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We introduce the problem of Poisson sampling over joins: compute a sample of the result of a join query

by conceptually performing a Bernoulli trial for each join tuple, using a non-uniform and tuple-specific

probability. We propose an algorithm for Poisson sampling over acyclic joins that is nearly instance-optimal,

running in time O(|db| +𝑘 log |db|) where |db| is the size of the input database, and 𝑘 is the size of the resulting

sample. Our algorithm hinges on two building blocks: (1) The construction of a random-access index that

allows, given a number 𝑖 , to randomly access the 𝑖-th join tuple without fully materializing the (possibly

large) join result; (2) The probing of this index to construct the result sample. We study the engineering

trade-offs required to make both components practical, focusing on their implementation in column stores, and

identify best-performing alternatives for both. Our experiments show that this pair of alternatives significantly

outperforms the repeated-Bernoulli-trial algorithm for Poisson sampling while also demonstrating that the

random-access index by itself can be used to competively implement Yannakakis’ acyclic join processing

algorithm when no sampling is required. This shows that, as far a query engine design is concerned, it is

possible to adopt a common basis for both classical acyclic join processing and Poisson sampling, both without

regret compared to classical join and sampling algorithms.
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1 Introduction
Drawing a fixed-size sample from the result of a query has numerous interesting applications

including online aggregation [1, 16, 26], large-scale analytics [38] and query optimization in general.

Formally, the sampling problem is usually phrased as follows: given a query 𝑄 , input database db
and desired sample size 𝑘 , draw 𝑘 tuples uniformly at random from 𝑄 (db), without replacement. A

naive solution is to first materialize𝑄 (db) in a table, and then randomly access the table to perform

the sampling. However, this naive method is inefficient when 𝑄 is a join query since it requires to

compute the full join result—which can be orders of magnitude larger than both the input database

db and the sample size 𝑘—and hence wastes time computing tuples that do not contribute to the
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desired output. Alternative techniques that avoid computing the full join exist and are typically

based on designing an index structure that can be used to guide the sampling process [1, 8, 38].

Specifically, for acyclic joins (formally defined in Section 2) index structures have been proposed

that can be computed in O(|db|) time, which can then be used to sample a single result tuple in

O(log |db|) time—yielding overall complexity O(|db| + 𝑘 log |db|) [7, 10].
In this paper, instead of drawing a fixed-size (uniform) sample, which requires each output tuple

to be sampled with the same uniform probability, we study the following more general problem,

which we call Poisson sampling. In this problem, each join tuple output by 𝑄 specifies the (not

necessarily uniform) probability with which it is to be included in the sample, and the sample is to

be taken by conceptually doing a Bernoulli trial for each tuple with its specified probability.

Poisson sampling has applications in Markov-chain based simulations [6, 22]. In particular,

we are motivated by our efforts of designing EpiQL, a declarative language and accompanying

high-performance data engine that focuses on simulation of discrete agent-based infectious disease

models [18, 31]. Such models are used by epidemiologists to predict the evolution of transmissible

diseases such as measles, influenza, or covid in various situations.

Example 1.1. Infectious disease models simulate contact events between individuals in a population in
order to calculate, at each simulation timestep, which subset of the population is susceptible to infection,
which subset is infectious, which has recovered from the infection, and so on. In EpiQL, the following
conjunctive query rules can be used to define the transition from the Susceptible to Infected disease
state. Other rules (not shown) compute from the Infected population the subpopulation that becomes
Infectious, and which can hence cause further spread in later simulation steps.

Infected(per1) ← Susceptible(per1), Infectious(per2),
Contact(per1, per2), 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 (𝑝𝑡 )

Contact(per1, per2) ← Person(per1, age1, pool),
Person(per2, age2, pool),
ContactProb(pool, age1, age2, prob),
𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 (prob)

The first query states that susceptible person per1may become infected with probability 𝑝𝑡 if there was
a contact event with infectious person per2. Disease models simulate contact events by dividing the pop-
ulation into contact pools (e.g., family households, schools, workplaces) and modeling contact within
a pool according to statistics derived from real-world diary studies [19, 30]. In line with this, the second
query above uses a relation ContactProb(pool, age1, age2, prob) that indicates that in pool there
is a prob chance that two people aged age1 and age2 meet, and a relation Person(pers, age, pool)
listing each individual’s age and pool memberships. In particular, the Contact query joins the Person
and ContactProb relations. From the resulting join, each tuple is independently sampled with proba-
bility prob. The sampled tuples are then projected onto the participating persons. We note that both
conjunctive queries are acyclic.

Similar to the case for fixed-size sampling, it is important to design algorithms for Poisson

sampling without first materializing the full join result. To illustrate, in EpiQL we found that,

even for a small country with a population of ±107 people using ContactProb data collected from

real-world diary studies [19, 30], the full join output size of the contact query is ±1010 whereas the
expected sample size is only ±108, two orders of magnitude less.

In this paper, we design algorithms for Poisson sampling over acyclic joins that avoid material-

ization of the full join result and which are nearly instance-optimal from an asymptotic complexity

viewpoint. Furthermore, we study the engineering trade-offs required to make these algorithms

practical in column stores. Our contributions are as follows:
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(1) We introduce the problem of Poisson sampling over join queries, which generalizes fixed-size

sampling.

(2) For acyclic joins, we show that Poisson sampling can be solved in the same time as fixed-size

sampling: O(|db| + 𝑘 log |db|), where |db| is the size of the input database, and 𝑘 is the size of the

resulting sample (Theorem 5.1). From an asymptotic complexity viewpoint, this is instance-optimal
up to a log |db| factor since any correct algorithm will need to read the input and produce the

sample. Conceptually, we follow an Index-and-Probe strategy: (i) we construct a random-access

index for a join query 𝑄 that avoids materializing the full result 𝑄 (db) while still allowing efficient

retrieval of the 𝑗-th join tuple for each position 𝑗 ; (ii) we determine the sequence of tuple positions

in 𝑄 (db) that define the output sample (referred to as position sampling); (iii) we generate the
sample by repeatedly probing this index.

(3) Because asymptotic complexity may hide crucial constant factors, we next investigate the

engineering trade-offs involved in making this conceptual algorithm efficient in practice, focusing

on its implementation in column stores.

(a) Random-access index construction. For acyclic joins it is known that a random-access index can

be constructed in O(|db|) time that allows random access to a single tuple in O(log |db|) time [5, 7].

Note that, crucially, the query result 𝑄 (db) may be much larger than |db|. Constructing a random-

access index is closely tied to Yannakakis’ seminal algorithm (YA) for processing acyclic joins [34],

but with additional logic to ensure O(log |db|) access time. There has recently been extensive

interest in implementing YA in a manner that is also competitive with traditional binary join

algorithms for inputs with no or little dangling join tuples—situations where YA has traditionally

been slower than binary joins [3, 20, 24, 29, 33, 37].We observe that the column store implementation

approach of Bekkers et al [3], which is called Shredded Yannakakis (SYA), already provides a linear-

time-constructable random-access index. This implementation is based on a chained shredded
representation (CSR) but has access time O(log |db| +𝑑) instead of O(log |db|) where 𝑑 is the largest

join-degree in the input database. To recover a O(log |db|) access time, we implement an unchained
shredded representation (USR) within the shredded Yannakakis framework which lifts the concept

of a random-access index structure as proposed by Carmeli et al [7] to column stores. However,

we empirically find that CSR is faster to build and, suprisingly, also faster to probe which causes

CSR-based sampling to outperform USR-based sampling.

(b) Position sampling. We distinguish between the uniform and non-uniform cases. For uniform

sampling, we compare three strategies for generating the sequence of probe positions. We demon-

strate that these have complementary advantages depending on the specific sampling probability

that is being used. Based on this observation, we design a hybrid position-sequence generation

algorithm that dynamically adapts to the observed data distribution. For the non-uniform case, we

reduce the problem to a series of uniform sampling steps over groups of tuples sharing the same

sampling probability, applying the hybrid method to each group. Further details are provided in

Section 5.

(4) We implement all methods inside of Apache Datafusion, a high-performance main-memory-

based columnar query engine written in Rust, and experimentally compare these methods based

on established join query benchmarks over real-world data as well as the disease transmission use

case. We find that:

(a) The combination of CSR with our hybrid position-sampling method is most efficient across

all benchmarks, even though CSR has worse asymptotic complexity than USR.

(b) Compared to the naive approach that first materializes the join result and then performs a

Bernoulli trial per join tuple, our method is up to 6.08x faster.
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(c) Finally, we observe that CSR can also be used for normal join processing (without sampling),

and there we find that CSR is competitive with USR on a wide variety of benchmarks. This

illustrates that, as far as query engine design is concerned, it suffices to adopt a single strategy for

implementing Yannakakis without regret in a column store,
1
one based on CSR, as this allows for

both normal join processing and sampling. We believe that this insight is relevant because we know

of no current column store that implements the known efficient fixed-size sampling algorithms

introduced in [7, 10, 38], presumably because it requires intricate changes to the engine’s internals.

By adopting CSR we achieve two goals at once: enable efficient sampling and ensure robust acyclic

join processing.

Organization. Section 2 defines the Poisson sampling problem, and Section 3 outlines our approach

and background. Sections 4 and 5 resp. cover indexing and probing. Section 6 presents experiments,

Section 7 discusses related work, and Section 8 concludes.

2 Problem Statement
For a natural number 𝑙 > 0, we denote the set {1, . . . , 𝑙} by [𝑙]. We are interested in processing

Poisson sampling queries, which are queries of the following form:

𝑄 = 𝛽𝑦 (𝑅1 (𝑥1) Z · · · Z 𝑅𝑙 (𝑥𝑙 )) . (1)

Here, 𝑙 ≥ 1; each 𝑅𝑖 is a (not necessarily distinct) relation symbol; each 𝑥𝑖 is a set of pairwise

distinct attributes that denotes the schema of 𝑅𝑖 , for 𝑖 ∈ [𝑙]; and 𝑦 ∈ 𝑥1 ∪ · · · ∪ 𝑥𝑙 . Expressions
of the form 𝑅𝑖 (𝑥𝑖 ) are called atoms. The expression 𝑅1 (𝑥1) Z · · · Z 𝑅𝑙 (𝑥𝑙 ) is called the (full) join
query underlying 𝑄 , which we denote by 𝑄̂ .

Throughout the paper, we adopt a bag-based semantics for relations and queries. Formally, tuple

𝑡 over 𝑥1 ∪ · · · ∪ 𝑥𝑙 occurs in the join result of 𝑄̂ (db) of 𝑄̂ on database db if for every 𝑖 ∈ [𝑙] the
tuple 𝑡 [𝑥𝑖 ] (i.e., 𝑡 projected on 𝑥𝑖 ), occurs with multiplicity𝑚𝑖 > 0 in input relation 𝑅𝑖 . The result

multiplicity of 𝑡 in the full join is then𝑚1 × · · · ×𝑚𝑙 .

The operator 𝛽 has the following semantics. If the values of the 𝑦-attribute in 𝑄̂ (db) are in the

range [0, 1], then 𝛽𝑦 performs a Bernoulli trial with probability 𝑡 [𝑦] for each tuple 𝑡 ∈ 𝑄̂ (db),
keeping the tuple if the trial succeeds and discarding it otherwise. The output of 𝛽𝑦 is hence

non-deterministic, as it depends on the stochastic random choices made. In other words, 𝛽 is

a randomized relational operator. In statistics, a process where each element of a population is

subjected to an independent Bernoulli trial that determines whether the element becomes part

of a sample is called Poisson sampling. We hence refer to 𝛽 as the Poisson sampling operator. For
simplicity, we assume throughout the paper that the 𝑦-values are always in the range [0, 1].

