+l−2, it follows from Lemma 5.3(1)
and (3) that xn+l−1−2sxs ∈ Nξ ∩N[n+l−1−s] = 0, and hence xn+l−1−2sxs = 0.

Consequently, Us
∼= V (n+ l − 1− 2s, ϕsλλ′) by Lemmas 4.2(2) and 5.5.

(3) The proof is similar to that of (2). This complete the proof. □

Theorem 5.7. Retain the above notations.

(1) If λ′ ∈ I ′n, then N
∼= ⊕l−1

s=0V (n, ϕsλλ′).

(2) If λ′ ∈ I ′′n , then N
∼= ⊕l−1

s=c(l−1)P (n+ l − 1− 2s, ϕsλλ′).

Proof. (1) If λ′ ∈ I ′n, then by Lemmas 5.4 and 5.6(1), we have

socN = ⊕l−1
s=0Us

∼= ⊕l−1
s=0V (n, ϕsλλ′).

Hence, dim(socN) = ln = dimN , which implies N = socN ∼= ⊕l−1
s=0V (n, ϕsλλ′).

(2) Assume λ′ ∈ I ′′n . We only consider the case when l is odd, since the even case
is similar. By Lemma 5.6(3),

⊕l−1

s= l−1
2

Us
∼= ⊕l−1

s= l−1
2

V (n+ l − 1− 2s, ϕsλλ′).

Since ⊕l−1

s= l−1
2

Us ⊆ socN and N is injective, it follows that N contains a submodule

L ∼= ⊕l−1

s= l−1
2

P (n+ l − 1− 2s, ϕsλλ′). Comparing dimensions, dimL = ln = dimN ,

we conclude
N = L ∼= ⊕l−1

s= l−1
2

P (n+ l − 1− 2s, ϕsλλ′).

□

Next, we consider the tensor products of two simple projective modules. Let T =
V (n, λ) ⊗ V (n, λ′), where λ, λ′ ∈ In. Let {m0, · · · ,mn−1} and {m′

0, · · · ,m′
n−1}

denote the standard bases of V (n, λ) and V (n, λ′), respectively. Then {mi ⊗m′
j |

0 ⩽ i, j ⩽ n− 1} is a basis of T .

For 0 ⩽ s ⩽ 2n− 2, set

T[s] = span{mi ⊗m′
j | i+ j = s} and T[−1] = T[2n−1] = 0.

Similarly to Lemma 4.4, we have the following result.

Lemma 5.8. Retain the above notations.

(1) xT[s] ⊆ T[s+1] for 0 ⩽ s ⩽ n− 2, and xT[s] ⊆ T[s+1] ⊕ T[s+1−n] for n− 1 ⩽
s ⩽ 2n− 2.
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(2) If D is of nilpotent type, then xT[s] ⊆ T[s+1] for all 0 ⩽ s ⩽ 2n− 2.
(3) ξT[s] ⊆ T[s−1] for all 0 ⩽ s ⩽ 2n− 2.

(4) T ξ = ⊕n−1
s=0 (T

ξ ∩ T[s]) and dim(T ξ ∩ T[s]) = 1 if 0 ⩽ s ⩽ n− 1.

Proof. This follows from a straightforward verification using the action of x and ξ
on the basis {mi ⊗m′

j}, together with the nilpotent or non-nilpotent behavior of
D and the structure of projective simple modules. □

Let 0 ̸= xs ∈ T ξ ∩ T[s] for 0 ⩽ s ⩽ n− 1, and set Us = ⟨xs⟩ be the submodule of T
generated by xs.

Similarly to Lemma 4.5, we have the following lemma.

Lemma 5.9. Let U be a simple submodule of T . Then there exists 0 ⩽ s ⩽ n− 1
such that U = Us.

Lemma 5.10. Let 0 ⩽ s ⩽ n− 1. Then xs ∈ Tϕsλλ′ .

Proof. The proof is similar to that of Lemma 4.6. □

Lemma 5.11. If λλ′ ∈ I ′n, then Us
∼= V (n, ϕsλλ′) for all 0 ⩽ s ⩽ n− 1.

Proof. Assume that λλ′ ∈ I ′n and 0 ⩽ s ⩽ n − 1. Then ϕsλλ′ ∈ I ′n. By Lemma
5.10, and an argument similar to the proof of Lemma 5.6(1), we obtain that Us

∼=
V (n, ϕsλλ′). □

In the remainder of this subsection, unless otherwise stated, we assume λλ′ /∈ I ′n.
Let I0 := I ′′n . Then λλ

′ ∈ Il for some 0 ⩽ l ⩽ n− 1. In this case, (ϕsλλ′)(aχ−1) =
ρl−1−2s.

Lemma 5.12. Let 0 ⩽ s ⩽ n− 1 and retain the above notations.

(1) If c(l) ⩽ s ⩽ l, then 1 ⩽ n+ l − 2s ⩽ n and

Us
∼= V (n+ l − 2s, ϕsλλ′).

(2) If c(n+ l) ⩽ s ⩽ n− 1, then 2 ⩽ 2n+ l − 2s ⩽ n and

Us
∼= V (2n+ l − 2s, ϕsλλ′).

Proof. We only consider the case when n and l are both even, since the proofs for
other parity combinations are similar. In this case, c(l) = l

2 and c(n+ l) = n+l
2 .

By Lemma 4.1 and 5.10, we have

ξ(xkxs) = (k)ρ((ϕ
sλλ′)(χ)− ρ1−k(ϕsλλ′)(a))xk−1xs, k ⩾ 1. (2)

(1) First, let s = l
2 . Then n + l − 2s = n and (ϕsλλ′)(aχ−1) = ρn−1. Hence

ϕsλλ′ ∈ I ′′n . By Eq.(2), ξ(xkxs) = αk(n, ϕ
sλλ′)xk−1xs for k ⩾ 1. Induction on k

gives ξ(xkxs) ̸= 0 for all 1 ⩽ k ⩽ n− 1. Hence, by Lemmas 4.2(1) and 5.10

Us
∼= V (n, ϕsλλ′).
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Next, suppose l+2
2 ⩽ s ⩽ l. Then 2 ⩽ n + l − 2s ⩽ n − 2 and ϕsλλ′ ∈ In+l−2s.

Again by Eq.(2), we have

ξ(xkxs) = αk(n+ l − 2s, ϕsλλ′)xk−1xs, k ⩾ 1.

By induction on k, it follows that ξ(xkxs) ̸= 0 for all 1 ⩽ k ⩽ n + l − 1 − 2s. For
k = n+ l−2s, we have ξ(xkxs) = 0. Since n ⩽ k+s < 2n−2, Lemma 5.8(1) yields

xkxs ∈ T[k+s] ⊕ T[k+s−n].

Using Lemma 5.8(4) and the fact that xkxs ∈ T ξ, we deduce xkxs = αxk+s−n for
some α ∈ k.

