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Abstract

The rapid progress of nanotechnology and of experimental techniques in fields
such as biophysics, chemistry, and neuroscience has raised fundamental ques-
tions about thermodynamics on the small scale, where thermal fluctuations
become unavoidable. Stochastic thermodynamics provides a theoretical frame-
work to describe key energetic quantities such as work, heat, dissipation, and
efficiency in such fluctuating small systems, offering insights into the operation
of nanoscale engines found in both artificial and natural setups. This thesis in-
vestigates optimization strategies to enhance the performance of these engines
by fine-tuning time-dependent driving protocols, modifying thermodynamic cy-
cles, and exploring rare trajectory fluctuations in two representative models un-
der the sequential (or collisional) approach: Brownian particles and quantum
dot pumps, each interacting with two or more thermal reservoirs. Extending be-
yond single-unit systems, a thermal engine based on a set of interacting spins
with up-down (Z2) spontaneous symmetry breaking is introduced, exhibiting
collective (ordered) and independent (disordered) phases governed by interac-
tion strength and external biases. This model also reveals novel nonequilibrium
phase transitions, including non-classical critical exponents in the mean-field
limit and distinct transition points according to which phase dominates initially.
Together, this study advances the understanding of the optimization of micro-
scopic and collective energy flux conversion processes in nonequilibrium sys-
tems. In addition, it explores new phenomena in the realm of nonequilibrium
phase transitions.

Keywords : thermodynamics, phase transitions, non-equilibrium phenom-
ena, stochastic processes, thermal engines



Resumo

O rapido progresso da nanotecnologia e de métodos experimentais em areas
como biofisica, quimica e neurociéncia tem feito surgir questdes fundamen-
tais a respeito da termodinamica em escalas pequenas. A termodinamica es-
tocastica fornece uma estrutura tedrica para descrever quantidades energéti-
cas fundamentais como trabalho, calor, dissipacdo e eficiéncia em sistemas
pequenos com flutuagdes, contribuindo para o entendimento sobre a operacao
de maquinas térmicas em nanoescalas que sdo encontradas tanto em config-
uracOes artificiais quanto naturais. Esta tese investiga estratégias de otimiza-
cdo de desempenho dessas maquinas pelo ajuste fino de protocolos externos
dependentes do tempo, modificando ciclos termodinamicos e explorando tra-
jetorias raras nas flutuacdes térmicas em dois modelos representativos na abor-
dagem sequencial (ou colisional): particulas Brownianas e bombas de quan-
tum dots, com cada um interagindo com dois ou mais reservatorios térmicos.
Estendendo-se além de sistemas com uma Unica unidade, introduzimos uma
maquina térmica baseada em um conjunto de spins interagentes com quebra
espontanea de simetria de dois estados (Z,), exibindo uma fase coletiva (or-
denada) e uma fase independente (desordenada) governadas pela intensidade
das interacGes entre os spins e os vieses externos. Este modelo também revela
um novo tipo de transicdo de fase, incluindo expoentes criticos ndo classicos
no limite do campo médio e pontos distintos de transicdao de acordo com qual
fase inicialmente domina a dindmica. Juntos, esses estudos avancam o en-
tendimento da otimizacdo de processos de conversdo energética em sistemas
microscopicos e coletivos. Adicionalmente, exploram novos fendmenos no am-
bito das transicoes de fase fora do equilibrio.

Palavras-chave: termodinamica, transicdes de fase, fen6menos de né&o
equilibrio, processos estocasticos, maquinas térmicas
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Chapter 1

Introduction

Thermodynamics is successful in explaining the relationship between heat and
work and how these fluxes are converted and transformed in terms of macro-
scopic variables. The link between these macroscopic quantities and the parti-
cles that compose the system is provided by statistical mechanics, which uses
probability theory and statistical methods as a fundamental framework to de-
scribe large sets of particles in thermodynamic equilibrium. However, nature
is abundant in systems that are far from equilibrium due to the exchange of
fluxes with subsystems or with the environment, which are not described by
classical equilibrium statistical mechanics and therefore require an alternative
approach.