Example 2.1. The rule defining Contact(per1, per2) in Example 1.1 can be formalized as the
Poisson sampling query

𝑄𝑐 = 𝛽prob
(
Person(per1, age1, pool)
Z Person(per2, age2, pool)
Z ContactProb(pool, age1, age2, prob)

)
.

Acyclicity. Throughout the paper, we focus on Poisson sampling queries for which 𝑄̂ is acyclic. A

join query 𝑄̂ is acyclic if it admits a join tree [2, 14]. A join tree for 𝑄̂ is a rooted undirected tree 𝐽

in which each node is an atom of 𝑄̂ . To be correct under bag semantics, it is required that each

atom in 𝑄̂ appears exactly as many times in 𝐽 as it does in 𝑄̂ . Join trees are required to satisfy the

1
That is, in a manner that is competitive with traditional binary join algorithms for all kind of inputs and not just for inputs

with many dangling join tuples for which YA is known to be efficient.
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ContactProb(pool, age1, age2, prob)

Person(per1, age1, pool) Person(per2, age2, pool)
Fig. 1. A join tree for the join query of Example 2.1.

connectedness property: for every attribute 𝑥 , all the atoms containing 𝑥 form a connected subtree

of 𝐽 . To illustrate, Figure 1 shows a join tree for the join query in Example 2.1. The triangle query

𝑅(𝑥,𝑦) Z 𝑆 (𝑦, 𝑧) Z 𝑇 (𝑧, 𝑥) is the prototypical example of a join query that is cyclic, i.e., not acyclic.
Checking whether a join query is acyclic and constructing a join tree if it exists can be done in

linear time w.r.t. the size of the query by means of the GYO algorithm [15, 27, 35].

Processing. We are interested in the efficient processing of acyclic Poisson sampling queries. Just

like a deterministic query may have multiple algorithms (i.e., physical query plans) that implement

the query—differing in their efficiency—a Poisson sampling query may have multiple randomized

algorithms implementing it.

The naive way to process 𝑄 (db) is to first materialize the full join 𝑄̂ (db), and then iterate over

the elements 𝑡 of the resulting bag—flipping a coin with probability 𝑡 [𝑦] to see if 𝑡 needs to be

included in the output. This naive method, which we will refer to as Materialize-and-Scan (M&S for
short), clearly has complexity Ω( |db| + |𝑄̂ (db) |). Note that |𝑄̂ (db) | may be much larger than the

size of the returned sample. We are interested in developing practical alternate algorithms of lower

complexity.

In what follows, we analyze our algorithms in the RAM model of computation with the unit cost

model. We assume that that drawing random values from the uniform distribution takes constant

time; that building hash tables is in linear time; and that probing a hash tables takes constant time.

We consider the query itself fixed, and hence focus on data complexity.

Discussion. While we restrict 𝑦 to be a single attribute in (1), our approach naturally extends

to the setting where the sampling probability is computed from a number of attributes 𝑦 that all

belong to the same relation 𝑅𝑖 . Also note that we allow the relation symbols 𝑅𝑖 to be equal. Hence,

our approach also applies to self-joins.

Our approach also applies to queries with so-called free-connex projection. We denote bag-based

projection by 𝜋𝐴 and set-based projection by 𝛿𝜋𝐴, where 𝛿 is the duplicate elimination operator.

Specifically, consider queries of the modified form

𝑄 = 𝛽𝑦

(
𝜋𝐴

(
𝑄̂

))
or 𝑄 = 𝛽𝑦

(
𝛿𝜋𝐴

(
𝑄̂

))
, (2)

where 𝑄̂ = 𝑅1 (𝑥1) Z · · · Z 𝑅𝑙 (𝑥𝑙 ), 𝐴 ⊆
⋃

𝑖∈[𝑙 ] 𝑥𝑖 , and 𝑦 ∈ 𝐴. In Section 5, we show that our

approach and complexity results extend to such queries when 𝜋𝐴 (𝑄̂) is free-connex acyclic, which
is defined as follows. Let𝑄 ′ be the full join query obtained by extending 𝑄̂ with an additional atom

having 𝐴 as its variables. Then 𝜋𝐴 (𝑄̂) is free-connex acyclic if both 𝑄̂ and 𝑄 ′ are acyclic.

3 Solution Overview
Let 𝑄̂ be a join query. A random-access index for 𝑄̂ on input db is a data structure idx that is

equipped with a method get. The index is free to fix an order on the tuples in 𝑄̂ (db). Given
positions pos = [𝑖1, . . . , 𝑖𝑘 ] with 0 ≤ 𝑖 𝑗 < |𝑄 (db) | for every 𝑗 , idx.get(pos) returns the bag

{{𝑡𝑖1 , . . . , 𝑡𝑖𝑘 }}, where 𝑡𝑖 𝑗 is the (𝑖 𝑗 + 1)-th tuple of 𝑄̂ (db) in the chosen order. The access time refers
to the time required to construct this result, given pos.
To efficiently process a Poisson sampling query 𝑄 on database db we will adopt the following

Index-and-Probe (I&P) strategy:
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(1) Compute random-access index idx of 𝑄̂ on db.
(2) Determine pos = [𝑖1, . . . , 𝑖𝑘 ], the sequence of tuple positions in 𝑄 (db) that define the output

sample.

(3) Return idx.get(pos).
The sequence pos computed in step (2) is called the probe sequence. Determining this sequence is

called position sampling.
Clearly, the running time of I&P is determined by (1) the index construction time; (2) the probe

sequence construction time; and (3) the random access time.

We base index construction on the approach recently taken by Bekkers et al. [3] for processing

acyclic joins. Concretely, Bekkers et al. show that acyclic joins can be expressed in the Nested
Semijoin Algebra (NSA for short) as a sequence of nested semijoin operations, followed by a single

flatten operation. Logically, nested semijoin operations produce nested relations, i.e., relations where
a tuples’ attribute value may contain an entire relation instead of a scalar value as is typically the

case. The flatten operator turns a nested relation back into an ordinary flat relation. While nested

semijoin and flatten are logical operators, Bekkers et al. propose a specific physical representation

of nested relations in main-memory column stores, based on so-called query shredding [3, 11]. The

implementation of nested semijoin and flatten based on this representation always evaluates a

sequence of nested semijoins followed by a flatten in O(|db| + |𝑄̂ (db) |) time, recovering Yannakakis’

seminal result that acyclic joins can be evaluated instance-optimally. What is more, this way of

implementing Yannakakis is competitive with classical binary joins even when the input relations

have no or only few dangling tuples—when traditional Yannakakis implementations are observably

slower [3].

In Section 4, we will show that the shredded representation of Bekkers et al., which we will

refer to as the chained shredded representation (CSR) already provides a random-access index for

𝑄̂ . In other words, we can see nested semijoins as a logical operator that physically constructs a

random-access index structure. In Section 5, we will further show how this representation can be

used for efficient position sampling.

Previously, Carmeli et al. [7] have shown that acyclic joins admit a random-access index with

single-tuple access time O(log |db|). As we will see, the access time of the CSR index is asymptoti-

cally more expensive, and therefore not optimal. We therefore also consider in Section 4 a second

representation, called the unchained shredded representation (USR) that engineers the idea of the

random-access index structure of Carmeli et al [7] in column stores using the shredded Yannakakis

framework.

Before turning to describe these index structures, however, we introduce the nested semijoin

algebra of [3], focusing on the nested semijoin (⋉𝜈 ) and flatten (𝜇∗) operators. We will use doubly

curly braces {{. . .}} to denote bags as well as bag comprehension.

Schemes and Nested Relations. Just like flat relations have flat schemes, nested relations have

nested schemes. We refer to the attributes that appear in the scheme of classical flat relations as flat
attributes. A (nested) scheme is a finite set 𝑋 , like {𝑥, {𝑦}, {𝑢, {𝑣}}}, that consists of flat attributes (𝑥
in this case) and other schemes (i.e., {𝑦} and {𝑢, {𝑣}}). No flat attribute is allowed to occur more

than once, so {𝑥, {𝑦}, {𝑢, {𝑥}}} is not a valid scheme. Schemes are also called nested attributes. We

range over flat attributes by lowercase letters (𝑥,𝑦, . . . ); over schemes by uppercase letters (𝑋 , 𝑌 ,

. . . ), both from the end of the alphabet; and over finite sets of flat attributes by 𝑥 . We write attr(𝑋 )
for the set of all flat attributes occurring somewhere in 𝑋 (either directly or in some inner nested

scheme); and sch(𝑋 ) for the set of all schemes occurring in 𝑋 , including 𝑋 itself (again, either

directly or in some inner nested scheme). So for 𝑋 = {𝑥, {𝑦}, {𝑢, {𝑣}}}, attr(𝑋 ) = {𝑥,𝑦,𝑢, 𝑣} and
sch(𝑋 ) = {{𝑦}, {𝑢, {𝑣}}, {𝑣}, 𝑋 }.
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Nested relations and nested tuples are defined mutually recursively as follows. A relation over

a scheme 𝑋 is a finite bag of tuples over 𝑋 . Here, a tuple over 𝑋 is a mapping 𝑡 on 𝑋 such that

𝑡 (𝑥) is a scalar data value for each flat attribute 𝑥 ∈ 𝑋 , and 𝑡 (𝑌 ) is a non-empty relation over 𝑌 for

each nested attribute 𝑌 ∈ 𝑋 . Note that if 𝑋 is flat, i.e., if 𝑋 consists of flat attributes only, then this

definition of a relation over 𝑋 coincides with the usual one. We call 𝑅 a flat relation in that case. We

restrict inner nested relations to be non-empty as in this paper we always start from flat relations

and the operators that we consider will never introduce empty inner nested relations. We write

𝑅 : 𝑋 and 𝑡 : 𝑋 to denote that 𝑅 is a relation (resp. 𝑡 is a tuple) over scheme𝑋 . We write |𝑅 | to denote
the total number of tuples in 𝑅. Note that this only refers to the number of tuples in the outer-most

bag of 𝑅, and does not say anything about the cardinality of the inner-nested relations appearing

in those tuples. Figure 2b shows a nested relation with cardinality 4 and scheme {𝑥,𝑦, 𝑝, {𝑢, 𝑎}}.
We adopt the following notation on tuples. If 𝑠 : 𝑋 and 𝑡 : 𝑌 are tuples over disjoint schemes then

𝑠 ⊎ 𝑡 denotes their concatenation, which is a tuple over 𝑋 ∪ 𝑌 . Furthermore, if 𝑍 ⊆ 𝑋 then 𝑠 [𝑍 ]
denotes the restriction (i.e., projection) of 𝑠 to the attributes in𝑍 . The standard relational operators 𝜋

and 𝜎 are extended to nested relations in the obvious manner. For example, 𝜋𝑍 (𝑅) = {{𝑡 [𝑍 ] | 𝑡 ∈ 𝑅}}
and 𝜎𝑦=𝑠 (𝑅) = {{𝑡 ∈ 𝑅 | 𝑡 [𝑦] = 𝑠}}.
Nested Semijoins and Flatten. The nested semijoin operator ⋉𝜈 takes two arguments, 𝑅 : 𝑋 and

𝑆 : 𝑌 .2 For a valid application of the nested semijoin operator, it is required that 𝑋 ∩ 𝑌 contains

only flat attributes, and that 𝑋 ∪ 𝑌 is again a scheme. Hence, 𝑋 = {𝑥,𝑦, {𝑣}} and 𝑌 = {𝑦, {𝑢,𝑤}} is
allowed. But 𝑋 = {𝑥,𝑦, {𝑣}} and 𝑌 = {𝑦, {𝑥,𝑢}} is not since 𝑋 ∪ 𝑌 contains 𝑥 multiple times.