By Lemma 5.10, we have

(gγ)(xkxs) = α(gγ)xk+s−n = α(ϕk+s−nλλ′)(gγ)xk+s−n = (ϕk+s−nλλ′)(gγ)xkxs

for all gγ ∈ G× Γ. On the other hand, using ξxs = 0 and 2 ⩽ k ⩽ n− 2, we have
ξn−1(xjxs) = 0 for all 0 ⩽ j ⩽ k. Then by gx = χ−1(g)xg and Proposition 2.1(d,
e), one can check that

(gγ)(xkxs) = (ϕk+sλλ′)(gγ)xkxs

for all gγ ∈ G × Γ. If xkxs ̸= 0, then ϕk+s−nλλ′ = ϕk+sλλ′, which forces ϕn = 1.
Since ord(ϕ) = mn, this implies m = 1. Hence, D is of nilpotent type by [17,
Remark 3.4]. By Lemma 5.8(2, 4), we would then have

xkxs ∈ T[k+s] ∩ T ξ = 0,

a contradiction. Therefore, xkxs = 0, and it follows from Lemmas 4.2(2) and 5.10.
that

Us
∼= V (n+ l − 2s, ϕsλλ′).

(2) First, suppose s = n+l
2 . Then 2n + l − 2s = n and (ϕsλλ′)(aχ−1) = ρn−1.

Hence, by an argument similar to case (1), we have

Us
∼= V (n, ϕsλλ′).

Next, suppose n+l+2
2 ⩽ s ⩽ n−1. Then 2 ⩽ 2n+l−2s ⩽ n−2 and ϕsλλ′ ∈ I2n+l−2s.

Moreover, n+1 ⩽ 2n+ l− s ⩽ 2n− 3. Using a reasoning analogous to case (1), we
conclude

Us
∼= V (2n+ l − 2s, ϕsλλ′).

□

Theorem 5.13. Let λ, λ′ ∈ In and T = V (n, λ)⊗ V (n, λ′).

(1) If λλ′ ∈ I ′n, then T
∼= ⊕n−1

s=0 V (n, ϕsλλ′).
(2) If there exists an integer 0 ⩽ l ⩽ n− 1 such that λλ′ ∈ Il, then

T ∼= (⊕c(l)⩽s⩽lP (n+ l − 2s, ϕsλλ′))

⊕(⊕c(n+l)⩽s⩽n−1P (2n+ l − 2s, ϕsλλ′)).

Proof. (1) Assume that λλ′ ∈ I ′n. Then by Lemma 5.11, T contains a sub-
module isomorphic to ⊕n−1

k=0V (n, ϕkλλ′). Comparing their dimensions, we have

T ∼= ⊕n−1
k=0V (n, ϕkλλ′).
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(2) Suppose there is an integer 0 ⩽ l ⩽ n − 1 such that λλ′ ∈ Il. Using the above
notations, we only consider the case where both n and l are even, since the proofs
for the remaining cases are similar.

Assume that both n and l are even. Then, by Lemma 5.12, the module T contains
a semisimple submodule

(⊕l
s= l

2
Us)⊕ (⊕n−1

s=n+l
2

Us)

since l < n+l
2 . Because T is injective (and hence projective), it contains a submodule

isomorphic to

(⊕l
s= l

2

I(Us))⊕ (⊕n−1

s=n+l
2

I(Us))

∼= V (n, ϕ
l
2λλ′)⊕ V (n, ϕ

n+l
2 λλ′)

⊕(⊕ l+2
2 ⩽s⩽lP (n+ l − 2s, ϕsλλ′))

⊕(⊕n+l+2
2 ⩽s⩽n−1P (2n+ l − 2s, ϕsλλ′))

∼= (⊕l
s= l

2

P (n+ l − 2s, ϕsλλ′))⊕ (⊕n−1

s=n+l
2

P (2n+ l − 2s, ϕsλλ′)).

By comparing dimensions, we conclude that

T ∼= (⊕l
s= l

2
P (n+ l − 2s, ϕsλλ′))⊕ (⊕n−1

s=n+l
2

P (2n+ l − 2s, ϕsλλ′)).

□

5.2. Tensor products of simple modules with projective modules.

In this subsection, we study the tensor products of simple modules with non-simple
indecomposable projective modules. We begin by examing the tensor products of
non-projective simple modules with non-simple indecomposable projective modules.

Theorem 5.14. Let 1 ⩽ l, l′ < n, λ ∈ Il and λ
′ ∈ Il′ , and set l1 = min{l, l′} and

t = l + l′ − n− 1.

(1) If t < 0, then

V (l, λ)⊗ P (l′, λ′)
∼= (⊕l1−1

s=0 P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕c(l+l′−1)⩽s⩽l−1 ⊕1
k=0 P (n+ l + l′ − 1− 2s, ϕs−knλλ′)).

(2) If t ⩾ 0, then

V (l, λ)⊗ P (l′, λ′)
∼= (⊕c(l+l′−1)⩽s⩽l−1 ⊕1

k=0 P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕t
s=c(t)2P (l + l′ − 1− 2s, ϕsλλ′))⊕ (⊕l1−1

s=t+1P (l + l′ − 1− 2s, ϕsλλ′)).

Proof. Let W = V (l, λ)⊗ P (l′, λ′).

(1) Assume t < 0. First, suppose l ⩽ l′. Let W ′ := V (l, λ)⊗ socP (l′, λ′). Then W ′

is a submodule of W . Since socP (l′, λ′) ∼= V (l′, λ′), it follows from Lemma 5.2(1)
that

W ′ ∼= V (l, λ)⊗ V (l′, λ′) ∼= ⊕l−1
s=0V (l + l′ − 1− 2s, ϕsλλ′).

Hence P (W ′) can be embedded into W as a submodule. We have

P (W ′) ∼= ⊕l−1
s=0P (l + l′ − 1− 2s, ϕsλλ′).
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Since 1 ⩽ l+ l′ − 1− 2s ⩽ n− 1 for all 0 ⩽ s ⩽ l− 1, it follows that dim(P (l+ l′ −
1− 2s, ϕsλλ′)) = 2n, and hence dimP (W ′) = 2nl =dim(W ). This implies

W ∼= ⊕l−1
s=0P (l + l′ − 1− 2s, ϕsλλ′).

Next suppose l′ < l. Applying V (l, λ)⊗ to the exact sequence

0 → V (l′, λ′) → P (l′, λ′) → Ω−1V (l′, λ′) → 0,

we obtain another exact sequence

0 → V (l, λ)⊗ V (l′, λ′) → V (l, λ)⊗ P (l′, λ′) → V (l, λ)⊗ Ω−1V (l′, λ′) → 0.

Note that l ⩽ n− l′ and l+n− l′ −n− 1 = l− l′ − 1 ⩾ 0. By [17, Lemma 3.11(2)],
we have soc(Ω−1V (l′, λ′)) ∼= V (n− l′, σ(λ′))⊕V (n− l′, σ−1(λ′)). Consequently, by
Theorem 5.2, we have

V (l, λ)⊗ soc(Ω−1V (l′, λ′))
∼= (⊕l−l′−1

s=c(l−l′−1)P (l + n− l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)P (l + n− l′ − 1− 2s, ϕs−n+l′λλ′))

⊕(⊕l−1
s=l−l′V (l + n− l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−1
s=l−l′V (l + n− l′ − 1− 2s, ϕs−n+l′λλ′)).

Let
P := (⊕l−l′−1

s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs−n+l′λλ′))

which is both projective and injective. Thus, there exists an epimorphism

ϕ :W := V (l, λ)⊗ P (l′, λ′) → P

such that Kerϕ contains a submodule isomorphic to V (l, λ) ⊗ V (l′, λ′). Hence
W ∼=Kerϕ⊕ P , and so soc(W ) ∼= soc(Ker(ϕ))⊕ soc(P ). By Theorem 5.2(1),

V (l, λ)⊗ V (l′, λ′) ∼= ⊕l′−1
s=0 V (l + l′ − 1− 2s, ϕsλλ′).