Each technological breakthrough is related to the development of thermo-
dynamics in some way. Starting from the invention of the steam engine in the
first industrial revolution, which is directly linked to the study of fundamen-
tal aspects of heat engines and the Carnot efficiency [1], passing through the
development of nuclear energy production in the 20th century and the first pre-
liminary results on finite-time optimization [2,3], the advent of telecommunica-
tions and information theory, which rewrote the interpretation of entropy [4,5],
and the development of deep learning and generative diffusion models that use
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nonequilibrium methods developed by Jarzynski [6] to compute backward prob-
ability distributions in order to generate artificial images and videos (each day
more surprisingly realistic) from Gaussian noise [7]. In particular, the advent
and novelty of nanotechnology and the advanced experimental methods incor-
porated in fields such as biological cell physiology, physical chemistry, neu-
roscience, the origins and evolution of life, and other areas have introduced
questions about thermodynamics in small-scale systems [8, 9].

At such scales, fluctuations due to the thermal environment are unavoid-
able, making it necessary to develop an alternative theoretical approach dif-
ferent from traditional equilibrium statistical mechanics in order to obtain a
more precise description. Stochastic thermodynamics is a contemporary area
of statistical mechanics that incorporates nonequilibrium thermodynamics ele-
ments to describe quantities such as dissipation, energy, and transport fluxes
in the microscopic realm under the influence of thermal fluctuations, which
can radically change the state of microscopic units. Stochastic thermodynam-
ics defines thermodynamic quantities at the level of single units by associat-
ing them with transitions between microstates and by introducing trajectory-
based definitions of quantities such as work and heat at each each step. In
the thermodynamic limit, for a large number of units, these definitions recover
the standard macroscopic expressions. The microstate transitions themselves
are specified according to a chosen level of description, for instance through
a coarse-grained representation based on discrete Markovian dynamics. This
description is developed through the use of fluctuation theorems [8], thermo-
dynamic uncertainty relations (TURs) [10], and entropy production (EP), a key
nonequilibrium concept that estimates heat dissipation and is associated with
the energetic compensation that occurs when a transition violates detailed bal-
ance. Since its mean value is non-negative and vanishes only at equilibrium, EP
is an important quantity that characterizes not only the nonequilibrium regime
but also its irreversibility.

In addition to fluctuations, small-scale systems can be subject to external
deterministic forces that drive the system far from equilibrium. In a partic-
ular case where these forces are periodic or constant, the system reaches a
nonequilibrium steady state (NESS) in the long-time limit, where all thermody-
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namic quantities are constant on average. There are two important dynamical
approaches that capture these features. Using a Langevin equation, we de-
scribe the motion of a particle as the sum of a deterministic force and a ran-
dom noise, which is suitable for describing Brownian motion. The probability
distribution of the particle in phase space is a solution of a Fokker-Planck equa-
tion, which has the Boltzmann-Gibbs distribution as a particular (equilibrium)
solution. On the other hand, an approach based on master equations consid-
ers a coarse-grained modeling of stochastic discrete jumps of a microscopic
unit among known states (describing, for example, electric currents through
a quantum dot), which also admits the equilibrium distribution as a particu-
lar solution. From both approaches, it is possible to obtain analytically (or
numerically) all key thermodynamic quantities. Both approaches are success-
ful in describing nanoscale engines that compose natural and artificial setups,
such as molecular motors, Brownian ratchets, and thermal engines based on
nanoscale particle pumps, among others [11]. In contrast to their macroscopic
counterparts, small-scale engines are not composed of moving parts such as
pistons moved by fluid expansions. Instead, they are realized through changes
in probability currents induced by external forces applied directly to individual
units or by particle fluxes between occupation states connected to reservoirs.