Let 𝑧 = 𝑋 ∩ 𝑌 be the flat attributes shared between 𝑋 and 𝑌 , and let 𝑍 = 𝑌 \ 𝑋 . Observe that
for 𝑧-tuple 𝑡 , 𝜎𝑧=𝑡 (𝑆) is the subbag of 𝑆 containing those tuples having 𝑡 as join key. Then 𝑅⋉𝜈 𝑆

extends the tuples in 𝑅 with one nested attribute, 𝑍 , containing the non-empty subbag of tuples in

𝑆 that join:

𝑅⋉𝜈 𝑆
def

= {{𝑟 ⊎ {𝑍 ↦→ 𝜋𝑍 (𝜎𝑧=𝑟 [𝑧 ] (𝑆)} | 𝑟 ∈ 𝑅, 𝜎𝑧=𝑟 [𝑧 ] (𝑆) ≠ ∅}}. (3)

To illustrate, Figure 2b shows the result of 𝑅⋉𝜈 𝑆 on the relations 𝑅 and 𝑆 shown in Figure 2a

where 𝑧 = {𝑥} and 𝑍 = {𝑢, 𝑎}.
The flatten operator 𝜇∗ converts a nested relation 𝑁 : 𝑋 or nested tuple 𝑡 : 𝑋 into a flat relation

with scheme attr(𝑋 ). Specifically, assume that 𝑋 consists of flat attributes 𝑥 and nested attributes

𝑌1, . . . , 𝑌𝑚 . Then

𝜇∗ (𝑡) def= {{𝑡 [𝑥] ⊎ 𝑡1 ⊎ · · · ⊎ 𝑡𝑚 | 𝑡 𝑗 ∈ 𝜇∗
(
𝑡 (𝑌𝑗 )

)
, 𝑗 ∈ [𝑚]}}; (4)

𝜇∗ (𝑁 ) def=
⋃
{{𝜇∗ (𝑡) | 𝑡 ∈ 𝑁 }}. (5)

That is, 𝜇∗ (𝑡) pairs the flat attributes of 𝑡 with all combinations of tuples obtained by flattening the

nested relations 𝑡 (𝑌1), . . . , 𝑡 (𝑌𝑚) and 𝜇∗ (𝑁 ) is the bag union of flattening all of its tuples. Note that

when 𝑡 and 𝑁 are flat, i.e,𝑚 = 0 then 𝜇∗ (𝑡) = {{𝑡}} and 𝜇∗ (𝑁 ) = 𝑁 .

To illustrate, reconsider Figure 2a. When we flatten the nested relation in Figure 2b we obtain the

same relation as the one that results from 𝑅 Z 𝑆 . When we flatten the nested relation in Figure 2c

we obtain 𝑅 Z 𝑆 Z 𝑇 .

Weights. The weight of a nested relation 𝑅 (resp. tuple 𝑟 ) is the total number of tuples produced

when flattening 𝑅 (resp 𝑟 ), i.e. weight(𝑅) = |𝜇∗ (𝑅) | (resp. weight(𝑟 ) = |𝜇∗ (𝑟 ) |).
NSA.While Bekkers et al. also consider additional operators on nested relations, for the purpose

of this paper we define the Nested Semijoin Algebra (NSA) to be all expressions that are built from

flat relation symbols using valid application of ⋉𝜈 and 𝜇∗. Such an expression is called 2-phase
2
In [3], the nested semijoin operator is defined as the composition of two other operators, and 𝛾 ; here we combined them

into the single operator ⋉𝜈 for convenience.
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𝑅

𝑥 𝑦 𝑝

0 𝑥1 𝑦1 𝑝1
1 𝑥1 𝑦2 𝑝2
2 𝑥4 𝑦3 𝑝3
3 𝑥2 𝑦1 𝑝4
4 𝑥2 𝑦2 𝑝5
5 𝑥4 𝑦3 𝑝6

𝑆

𝑢 𝑎 𝑥

𝑢1 𝑎1 𝑥1
𝑢1 𝑎1 𝑥2
𝑢2 𝑎1 𝑥1
𝑢3 𝑎2 𝑥1
𝑢3 𝑎2 𝑥3
𝑢4 𝑎3 𝑥2

𝑇

𝑣 𝑦

𝑣1 𝑦4
𝑣2 𝑦2
𝑣3 𝑦1
𝑣4 𝑦2
𝑣5 𝑦1
𝑣6 𝑦2

(a) Input relations

𝑥 𝑦 𝑝 {𝑢, 𝑎}

𝑥1 𝑦1 𝑝1

𝑢1 𝑎1
𝑢2 𝑎1
𝑢3 𝑎2

𝑥1 𝑦2 𝑝2

𝑢1 𝑎1
𝑢2 𝑎1
𝑢3 𝑎2

𝑥2 𝑦1 𝑝4
𝑢1 𝑎1
𝑢4 𝑎3

𝑥2 𝑦2 𝑝5
𝑢1 𝑎1
𝑢4 𝑎3

(b) 𝑁1

𝑥 𝑦 𝑝 {𝑢, 𝑎} {𝑣}

𝑥1 𝑦1 𝑝1

𝑢1 𝑎1
𝑢2 𝑎1
𝑢3 𝑎2

𝑣3
𝑣5

𝑥1 𝑦2 𝑝2

𝑢1 𝑎1
𝑢2 𝑎1
𝑢3 𝑎2

𝑣2
𝑣4
𝑣6

𝑥2 𝑦1 𝑝4
𝑢1 𝑎1
𝑢4 𝑎3

𝑣3
𝑣5

𝑥2 𝑦2 𝑝5
𝑢1 𝑎1
𝑢4 𝑎3

𝑣2
𝑣4
𝑣6

(c) 𝑁2

Σ ({𝑥, 𝑦, 𝑝, {𝑢, 𝑎}, {𝑣}})
𝑥 𝑦 𝑝 {𝑢, 𝑎} {𝑣} pref

hd 𝑤 hd 𝑤

𝑥1 𝑦1 𝑝1 3 3 4 2 6

𝑥1 𝑦2 𝑝2 3 3 5 3 15

𝑥2 𝑦1 𝑝4 5 2 4 2 19

𝑥2 𝑦2 𝑝5 5 2 5 3 25

Σ ({𝑢, 𝑎})
𝑢 𝑎 nxt

0 𝑢1 𝑎1 −1
1 𝑢1 𝑎1 −1
2 𝑢2 𝑎1 0

3 𝑢3 𝑎2 2

4 𝑢3 𝑎2 −1
5 𝑢4 𝑎3 1

Σ ({𝑣})
𝑣 nxt

0 𝑣1 −1
1 𝑣2 −1
2 𝑣3 −1
3 𝑣4 1

4 𝑣5 2

5 𝑣6 3

(d) Chained shredded representation of 𝑁2

Σ ({𝑥, 𝑦, 𝑝, {𝑢, 𝑎}, {𝑣}})
𝑥 𝑦 𝑝 {𝑢, 𝑎} {𝑣} pref

start len 𝑤 start len 𝑤

𝑥1 𝑦1 𝑝1 0 3 3 0 2 2 6

𝑥1 𝑦2 𝑝2 0 3 3 2 3 3 15

𝑥2 𝑦1 𝑝4 3 2 2 0 2 2 19

𝑥2 𝑦2 𝑝5 3 2 2 2 3 3 25

Σ ({𝑢, 𝑎})
𝑢 𝑎 perm pref

0 𝑢1 𝑎1 0 1

1 𝑢1 𝑎1 2 2

2 𝑢2 𝑎1 3 3

3 𝑢3 𝑎2 1 1

4 𝑢3 𝑎2 5 2

5 𝑢4 𝑎3 4 1

Σ ({𝑣})
𝑣 perm pref

0 𝑣1 2 1

1 𝑣2 4 2

2 𝑣3 1 1

3 𝑣4 3 2

4 𝑣5 5 3

5 𝑣6 0 1

(e) Unchained shredded representation of 𝑁2

Fig. 2. Illustration of nested relations and nested semijoins with 𝑁2 = (𝑅(𝑥,𝑦, 𝑝)⋉𝜈 𝑆 (𝑢, 𝑎, 𝑥))⋉𝜈 𝑇 (𝑣,𝑦) and
𝑁1 = 𝑅(𝑥,𝑦, 𝑝) ⋉𝜈 𝑆 (𝑢, 𝑎, 𝑥).

(2NSA) if it is of the form 𝜇∗ (𝐸) with 𝐸 itself not containing any further application of 𝜇∗. We

call 𝐸 𝜇∗-free in this case. Bekkers et al. observe that from a join tree 𝐽 for an acyclic join query

𝑄̂ we may compute a 2NSA expression 𝜇∗ (𝐸) as follows. First, construct the 𝜇∗-free expression
𝐸 by traversing 𝐽 bottom up. For leaf nodes, 𝐸 is simply the node’s atom. For interior nodes, 𝐸

is the result (. . . (𝑅(𝑥)⋉𝜈 𝐸1)⋉𝜈 . . . )⋉𝜈 𝐸𝑛 of taking the semijoin of node’s atom 𝑅(𝑥) with the

expressions recursively obtained for each of the children. Finally, add 𝜇∗ to the expression obtained

for the root. For later use we strengthen this observation as follows.

Proposition 3.1. For every acyclic join query 𝑄̂ and any attribute𝑦 of 𝑄̂ we can compute an equivalent
two-phase NSA expression 𝜇∗ (𝐸) such that 𝑦 is a flat attribute in the output scheme of 𝐸.

Proof. First, compute a join tree 𝐽 of 𝑄̂ . Pick any node in 𝐽 that mentions 𝑦, and reroot 𝐽 into a

join tree 𝐽 ′ that has this node as the root. Then the above-mentioned procedure applied to 𝐽 ′ yields
the desired 2NSA expression. □
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4 Shredded Random-Access Indexing

Columnar storage. We assume that we are working in main memory, and that a flat relation

𝑅(𝑥1, . . . , 𝑥𝑛) is physically represented as a tuple R = (R.𝑥1, . . . , R.𝑥𝑛) of vectors R.𝑥𝑖 , all of length
|𝑅 |. It is understood that values at the same offset in these vectors encode a complete tuple, i.e.,

𝑅 = {{(R.𝑥1 [𝑖], . . . , R.𝑥𝑛 [𝑖]) | 0 ≤ 𝑖 < |𝑅 |}}. In particular, it is possible to refer to tuples positionally,

i.e., the tuple at offset 0 in R, the tuple at offset 1, and so on. We will refer to R as a physical
relation, and denote the number of tuples in R by |R|. If 0 ≤ 𝑖 < |R| and 𝑦 = 𝑦1, . . . , 𝑦𝑘 is a subset of

{𝑥1, . . . , 𝑥𝑛}, then we write R[𝑖] (𝑦) for the tuple (R.𝑦1 [𝑖], . . . , R.𝑦𝑘 [𝑖]). A position vector for R is a

vector of natural numbers, all between 0 and |R| − 1.
Shredded representations. Shredding [9, 11, 32] refers to the representation of a nested relation by
means of a collection of flat relations. In our setting, the latter will be physical relations, as the ability

to refer to the individual columns and individual positions of tuples is important for the efficiency

of processing the representation. Since we will consider two distinct shredded representations, we

first define the concept generically, and then introduce the concrete representations. Generically,

a shredded representation of a nested relation 𝑅 : 𝑋 is a collection Σ of physical (flat) relations,

one physical relation Σ (𝑌 ) for every 𝑌 ∈ sch(𝑋 ). Each Σ (𝑌 ) contains columns for at least all flat

attributes of 𝑌 , but also has additional columns to encode the hierarchical relationships of the

nested tuples in 𝑅. We note that when 𝑋 is a flat scheme, sch(𝑋 ) = {𝑋 }, and Σ hence consists then

only of a single flat table, namely Σ (𝑋 ), which is a physical representation of 𝑅. Define the size
|Σ | of a shredded representation to be the total number of tuples that it contains, in all of its flat

relations.

