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 a b s t r a c t

We show that quartic modifications of relativistic dispersion relations arise generically from deformation-
quantized phase spaces under minimal kinematical assumptions relevant to quantum gravity. When the kine-
matics admits an integral symplectic structure, a compatible almost-complex structure, and a gauge-invariant 
two-form sector, the leading Planck-scale correction is controlled by a single geometric length scale. We estab-
lish this result through three independent approaches: Fedosov-Berezin quantization, spectral geometry, and a 
topos-theoretic formulation, all of which yield the same quartic correction and clarify the origin of its apparent 
universality.

1.  Introduction

The pursuit of quantum gravity aims to identify the Planck-scale 
structures from which spacetime and low-energy field dynamics emerge, 
and to extract testable consequences of such underlying structures. 
Among the leading approaches, loop quantum gravity (LQG) and string 
theory represent conceptually distinct frameworks. Despite their differ-
ent foundations, both predict departures from classical spacetime struc-
ture at short distances, which often manifest as modified dispersion re-
lations (MDRs) encoding high-energy corrections to standard relativistic 
dynamics [1–4]. MDRs have also been derived in geometric frameworks 
where the deformation is built into the underlying kinematics rather 
than arising from deformation quantization. In curved momentum-space 
models, including the principle of relative locality, the deformed mass 
shell is naturally associated with geometric data on momentum space, 
such as a momentum-space metric and the corresponding geodesic 
distance [5,6]. In Finsler geometry, the MDR can be viewed as the 
consequence of replacing the quadratic metric norm by a generalized 
arc-length functional, thereby encoding modified propagation in the
spacetime line element [7,8]. In Hamilton geometry, one starts from 
a fundamental Hamiltonian on phase space that induces effective ge-
ometric structures (and, in particular, an associated spacetime metric 
notion) governing particle trajectories [9,10]. By contrast, our analysis 
identifies the leading quartic correction as a universal consequence of 
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deformation-quantized integral symplectic phase-space data, controlled 
by a single symplectically induced geometric length scale.

In string theory, nontrivial short-distance geometry arises naturally 
when open strings propagate on D-branes in the presence of a con-
stant Neveu-Schwarz two-form field 𝐵𝜇𝜈 . In this regime, the endpoints of 
open strings acquire non-commutative coordinates on the brane world-
volume. This phenomenon is captured precisely by the Seiberg-Witten 
analysis [4], which shows that string theory admits a well-defined 
limit, now known as the Seiberg-Witten limit, under which the open-
string sector reduces to a non-commutative field theory. The resulting 
effective description is governed by a minimal area scale set by the 
non-commutativity parameter 𝜃𝜇𝜈 , beyond which the classical mani-
fold picture breaks down [11]. The low-energy effective action contains 
higher-derivative corrections to kinetic terms, and in a derivative expan-
sion, yields MDRs of the schematic form 𝐸2 = 𝑘2 + 𝑚2 + 𝜉 |𝜃| 𝑘4 + (𝑘6),
where 𝜉 is a numerical coefficient determined by the specific effec-
tive description. Such non-commutative field theories are known to ex-
hibit UV/IR mixing, nonlocality, and Lorentz-violating effects [12,13]. 
Similar non-commutative structures also arise in matrix models and 
related formulations of quantum gravity [14], indicating that non-
commutativity is a recurrent feature across several approaches.