Despite the reliability of these nanoscale devices in converting one form of
energy into another in various scenarios, they can operate rather inefficiently
depending on how they are designed. Hence the importance of developing
strategies to enhance their performance. In this thesis, we explore several op-
timization routes by considering different parameters, such as fine-tuning time-
dependent external drives, introducing different strokes in sequential models,
and exploring fluctuations of rare events in the context of single trajectories
for two relevant setups: Brownian particles and quantum-dot pumps. In both
cases, we employ the collisional (or sequential) approach, which consists of se-
quentially placing the system in contact with distinct and uncorrelated thermal
baths, subject to different external drivings and, in the quantum-dot case, dif-
ferent occupation energies. The switches between reservoirs are assumed to
be instantaneous, resulting in adiabatic transitions between baths. The Brow-
nian case involves a single particle interacting with one reservoir, with distinct
external forces applied at each stage. In this setup, the system operates only
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as a work-to-work converter, transforming one form of work into another over
the cycle while dissipating heat into the reservoirs. We show how to improve
its performance by fine-tuning the external drives, obtaining analytical expres-
sions for the optimized quantities in terms of Onsager coefficients in the linear
regime. In the quantum-dot pump, the system is described by a nonequilib-
rium multistage model that interacts with several thermal environments, each
characterized by a distinct occupation energy. Although the system can also
function as a work-to-work converter, our main focus is on the heat engine
regime, where a heat flux is converted into external work with unavoidable
dissipation. In this context, we reveal the nontrivial relationship between the
number of stages, thermodynamic currents, chemical potentials of the reser-
voirs, and the engine performance.

Both previous cases are examples of engines composed of a single unit in-
teracting with two or more reservoirs. However, nature is abundant in complex
systems composed of many interacting entities, in which cooperative effects
often play a crucial role. Examples span multiple biological scales, from mi-
crobes [12] to the human brain [13], and have been studied in a broad range
of research fields, from nonequilibrium effects in chemical processes [14-16] to
synchronization in biological networks [17-21]. This vast spectrum of applica-
tions highlights that the demand for implementable and robust optimal strate-
gies to engineer collective engines is both important and timely. In the quan-
tum realm, the interplay between collective effects and system performance has
been extensively studied [22-26], although the development of classical setups
built from interacting units is comparatively much less known and still remains
at a preliminary stage [27-32]. In order to fill this gap and explore a simple yet
robust classical example of a cooperative setup, we introduce a nonequilibrium
collective engine composed of a system of spins interacting as described by the
Ising model [33]. The system consists of N spins that interact simultaneously
with two reservoirs, which also impose biased external forces that individually
"rotate” each spin according to its state. This system exhibits two phases: a
collective (ordered) phase, in which spins are macroscopic aligned, and an in-
dependent (disordered) phase, where the state is completely random and the
total magnetization vanishes. In the latter state, the system operates only as
a dud or a pump. On the other hand, the collective phase displays an engine
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regime within a region where the system remains strongly ordered. In addi-
tion, the introduction of these nonequilibrium ingredients into the spin system
gives rise to unique phenomena without any analog in traditional equilibrium
or nonequilibrium phase transitions. The uniqueness lies in several features
that will be further discussed throughout this work, such as the order-disorder
phase transition occurring at different points, with different orders, depending
on which ordered phase initially dominates.

This thesis is organized as follows: In Chapter 2, we introduce the basic
concepts of nonequilibrium thermodynamics, also exploring the engine regime
and discussing essential aspects of optimization, such as efficiency at maximum
power, the Curzon-Ahlborn efficiency, and others. In Chapter 3, we introduce
stochastic thermodynamics, taking as examples three fundamental setups that
compose this research: Brownian particles described by Langevin equations,
two-level systems described by master equations, and spin models with order-
disorder phase transitions (Z> symmetry). In Chapter 4, we apply the the-
oretical framework to study optimization routes for power and efficiency of a
Brownian particle in a collisional setup under time-dependent drivings. Chapter
5 is dedicated to the nonequilibrium spin system, describing the optimization of
output performance in the presence of a nonequilibrium phase transition and a
collective phase. We also analyze nonequilibrium phase transitions for different
configurations and interactions. Finally, in Chapter 6, we study a new strategy
involving the introduction of different strokes in a collisional quantum-dot pump
in order to improve its performance.
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Chapter 2