Let U = soc(V (l, λ)⊗ V (l′, λ′))⊕ soc(P ). Then

U ∼= (⊕l′−1
s=0 V (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)V (n+ l − l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)V (n+ l − l′ − 1− 2s, ϕs+l′−nλλ′)).

Thus, P (U) is isomorphic to a submodule of W . A straightforward computation
shows that dimP (U) = 2nl =dimW , and hence

W ∼= P (U) ∼= (⊕l′−1
s=0 P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′−nλλ′))

∼= (⊕l′−1
s=0 P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l−1
s=c(l+l′−1)P (n+ l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l−1
s=c(l+l′−1)P (n+ l + l′ − 1− 2s, ϕs−nλλ′)).

(2) Assume t ⩾ 0. First, suppose l ⩽ l′. Then we have an exact sequence

0 → V (l, λ)⊗ ΩV (l′, λ′) → V (l, λ)⊗ P (l′, λ′) → V (l, λ)⊗ V (l′, λ′) → 0.
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By Theorem 5.2(2), P := ⊕t
s=c(t)P (l+l

′−1−2s, ϕsλλ′) is isomorphic to a summand

of V (l, λ)⊗ V (l′, λ′). Hence there exists a module epimorphism

ϕ :W := V (l, λ)⊗ P (l′, λ′) → P

such that Kerϕ contains a submodule isomorphic to V (l, λ)⊗ΩV (l′, λ′). Note that

V (l, λ)⊗ ΩV (l′, λ′) ⊇ V (l, λ)⊗ soc (ΩV (l′, λ′)) ∼= V (l, λ)⊗ V (l′, λ′).

Thus, by Proposition 5.2(2), an argument similar to that in (1) show that socW
contains a submodule U isomorphic to

soc(V (l, λ)⊗ V (l′, λ′))⊕ soc(P ) ∼= (⊕t
s=c(t)2V (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕t+1⩽s⩽l−1V (l + l′ − 1− 2s, ϕsλλ′)).

Thus, P (U) is isomorphic to a submodule of W . A straightforward computation
shows that dimP (U) = 2nl = dim(W ). It follows that

W ∼= P (U) ∼= (⊕t
s=c(t)2P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l−1
s=t+1P (l + l′ − 1− 2s, ϕsλλ′)).

Next, suppose l′ < l. Then we have two exact sequences:

0 → V (l, λ)⊗ V (l′, λ′) → V (l, λ)⊗ P (l′, λ′) → V (l, λ)⊗ Ω−1V (l′, λ′) → 0,

0 → V (l, λ)⊗ V (n− l′, σ(λ′))⊕ V (l, λ)⊗ V (n− l′, σ−1(λ′))

→ V (l, λ)⊗ Ω−1V (l′, λ′) → V (l, λ)⊗ V (l′, λ′) → 0.

Note that n − l′ < l and l + n − l′ − n − 1 = l − l′ − 1 ⩾ 0. By Theorem 5.2(2),
V (l, λ)⊗V (n−l′, σ(λ′))⊕V (l, λ)⊗V (n−l′, σ−1(λ′)) contains a summand isomorphic
to

(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′−nλλ′))

and V (l, λ)⊗ V (l′, λ′) contains a summand isomorphic to

⊕t
s=c(t)P (l + l′ − 1− 2s, ϕsλλ′).

It follows that V (l, λ)⊗Ω−1V (l′, λ′) contains a projective summand P isomorphic
to

(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′−nλλ′))

⊕(⊕t
s=c(t)P (l + l′ − 1− 2s, ϕsλλ′)).

Then, an argument similar to the proof of (1) shows that soc(V (l, λ) ⊗ P (l′, λ′))
contains a submodule U isomorphic to soc(V (l, λ)⊗V (l′, λ′))⊕soc(P ). By Corollary
4.8(2) or Theorem 5.2(2), we have

U ∼= ⊕l′−1
s=c(t)V (l + l′ − 1− 2s, ϕsλλ′)⊕ socP

∼= (⊕l−l′−1
s=c(l−l′−1)V (n+ l − l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)V (n+ l − l′ − 1− 2s, ϕs+l′−nλλ′))

⊕(⊕t
s=c(t)2V (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l′−1
s=t+1V (l + l′ − 1− 2s, ϕsλλ′)).
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Then one can check that dimP (U) = dimW , and so

W ∼= (⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′λλ′))

⊕(⊕l−l′−1
s=c(l−l′−1)P (n+ l − l′ − 1− 2s, ϕs+l′−nλλ′))

⊕(⊕t
s=c(t)2P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l′−1
s=t+1P (l + l′ − 1− 2s, ϕsλλ′))

∼= (⊕l−1
s=c(l+l′−1)P (n+ l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l−1
s=c(l+l′−1)P (n+ l + l′ − 1− 2s, ϕs−nλλ′))

⊕(⊕t
s=c(t)2P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕l′−1
s=t+1P (l + l′ − 1− 2s, ϕsλλ′)).

□

Next, we consider the tensor products of simple projective modules with non-simple
indecomposable projective modules.

Theorem 5.15. Let 1 ⩽ l′ ⩽ n− 1, λ ∈ In and λ′ ∈ Il′ .

(1) If λ ∈ I ′n, then

V (n, λ)⊗ P (l′, λ′) ∼= (⊕l′−1
s=0 2V (n, ϕsλλ′))⊕ (⊕n−1

s=l′ ⊕
1
k=0 V (n, ϕs−knλλ′)).

(2) If λ ∈ I ′′n , then

V (n, λ)⊗ P (l′, λ′) ∼= (⊕l′−1
s=c(l′−1)2P (n+ l′ − 1− 2s, ϕsλλ′))

⊕(⊕n−1
s=c(n+l′−1) ⊕

1
k=0 P (2n+ l′ − 1− 2s, ϕs−knλλ′)).

Proof. (1) Assume λ ∈ I ′n. Since V (n, λ) is projective, by [17, Lemma 3.11], we
have

V (n, λ)⊗ P (l′, λ′)
∼= 2(V (n, λ)⊗ V (l′, λ′))⊕ (V (n, λ)⊗ V (n− l′, σ(λ′)))

⊕(V (n, λ)⊗ V (n− l, σ−1(λ′))).

Then, by Theorem 5.7(1), we have

V (n, λ)⊗ P (l′, λ′) ∼= (⊕l′−1
s=0 2V (n, ϕsλλ′))⊕ (⊕n−l′−1

s=0 ⊕1
k=0 V (n, ϕs+l′−knλλ′))

∼= (⊕l′−1
s=0 2V (n, ϕsλλ′))⊕ (⊕n−1

s=l′ ⊕
1
k=0 V (n, ϕs−knλλ′)).

(2) The proof is analogous to that of (1), and is therefore omitted. □

5.3. The tensor product of two projective modules.

In this subsection, we study the tensor products of two non-simple indecomposable
projective modules.

Theorem 5.16. Let 1 ⩽ l, l′ ⩽ n − 1, λ ∈ Il and λ
′ ∈ Il′ , and let l1=min{l, l′},

l2=max{l, l′} and t = l + l′ − (n+ 1).
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(1) If t < 0, then

P (l, λ)⊗ P (l′, λ′)

∼= (⊕l1−1
s=0 2P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕c(l+l′−1)⩽s⩽l2−1 ⊕1
k=0 2P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕l+l′−1
s=l2

⊕1
k=0 P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕c(n+l+l′−1)⩽s⩽n−1 ⊕1
k,p=0 P (2n+ l′ + l − 1− 2s, ϕs−kn−pnλλ′)).