4.1 Chained Shredding
We next introduce the shredding representation of Bekkers et al [3], referred to as the chained
shredded representation (CSR). Let 𝑁 : 𝑋 be a nested relation. A CSR Σ of 𝑁 has one physical relation

Σ (𝑌 ) for every 𝑌 ∈ sch(𝑋 ). This relation contains one column for each flat attribute in 𝑌 . Moreover,

for every nested attribute 𝑍 ∈ 𝑌 , Σ (𝑌 ) has two extra columns hd𝑍 and w𝑍 , both of which hold

position vectors. Finally, if 𝑌 is a strict subscheme of 𝑋 , i.e. 𝑌 ≠ 𝑋 , then Σ (𝑌 ) also has a column

nxt. To illustrate, Figure 2d shows a CSR for the nested relation in Figure 2c.

In a CSR, the nxt column is used to encode a linked list of tuples: for all offsets 0 ≤ 𝑖 < |Σ (𝑌 ) |,
if Σ (𝑌 ).nxt[𝑖] < 0 then the tuple at offset 𝑖 in Σ (𝑌 ) is the final tuple in the list; otherwise its

successor in the list is the tuple at offset Σ (𝑌 ).nxt[𝑖]. Hence, nxt is used to chain tuples together,

see Figure 2d.

Chained shredding works as follows: every tuple 𝑡 ∈ 𝑁 is represented by exactly one tuple

in Σ (𝑋 ). Let 𝑖 be the index of the tuple in Σ (𝑋 ) representing 𝑡 . For every flat 𝑥 ∈ 𝑋 we have

𝑡 (𝑥) = R.𝑥 [𝑖]. For every nested attribute 𝑌 ∈ 𝑋 , Σ (𝑋 ).w𝑌 [𝑖] stores the weight of 𝑡 (𝑌 ). Furthermore,

Σ (𝑋 ) .hd𝑌 [𝑖] stores the head index of the linked list of tuples in Σ (𝑌 ) that together represent
the tuples occurring in 𝑡 (𝑌 ). Note that the tuples in 𝑡 (𝑌 ) may themselves contain further nested

relations, and the shredding hence proceeds recursively.

Example 4.1. To illustrate, Figure 2d shows a CSR for the nested relation 𝑁2 : 𝑋 of Figure 2c.

Here, 𝑋 = {𝑥,𝑦, 𝑝, {𝑢, 𝑎}, {𝑣}}. The 𝑖-th tuple in 𝑁2 is represented by the 𝑖-th tuple in Σ (𝑋 ). When

we look at the first tuple of 𝑁2 we see that 𝑡 ({𝑣}) = {{𝑣3, 𝑣5}}. In Σ , this bag is encoded by the linked

list in Σ ({𝑣}) .nxt starting at offset hd = 4.

It is important to note that multiple tuples in Σ may repeat the same hd𝑌 value; this effectively

means that these tuples share the same nested relation in the 𝑌 -value. See the {𝑢, 𝑎}-value of the
first and second tuple of Figure 2c for an illustration. This sharing is important to ensure that,
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1: def csr-group(Σ𝑆):
2: nxt = [0, . . . , 0] # |Σ𝑆 (𝑋𝑆 ) | times
3: h = {} # maps keys -> (pos, weight)
4: for 0 ≤ 𝑖 < |Σ𝑆 (𝑋𝑆 ) | :
5: key = Σ𝑆 (𝑋𝑆 ) [𝑖] (𝑧); w = weight_of(Σ𝑆 , 𝑋𝑆 , 𝑖)
6: if h.contains(key) :
7: (j, prev_w) = h[key]
8: nxt[i] = j
9: h[key] = (i, prev_w + w)
10: else
11: h[key] = (i, w)

12: return (h, nxt)

Fig. 3. CSR grouping algorithm.

starting from a number of flat relations we can build a nested relation resulting from their semijoin

whose physical representation size is linear in the input size.

In what follows, we assume a method weight_of on CSRs that, given a CSR Σ and one if its

schemes 𝑌 and an offset 0 ≤ 𝑖 < |Σ (𝑌 ) |, returns the weight of the nested tuple represented at offset
𝑖 in Σ (𝑌 ). This is straightforward to compute: when 𝑌 is flat, the weight is always one; otherwise it

is the product of the weights of the nested attributes.

Building the representation. Bekkers et al [3] show that, given CSRs Σ𝑅 and Σ𝑆 for nested

relations 𝑅 : 𝑋𝑅 and 𝑆 : 𝑋𝑆 , respectively, we can construct a CSR Σ for 𝑅⋉𝜈 𝑆 in time linear in the

size of Σ𝑅 and Σ𝑆 as follows. The process is akin to a hash join. Let 𝑧 = 𝑋𝑅 ∩𝑋𝑆 be the join attributes

and 𝑍 = 𝑋𝑆 \ 𝑋𝑅 .

(1) First, group 𝑆 on the join attributes 𝑧 by computing a pair (ℎ, nxt) consisting of (i) a hash table

ℎ that maps the join keys occurring in 𝑆 to pairs of the form (𝑖,𝑤), and (ii) a position vector

nxt, encoding a collection of linked lists. For every join key 𝑘 , if we start traversing nxt in a

linked-list fashion starting at offset 𝑖 , then we traverse the offsets of all tuples in 𝑆 that have

join key 𝑘 . Moreover,𝑤 is the sum of weights of these tuples. Figure 3 shows the pseudo-code

to compute (ℎ, nxt) in a single pass over Σ𝑆 .
(2) Second, drop all join columns from Σ𝑆 (𝑋𝑆 ), and add the nxt vector computed in the previous

step as an additional column.

(3) Use Σ𝑅 (𝑋𝑅) to obtain Σ (𝑋𝑅 ∪ {𝑍 }) by looping over the tuples of Σ𝑅 (𝑋𝑅), probing the hash table

ℎ to see if a joining tuple in Σ𝑆 (𝑌 ) exists and if so, use the (𝑖,𝑤) value stored in ℎ to populate

the hd𝑍 and w𝑍 -values. Tuples without joining tuples in Σ𝑆 (𝑌 ) are dropped.
(4) Now, Σ𝑅 , Σ𝑆 and Σ (𝑋𝑅 ∪ {𝑍 }) together form the CSR Σ for 𝑅⋉𝜈 𝑆 .

The interested reader is invited to apply this procedure on the input relations of Figure 2a

to obtain CSR for first 𝑅⋉𝜈 𝑆 and then (𝑅⋉𝜈 𝑆)⋉𝜈 𝑇 . Initially, Σ𝑅 consists only of 𝑅 itself, and

similarly for Σ𝑆 and Σ𝑇 .

Random access. Given CSR Σ for nested relation 𝑁 , we can turn Σ into a random-access index for

𝜇∗ (𝑁 ). That is, given an offset 0 ≤ 𝑖 < |𝜇∗ (𝑁 ) |, we can extract the (𝑖 + 1)-th tuple of 𝜇∗ (𝑁 ) directly
from Σ (i.e., directly from the representation of 𝑁 ) without first needing to materialize 𝜇∗ (𝑁 ).
Conceptually, we order the tuples of 𝜇∗ (𝑁 ) as follows: the tuple 𝑡 of 𝑁 that occurs first in Σ

produces the first weight(𝑡) tuples of 𝜇∗ (𝑁 ), the tuple 𝑡 that occurs second in Σ produces the next

weight(𝑡) tuples, and so on. Here, each tuple 𝑡 produces weight(𝑡) flat tuples, which cf. Equation (4),

are obtained by combining the flat attribute values of 𝑡 with the result of recursively flattening the

nested attributes𝑌1, . . . , 𝑌𝑚 of𝑋 . We order the tuples of 𝜇∗ (𝑡) itself as follows. Let 0 ≤ 𝑖 < weight(𝑡).
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1: def csr-get(Σ, 𝑋, 𝑖):
2: result = {} # result tuple, initially empty
3: find smallest 𝑗 in 0..|Σ (𝑋 ) | s.t. 𝑖 < pref[ 𝑗]
4: csr-sub(Σ,𝑋, 𝑗, 𝑖 − pref[ 𝑗 − 1]) # assume pref[-1] = 0
5: return result

6: def csr-sub(Σ, 𝑋, 𝑗, 𝑖):
7: result = result⊎{𝑎 ↦→ Σ (𝑋 ) .𝑎[ 𝑗] | 𝑎 ∈ 𝑋 }
8: for each nested attr 𝑌 ∈ 𝑋 :
9: ( 𝑗 ′,𝑤) = Σ (𝑋 ) [ 𝑗] (hd𝑌 ,w𝑌 )
10: 𝑖′ = 𝑖 mod 𝑤; 𝑖 = 𝑖 div 𝑤

11: curr_weight = weight_of(Σ, 𝑌 , 𝑗 ′)
12: while 𝑗 ′ ≥ 0 and 𝑖′ ≥ curr_weight :
13: 𝑖′ = 𝑖′ − 𝑐𝑢𝑟𝑟_𝑤𝑒𝑖𝑔ℎ𝑡

14: 𝑗 ′ = Σ (𝑌 ).nxt[ 𝑗 ′]
15: curr_weight = weight_of(Σ, 𝑌 , 𝑗 ′)
16: csr-sub(Σ, 𝑌 , 𝑗 ′, 𝑖′)

Fig. 4. CSR random access.

To be able to unambiguously identify which combination of the tuples in 𝜇∗
(
𝑡 (𝑌𝑗 )

)
produces the

tuple of 𝜇∗ (𝑡) at offset 𝑖 , we view 𝑖 as a number in a mixed-radix numeral system where the bases

are the weights of the 𝑡 (𝑌𝑗 ). That is, let𝑤 𝑗 abbreviate weight(𝑡 (𝑌𝑗 )) and let (𝑖1, . . . , 𝑖𝑚) be offsets
of tuples in (𝜇∗ (𝑡 (𝑌1), . . . , 𝜇∗ (𝑡 (𝑌𝑚)), respectively. These tuples together will produce the tuple of
𝜇∗ (𝑡) at offset

𝑖 = 𝑖1 + 𝑖2𝑤1 + 𝑖3𝑤1𝑤2 + · · · + 𝑖𝑚𝑤1 . . .𝑤𝑚−1
We note that, given 𝑖 it is straightforward to compute the offsets 𝑖 𝑗 inductively as follows

𝑖1 = 𝑖mod𝑤1 𝑞1 = 𝑖 div𝑤1 (6)

𝑖 𝑗 = (𝑞 𝑗−1 mod𝑤 𝑗 ) 𝑞 𝑗 = (𝑞 𝑗−1 div𝑤 𝑗 ) 𝑗 > 1 (7)

Then the tuple of 𝜇∗ (𝑡) at offset 𝑖 is obtained by combining the 𝑖 𝑗 -th tuple of 𝜇∗ (𝑡 (𝑌𝑗 )) for every
𝑗 ∈ [𝑚].
Example 4.2. Consider Figure 2c, which shows a nested relation with scheme 𝑋 = {𝑥,𝑦, 𝑝, 𝑌1, 𝑌2}

where 𝑌1 = {𝑢, 𝑎} and 𝑌2 = {𝑣}. Let 𝑡 be its first nested tuple, which will produce 3× 2 = 6 tuples when
flattened. To identify the tuple that will be produced at offset 𝑖 = 4 (i.e., the 5-th tuple), we compute

𝑖1 = 4mod 3 = 1 𝑞1 = 4 div 3 = 1 𝑖2 = (1mod 2) = 1

Since 𝑌1 and 𝑌2 are flat schemes, 𝜇∗ (𝑡 (𝑌1)) = 𝑡 (𝑌1) and 𝜇∗ (𝑡 (𝑌2)) = 𝑡 (𝑌2). As such, 𝑖1 and 𝑖2 give
offsets directly in 𝑡 (𝑌1) and 𝑡 (𝑌2), which are represented at Σ (𝑌1) and Σ (𝑌2) respectively. In other
words, the 5-th tuple obtained while flattening 𝑡 has 𝑢 = 𝑢2, 𝑎 = 𝑎1, 𝑣 = 𝑣5.