Introduction to
Nonequilibrium
Thermodynamics

Systems driven by “forces” that “remove” the system from equilibrium consti-
tute the majority of observed phenomena in nature, appearing in fields such
as biology [34, 35], chemistry [36], materials science [37-39], quantum sys-
tems [30], and even in artificial intelligence and diffusion models [40,41]. In
contrast to traditional equilibrium thermodynamics, its nonequilibrium coun-
terpart lacks a general theory, and a rigorous derivation of its fundamental
principles is still incomplete. Although nonequilibrium thermodynamics (and
stochastic thermodynamics in particular) does not yet have a closed theoretical
framework as well established as equilibrium thermodynamics, it has attracted
considerable attention by partially filling this gap. In this chapter, we approach
nonequilibrium thermodynamics as an extension and adaptation of the equilib-
rium theory: we examine an extension of the second law of thermodynamics
to nonequilibrium regimes and its role in describing the dynamics and thermo-
dynamic properties of such systems.
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2.1 Entropy Production

The thermodynamic equilibrium of an isolated system is determined by the
principle of maximum entropy [42]. Consider an isolated system A + B com-
posed of two subsystems, A and B. Due to the extensivity of entropy, we write
St = Sa+p = Sa + Sg. Any change in the total entropy of the system can be
expressed as ASr = AS4 + ASg. Since the total entropy evolves toward its
maximum value at equilibrium, we always have ASr > 0. For subsystem A (or
B), we can write

ASa = ASr — ASg. (2.1.1)

An important particular case is a system composed of a subsystem that inter-
acts with a reservoir R much larger than the subsystem itself. Let A denote
the subsystem and B > A the reservoir R. Here, for a fixed energy U, the
equilibrium state is reached by maximizing the entropy S, which characterizes
equilibrium through a fundamental relation S = S({Vi}) [43,44], with {Vi} the
set of extensible variables of the system and U € {V;.} . However, when ther-
modynamic fluxes induced by one or several reservoirs drive the system out of
equilibrium, this static description is no longer appropriate and one must adopt
a dynamical viewpoint in which the internal energy and the entropy become
time-dependent quantities, U = U(t) and S = S(t). We first start by defining
ASp = ASk = 221, and Eq.(2.1.1) becomes

AS = AS; — ASg, (2.1.2)

where AS is the entropy change of the subsystem, and AS; := ASr is what
we call the entropy production, a non-negative quantity, AS; > 0 [45] that is
related by the thermal interaction between A and B (the subscript ¢ stands for
“internal”). The entropy production vanishes only when the system reaches
equilibrium (or undergoes a reversible process). From Eq.(2.1.2) we conclude
that the total entropy change of the subsystem is given by the sum of an ex-
ternal contribution, —ASg, and an internal contribution AS; that is “produced”
by the irreversible nature of the system’s dynamics.

As we already discussed, the entropy of the system is a function of time in
the dynamics of a nonequilibrium process. Returning to the general case of the
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total system A+ B, let {V,'*} and {V,'?’} be the sets of extensive variables (e.g.,
volume) of the subsystems A and B. These extensive variables also evolve in
time, but their dynamics occur in such a way that the overall system remains
isolated, implying V) + v,(*) = constant at any instant, and consequently

v +av® =o. (2.1.3)

The differentials of the entropies Sa and Sg are given by

54 (4, 5B 1 .(B)
dSa =) L5 dViVs  dSp=) ——gsdv”, (2.1.4)
OV, > OV,

9Sq
oV,
system a € {A, B}, in accordance with the Gibbs relations [44]. For example,

where each partial derivative corresponds to an intensive variable of sub-

if V) is the volume, then g‘ﬁg = 2=, where P, is the pressure and T. the

temperature of subsystem a.

From Eqg.(2.1.2), the total entropy variation dS; (the entropy production)
can be written as

984 4, 0SB .(B)
ds; = Z < AV + ATA , (2.1.5)
—~ \ v ovP

and using Eq.(2.1.3), we obtain

954 _ 9SB (4) (4)
s =Y < - > dvi =>" frdvii, (2.1.6)
c v oV :

where f; is defined as a thermodynamic force (sometimes called "affinity” in
the literature). Outside the equilibrium regime, we assume that the entropy of
the system is time-dependent, so we can write

Si:kaJk> (2.1.7)
k
where J, = V'Y = —v?) is a thermodynamic flux (or current).