(2) If t ⩾ 0, then

P (l, λ)⊗ P (l′, λ′)

∼= (⊕t
s=c(t)4P (l + l′ − 1− 2s, ϕsλλ′))⊕ (⊕l1−1

s=t+12P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕c(l+l′−1)⩽s⩽l2−1 ⊕1
k=0 2P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕n−1
s=l2

⊕1
k=0 P (n+ l + l′ − 1− 2s, ϕs−knλλ′)).

Proof. Since P (l, λ)⊗P (l′, λ′) ∼= P (l′, λ′)⊗P (l, λ), we may assume that l ⩾ l′. By
[17, Lemma 3.11], we have

P (l, λ)⊗ P (l′, λ′) ∼= 2(V (l, λ)⊗ P (l′, λ′))⊕ (⊕1
k=0V (n− l, (τ−kσ)(λ))⊗ P (l′, λ′)).

Moreover, n− l + l′ − (n+ 1) = l′ − l − 1 < 0.

(1) Assume t < 0. Then n− l ⩾ l′. By Proposition 5.14(1),

P (l, λ)⊗ P (l′, λ′)
∼= (⊕l′−1

s=0 2P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕c(l+l′−1)⩽s⩽l−1 ⊕1
k=0 2P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕1
k=0 ⊕

l′−1
s=0 P (n− l + l′ − 1− 2s, ϕl−kn+sλλ′))

⊕(⊕c(n−l+l′−1)⩽s⩽n−l−1 ⊕1
k,p=0 P (2n− l + l′ − 1− 2s, ϕl−kn−pn+sλλ′))

∼= (⊕l′−1
s=0 2P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕c(l+l′−1)⩽s⩽l−1 ⊕1
k=0 2P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕l+l′−1
s=l ⊕1

k=0 P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕c(n+l+l′−1)⩽s⩽n−1 ⊕1
k,p=0 P (2n+ l + l′ − 1− 2s, ϕs−kn−pnλλ′)).

(2) Assume t ⩾ 0. Then n− l < l′, and hence c(n− l + l′ − 1) > n− l − 1. Thus,
by Proposition 5.14, we have

P (l, λ)⊗ P (l′, λ′)
∼= (⊕t

s=c(t)4P (l + l′ − 1− 2s, ϕsλλ′))⊕ (⊕l′−1
s=t+12P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕c(l+l′−1)⩽s⩽l−1 ⊕1
k=0 2P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕1
k=0 ⊕

n−l−1
s=0 P (n− l + l′ − 1− 2s, ϕl−kn+sλλ′))

∼= (⊕t
s=c(t)4P (l + l′ − 1− 2s, ϕsλλ′))⊕ (⊕l′−1

s=t+12P (l + l′ − 1− 2s, ϕsλλ′))

⊕(⊕c(l+l′−1)⩽s⩽l−1 ⊕1
k=0 2P (n+ l + l′ − 1− 2s, ϕs−knλλ′))

⊕(⊕n−1
s=l ⊕1

k=0 P (n+ l + l′ − 1− 2s, ϕs−knλλ′)).

□
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6. The projecitve class rings rp(D(HD))

In this section, we investigate the Grothendieck ring G0(D(HD)) and projective
class ring rp(D(HD)).

6.1. The Grothendieck ring G0(D(HD)).

In this subsection, we compute the Grothendieck ring G0(D(HD)). Note that
{[V (l, λ)]|1 ⩽ l ⩽ n, λ ∈ Il} is a Z-basis of G0(D(HD)).

Proposition 6.1. Assume that 1 ⩽ l ⩽ l′ < n, λ ∈ Il and λ′ ∈ Il′ . Let t =
l + l′ − n− 1. In G0(D(HD)), we have

(1) If t < 0, then [V (l, λ)][V (l′, λ′)] =
∑l−1

s=0[V (l + l′ − 1− 2s, ϕsλλ′)].
(2) If t ⩾ 0, then

[V (l, λ)][V (l′, λ′)] =

{
H, if t is odd,

H + [V (n, ϕ
t
2λλ′)], if t is even,

where

H =
∑

t+1⩽s⩽l−1[V (l + l′ − 1− 2s, ϕsλλ′)]

+
∑

c(t+1)⩽s⩽t 2[V (l + l′ − 1− 2s, ϕsλλ′)]

+
∑

c(t+1)⩽s⩽t

∑1
i=0[V (n− l − l′ + 1 + 2s, ϕl+l′−1−s−inλλ′)].

Proof. The result follows directly from Theorem 5.2 together with [17, Lemma
3.11]. □

Proposition 6.2. Let 1 ⩽ l < n, λ ∈ Il and λ
′ ∈ In. In G0(D(HD)), we have

(1) If λ′ ∈ I ′n, then [V (l, λ)][V (n, λ′)] =
∑l−1

s=0[V (n, ϕsλλ′)].
(2) If λ′ ∈ I ′′n , then

[V (l, λ)][V (n, λ′)] =

{
W + [V (n, ϕ

l−1
2 λλ′)], if l is odd,

W, if l is even,

where

W =
∑l−1

s=c(l) 2[V (n+ l − 1− 2s, ϕsλλ′)]

+
∑l−1

s=c(l)

∑1
i=0[V (2s+ 1− l, ϕin+l−1−sλλ′)].

Proof. It follows from Theorem 5.7 and [17, Lemma 3.11]. □

Proposition 6.3. Let λ, λ′ ∈ In. In G0(D(HD)), we have

(1) If λλ′ ∈ I ′n, then [V (n, λ)][V (n, λ′)] =
∑n−1

s=0 [V (n, ϕsλλ′)].
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(2) If there is an integer 0 ⩽ l ⩽ n− 1 such that λλ′ ∈ Il, then

[V (n, λ)][V (n, λ′)] =


U + [V (n, ϕ

n+l
2 λλ′)], if l and n are odd,

U, if l is odd and n is even,

U + [V (n, ϕ
l
2λλ′)], if l is even and n is odd,

U +
∑1

i=0[V (n, ϕ
in+l

2 λλ′)], if l and n are even,

where I0 = I ′′n and

U =
∑

c(l+1)⩽s⩽l 2[V (n+ l − 2s, ϕsλλ′)]

+
∑

c(l+1)⩽s⩽l

∑1
i=0[V (2s− l, ϕin+l−sλλ′)]

+
∑

c(n+l+1)⩽s⩽n−1 2[V (2n+ l − 2s, ϕsλλ′)]

+
∑

c(n+l+1)⩽s⩽n−1

∑2
i=1[V (2s− l − n, ϕin+l−sλλ′)].

Proof. It follows from Theorem 5.13 and [17, Lemma 3.11]. □

Lemma 6.4. Let 2 ⩽ s ⩽ n− 1. Then

V (2, χ)⊗s ∼= ⊕[ s2 ]
i=0

s− 2i+ 1

s− i+ 1

(
s

i

)
V (s+ 1− 2i, ϕiχs).

Proof. The proof is similar to that of [4, Lemma 5.3]. □

Let xλ = [V (1, λ)], λ ∈ K, y = [V (2, χ)] and zλ′ = [V (n, λ′)], λ′ ∈ I ′n.