In parallel, a central prediction of LQG is that geometric observables 
such as area and volume possess discrete spectra [15,16], implying the 
existence of a fundamental scale beyond which the smooth-manifold
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description ceases to be valid. When applied to matter fields, this kine-
matical structure leads to polymer quantization [17], in which momen-
tum operators are replaced by finite translation operators. As a con-
sequence, the dispersion relation is modified to 𝐸2 = 𝑘2 + 𝑚2 − 1

3𝜆
2𝑘4 +

(𝑘6), where 𝜆 = 𝛾𝓁𝑃  sets the scale of the correction, with 𝛾 the Barbero-
Immirzi parameter and 𝓁𝑃  the Planck length [18]. Although often de-
rived in effective or reduced settings, such MDRs encode genuine Planck-
scale corrections associated with the underlying discreteness of quan-
tum geometry, and can arise from the full theory in appropriate semi-
classical regimes [19,20]. Related MDRs play an important role in loop 
quantum cosmology [21] and in quantum-gravity corrections to black-
hole physics [22]. Since spacetime discreteness appears in a broad range 
of quantum-gravity approaches, it is natural to ask whether a common 
structural origin underlies these recurring modifications.

Although MDRs arise across many approaches to quantum gravity, 
their apparent similarity has so far lacked a unified structural explana-
tion. The mechanisms by which MDRs emerge in string theory and LQG 
are manifestly different, yet both frameworks introduce a fundamental 
short-distance scale associated with a breakdown of classical spacetime 
geometry. This shared feature motivates the search for a common orga-
nizing principle at the level of effective kinematics.

In this work, we show that a broad class of deformation-quantization 
frameworks leads naturally to quartic corrections in the relativistic 
dispersion relation under well-defined geometric assumptions. Using 
Fedosov-Berezin quantization and spectral-geometric methods, we iden-
tify a common geometric scale associated with the underlying symplec-
tic structure that controls the leading MDR correction. We demonstrate 
that effective kinematical descriptions employed in both string theory 
and loop quantum gravity fall within this class, thereby explaining why 
similar quartic MDRs arise in these otherwise distinct approaches. Our 
analysis does not assert an equivalence of the underlying microscopic 
theories; rather, it identifies a shared effective-theory structure govern-
ing their Planck-scale kinematics. This common structure suggests phe-
nomenological probes that are insensitive to the detailed microscopic 
realization and apply across a wide class of quantum-gravity candidates 
[23–26].

We establish this result by three mathematically independent routes: 
(i) Fedosov-Berezin quantization on (almost-)Kähler manifolds, (ii) spec-
tral geometry via the Seeley-DeWitt coefficient 𝑎4 of the relevant kinetic 
operator, and (iii) a topos-theoretic formulation that encodes the MDR 
as an internal statement across a category of deformation-quantized 
phase spaces. All three approaches yield the same quartic correction 
and the same identification of the controlling geometric scale, demon-
strating that the result is not an artifact of any single formalism.

2.  Fedosov-Berezin quantization

We will now address MDRs using Fedosov-Berezin quantization 
on (almost-)Kähler manifolds [27,28]. More precisely, we consider 
quantum-gravity frameworks whose kinematics admit (i) a fundamen-
tal area or nonlocality scale and (ii) an intrinsic two-form sector. Under 
these assumptions, the deformation-quantization of the associated phase 
space introduces a geometric length-squared parameter
𝓁2
∗ ∶= |𝜔−1𝐽 |, (1)

defined with respect to a compatible almost-complex structure 𝐽 on the 
symplectic manifold (𝑀,𝜔). This scale controls the leading correction 
to the dispersion relation,

𝐸2 = 𝑝2 + 𝑚2 + 𝜎
𝓁2
∗
3

𝑝4 + (𝓁4
∗𝑝

6), (2)

where 𝜎 = ±1 reflects the orientation of 𝐽 . The magnitude of the correc-
tion is determined entirely by 𝓁2

∗ , while the sign depends on the chosen 
orientation.

When evaluated in concrete realizations, this framework reproduces 
the known MDRs in both string theory and LQG. In the Seiberg-Witten 

limit of open-string theory, one finds 𝓁2
∗ = |𝜃|, whereas in polymer quan-

tization one has 𝓁2
∗ = 𝜆2 = (𝛾𝓁𝑃 )2, with opposite values of 𝜎. This iden-

tification explains why both approaches predict quartic corrections of 
the same functional form, controlled by a single length-squared scale, 
despite their distinct microscopic origins (See Appendix A).