Let us return to the reservoir case, where A is a subsystem interacting with
a reservoir B = R, much larger than A. Rewriting Eq.(2.1.2), we note that
dSr = dQr/Tr is the entropy change of the reservoir, and dQr is the (inexact)
differential of the heat exchanged between the system and the reservoir. Thus,
Qr denotes the heat flux entering (or leaving) the system through the reservoir.
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We define ¢ = Sk = Qr/T as the entropy flux. The entropy production is then
o= S;, and we write
S=0—¢. (2.1.8)

The entropy production ¢ is an important quantity in the study of nonequilibrium
phenomena. Its non-negativity, o > 0, represents a generalization of the sec-
ond law of thermodynamics to nonequilibrium systems [45]. Moreover, under
constant or periodically driven forces (which, as we shall see later, are related
to the thermodynamic forces fi), the system reaches a nonequilibrium steady
state where S = 0. In this case, the entropy production equals the rate of heat
dissipation, and we have

o=a. (2.1.9)

2.2 Engine Regime

We now turn our attention to the main topic of this thesis: the engine regime
and different routes for its optimization. Engines are thermodynamic cycles
that convert one form of energy into another. Here, we examine two main
examples of such devices: the heat engine and the work-to-work converter.
The former transforms a heat flux into useful work, while the latter converts
one form of work into another. Both types of engines unavoidably waste heat
in the form of dissipation, as required by the second law of thermodynamics.
In general, engine setups must involve at least two reservoirs: one for the
input heat or work and another to absorb the dissipated heat. In fact, such
transformations may be inefficient, or may not even occur, depending on the
physical conditions imposed on the cycle, highlighting the importance of iden-
tifying optimization routes to overcome inefficiency and improve performance.
Briefly, the quantities of interest are the maximization of power output and
efficiency, and the minimization of heat dissipation (which is related to the en-
tropy production in the nonequilibrium steady state). However, simultaneous
optimization of these quantities is typically hindered by trade-off relations. In
general, one must sacrifice power output in order to improve efficiency. The
most famous example is the Carnot engine itself, for which the power output
vanishes because a reversible (quasi-static) process requires the engine period
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to tend to infinity. This trade-off is also present in nanoscale engine setups
and has attracted significant interest, as described by various thermodynamic
uncertainty relations (TURs) [46,47].

When the system is close enough of the equilibrium state, the linear regime
can be applied and these relations are straightforwardly expressed in an ana-
lytical form. From now on, we consider the simplest engine setup, involving
two reservoirs. (In Chap.(6), we will study a special case with more than two
reservoirs). We now rewrite Eq.(2.1.7) for reservoirs 1 and 2:

o= fi1+ faJ2 = 01 + 02, (2.2.1)

where J; are the thermodynamic fluxes associated with reservoir i € {1,2}.
The engine regime occurs when one flux, say Ji with o, = J1f1 > 0, drives the
system against an opposing force and flux, such that o2 = J>f> < 0. The intuition
behind this definition is best understood through the classical example of a heat
engine [44], where input heat expands a working fluid against a mechanical
resistance, for instance, a weighted piston. We define the efficiency n as the
ratio

02

n=-22 (2.2.2)
1

with the power output given by (P) = —c2 > 0.

Before proceeding with the optimization within a linear description, we must
first define the conditions under which the system operates as an engine, i.e.,
what are the conditions for the input o, to be transformed into the output o».
Our analysis will focus on the nonequilibrium steady state (NESS). As discussed
in Sec.(2), this particular state is reached when periodic (or constant) forces
act on the system for a long time, and its state functions (S and U) become
constant (§ = U = 0). In this case, according to Eq.(2.1.8), we always have
o = ¢. Since ¢ represents the entropy flux arising from the system-reservoir
interaction, it can be expressed in a Clausius-like form:

_@Q, @
o=t (2.2.3)

and using the first law of thermodynamics,
Q1+ Q2=-W, (2.2.4)
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where W is the work flux (power) extracted from the thermodynamic cycle.
Equation (2.2.1) then becomes

o (L_i) Q‘z—ﬂ‘ (2.2.5)

Defining T' = (11 + T2)/2 as the mean temperature and AT = T, — Ty as the

temperature difference between reservoirs 1 and 2, we can rewrite Eq.(2.2.5)
as ) .
4T - - W

= AT _AT? [(Ql —Q2) - ?] : (2.2.6)

which is a general expression valid for both heat engines and work-to-work

converters.