Lemma 6.5. Let 1 ⩽ l′ < n with φ ∈ Il′ and let ψ ∈ I ′′n . The following equations
hold in G0(D(HD)):

(1) [V (l′, φ)] = [V (1, φχ1−l′)][V (l′, χl′−1)],
(2) [V (n, ψ)] = [V (1, ψχ1−n)][V (n, χn−1)],

(3) [V (l, χl−1)] =
∑[ l−1

2 ]
i=0 (−1)i

(
l−1−i

i

)
xiϕχ2yl−1−2i, 1 ⩽ l ⩽ n.

Proof. (1) and (2) follow directly from Lemma 4.3 and the equalities ♯Il = ♯I ′′n =
♯K.

(3) We prove the statement by induction on l. For l = 1, l = 2 or l = 3, the
equation holds trivially. Assume now that 2 ⩽ l ⩽ n − 1 and the statement holds
for all smaller values of l. By Theorem 5.2, we have

V (2, χ)⊗ V (l, χl−1) ∼= V (l + 1, χl)⊕ V (l − 1, ϕχl).

By the induction hypothesis, we have

[V (l + 1, χl)] = y[V (l, χl−1)]− [V (l − 1, χl−2)]xϕχ2

=
∑[ l−1

2 ]
i=0 (−1)i

(
l−1−i

i

)
xiϕχ2yl−2i−∑[ l−2

2 ]
i=0 (−1)i

(
l−2−i

i

)
xi+1
ϕχ2y

l−2−2i

=
∑[ l2 ]

i=0(−1)i
(
l−i
i

)
)xiϕχ2yl−2i.

This completes the proof. □
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Corollary 6.6. The commutative ring G0(D(HD)) is generated by {xλ, y, zλ′ |λ ∈
K,λ′ ∈ I ′n}.

Proof. Let R be the subring of G0(D(HD)) generated by {xλ, y, zλ′ |λ ∈ K,λ′ ∈ I ′n}.
Clearly, R ⊆ G0(D(HD)). By Lemma 6.5, we have [V (l, φ)] ∈ R and [V (n, ψ)] ∈ R
for 1 ⩽ l < n, φ ∈ Il and ψ ∈ I ′′n . Hence, G0(D(HD) ⊆ R. Therefore, G0(D(HD) =
R. □

Lemma 6.7. In G0(D(HD)), we have

[n2 ]∑
i=0

(−1)i
n

n− i

(
n− i

i

)
xiϕχ2yn−2i − xϕnχn − xχn = 0.

Proof. We only consider the case when n is odd, the proof for even n is similar.

By Lemma 6.5(3), we have

[V (n, χn−1)] =

n−1
2∑

i=0

(−1)i
(
n− 1− i

i

)
xiϕχ2yn−1−2i.

Hence,

y[V (n, χn−1)] =

n−1
2∑

i=0

(−1)i
(
n− 1− i

i

)
xiϕχ2yn−2i.

On the other hand, by Proposition 6.2 and Lemma 6.5(1) we also have

y[V (n, χn−1)] = 2[V (n− 1, χn−2)]xϕχ2 + xϕnχn + xχn .

Combing these two expressions yields

n−1
2∑

i=0

(−1)i
(
n− 1− i

i

)
xiϕχ2yn−2i = 2

n−3
2∑

i=0

(−1)i
(
n− 2− i

i

)
xi+1
ϕχ2y

n−2−2i+xϕnχn+xχn .

A direct verification shows that this equation is equivalent to

n−1
2∑

i=0

(−1)i
n

n− i

(
n− i

i

)
xiϕχ2yn−2i = xϕnχn + xχn .

This completes the proof. □

For any 1 ⩽ l ⩽ n, let fl(xϕχ2 , y) =
∑[ l−1

2 ]
i=0 (−1)i

(
l−1−i

i

)
xiϕχ2yl−1−2i in G0(D(HD)).

Proposition 6.8. Let λ, µ ∈ K and λ′, λ′′ ∈ I ′n.

(1) xλxµ = xλµ.
(2) xλzλ′ = zλλ′ .
(3) yzλ′ = zχλ′ + zϕχλ′ .

(4) If λ′λ′′ ∈ I ′n, then zλ′zλ′′ =
∑n−1

j=0 zϕjλ′λ′′ .

(5) If λ′λ′′ ∈ Il for some 0 ⩽ l ⩽ n− 1, then
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zλ′zλ′′ =



Ul,λ′,λ′′ + fn(xϕχ2 , y)x
ϕ

n+l
2 λ′λ′′χ1−n

, if l and n are odd,

Ul,λ′,λ′′ , if l is odd and n is even,

Ul,λ′,λ′′ + fn(xϕχ2 , y)x
ϕ

l
2 λ′λ′′χ1−n

, if l is even and n is odd,

Ul,λ′,λ′′ +
∑1

i=0 fn(xϕχ2 , y)x
ϕ

in+l
2 λ′λ′′χ1−n

, if l and n are even,

where

Ul,λ′,λ′′ =
∑

c(l+1)⩽s⩽l 2fn+l−2s(xϕχ2 , y)xϕsλ′λ′′χ2s+1−l−n

+
∑

c(l+1)⩽s⩽l

∑1
i=0 f2s−l(xϕχ2 , y)xϕin+l−sλ′λ′′χ1+l−2s

+
∑

c(n+l+1)⩽s⩽n−1 2f2n+l−2s(xϕχ2 , y)xϕsλ′λ′′χ1+2s−l−2n

+
∑

c(n+l+1)⩽s⩽n−1

∑2
i=1 f2s−l−n(xϕχ2 , y)xϕin+l−sλ′λ′′χ1+l+n−2s .

Proof. (1) follows from Proposition 6.1. (2) and (3) follow from Proposition 6.2(1).
(4) follows from Proposition 6.3(1). (5) follows from Proposition 6.3(2) and Lemma
6.5. □

Corollary 6.9. The set

{xλyi, zλ′ |0 ⩽ i ⩽ n− 1, λ ∈ K,λ′ ∈ I ′n}

is a Z-basis of G0(D(HD)).

Proof. By Lemma 6.7, we have

yn = xϕnχn + xχn −
[n2 ]∑
i=1

(−1)i
n

n− i

(
n− i

i

)
xiϕχ2yn−2i.

Thus, it follows from Proposition 6.8 that G0(D(HD)) is generated, as Z-module,
by

{xλyi, zλ′ |0 ⩽ i ⩽ n− 1, λ ∈ K,λ′ ∈ I ′n}.

Since the rank of Z-moduleG0(D(HD)) equals the cardinality of this set, {xλyi, zλ′ |0 ⩽
i ⩽ n− 1, λ ∈ K,λ′ ∈ I ′n} forms a Z-basis of G0(D(HD)). □

Now we proceed to describe the structure of the Grothendieck ring G0(D(HD))
separately for the cases when n is even and when n is odd. Let X = {xλ, y, zλ′ |λ ∈
K,λ′ ∈ I ′n} and denote by Z[X] the corresponding polynomial ring.