Given this order, we turn Σ into a random-access index by first adding one extra column to Σ (𝑋 ):
the prefix vector pref. This vector contains, for every offset 0 ≤ 𝑖 < |𝑁 |, the sum of the weights of

the nested tuples up and including offset 𝑖 . To illustrate, Figure 2d shows this prefix vector in blue.

The prefix vector can clearly be computed in linear time.

Given an offset 𝑖 into 𝜇∗ (𝑁 ), we can access the tuple at offset 𝑖 directly from the CSR Σ of 𝑁 as

shown in Figure 4:

(1) Allocate space to store the result tuple.

(2) Use binary search to locate the smallest index 0 ≤ 𝑗 < |Σ (𝑋 ) | for which 𝑖 < pref[ 𝑗]. This
takes time O(log |Σ |)) and identifies the nested tuple that produces the tuple at offset 𝑖 when

flattened.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 224. Publication date: June 2026.



224:12 Liese Bekkers, Frank Neven, Lorrens Pantelis, and Stijn Vansummeren

(3) Call csr-sub to focus on the nested tuple 𝑡 represented at offset 𝑗 in Σ (𝑋 ), and to construct

from 𝑡 the tuple that is produced at offset (𝑖 − pref[ 𝑗 − 1]) when flattening 𝑡 .

(4) csr-sub does this by first copying the values of all flat attributes, which are at offset 𝑗 in Σ (𝑋 ). It
remains to get the correct values for the nested attributes. This is done by iterating through all

nested attributes 𝑌 . For each 𝑌 , we compute the offset 𝑖′ of the tuple that needs to be retrieved

from 𝜇∗ (𝑡 (𝑌 )) by means of the mixed-radix indexing scheme (equation (6)). Then, starting

at Σ (𝑌 ).hd𝑌 [ 𝑗], we iterate through Σ𝑌 .nxt’s linked list of tuples, keeping track of how many

tuples these would produce when flattened. As soon as this number exceeds 𝑖′ we have found
the correct position, and we call csr-sub recursively to populate the result values for attr(𝑌 ).
csr-sub will be called ℎ times, where ℎ = | sch(𝑋 ) | is the number of subschemes of 𝑋 . Each call

it linearly traverses a linked list. The overall complexity is O(log |Σ (𝑋 ) | + ℎ × 𝑑) where 𝑑 is the

maximum length of any of the linked lists that we need to traverse. When Σ𝑁 was constructed

using nested semijoins starting from flat relations, then it is not difficult to see that |Σ (𝑋 ) | ≤ |db|
and that 𝑑 can be at most the degree of any join key in db, which is formally defined as follows.

Definition 4.3. Assume that 𝑅 : 𝑥 is a flat relation, let 𝑦 ⊆ 𝑥 and let 𝑡 be a 𝑦-tuple. The degree of 𝑡

in 𝑅 is the number of times that 𝑡 occurs in 𝜋𝑦 (𝑅). In other words, it is the cardinality of 𝜎𝑦=𝑡 (𝑅).
The degree of 𝑦 in 𝑅, denoted 𝑑𝑒𝑔𝑦 (𝑅) is the maximum degree of any 𝑦-tuple in 𝑅. The degree of a
join query 𝑄̂ = 𝑅1 (𝑥1) Z · · · Z 𝑅𝑘 (𝑥𝑘 ) in a database db is defined as

𝑑𝑒𝑔𝑄̂ (db)
def

= max{𝑑𝑒𝑔𝑥𝑖∩𝑥 𝑗
(𝑅𝑖 ) | 𝑖 ≠ 𝑗, 𝑥𝑖 ∩ 𝑥 𝑗 ≠ ∅}

We may hence conclude:

Proposition 4.4. Using nested semijoins it is possible to construct in O(|db|) time a CSR that can be
used as a random-access index for an acyclic join query 𝑄̂ , with access time O(log |db| + 𝑑𝑒𝑔𝑄̂ (db)).

Proof. Since 𝑄̂ is acyclic, we can compute 𝑄̂ (db) by means of 2NSA expression 𝜇∗ (𝐸), where
𝐸 consists of nested semijoins only. By our earlier reasoning we can build a CSR for 𝑁 = 𝐸 (db)
in time linear in db. We can then compute the prefix vector also in linear time. This CSR + prefix

vector allows random access into 𝜇∗ (𝑁 ) with access time O(log |𝑁 | + ℎ × 𝑑𝑒𝑔𝑄 (db)). The result
follows by observing that necessarily |𝑁 | = O(|db|) and that ℎ is constant in data complexity. □

Caching optimization. Above, we focused on random access for a single tuple offset 𝑖 . When

given a sequence pos = [𝑖1, . . . , 𝑖𝑘 ] of such positions to access randomly in bulk, we can apply

the following caching optimization. During random access to the output tuple at position 𝑖ℓ , we

traverse the linked list starting at Σ (𝑌 ).nxt[ 𝑗 ′]. We cache the position (i.e., a pointer) at which this

traversal terminates. If the subsequent random access to the output tuple at position 𝑖ℓ+1 requires
traversing the same linked list and the desired item appears further along that list, we resume the

traversal from the cached pointer rather than restarting from the head of the list. This strategy

avoids unnecessary repeated traversals from the beginning of the linked list. Pseudocode is given

in the full paper version [4].

4.2 Unchained Shredding
The unchained shredded representation (USR) of a nested relation 𝑁 : 𝑋 differs from CSR in that it

stores the offsets, and the prefix vector, of tuples in the same nested attribute value consecutively

rather than chaining them together. This allows binary rather than linear search during random

access, at the expense of more complicated index construction.

To that end, a USR uses the following extra columns. Every Σ (𝑌 ) has a column pref. Additionally,

for every nested subscheme 𝑍 ∈ 𝑌 , Σ (𝑌 ) has three extra columns, start𝑍 , len𝑍 , and w𝑍 . Finally, if
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𝑌 ≠ 𝑋 then Σ𝑌 also has a column perm. To illustrate, Figure 2e shows a USR for the nested relation

in Fig 2c.

Unchained shredding works as follows: every tuple 𝑡 ∈ 𝑁 is represented by exactly one tuple in

Σ (𝑋 ). Let 𝑖 be the representations’ offset. Then 𝑡 (𝑥) = Σ (𝑋 ).𝑥 [𝑖] for every flat 𝑥 ∈ 𝑋 . For every
nested attribute 𝑌 ∈ 𝑋 we have that weight(𝑡 (𝑌 )) = Σ (𝑋 ).w𝑌 [𝑖]. Moreover, if 𝑗 = Σ (𝑋 ).start𝑌 [𝑖]
and 𝑙 = Σ (𝑋 ).len𝑌 [𝑖], then Σ (𝑌 ).perm[ 𝑗 : 𝑙] contains the offsets of all the tuples in Σ (𝑌 ) that
together represent the tuples occurring in 𝑡 (𝑌 ). Here, perm[ 𝑗 : 𝑙] denotes the slice of perm starting

at 𝑗 and ending at 𝑗 + 𝑙 − 1. Finally, Σ (𝑌 ).pref[ 𝑗 : 𝑙] is the prefix sum of the weights of those tuples,

see Figure 2e. For 𝑋 itself, Σ𝑅 (𝑋 ).pref contains the prefix sum of all tuples.

Discussion. A USR is an implementation, in the shredded framework, of the random-access index

proposed in [7], with the following difference. A USR uses the slice columns start𝑍 , len𝑍 to index

into a permutation vector perm to encode the offsets of elements of inner nested attributes 𝑍 . By

contrast, Carmeli et al. leave open how these elements are to be represented exactly, suggesting

implementation wise to use an additional index data structure on 𝑍 and probing this index during

random access. This is wasteful since when building the USR we already have the correct positional

information, avoiding extra index space and associated costs.

Building the representation. Similar to the chained case, a USR representing 𝑅⋉𝜈 𝑆 can be built

in linear time given USR Σ𝑅 and Σ𝑆 for 𝑅 : 𝑋𝑅 and 𝑆 : 𝑋𝑆 , respectively. The procedure is entirely

similar to the building of a 𝐶𝑆𝑅 for 𝑅 : 𝑋𝑅 and 𝑆 : 𝑋𝑆 described earlier, but differs in the algorithm

used to group 𝑆 by the join key. We hence focus next only on the grouping aspect.

Specifically, to group 𝑆 on the join attributes 𝑧, we now construct a triple (ℎ, perm, pref) consisting
of (i) a hash table ℎ that maps the join keys occurring in 𝑆 to triples of the form (𝑖, 𝑙,𝑤), (ii) a
position vector perm, and (iii) a prefix vector pref. For every join key 𝑘 , perm[𝑖 : 𝑙] contains the
positions of all tuples having join key 𝑘 , and pref[𝑖 : 𝑙] is the prefix sum of their weights, in the

order that the tuples are specified in perm[𝑖 : 𝑙]. The triple (ℎ, perm, pref) is then used in the

probing phase to construct the necessary columns of the USR representation.

Compared to Algorithm 3, which describes the CSR grouping, USR grouping needs to make two

hashing passes over 𝑆 to construct (ℎ, perm, pref). In the first pass we count, per join key 𝑘 , the

number of tuples 𝑙 with that join key. Using this information, we can determine for each join key

the pair (𝑖, 𝑙) so that the positions of all tuples with join key 𝑘 can be stored in the slice perm[𝑖 : 𝑙].
A second hashing pass through the data then actually stores the positions of the tuples with join

key 𝑘 in this location, and computes the prefix vector.

Given that USR requires an extra hashing pass, USR building is expected to be slower than CSR

building even though they share the same asymptotic complexity. We return to this in Section 6.3.

Random access. The fact that the positions and prefix vector are stored consecutively per join

key aids in random access complexity. The USR random access procedure, shown in Algorithm 5 is

similar to the CSR access procedure. However, the fact that each nested attribute (and not only

the top-most scheme 𝑋 ) has a prefix vector allows us to perform binary search at every level,

obviating the need to iterate linearly through the nested sets. The overall complexity is therefore

O(log |Σ (𝑋 ) | +ℎ × log(𝑑)) where 𝑑 is the maximum cardinality of any nested set and ℎ = | sch(𝑋 ) |
is the number of times that usr-sub is called.

Proposition 4.5. Using nested semijoins it is possible to construct in O(|db|) time a USR that can be
used as a random-access index for acyclic join query 𝑄̂ , with access time O(log |db|)).