In the LQG case, the holonomy-flux phase space provides a natu-
ral symplectic structure equipped with an intrinsic two-form Σ𝑖, whose 
gauge-invariant norm underlies the area operator. To apply deforma-
tion quantization, we introduce a compatible almost-complex structure 
on each Darboux chart. This structure is auxiliary and serves only to de-
fine the quantization scheme; the resulting MDR depends solely on the 
symplectic data and not on the integrability of 𝐽 . No additional geomet-
ric structure is imposed on LQG beyond what is already present at the 
kinematical level.

In the string-theoretic realization, the Seiberg-Witten limit yields a 
Moyal star product characterized by the Poisson tensor 𝜃𝑖𝑗 . Choosing 
momenta aligned with the non-commutative plane reproduces the same 
quartic MDR, with 𝓁2

∗ = |𝜃|. Although different conventions for numeri-
cal coefficients appear in the literature, these differences reflect scheme 
choices within the effective description and do not affect the existence 
or scaling of the quartic correction.

Our results, therefore, identify a shared deformation-quantization 
origin of quartic MDRs across a broad class of quantum-gravity frame-
works. While this does not imply an equivalence of string theory and 
loop quantum gravity at the microscopic level, it explains the robustness 
of MDR predictions and motivates phenomenological tests that probe 
this common effective-theory structure rather than specific underlying 
models.

We now show that a broad class of quantum-gravity frameworks ad-
mitting (i) an integral symplectic structure, (ii) a compatible (possibly 
auxiliary) almost-complex structure, and (iii) a gauge-invariant two-
form sector, naturally give rise to a quartic modified dispersion rela-
tion whose leading coefficient is fixed by geometric data. Our claim is 
conditional on these kinematical assumptions and does not rely on the 
microscopic dynamics of the theory.

Let the two-form sector be encoded by a complexified flux  =
𝐵 + 𝑖𝜔, where 𝐵 is a real gauge two-form and 𝜔 is the symplectic form 
on phase space. The inverse generalized background tensor can be writ-
ten as (𝑔 + 2𝜋𝛼′)−1 = 𝐺−1 + Θ∕(2𝜋𝛼′), where the deformation tensor 
Θ𝑖𝑗 has type (2, 0) + (0, 2) in the sense of generalized complex geometry 
[29–31]. Its Lorentz-invariant norm is ‖Θ‖2 = − 1

2Θ
𝑖𝑗Θ̄𝑖𝑗 = |𝜃|2, which is 

invariant under the 𝑈 (1) phase rotation Θ ↦ 𝑒𝑖𝜑Θ. Such a rotation flips 
only the orientation sign 𝜎 = ±1 while leaving the magnitude 𝓁2

∗ = |𝜃|
(See Appendix C).

In deformation-quantization language, the Fedosov class [𝜔]∕2𝜋 fixes 
the equivalence class of Hermitian star products, while the choice of a 
compatible almost-complex structure 𝐽 determines the orientation (See 
Appendix B). Consequently, within this class of models, the leading 
quartic correction to the dispersion relation takes the universal form

𝐸2 = 𝑝2 + 𝑚2 + 𝜎
𝓁2
∗
3

𝑝4 + (𝓁4
∗𝑝

6), (3)

where 𝓁2
∗ is a geometric length-squared scale determined by the sym-

plectic data, and 𝜎 = ±1 reflects the orientation of 𝐽 . The existence and 
scaling of this term are fixed by geometry, while its sign depends on 
convention.

3.  Spectral geometric

Spectral geometry provides a powerful framework in which geomet-
ric and topological information is encoded in the spectra of canonical 
elliptic operators acting on a Hilbert space [32–35]. Within this ap-
proach, the geometric data of a Kähler manifold (𝑀,𝜔, 𝐽 ) can be refor-
mulated operator-theoretically in terms of a spectral triple (,, 𝐷),
where  is an appropriate (possibly deformed) algebra of functions, 
 is a Hilbert space of spinors, and 𝐷 is a Dirac-type operator. In the 
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present context, the Dirac operator is twisted by the complexified two-
form  = 𝐵 + 𝑖𝜔, which incorporates both the gauge two-form 𝐵 and 
the symplectic structure 𝜔 into the operator [11].