Case 1: n is even
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In this case, define a subset A0 ⊂ Z[X] by

A0 =



xλxµ − xλµ; xλzλ′ − zλλ′ ;

yzλ′ − zχλ′ − zϕχλ′ ;

zλ1zλ2 −
∑n−1

j=0 zϕjλ1λ2
;

zλ3
zλ4

− Ul,λ3,λ4
;

zλ5
zλ6

− Uk,λ5,λ6
−∑1

i=0 fn(xϕχ2 , y)x
ϕ

in+k
2 λ5λ6χ1−n

;∑n
2
i=0(−1)i n

n−i

(
n−i
i

)
xiϕχ2yn−2i

−xϕnχn − xχn .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ, µ ∈ K;

λ′, λ1, λ2 ∈ I ′nwith λ1λ2 ∈ I ′n;

λ3, λ4 ∈ I ′nwith λ3λ4 ∈ Il

for some odd l, 0 ⩽ l ⩽ n− 1;

λ5, λ6 ∈ I ′nwith λ5λ6 ∈ Ik

for some even k, 0 ⩽ k ⩽ n− 1.



,

where Ul,λ3,λ4 and Uk,λ5,λ6 are given as in Proposition 6.8.

Theorem 6.10. Assume that n is even. Then the Grothendieck ring G0(D(HD))
is isomorphic to the quotient ring Z[X]/(A0), where (A0) denotes the ideal of Z[X]
generated by A0.

Proof. By Corollary 6.6, there is a ring epimorphism F : Z[X] → G0(D(HD))
defined by

F (xλ) = [V (1, λ)], F (y) = [V (2, χ)], F (zλ′) = [V (n, λ′)]

for λ ∈ K and λ′ ∈ I ′n. By Lemma 6.7 and Proposition 6.8, we have F (A0) = 0.
Hence, F induces a ring epimorphism

F : Z[X]/(A0) → G0(D(HD))

such that F = Fπ, where π : Z[X] → Z[X]/(A0) is the canonical projection. By
the construction of A0, the quotient Z[X]/(A0) is generated, as a Z-module, by

{π(xλ)π(y)i, π(zλ′)|0 ⩽ i ⩽ n− 1, λ ∈ K,λ′ ∈ I ′n}.
It follows from Corollary 6.9 that F is a Z-module isomorphism. Consequently, F
is a ring isomorphism. □

Case 2: n is odd

In this case, define a subset A1 ⊂ Z[X] by

A1 =



xλxµ − xλµ; xλzλ′ − zλλ′ ;

yzλ′ − zχλ′ − zϕχλ′ ;

zλ1
zλ2

−
∑n−1

j=0 zϕjλ1λ2
;

zλ3
zλ4

− Ul,λ3,λ4
−

fn(xϕχ2 , y)x
ϕ

n+l
2 λ3λ4χ1−n

;

zλ5
zλ6

− Uk,λ5,λ6
−

fn(xϕχ2 , y)x
ϕ

k
2 λ5λ6χ1−n

;∑n−1
2

i=0 (−1)i n
n−i

(
n−i
i

)
xiϕχ2yn−2i

−xϕnχn − xχn .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ, µ ∈ K;

λ′, λ1, λ2 ∈ I ′nwith λ1λ2 ∈ I ′n;

λ3, λ4 ∈ I ′nwith λ3λ4 ∈ Il

for some odd l, 0 ⩽ l ⩽ n− 1;

λ5, λ6 ∈ I ′nwith λ5λ6 ∈ Ik

for some even k, 0 ⩽ k ⩽ n− 1.



,

where Ul,λ3,λ4
and Uk,λ5,λ6

are given as in Proposition 6.8.
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Theorem 6.11. Assume that n is odd. Then the Grothendieck ring G0(D(HD)) is
isomorphic to the quotient ring Z[X]/(A1), where (A1) is the ideal of Z[X] generated
by A1.

Proof. The proof is similar to that of Theorem 6.10. □

6.2. The projective class ring rp(D(HD)).

In this subsection, we investigate the projective class ring rp(D(HD)). By Section
5, the subcategory of D(HD)-mod consisting of semisimple and projective modules
forms a monoidal subcategory. Moreover,

{[V (l, λ)], [P (l′, λ′)]|1 ⩽ l ⩽ n, 1 ⩽ l′ ⩽ n− 1, λ ∈ Il, λ
′ ∈ Il′}

forms a Z-basis of rp(D(HD)).

For convenience, set

xλ = [V (1, λ)], y = [V (2, χ)], zλ′ = [V (n, λ′)]

in rp(D(HD)), where λ ∈ K and λ′ ∈ I ′n. Note that xλ is invertible for any λ ∈ K,

with inverse x−1
λ = xλ−1 , by Lemma 4.3.

Proposition 6.12. The following equations hold in rp(D(HD)):

(1) [V (l, λ)] = [V (1, λχ1−l)][V (l, χl−1)] for all 1 ⩽ l < n and λ ∈ Il;
(2) [V (n, λ)] = [V (1, λχ1−n)][V (n, χn−1)] for all λ ∈ I ′′n ;

(3) [V (l+1, χl)] = yl−
∑[ l2 ]

i=1
l+1−2i
l+1−i

(
l
i

)
xiϕχ2 [V (l+1−2i, χl−2i)] for all 1 ⩽ l < n;

(4) [P (l, λ)] = [V (1, λχ1−l)][P (l, χl−1)] for all 1 ⩽ l < n and λ ∈ Il;
(5) y[V (n, χn−1)] = xϕχ2 [P (n− 1, χn−2)];
(6) y[P (1, ε)] = [P (2, χ)] + [V (n, χn−1)](xϕχ2−n + xϕ1−nχ2−n);

(7) y[P (n− 1, χn−2)] = 2[V (n, χn−l)] + xϕχ2 [P (n− 2, χn−3)];

(8) y[P (l, χl−1)] = [P (l + 1, χl)] + xϕχ2 [P (l − 1, χl−2)] for all 2 ⩽ l ⩽ n− 2.

Proof. Statements (1) and (2) follow directly from Lemma 4.3. Statement (3)
follows from (1) together with Lemma 6.4. Statement (4) is a consequence of
Lemma 4.3. Statement (5) follows from (4) and Theorem 5.7(2). Statement (6)
is obtained from (2) and 5.14(1). Finally, statements (7) and (8) follow from (4)
together with Theorem 5.14(2) and 5.14(1), respectively. □

Lemma 6.13. In rp(D(HD)), we have

(1) [V (l, χl−1)] =
∑[ l−1

2 ]
i=0 (−1)i

(
l−1−i

i

)
xiϕχ2yl−1−2i for all 1 ⩽ l ⩽ n;

(2) [P (l, χl−1)] =
∑[n−l

2 ]
i=0 (−1)i n−l

n−l−i

(
n−l−i

i

)
xi+l−n
ϕχ2 yn−l−2i[V (n, χn−1)] for all

1 ⩽ l < n.

Proof. (1) is similar to Lemma 6.5(3). We prove (2) by induction on n − l. If
l = n−1, then by Proposition 6.12 (5), we have [P (n−1, χn−2)] = x−1

ϕχ2y[V (n, χn−1)]
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as desired. If l = n− 2, then by Proposition 6.12(7),

[P (n− 2, χn−3)] = x−1
ϕχ2(y[P (n− 1, χn−2)]− 2[V (n, χn−1)])

= (y2x−1
ϕχ2 − 2)x−1

ϕχ2 [V (n, χn−1)]

= (y2x−2
ϕχ2 − 2x−1

ϕχ)[V (n, χn−1)]

which matches the desired formula.