Optimization. The same optimization used for CSR bulk random access can also be applied for

USR. Specifically, for every nested attribute 𝑌 , we cache the result of the binary search so that, if
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1: def usr-get(Σ, i):
2: result = {} # result tuple, initially empty
3: perm = [1, 2, ..., |Σ (𝑋 ) |]
4: usr-sub(Σ, X, i, Σ(X).pref, perm)
5: return result

6: def usr-sub(Σ, 𝑋, i,pref, perm):
7: find smallest 𝑗 in 0..|pref| s.t. 𝑖 < pref[ 𝑗]
8: 𝑖 = 𝑖 − pref[ 𝑗 − 1] # assume pref[-1] = 0
9: j = perm[j]
10: result = result ⊎{𝑎 ↦→ Σ (𝑋 ).𝑎[ 𝑗] | 𝑎 ∈ 𝑋 }
11: for each nested attr 𝑌 ∈ 𝑋 :
12: 𝑤 = weight_of(Σ,𝑌, 𝑗); 𝑖′ = 𝑖mod𝑤; 𝑖 = 𝑖 div𝑤

13: (𝑠, 𝑙) = Σ (𝑋 ) [ 𝑗] (start_𝑌, len_𝑌 )
14: usr-sub(Σ,𝑌, 𝑖′, Σ (𝑌 ).pref[𝑠 : 𝑙], Σ (𝑌 ) .perm[𝑠 : 𝑙])

Fig. 5. USR Access

the subsequent binary search for 𝑌 is performed over the same search space, the search can resume

from the point where the previous one has ended. Pseudocode is given in the full paper version [4].

5 Position sampling
We next describe how to construct pos = [𝑖1, . . . , 𝑖𝑘 ], the sequence of tuple offsets that defines the
output sample, and which we use to probe to the random-access index. To that end, we assume

given a nested relation 𝑁 and a shredded random-access index Σ for 𝑁 . Throughout the section,

let 𝑛 = |𝜇∗ (𝑁 ) |. Note that we can obtain 𝑛 from Σ in constant time as it is the last element of the

pref vector of Σ (𝑋 ) in both CSR and USR. To get insight into the position sampling process, we

first discuss how to draw pos in the simplified setting when all tuples have the same probability.

Using this insight, we turn to the general setting where tuples have non-uniform probabilities.

Uniform. Assume that all tuples in 𝜇∗ (𝑁 ) have the same fixed probability 𝑝 ∈ [0, 1]. Then the

sample space 𝐼 to draw pos from is 𝐼 = {0, . . . , 𝑛 − 1}. The uniform position sampling problem for 𝑝
and 𝑛 asks to construct pos ⊆ 𝐼 such that each element 𝑖 ∈ 𝐼 is included in pos with probability 𝑝 .

Observe that the expected size of pos follows a Binomial distribution with parameters 𝑛 and 𝑝 , and

hence equals 𝑛𝑝 .

The naive approach is to perform, for each 𝑖 ∈ 𝐼 , an independent Bernoulli trial with probability

𝑝 , and to include 𝑖 in pos whenever the trial succeeds. This method, which we call Bern, requires

Θ(𝑛) time, irrespective of 𝑝 and irrespective of the produced position vector length 𝑘 . Consequently,

Bern is suboptimal when 𝑝 is small, since it still performs a Bernoulli trial for every flat output

tuple, even though the expected sample size is only 𝑛𝑝 .

Alternatively we can also construct pos by repeatedly sampling from the geometric distribution.

Figure 6 shows the pseudocode of this approach, denoted Geo. Let 𝑋 be a stochastic variable

that follows a geometric distribution with probability 𝑝 , denoted 𝑋 ∼ Geometric(𝑝). The value
of 𝑋 represents the number of independent Bernoulli(𝑝) trials that result in failure before the

first success occurs, i.e, 𝑃𝑟 [𝑋 = 𝑖] = 𝑝 (1 − 𝑝)𝑖 for 𝑖 = 0, 1, . . . . Function DrawGeo shows how to

draw from the geometric distribution in constant time. Intuitively, we sample from the inverse

of the exponential distribution and apply truncation to map the exponential distribution to the

geometric distribution, see also [12]. In Geo, successive calls to DrawGeo determine the gaps

between sampled positions until the running index exceeds 𝑛. The complexity of Geo is O(𝑘) with
𝑘 the size of the sample; thus the expected complexity of Geo is O(𝑛𝑝). We hence expect Geo to

outperform Bern for smaller sampling probabilities. However, we will experimentally show in
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1: def DrawGeo(𝑝):
2: 𝑢 ∼ Uniform(0, 1)
3: return ⌊ln(𝑢)/ln(1 − 𝑝)⌋
4: def Geo(𝑝, 𝑛):
5: if 𝑝 = 0 return [] :
6: else if 𝑝 = 1 return [0, 1, 2, . . . , 𝑛 − 1] :
7: else:
8: result = []; 𝑖 = DrawGeom(𝑝)
9: while 𝑖 < 𝑛 :
10: result = result++[𝑖] # append 𝑖 to the vector result

11: 𝑗 = DrawGeom(𝑝); 𝑖 = 𝑖 + 1 + 𝑗
12: return result

Fig. 6. Geo algorithm

Section 6.1 that for larger probabilities, Geo is actually slower than Bern. For this reason, we also

define the hybrid method Hybrid which uses Geo when 𝑝 is smaller than a fixed threshold and

Bern otherwise. We experimentally determine the threshold to be 𝑝 = 0.5 in Section 6.1.

Finally, it is also possible to construct pos by first drawing 𝑘 from Binomial(𝑛, 𝑝), the binomial

distribution with parameters𝑛 and 𝑝 , and subsequently drawing a subset of size 𝑘 from {0, . . . , 𝑛−1}.
The first step is O(𝑛) in the worst case, but has expected runtime O(𝑛 ×min(𝑝, 1 − 𝑝)) [23]. The
second step can be done in O(𝑘) time [7]. We denote this approach Binom in what follows.

Non-uniform. We next discuss the non-uniform case, assuming that the attribute 𝑦 that contains

the probability that each tuple should be sampled with is a flat attribute of 𝑁 . We may do so without

loss of generality by Proposition 3.1.

Every nested tuple 𝑡 of 𝑁 specifies in attribute 𝑦 the sampling probability of all tuples in 𝜇∗ (𝑡),
of which there are weight(𝑡) in total. Hence, conceptually we can reduce the construction of pos in
the non-uniform case to |𝑁 | uniform position sampling problems—one for each 𝑡 ∈ 𝑁 . It suffices to

iterate over the nested tuples 𝑡 ∈ 𝑁 , constructing a position vector pos𝑡 for the uniform position

sampling problem with probability 𝑡 (𝑦) and length weight(𝑡), and concatenating these vectors—

making sure to update offsets to take into account the positions sampled for previous nested tuples.

Implementation-wise, we simply iterate over the tuples of Σ (𝑋 ).
In what follows, when 𝑀 is one of the uniform position sampling methods, i.e., 𝑀 ∈
{Bern,Geo,Hybrid, Binom}, then we denote by PT𝑀 this non-uniform position sampling method.

Asymptotic complexity of Poisson Sampling. We close this section by establishing the asymp-

totic complexity of Poisson sampling over acyclic joins.

Theorem 5.1. Poisson sampling over acyclic joins, as well as over free-connex projections of such
joins, can be solved in time O(|db| + 𝑘 log |db|) in data complexity, where |db| is the size of the input
database, and 𝑘 the size of the resulting sample.

Proof. Let 𝑄 = 𝛽𝑦 (𝑅1 (𝑥1) Z · · · Z 𝑅𝑚 (𝑥𝑚)) be an acyclic Poisson sampling query. By Proposi-

tion 3.1 we can compute a 2NSA expression 𝜇∗ (𝐸) equivalent to 𝑄̂ , such that 𝑦 is a flat attribute of

𝐸.

Given 𝐸, we can compute in O(|db|) time a USR Σ of the nested relation 𝑁
def

= 𝐸 (db), which
supports single-tuple random access into 𝜇∗ (𝑁 ) = 𝑄̂ (db) in O(log |db|) time. Given Σ we can use

PTGeo to compute a probe sequence pos of length 𝑘 in O(|𝑁 | + 𝑘) = O(|db| + 𝑘) time, and use

this to produce the resulting sample in O(𝑘 log |db|) time by probing the index. Summing up the

complexity of each individual step yields the claimed complexity.
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For Poisson sampling queries of the form 𝛽𝑦 (𝛿𝜋𝐴 (𝑄̂)) with 𝜋𝐴 (𝑄̂) free-connex acyclic we reason
as follows. Carmeli et al. [7] observe that for every free-connex acyclic conjunctive query 𝛿𝜋𝐴 (𝑄̂)
and database 𝐷 , one can compute in linear time a full acyclic join query 𝑄 ′ and a database 𝐷 ′ such
that 𝛿𝜋𝐴 (𝑄̂) (𝐷) = 𝑄 ′ (𝐷 ′). In other words, processing 𝛽 (𝛿𝜋𝐴 (𝑄̂)) on 𝐷 is equivalent to processing

𝛽 (𝑄 ′) on 𝐷 ′ and our techniques apply to the latter. Since there is only a linear time overhead to

obtain the latter from the former, our complexity results transfer to sampling over free-connex

queries where the projection is set-based. For bag-based projection, our complexity results trivially

hold because 𝛽𝑦 (𝜋𝐴 (𝑄̂)) = 𝜋𝐴 (𝛽𝑦 (𝑄̂)). □

6 Experimental Evaluation
Implementation.We start from the Shredded Yannakakis (SYA) implementation of [3] which is

implemented in Apache DataFusion, a Rust-based in-memory columnar query engine. We extend

this implementation by (1) adding the CSR access method to SYA’s existing CSR implementation;

(2) adding the unchained USR variant; and (3) adding the position sampling methods.

Benchmarks.We evaluate our methods on two sets of sampling queries: (1) uniform sampling

queries of the form 𝛽𝑝 (𝑄̂) where 𝑝 is a fixed uniform probability 𝑝 ∈ [0, 1]; and (2) true non-

uniform Poisson sampling queries 𝛽𝑦 (𝑄̂). The former allows to gain insight into the trade-offs

across different fixed probabilities 𝑝; while the latter allows to confirm these insights for Poisson

sampling.

The full join queries 𝑄̂ are drawn from the join order benchmark JOB [25] and STATS-CEB [17]

which contain synthetic queries evaluated on real-world data. For Poisson sampling, we additionally

add the real-world benchmark query 𝑄𝑐 from Example 1.1, which simulates contact patterns in

infectious disease transmission scenarios and which is executed on real-world contact probability

data [19, 30] modeling the population of Belgium, consisting of 1.1 × 107 individuals.
Both JOB and STATS-CEB consist of SQL queries that perform base table filters and equijoins,

followed by a single aggregation. We omit the final aggregation step to obtain the full join queries,

all of which are acyclic. Since Datafusion’s standard binary join method will serve as one of our

baselines, we remove queries for which the obtained full join fails to execute in Datafusion, leaving

112 JOB queries and 142 STATS-CEB queries.

All of these queries are used for the uniform sampling experiments. For Poisson sampling,

however, we also need an attribute 𝑦 that specifies the sampling probability. Because neither JOB

nor STATS-CEB contain a probability attribute, we generate such an attribute as follows. Relation

Title is central in the query graph of the JOB workload [25], and this relation also appears in all

JOB queries. Therefore, we add probability attribute 𝑦 to Title. For STATS-CEB, no single relation

appears in all queries. We therefore attach probability attribute 𝑦 to the relation that occurs most

frequently: Users, present in 113 out of 142 queries. We populate attribute 𝑦 in both Title and Users
according to three different distributions, denoted low, medium, and high respectively:

• Beta(𝑎 = 2, 𝑏 = 10) with E[𝑦] ≈ 0.167 and Var[𝑦] ≈ 0.011

• Normal(𝜇 = 0.5, 𝜎 = 0.2) with E[𝑦] = 0.5 and Var[𝑦] = 0.04

• Beta(𝑎 = 10, 𝑏 = 2) with E[𝑦] ≈ 0.833 and Var[𝑦] ≈ 0.011

Table 1 summarizes the number of queries in each benchmark as well as the distribution of full

join sizes in each setup. (For 𝑄𝑐 the benchmark has only one query, hence the distribution has only

one measurement.)