In the Chamseddine-Connes spectral action principle [32], physical 
information is extracted from the asymptotic expansion of the trace
Tr 𝑓 (𝐷∕Λ) =

∑

𝑛≥0
𝑎2𝑛 Λ4−2𝑛, (4)

where Λ is a high-energy cutoff, 𝑓 is a positive test function, and the 
coefficients 𝑎2𝑛 are the Seeley-DeWitt invariants associated with the op-
erator 𝐷2

. These coefficients are local geometric quantities determined 
entirely by the symbol of the operator and encode curvature, torsion, 
and higher-derivative information [33,34].

The first coefficient that is sensitive to the twisting by the complexi-
fied two-form  is 𝑎4. This coefficient multiplies the operator (𝜕2)2 in the 
effective action and therefore controls quartic derivative corrections. A 
direct computation of the squared twisted operator yields

𝐷2
 = ∇2 + 𝜎

𝓁2
∗
3

𝜕4 +⋯ , (5)

where ∇2 denotes the Laplace-type kinetic term, 𝓁2
∗ is the geometric 

length-squared scale defined by the underlying symplectic data, and 𝜎 =
±1 reflects the orientation of the compatible almost-complex structure. 
As a result, the corresponding Seeley-DeWitt coefficient evaluates to

𝑎4 = 𝜎
𝓁2
∗
3
. (6)

Since 𝑎4 is a spectral invariant, this establishes that the coefficient of the 
𝑝4 term in the modified dispersion relation is fixed by operator-theoretic 
data and is independent of coordinate choices or quantization prescrip-
tions.

This general result reproduces the known effective operators in both 
string theory and loop quantum gravity. In the string-theoretic realiza-
tion, the Seiberg-Witten limit on a D𝑝-brane in the presence of a con-
stant background 𝐵-field yields a Moyal-deformed kinetic operator. In 
this case, the corresponding spectral invariant takes the form
𝑎ST4 = 𝜉 |𝜃|, (7)

where 𝜃 is the non-commutativity parameter and 𝜉 = 1
3  in the stan-

dard normalization. In contrast, within loop quantum gravity, the ef-
fective continuum operator governing matter propagation is replaced 
by a band-limited operator of the form
−𝜆−2 sin2(𝜆𝑘), (8)

which reflects the underlying polymer structure. The heat-kernel expan-
sion of this operator yields

𝑎LQG4 = −𝜆2

3
, (9)

where 𝜆 = 𝛾𝓁𝑃  is the polymer scale set by the Barbero-Immirzi parame-
ter 𝛾 and the Planck length 𝓁𝑃 .

Matching the absolute values of the spectral invariants in the two 
realizations leads to the identification
𝓁2
∗ = |𝜃| = 𝜆2, (10)

demonstrating that both string theory and loop quantum gravity are gov-
erned by the same geometric deformation scale at the level of effective 
kinematics. Because this identification follows from a spectral invariant, 
it is robust under changes of coordinates and insensitive to the details 
of the quantization scheme (See Appendix D).

4.  Topos theory

Topos theory provides a natural mathematical framework for ex-
pressing results that are functorial and uniform across a class of geo-
metric objects [36,37]. In the present context, it allows us to formulate 
the emergence of the quartic modified dispersion relation as a structural 

statement that holds simultaneously for all admissible phase spaces, 
rather than as a collection of case-by-case computations.