Now let 1 ⩽ l ⩽ n−3. Then by Proposition 6.12(4),(8), together with the induction
hypotheses, we obtain

[P (l, χl−1)]

= x−1
ϕχ2y[P (l + 1, χl)]− x−1

ϕχ2 [P (l + 2, χl+1)]

= x−1
ϕχ2y

∑[n−l−1
2 ]

i=0 (−1)i n−l−1
n−l−1−i

(
n−l−1−i

i

)
xi+l+1−n
ϕχ2 yn−l−1−2i[V (n, χn−1)]

−x−1
ϕχ2

∑[n−l−2
2 ]

i=0 (−1)i n−l−2
n−l−2−i

(
n−l−2−i

i

)
xi+l+2−n
ϕχ2 yn−l−2−2i[V (n, χn−1)]

=
∑[n−l−1

2 ]
i=0 (−1)i n−l−1

n−l−1−i

(
n−l−1−i

i

)
xi+l−n
ϕχ2 yn−l−2i[V (n, χn−1)]

+
∑[n−l

2 ]
i=1 (−1)i n−l−2

n−l−1−i

(
n−l−1−i

i−1

)
xi+l−n
ϕχ2 yn−l−2i[V (n, χn−1)].

If n− l is odd, then

[P (l, χl−1)] = xl−n
ϕχ2y

n−l +
∑[n−l

2 ]
i=1 (−1)i( n−l−1

n−l−1−i

(
n−l−1−i

i

)
+ n−l−2

n−l−1−i

(
n−l−1−i

i−1

)
)xl+i−n

ϕχ2 yn−l−2i

=
∑[n−l

2 ]
i=0 (−1)i n−l

n−l−i

(
n−l−i

i

)
xi+l−n
ϕχ2 yn−l−2i.

If n− l is even, then

[P (l, χl−1)] = xl−n
ϕχ2y

n−l +
∑[n−l

2 ]−1
i=1 (−1)i( n−l−1

n−l−1−i

(
n−l−1−i

i

)
+ n−l−2

n−l−1−i

(
n−l−1−i

i−1

)
)xl+i−n

ϕχ2 yn−l−2i + 2(−1)
n−l
2 x

l−n
2

ϕχ2

=
∑[n−l

2 ]
i=0 (−1)i n−l

n−l−i

(
n−l−i

i

)
xi+l−n
ϕχ2 yn−l−2i.

□

Corollary 6.14. The commutative ring rp(D(HD)) is generated by {xλ, y, zλ′ |λ ∈
K,λ′ ∈ I ′n}.

Proof. The proof follows from Proposition 6.12 and Lemma 6.13. □

Proposition 6.15. In rp(D(HD)), we have

(
∑[n2 ]

i=0(−1)i n
n−i

(
n−i
i

)
xi−n
ϕχ2y

n−2i −
∑1

j=0 x
−1
ϕjnχn)

(
∑[n−1

2 ]
i=0 (−1)i

(
n−1−i

i

)
xiϕχ2yn−2i−1) = 0

Proof. By Lemma 6.13(2), we obtain

x−1
ϕχ2yP (1, ε) =

∑[n−1
2 ]

i=0 (−1)i n−1
n−1−i

(
n−1−i

i

)
xi−n
ϕχ2y

n−2i[V (n, χn−1)].



30 HUA SUN, HUI-XIANG CHEN, LIBIN LI, AND YINHUO ZHANG

On the other hand, by Proposition 6.12(6) and Lemma 6.13(2), we have

x−1
ϕχ2yP (1, ε)

= x−1
ϕχ2 [P (2, χ)] + (x−1

χn + x−1
ϕnχn)[V (n, χn−1)]

=
∑[n−2

2 ]
i=0 (−1)i n−2

n−2−i

(
n−2−i

i

)
xi+1−n
ϕχ2 yn−2−2i[V (n, χn−1)]

+(x−1
χn + x−1

ϕnχn)[V (n, χn−1)].

Therefore, we have∑[n−1
2 ]

i=0 (−1)i n−1
n−1−i

(
n−1−i

i

)
xi−n
ϕχ2y

n−2i[V (n, χn−1)]−
(
∑[n2 ]

i=1(−1)i−1 n−2
n−1−i

(
n−1−i
i−1

)
xi−n
ϕχ2y

n−2i + x−1
χn + x−1

ϕnχn)[V (n, χn−1)] = 0.

Consequently, by Lemma 6.13(1), we obtain

(
∑[n2 ]

i=0(−1)i n
n−i

(
n−i
i

)
xi−n
ϕχ2y

n−2i −
∑1

j=0 x
−1
ϕjnχn)

(
∑[n−1

2 ]
i=0 (−1)i

(
n−1−i

i

)
xiϕχ2yn−2i−1) = 0.

□

For any 1 ⩽ l < n, let f(xϕχ2 , y) =
∑[n−1

2 ]
i=0 (−1)i

(
n−1−i

i

)
xiϕχ2yn−1−2i and

gl(xϕχ2 , y)

= (
∑[n−l

2 ]
i=0 (−1)i n−l

n−l−i

(
n−l−i

i

)
xi+l−n
ϕχ2 yn−l−2i)(

∑[n−1
2 ]

i=0 (−1)i
(
n−1−i

i

)
xiϕχ2yn−1−2i)

Proposition 6.16. Let λ, µ ∈ K and λ′, λ′′ ∈ I ′n.

(1) xλxµ = xλµ.
(2) xλzλ′ = zλλ′ .
(3) yzλ′ = zχλ′ + zϕχλ′ .

(4) If λ′λ′′ ∈ I ′n, then zλ′zλ′′ =
∑n−1

j=0 zϕjλ′λ′′ .

(5) If λ′λ′′ ∈ Il for some 0 ⩽ l ⩽ n− 1, then

zλ′zλ′′ =



Ml,λ′,λ′′ + f(xϕχ2 , y)x
ϕ

n+l
2 λ′λ′′χ1−n

, if l and n are odd,

Ml,λ′,λ′′ , if l is odd and n is even,

Ml,λ′,λ′′ + f(xϕχ2 , y)x
ϕ

l
2 λ′λ′′χ1−n

, if l is even and n is odd,

Ml,λ′,λ′′ +
∑1

i=0 f(xϕχ2 , y)x
ϕ

in+l
2 λ′λ′′χ1−n

, if l and n are even,

where

Ml,λ′,λ′′ =
∑

c(l+1)⩽s⩽l gn+l−2s(xϕχ2 , y)xϕsλ′λ′′χ2s+1−l−n

+
∑

c(n+l+1)⩽s⩽n−1 g2n+l−2s(xϕχ2 , y)xϕsλ′λ′′χ1+2s−l−2n .

Proof. Statements (1) and (2) follow directly from Lemma 4.3. Statement (3)
follows from Theorem 5.7(1). Statement (4) is obtained from Theorem 5.13(1).
Statement (5) follows from Theorem 5.13(2), Proposition 6.12 and Lemma 6.13. □
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Corollary 6.17. The set

{xλyi, zλ′ |0 ⩽ i ⩽ 2n− 2, λ ∈ K,λ′ ∈ I ′n}

forms a Z-basis of rp(D(HD)).