Setup. All experiments are conducted on a Ubuntu 22.04.4 LTS machine using a single thread with

an Intel Core i7-11800 CPU and 32GB of RAM. All runtimes are averages of 5 different runs. We

apply caching optimization, as described in Section 4, when probing a chained index because it
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Benchmark Setup #Queries Full join output size

min avg median max

JOB

uniform

poisson

112 0 1.39 × 105 4.44 × 102 3.71 × 106

STATS-CEB

uniform 142 2.00 × 102 5.75 × 107 1.48 × 106 2.26 × 109
poisson 113 2.00 × 102 3.98 × 107 1.46 × 106 5.93 × 108

𝑄𝑐 poisson 1 1.32 × 1010

Table 1. Overview of benchmark queries.

consistently improves performance on our benchmarks. In contrast, for unchained index probing,

we found that the overhead of caching may slightly outweigh its benefits, as the search spaces

are extremely small (see Section 6.3). We therefore disabled unchained caching, unless explicitly

specified otherwise. A detailed experimental analysis of caching is provided in the full paper

version [4].

Baseline. We consider three possible M&S implementations as potential baselines, differing in

how they materialize the full join:

• M-BJ: using a sequence of binary hashjoins.

• M-CSYA: using CSR-based SYA, i.e., by means of CSR-based nested semijoins followed by a

flatten.

• M-USYA: the USR variant of the previous method.

A per-tuple Bernoulli trial is always performed to create the sample.

Prefix M indicates that these methods fully materialize the join. Since Apache Datafusion lacks a

join order optimizer, we use DuckDB to generate binary join plans forM-BJ and then apply the

cost-based rewriting technique of [3] to obtain the corresponding nested semijoin + flatten plans

that are used in the other methods. Bekkers et al [3] have shown that computing full joins using

chained SYA is instance-optimal, and therefore faster and more robust than using binary joins. On

our benchmarks, we observe thatM-CSYA is on average 91.4ms faster thanM-BJ for JOB and 690ms

for STATS-CEB. This hence confirms the findings of [3]. Furthermore, we find theM-CSYA is faster

than M-USYA on JOB (21.4ms on avg.), while being competitive for STATS-CEB (median runtimes

differ only 0.09ms). A more detailed comparison of chained and unchained variants is deferred to

Section 6.3. Given thatM-CSYA is significantly faster thanM-BJ and faster or competitive with

M-USYA, we fix it as the baseline to compare 𝐼&𝑃 against in what follows.

6.1 Uniform Sampling

Position sampling. We first analyze the efficiency of the uniform position sampling methods

Bern, Geo, and Binom described in Section 5. Their expected runtimes are O(𝑛), O(𝑛𝑝), and
O(𝑛×min(𝑝, 1−𝑝) +𝑛𝑝), respectively. Bern should be outperformed by Geo and Binom for smaller

sampling probabilities. Figure 7 confirms this hypothesis: the smaller 𝑝 , the greater the improvement

of Geo and Binom over Bern. However, for larger values of 𝑝 , Bern becomes consistently faster.

Binom follows the same trend as Geo, but is slightly slower due to higher constant-factor overhead.

We hence discard Binom from further discussion and experiments.

A closer look reveals that, although the expected runtime of Bern is independent of 𝑝 , the

observed runtime actually increases with 𝑝 up to approximately 𝑝 = 0.5, and decreases for larger

values of 𝑝 . We attribute this non-monotonic behavior to the effects of branch prediction. Bernmakes

repeated random choices that depend on 𝑝 . When 𝑝 ≈ 0.5, each branch is essentially unpredictable,
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Fig. 7. Position sampling efficiency in function of 𝑝 .

causing frequent mispredictions, which slows execution. In contrast, when 𝑝 deviates from 0.5, the

branch outcome becomes more predictable, reducing misprediction rates and improving runtime.

For large sampling probabilities, Geo requires nearly as many iterations as Bern. As a Geo

iteration is more costly than performing a single lightweight Bernoulli trial, the constant overhead

of Geo dominates, making Bern more efficient for high values of 𝑝 .

End-to-end runtimes.We next compare the end-to-end runtimes of I&P methods for uniform

sampling. We adopt the following naming scheme: for an index type 𝑇 ∈ {U(SR),C(SR)} and
uniform position sampling method𝑀 ∈ {Geo, Bern}, let I𝑇 -𝑀 denote the I&P algorithm obtained

by using 𝑇 and𝑀 as index and position sampling method, respectively.

Since Geo outperforms Bern for 𝑝 ≤ 0.5, we focus on I-Geo when 𝑝 ≤ 0.5 and on I-Bern

otherwise.

Figure 8a shows that for JOB, chained I&P is faster than the M-SYA baseline across all sampling

probabilities 𝑝 , whereas unchained I&P is consistently slower. The differences remain small: aver-

aged over all queries, the relative speedup of chained I&P overM-CSYA remains close to 1 for all 𝑝 ,

reaching a maximum of 1.0056× at 𝑝 = 0.0001. This is because the total runtime is dominated (82%)

by reading input relations from disk and base table filtering, which is the same for all methods.

Moreover, as shown in Figure 8a, the remaining 18% of the runtime is dominated by index con-

struction, which is independent of the sampling probability. Hence the small difference between

the three approaches across different values of 𝑝 . Figure 8a also shows that chained sampling is

faster than unchained due to the dominating but faster index building phase.

For STATS-CEB, the results in Figure 8b showmore pronounced differences. Chained I&P remains

the fastest method up to 𝑝 ≤ 0.8 and achieves substantially larger speedups over the baseline than

for JOB, with a maximum speedup (averaged over all queries) of 38.79x at 𝑝 = 0.0001. Because

STATS-CEB has larger full join sizes (see Table 1), the overhead of materializing join tuples that are

not part of the sampled output becomes more significant. This is confirmed in Figure 8b, showing

that position sampling and index probing (for 𝐼&𝑃 ) as well as flattening all full join tuples (given an

index) and performing Bernoulli trails (for𝑀&𝑆) contribute more to the total runtime compared

to JOB. Note that the index construction time is plotted as well, but so small that it is not visible.
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Fig. 8. A breakdown of the total runtime (excl. input reading and base table filtering) for each sampling

probability 𝑝 . Runtimes are averaged over all queries. For 𝐼&𝑃 methods, the remaining execution time consists

of (1) index building, (2) position sampling and (3) index probing. For M-CSYA, the runtime is split into two

phases: (1) index building, and (4) using the index to output the full join result (flatten) and performing a

Bernoulli trial for each full join output tuple.

Moreover, chained 𝐼&𝑃 is faster than the unchained variant due to the faster index probing phase.

This is in contrast to JOB, where chained 𝐼&𝑃 was faster due to faster index construction.

For STATS-CEB, chained I&P becomes slightly slower than M-CSYA for 𝑝 ≥ 0.9, which was not

the case for JOB. To understand why, we note that theM-CSYA baseline uses a flatten operation that

is highly optimized for sequential memory access [3]. In contrast, the index-based methods cannot

exploit such optimizations, as they must assume random access and incur additional overhead

during get . These costs grow significant when the output is large—as in STATS-CEB, but not

in JOB—explaining why index-based methods become slower for STATS-CEB at high sampling

probabilities while remaining faster for JOB.

Conclusion. In summary, the choice of position sampling method should depend on the sampling

probability. For small 𝑝 , Geo has clear advantages due to its lower expected number of iterations,

whereas for large 𝑝 , the simpler control flow of Bern results in better performance. When consider-

ing end-to-end runtimes, chained I&P is preferable over unchained I&P, significantly outperforming

full materialization for moderate and low sampling probabilities, confirming that avoiding full joins

is particularly effective when only a fraction of the result is needed.
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Fig. 9. Poisson sampling speedups w.r.t. M-CSYA on STATS-CEB for low, medium, and high sampling proba-

bilities.

6.2 Poisson Sampling
We next turn to I&P methods for non-uniform Poisson sampling, adopting the following nam-

ing scheme: by I𝑇 -𝑀 we denote the I&P algorithm for Poisson sampling obtained by using

𝑇 ∈ {U(SR),C(SR)} and𝑀 ∈ {PTGeo, PTBern, PTHybrid} as index and position sampling method,

respectively. We omit the subscript when referring to both chained and unchained variants at the

same time. Note that the non-uniform position sampling methods require the probability attribute

𝑦 to appear as a flat attribute at the root of the shredded representation. We therefore rewrite the

plans from Section 6.1 accordingly (see Proposition 5.1).

We observed in Section 6.1 that Geo outperforms Bern when 𝑝 ≤ 0.5. Based on this observation,

we configure Hybrid to use Geo when 𝑝 ≤ 0.5, and Bern otherwise.

STATS-CEB. Figure 9 shows the relative end-to-end speedups obtained on STATS-CEB by the I&P

methods compared to the M&S baselineM-CSYA. Overall, we observe that the chained variants

perform slightly better than their unchained counterparts. For medium and high sampling probabil-

ities, I-PTGeo performs the worst, and only for low probabilities it is competitive with I-PTHybrid.

This aligns with the findings from Section 6.1, where we observed that Geo is slower than Bern

(and hence Hybrid) when 𝑝 > 0.5. I-PTBern becomes increasingly competitive with I-PTHybrid as

the sampling probability grows, since both methods perform the same operations when 𝑝 > 0.5.

Overall, IC-PTHybrid performs consistently best, when looking at the distribution of the observed

speedups in both relative and absolute terms. These are (min/avg/max):

• (0.995/2.39/6.08) x relative, and (−4.7 × 10−5/0.4/5.54) s absolute for low,
• (0.95/1.54/2.85) x and (−0.0017/0.32/5.25) s for medium, and
• (0.82/1.49/2.83) x and (−0.007/0.28/5.72) s for high probabilities.

For comparison, IU-PTHybrid achieves (min/avg/max) speedups of

• (0.95/2.34/6.07) x and (−0.0006/0.40/5.53) s for low,
• (0.94/1.49/2.66) x and (−0.0021/0.29/5.12) s for medium, and
• (0.80/1.45/2.78) x and (−0.8021/0.24/5.65) s for high probabilities.

We conclude that on STATS-CEB, the chained and unchained variants are competitive, with chained

slightly more robust w.r.t. absolute regressions for high probabilities.

JOB. Table 2 reports on the distribution of the absolute end-to-end time differences obtained on

JOB compared to the M-CSYA baseline. Positive numbers are improvements; negative numbers are

regressions. Best-performing method is highlighted in bold.
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min avg max

𝑝 Geo Bern Hybrid Geo Bern Hybrid Geo Bern Hybrid

low -13.0 -13.3 -13.3 7.3 6.4 7.2 102.8 102.0 103.8
medium -13.1 -8.2 -12.6 4.6 4.3 4.8 93.5 99.8 97.4

high -28.4 -13.3 -14.6 1.8 2.5 2.6 97.8 98.2 98.9

(a) Chained

min avg max

𝑝 Geo Bern Hybrid Geo Bern Hybrid Geo Bern Hybrid

low -2207.7 -2218.3 -2222.2 -108.7 -109.5 -109.4 33.5 37.4 33.6

medium -2254.5 -2253.1 -2258.1 -112.1 -112.0 -112.0 38.1 37.2 38.5

high -2283.4 -2274.2 -2276.9 -115.3 -114.3 -114.2 45.0 44.9 44.3

(b) Unchained

Table 2. Minimum, average, and maximum absolute Poisson sampling speedups (ms) on JOB.