To this end, let 𝑦𝑚𝑝⋆ denote the site whose objects are triples 
(𝑀,𝜔; [[⋆]]), where (𝑀,𝜔) is an integral symplectic manifold, meaning 
that [𝜔]∕2𝜋 ∈ 𝐻2(𝑀,ℤ), and [[⋆]] denotes the Fedosov class of a Her-
mitian deformation quantization on (𝑀,𝜔). Morphisms in this site are 
smooth maps that preserve both the symplectic structure 𝜔 and the de-
formation class [[⋆]]. This choice of morphisms ensures that all geometric 
and quantization data relevant to the dispersion relation are respected 
functorially.

The category of sheaves over this site, 𝐒𝐡(𝑦𝑚𝑝⋆), forms a 
Grothendieck topos. Within this topos, there exists a generic Kähler ob-
ject 𝐾 = (𝜔, 𝐽 , 𝑔), which represents the universal symplectic and almost-
complex data common to all objects of the site. Associated with this 
generic object is an internal geometric length-squared scale,

𝓁2
∗ = |

|

|

𝜔−1𝐽 ||
|

, (11)

defined as the operator norm of the endomorphism 𝜔−1𝐽 in the internal 
tangent bundle. By construction, 𝓁2

∗ is a global section in the topos and 
therefore takes the same value, upon externalization, for every object in 
the site.

A key property of Fedosov quantization is its functoriality: given any 
morphism in 𝑦𝑚𝑝⋆, the corresponding star product is preserved. As a re-
sult, identities derived from the Fedosov-Berezin formalism can be lifted 
to internal statements in the topos. In particular, Berezin’s identity for 
the star-exponential applies internally to the generic object 𝐾. Defining 
an internal momentum variable 𝑝 and the corresponding internal energy 
𝐸, one obtains the internal dispersion relation

𝐸2 = 𝑝 2 + 𝑚2 + 𝜎
𝓁2
∗
3

𝑝 4 + (𝓁4
∗𝑝

6), (12)

where 𝜎 = ±1 is determined by the orientation of the internal almost-
complex structure 𝐽 . This relation holds as an internal theorem of the 
topos, and therefore applies uniformly to every object in the site 𝑦𝑚𝑝⋆.

Evaluating this internal statement at a geometric point of the topos 
corresponds to selecting a specific symplectic phase space together with 
a particular deformation quantization. Under this evaluation, the inter-
nal quantities 𝓁2

∗ and 𝑝 are mapped to their external counterparts 𝓁2
∗

and 𝑝, reproducing the modified dispersion relations obtained earlier for 
both polymer quantization in loop quantum gravity and noncommuta-
tive field theory in the open-string Seiberg-Witten limit. In this way, the 
topos-theoretic formulation provides a unified and model-independent 
organizational framework for the quartic MDR, without introducing ad-
ditional dynamical assumptions (see Appendix E).

5.  Phenomenological implications

Any experimental bound on the deformation scale 𝓁2
∗ therefore 

constrains all theories whose kinematics fall within the class de-
scribed above. We briefly summarize representative channels. Time-of-
flight measurements, birefringence constraints, threshold reactions, and 
resonant-cavity experiments constrain quartic corrections of the form 
𝐸2 = 𝑝2 + 𝑚2 + 𝜎 𝓁2

∗𝑝
4∕3. Current observations already bound 𝓁2

∗ to be 
at most of order 𝓁2

𝑃 , while next-generation facilities are expected to im-
prove these bounds by up to an order of magnitude [38–43].

These tests probe the shared effective-theory structure identified 
here, rather than the microscopic details of any particular model. Ac-
cordingly, they apply simultaneously to string theory, loop quantum 
gravity, and any other quantum-gravity framework satisfying the stated 
geometric criteria.

Because the leading quartic correction to the dispersion relation is 
governed by the geometric scale 𝓁2

∗ , any experimental bound on this pa-
rameter constrains all frameworks whose effective kinematics fall within 
the class analyzed here. In this sense, phenomenological limits derived 
in one realization (e.g. string-inspired noncommutative field theory) 
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translate directly to others (e.g. polymer quantization in LQG), up to 
the orientation sign 𝜎.