Proof. By Lemma 6.15, we have

y2n−1 = −
∑[n−1

2 ]
i=1 (−1)i

(
n−1−i

i

)
xiϕχ2y2n−2i−1

−
∑[n2 ]

i=1(−1)i n
n−i

(
n−i
i

)
xiϕχ2y2n−2i−1 + (xϕnχn + xχn)yn−1

−(
∑[n2 ]

i=1(−1)i n
n−i

(
n−i
i

)
xiϕχ2yn−2i − xϕnχn − xχn)

(
∑[n−1

2 ]
i=1 (−1)i

(
n−1−i

i

)
xiϕχ2yn−2i−1).

It then follows from Proposition 6.16 that rp(D(HD)) is generated, as Z-module,
by

{xλyi, zλ′ |0 ⩽ i ⩽ 2n− 2, λ ∈ K,λ′ ∈ I ′n}.
Since the rank of Z-module rp(D(HD)) is equal to the cardinality of this set, the
set {xλyi, zλ′ |0 ⩽ i ⩽ 2n− 2, λ ∈ K,λ′ ∈ I ′n} forms a Z-basis of rp(D(HD)). □

Now we describe the projective class ring rp(D(HD)) in the two case of even n and
odd n, respectively. Let

Y = {xλ, y, zλ′ |λ ∈ K,λ′ ∈ I ′n}

and let Z[Y ] denote the corresponding polynomial ring.

We first consider the case when n is even. Define a subset J0 ⊂ Z[Y ] by

J0 =



xλxµ − xλµ; xλzλ′ − zλλ′ ;

yzλ′ − zχλ′ − zϕχλ′ ;

zλ1
zλ2

−
∑n−1

j=0 zϕjλ1λ2
;

zλ3
zλ4

−Ml,λ3,λ4
;

zλ5
zλ6

−Mk,λ5,λ6
−∑1

i=0 f(xϕχ2 , y)x
ϕ

in+k
2 λ5λ6χ1−n

;

(
∑n

2
i=0(−1)i n

n−i

(
n−i
i

)
xi−n
ϕχ2y

n−2i

−
∑1

j=0 x
−1
ϕjnχn)(

∑n−2
2

i=0 (−1)i(
n−1−i

i

)
xiϕχ2yn−2i−1).

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ, µ ∈ K;

λ′, λ1, λ2 ∈ I ′nwith λ1λ2 ∈ I ′n;

λ3, λ4 ∈ I ′nwith λ3λ4 ∈ Il

for some odd l, 0 ⩽ l ⩽ n− 1;

λ5, λ6 ∈ I ′nwith λ5λ6 ∈ Ik

for some even k, 0 ⩽ k ⩽ n− 1;



,

where Ml,λ3,λ4
and Mk,λ5,λ6

are given as in Proposition 6.16.

Theorem 6.18. Suppose that n is even. Then the projective class ring rp(D(HD))
is isomorphic to the quotient ring Z[Y ]/(J0) of Z[Y ], where the ideal (J0) is gener-
ated by J0.

Proof. The proof is similar to that of Theorem 6.10. □

Now suppose that n is odd. Define a subset J1 ⊂ Z[Y ] by
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J1 =



xλxµ − xλµ; xλzλ′ − zλλ′ ;

yzλ′ − zχλ′ − zϕχλ′ ;

zλ1
zλ2

−
∑n−1

j=0 zϕjλ1λ2
;

zλ3
zλ4

−Ml,λ3,λ4
−

f(xϕχ2 , y)x
ϕ

n+l
2 λ3λ4χ1−n

;

zλ5
zλ6

−Mk,λ5,λ6
−

f(xϕχ2 , y)x
ϕ

k
2 λ5λ6χ1−n

;

(
∑n−1

2
i=0 (−1)i n

n−i

(
n−i
i

)
xi−n
ϕχ2y

n−2i

−
∑1

j=0 x
−1
ϕjnχn)(

∑n−1
2

i=0 (−1)i(
n−1−i

i

)
xiϕχ2yn−2i−1).

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ, µ ∈ K;

λ′, λ1, λ2 ∈ I ′nwith λ1λ2 ∈ I ′n;

λ3, λ4 ∈ I ′nwith λ3λ4 ∈ Il

for some odd l, 0 ⩽ l ⩽ n− 1;

λ5, λ6 ∈ I ′nwith λ5λ6 ∈ Ik

for some even k, 0 ⩽ k ⩽ n− 1;



,

where Ml,λ3,λ4
and Mk,λ5,λ6

are given as in proposition 6.16.

Theorem 6.19. Suppose that n is odd. Then the projective class ring rp(D(HD)) is
isomorphic to the quotient ring Z[Y ]/(J1) of Z[Y ], where the ideal (J1) is generated
by J1.

Proof. The proof is analogous to that of Theorem 6.10. □

Remark 6.20. For any Hopf algebra H, the forgetful functor F : H
HYD → HM,

from the category of Yetter-Drinfeld H-modules to the category of left H-modules,
is exact and monoidal. Consequently, F induces a ring homomorphism φ from
the Green ring r(HHYD) to the Green ring r(H). Note that r(HHYD) is commonly
denoted as r(D(H)) since H

HYD ∼= D(H)M holds when H is finite-dimensional.

Similarly, the forget functor induces a ring homomorphism φ from the Grothendieck
ring G0(D(H)) to the Grothendieck ring G0(H).

It is clear that φ (respectively, φ) is surjective if and only if every indecomposable
(respectively, simple) H-module is the underlying module of some Yetter-Drinfeld
H-module structure.

While this surjectivity holds for specific examples, such as the Taft algebras and the
Radford algebras, this conclusion fails for a general pointed rank one Hopf algebra.
Consequently, the study of the images of φ and φ is of particular interest and
warrants further investigation.

Example 6.21. We consider the generalized Taft Algebra H4,2. Let G = ⟨g⟩ be
a cyclic group of order 4 generated by g, and let q ∈ k be a primitive 4-th root
of unit. Define a character γ of G by γ(g) = q. Then the character group is

Γ := Hom(G, k×) = {γi|i ∈ Z4}, and the dual group of G × Γ is Λ = Ĝ× Γ =

{γiĝj |i, j ∈ Z4}, where ĝ ∈ Γ̂ is defined by ĝ(γ) = γ(g) = q. Let χ = γ2 and
ρ = q2. Then D = (G,χ, g, α) is a group datum and χ(g) = ρ, where α ∈ k. By a
straightforward computation, one gets that

K = I1 = {γ2j ĝj |j ∈ Z4}, I2 = {γ2(j−1)ĝj , γĝj , γ3ĝj |j ∈ Z4}.
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Now let D = (G,χ, g, 0). This is a group datum of nilpotent type. The correspond-
ing Hopf algebra HD is the 8-dimensional generalized Taft algebra H4,2, which is
generated, as an algebra, by g and x subject to the relations:

g4 = 1, x2 = 0, xg = ρgx.

The coalgebra structure of H4,2 is given by ∆(g) = g⊗ g and ∆(x) = x⊗ g+1⊗x.
By [11], there are 4 non-isomorphic simple modules over H4,2:

{M(1, ϵ),M(1, γ),M(1, γ2),M(1, γ3)},
and they are all one dimensional. On the other hand, all one-dimensional simple
D(H4,2)-modules are {V (1, λ)|λ ∈ I1}. It is obvious that for any i, γĝi /∈ I1
and γ3ĝi /∈ I1. Consequently, the simple modules M(1, γ) and M(1, γ3) do not
possess Yetter-Drinfeld module structures. It follows that the ring homomorphism
φ : G0(D(H4,2)) → G0(H4,2) is not surjective.
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