We observe that chained methods behave more robust than their unchained counterparts: the

largest regressions (in the min column) are significantly smaller for chained compared to unchained

(100 times or more). Furthermore, on average (in the avg column) queries exhibit a slight chained

speedup but still an unchained regression. Finally, the largest chained speedups are approximately

three times that of the unchained speedups.

Overall, the speedups and regressions exhibited by chained methods are only marginal in terms

of end-to-end runtime—on the order of only a few ms on average to a hundred ms at most, while

total runtimes are in the range of seconds. By contrast the maximum regression exhibited by

the unchained methods are on the same order (seconds), hence significant, while speedups are

outperformed by the chained methods.

As far as the choice of position sampling method is concerned we see that there is little absolute

difference between the three methods for the same index type. While I-PTHybrid is not always the

best method in absolute terms, it is always competitive with the best method—differing only a few

ms. This is consistent with our earlier observations.

EpiQL. Figure 10 reports total runtimes on 𝑄𝑐 for varying population sizes, where each size

corresponds to a subset of the Belgian population. Method M-BJ runs out of memory for the

full population size. In contrast, the instance-optimality of Shredded Yannakakis allowed us to

materialize the full join output for 11M people within available memory. For a population size of

1M individuals, M-CSYA is 4.2x (or 130.1s) faster than M-BJ.

Among I&P methods, the unchained variants are consistently outperformed by their chained

counterparts. The best-performing I&P method across all population sizes is IC-PTHybrid, which

achieves an end-to-end runtime improvement of 415.6s (5.3x) compared to theM-CSYA baseline for

11M individuals. For comparison, IU-PTHybrid is only 382.4s (3.9x) faster than the baseline. These

results demonstrate that avoiding full join materialization can be highly effective—especially in

real-world Monte Carlo simulations where such queries must be executed repeatedly and efficiency

gains accumulate.

We next compare the runtimes of the position sampling methods in isolation. Hybrid is the

most efficient, closely followed by Geo, while Bern performs worst. For a population size of 11M

individuals, position sampling using Geo is 34 s (or 3.4x) faster than Bern, and Hybrid is even 36 s

(or 3.7x) faster than Bern. The explanation is twofold. First, the probability of two people having
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𝑑 average median maximum

Benchmark min 25% 50% 75% 95% max chained unchained chained unchained chained unchained

JOB (uniform) 1 1 2 4 12 342381 4.30 4.76 0.54 0.51 168.28 193.40

JOB (poisson) 1 2 2 6 9 15 6.53 6.07 0.46 0.46 207.13 214.53

STATS-CEB (uniform) 1 3 5 7 21 55 202.57 226.31 1.90 1.90 18866.44 20584.97

STATS-CEB (poisson) 2 4 11 15 59 137 129.91 149.76 1.90 2.14 4902.71 6222.82

𝑄𝑐 (poisson) 𝑑 = 50 4.4 × 103 (chained) 21.1 × 103 (unchained)

Table 3. Time in ms to probe a chained vs. unchained index.

Benchmark Method min avg med max

JOB chained SYA 18.83 1211.04 1270.75 3028.94

JOB unchained SYA 19.28 1232.21 1279.84 3113.61

JOB binary join 125.41 1304.88 1295.94 3164.28

STATS-CEB chained SYA 1.286 212.59 14.87 5249.68

STATS-CEB unchained SYA 1.227 186.35 14.78 4728.56

STATS-CEB binary join 1.551 1178.65 26.47 46024.57

Table 4. End-to-end full join runtimes (ms).

contact is in practice very low. In particular, the average sampling probability is only 2.4%. Second,

on 11M people the output of 𝑄𝑐 is 1.3 × 1010. This large full join size in combination with the small

sampling probabilities accounts for the observed differences between position sampling methods.

Conclusion. Across all benchmarks, IC-PTHybrid consistently achieves the best performance

among the Poisson sampling methods even though its asymptotic complexity is worse than that of

IU-PTHybrid.

6.3 Chained vs. unchained
Index building. We next compare USR and CSR in more depth. We begin by comparing the

index-building time. Recall that USR construction requires two hashing passes, and is therefore
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expected to be slower than CSR construction. This is confirmed in our experiments: for JOB, the

(min/avg/max) CSR build-time speedups compared to USR are (0.91/1.3/2.17)x or (−9.9/69/131.3)ms;

for STATS-CEB they are (0.82/1.02/1.36)x or (−8.1/0.14/3.7)ms. For 𝑄𝑐 with population size 11M,

CSR building is 1.17x (12.8s) faster.

Index probing. Table 3 reports the avg/med/max probe times for both index types, along with

a distribution of the largest join degree 𝑑 over the entire set of queries. Uniform runtimes are

aggregated across all sampling probabilities. We observe that CSR probing is often faster than USR

probing. This is because 𝑑 remains low for most of the queries, and for such 𝑑 the binary search is

empirically slower than linear search. One JOB query exhibits an extremely high max degree 𝑑

(=342381). However, its full join output size is extremely low (=10), hence there is not much to be

probed.

Full join processing. We next analyze the end-to-end runtimes of computing full joins using

USR-based SYA versus CSR-based SYA. Once the index is built, these methods use the flatten

operator (𝜇∗) to produce the join output instead of probing the index. In Table 4 we observe that on

JOB, computing full joins using CSR is faster due to the dominating but faster index construction

time. However, for STATS-CEB, computing full joins using CSR is actually slower. We observe that

the flatten operation for USR is on average slightly faster than for CSR. We observe the same for

𝑄𝑐 ; the unchained variant computes the full join 1.16x faster (60.7s) than the chained variant. A

detailed analysis of the flatten operator is provided in the full paper version [4]. When considering

median runtimes of both the flatten operator and the end-to-end time, however, the chained and

unchained variants are competitive.

Chained or unchained? When are unchained methods preferable over the chained variants? To

answer this question, we conducted an additional experiment on synthetic data, focusing on the

binary join 𝛽𝑝 (𝑆 (𝑥,𝑦) Z 𝑇 (𝑦, 𝑧)) with 𝑇 appearing in the right-hand side of the corresponding

nested semijoin and 𝑝 ∈ [10−4, 10−1, 0.5, 0.9]. We consider a setup that allows us to modulate the

degree 𝑑 , as this controls the theoretical complexity difference between CSR and USR probing.

We consider three scenarios, fixing the join output size 𝑂 to be 10
5, 106, and 10

7
, respectively. Per

fixed value of 𝑂 and 𝑝 , the number of probed tuples, which is a rough measure for the amount of

work that needs to be done, hence remains constant. For each output size 𝑂 = 10
𝑜
, we consider

all configurations of inputs (𝑆,𝑇 ) such that |𝑆 | = 10
𝑠
and deg𝑦 (𝑇 ) = 10

𝑜−𝑠
for 1 ≤ 𝑠 < 𝑜 , ensuring

that each 𝑆-tuple joins with deg𝑦 (𝑇 ) tuples in 𝑇 to get the desired output size. 𝑆 is populated such

that each key value appears only once in 𝑆 , and hence 𝑂 = |𝑇 |. Because each tuple in 𝑆 joins

with the same number of tuples in 𝑇 , the maximum join degree 𝑑 equals deg𝑦 (𝑇 ). Tuples in 𝑇 are

randomly permuted to ensure that tuples with the same 𝑦-value are not consecutive in the chained

representation. We use Hybrid for position sampling. We enable caching for both CSR and USR as

it consistently improves performance for both on this experiment.

Detailed measurements for all configurations and probabilities are given in the full paper ver-

sion [4]; here we summarize the main trends. We observe that for 𝑂 = |𝑇 | = 10
5
the CSR nxt array

is small enough to fit in L2 CPU cache and for this reason, CSR probing (as well as total execution

time) is faster than USR probing for all 𝑝 , even for large degree 𝑑 = 10
4
. When 𝑂 = |𝑇 | increases to

10
6
, CSR probing becomes slower than USR probing for all 𝑝 , even for low degree 𝑑 = 10

1
. However,

the total CSR runtime remains faster than USR for all join degrees (up to 10
5
) due to the faster build

time. When 𝑂 = |𝑇 | further increases to 107, CSR probing remains slower than USR probing but

also the total runtime becomes slower for the majority of configurations. However, there remain

configurations and values of 𝑝 where CSR’s faster index construction time results in lower total

runtime for CSR.
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In conclusion, this synthetic experiment shows that there are cases where the theoretically faster

USR probe time is also experimentally faster, even when the degree is relatively small. However,

this does not necessarily translate to a faster overall runtime, due to the interaction with (i) CPU

caching effects; (ii) the index construction time; and (iii) the sampling probability. On our real-world

benchmarks, chained I&P methods are more robust compared to their unchained counterparts.

Since both variants are competitive for full join materialization we recommend the chained index

as the preferred choice for both sampling and full join computation.

7 Related Work
There is extensive work on uniform sampling over acyclic joins [1, 7, 8, 10, 38], differing in the

subclasses of acyclic joins that are supported, from binary joins [8], over foreign-key joins [1] to

arbitrary acyclic joins [7, 10, 38] as well as the specific kind of uniform sampling considered—from

arbitrary uniform sampling [1, 8, 38], over fixed-size sampling [7] to fixed-size sampling in a

streaming context [10]. We consider arbitrary Poisson sampling without fixing a sample size.

Existing works also differ in whether sampling is performed with replacement [1, 8, 38] or,

like our work, without replacement [7, 10]. Any sampling-with-replacement algorithm can be

adapted to sampling without replacement by rejecting duplicates; however, as the sample size

grows, repeated resampling leads to increasing rejection overhead, making this approach inefficient

compared to methods designed for sampling without replacement [7]. The fixed-size sampling

approach taken by Carmeli et al [7] is the closest to our work. However, we consider non-uniform

sampling with a focus on implementation in column stores and show that from a non-asymptotic

viewpoint the theoretically best method is not the practically most efficient. Prior work on subset
sampling [21, 28, 36]—where each element of a set has its own sampling probability—addresses a

simpler setting, as it does not involve the challenge of avoiding materializing full joins.

In parallel to our own work, Esmailpour et al. [13] have recently also studied Poisson sampling

over acyclic joins. Compared to our work, they focus on a theoretical perspective, also considering

the setting where the sampling probability is not in a single relation, but computed from attributes

from multiple relations. By contrast, we focus on the practical implementation in column stores,

limiting the probability to come from attributes of a single relation.

8 Conclusions
We introduced the problem of Poisson sampling over acyclic joins, where each join tuple specifies

the probability with which it is to be included in the sample. This setting generalizes classical

uniform sampling. We presented a nearly instance-optimal algorithm based on the Index-and-Probe

paradigm. We have shown how to efficiently implement this approach in column stores by building

upon the SYA algorithm from [3]. Additionally, we compared two different index structures, CSR

and USR. While USR achieves the theoretically optimal access time, we found empirically that CSR

offers the best end-to-end performance. Since CSR and USR are competitive for computing full

joins, it is possible to adopt SYA with CSR as a uniform basis for both sampling and join processing.
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