We emphasize the following statistically independent observational 
channels: (i) time-of-flight measurements from gamma-ray bursts and 
active galactic nuclei at multi-TeV energies, which are sensitive to 
group-velocity shifts of order Δ𝑣∕𝑐 ∼ 10−18 for 𝐸 ∼ 10TeV; (ii) polariza-
tion rotation of the cosmic microwave background induced by helicity-
dependent phases; (iii) threshold modifications in 𝛾𝛾→𝑒+𝑒− and the 
stability of ultra-high-energy cosmic rays; and (iv) direction-dependent 
photon-sector effects probed by precision rotating optical-cavity exper-
iments.

Taken together, existing constraints already bound 𝓁2
∗ to be at most 

of order 𝓁2
𝑃 , while the combined sensitivity of near-term and next-

generation facilities is expected to improve these limits by up to an order 
of magnitude, potentially probing 𝓁2

∗ ≲ 0.05𝓁2
𝑃  under favorable assump-

tions. The existence of a single geometric scale controlling the leading 
MDR correction is therefore the key physical reason that the structural 
universality established in this work admits direct phenomenological 
tests that do not depend on the microscopic details of the underlying 
quantum-gravity realization.

6.  Conclusion

In this work, we have identified a common structural origin for 
quartic modified dispersion relations that arise across a broad class 
of quantum-gravity frameworks. We have shown that, under precise 
and physically natural kinematical assumptions-specifically, the pres-
ence of an integral symplectic structure, a compatible (possibly auxil-
iary) almost-complex structure, and a gauge-invariant two-form sector-
the leading Planck-scale correction to relativistic dispersion relations 
is governed by a single geometric length-squared scale, 𝓁2

∗ . This scale 
uniquely fixes the magnitude of the quartic correction, while its sign is 
determined solely by the orientation of the associated complex structure. 
We established this result through three mathematically independent 
and complementary routes: Fedosov-Berezin deformation quantization, 
spectral geometry via the Seeley-DeWitt coefficient 𝑎4, and a functorial 
formulation in the language of topos theory. The convergence of these 
approaches demonstrates that the quartic modified dispersion relation 
is not an artifact of any particular quantization prescription or effective 
description, but rather a stable and intrinsic feature of a wide class of 
deformation-quantized phase spaces. When evaluated in concrete real-
izations, the general framework reproduces the known MDRs in both 
loop quantum gravity and string theory. In the polymer quantization 
relevant for LQG, the deformation scale is set by 𝜆2 = (𝛾𝓁𝑃 )2, while in 
the Seiberg-Witten limit of open-string theory it is given by the non-
commutativity scale |𝜃|. The identification 𝓁2

∗ = |𝜃| = 𝜆2 explains why 
both approaches yield quartic corrections of the same functional form 
despite their distinct microscopic origins. Importantly, our results do not 
assert an equivalence of the underlying theories, but rather identify a 
shared effective-theory structure governing their high-energy kinemat-
ics.

A key implication of this structural unification is phenomenological. 
Because the leading MDR correction is governed by the single geometric 
scale 𝓁2

∗ , experimental bounds obtained in one realization translate 
directly to all theories within the same kinematical class. Time-of-flight 
measurements, polarization studies, threshold reactions, and precision 
laboratory tests therefore probe a common effective-theory signature 
rather than model-specific details. This provides a concrete route 
toward testing quantum-gravity effects in a manner that is insensitive 
to the microscopic realization. More broadly, our results suggest 
that deformation-quantization methods capture an essential aspect 
of Planck-scale physics shared across otherwise disparate approaches 
to quantum gravity. By isolating the geometric data responsible for 
modified dispersion relations, the present framework clarifies the 
origin of their apparent universality and delineates the precise sense 
in which such predictions can be regarded as model-independent. 

Future work may extend this analysis to interacting theories, curved 
backgrounds, and dynamical geometries, as well as explore whether 
additional quantum-gravity signatures admit a similarly unified 
structural interpretation.
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