For a system to operate as an engine, certain criteria must be satisfied. For
a heat engine, we define the efficiency as
W

- 2.2.7
Qin ( )

n=
where W > 0 is the extracted work and Qi, > 0 is the heat input, which may
come from reservoir 1 or 2 depending on their temperatures. According to the
second law of thermodynamics, the efficiency of a heat engine is bounded by
that of a Carnot engine [1,44], i.e., 0 < n < n¢, where n = n¢ corresponds to
the reversible limit. Equivalently, we may write 0 </ < 1, with /) = n/nc.

For a work-to-work converter, each reservoir imposes an external force, and
the total work flux is written as W = W, + Wa, with Wi, and W, denoting the
input and output work fluxes, respectively. The efficiency of a work-to-work

converter is given by .

Wout
I/Vin + Qin ’
where the conditions Qi < 0 and Wou: > 0 must be satisfied for the system to

n=— (2.2.8)

operate as an engine. As will be discussed in more detail in Chap.(4), the best-
case scenario for this type of engine occurs when there is no heat input, i.e.,
when T, = T, and consequently Qi, = 0. Under these conditions, a reversible
regime (global maximum efficiency) can be achieved depending on the physical
setup. In this case, the efficiency is bounded by 0 <7 < 1.
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2.2.1 Linear Thermodynamics and Onsager Coeffi-
cients

Consider the system-reservoir interaction described in Sec.(2.1). For each
nonzero thermodynamic force f;, there is an associated nonzero flux J.. In
other words, a set of different affinities {f;} gives rise to a set of fluxes {J,}
that are generally not independent; rather, each flux depends on all affinities,
i.e., Ju = Ju({f;}) [48]. An example of such coupling occurs in thermoelec-
tric effects, such as the Peltier effect, where a temperature difference induces
a voltage [49]. In particular, at equilibrium, all affinities vanish, and conse-
quently Ji({f;}) = 0 for all k. For affinities sufficiently close to zero, we can
expand J; around fr = 0 (for all k) and write

Jk = Linfn, (2.2.9)
where Ly, are the Onsager coefficients [48]. Using Eq.(2.1.7), we obtain

U:anJNZZZLmnfnfm 20 (2210)

From this expression we conclude that the entropy production assumes a non-
negative bilinear form, also known as non-negative quadratic form [50]. An
especial form is obtained when one considers the case with two affinities f; and
T2,
Ji = Li1fi + Liafo, (2.2.11)
Jo = Lo f1 + Laaofo, (2.2.12)

with a entropy production given by
0 = L1 fi + Loz f3 + (L12 + La1) f1 fo. (2.2.13)

There are some conditions that the coefficients L;; must obey to garantee that
c>0,

Li1 >0, L2 >0,
(2.2.14)
4L11 Loy — (L12 + L21)* > 0.
In the constant forces case, Onsager shown that there is an equality between
the coefficients (the Onsager reciprocity relation) [48],

Liz = Loy (2.2.15)
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On the other hand, in the case of some periodic or time-dependent forces the
conditiond expressed by Eq.( 2.2.15) can not be valid and if this is the case,
this relation is undo by another weaker one, L;; = L1, where ~ corresponds to
a symmetry in relation to a temporal inversion [51]. In the Chap. (4), we show
the non-vality of the Eq.(2.2.15) for some examples of external drivings.

According to Eq.(2.2.13), we can write
or=Afi= L11f12 + Lia fi fa, (2.2.16)

and
02 = Jofo = Loof3 + Lo fi fo, (2.2.17)

and the efficiency in Eq.(2.2.2) becomes

L22f22 + Lo1f1fe

B 2.2.18
Liif2+ Liafifo’ ( )

n=

with o2 representing the output.

The linear expressions for the power and efficiency lead to straightforward
relations when we impose maximization conditions. A method adopted through-
out this thesis is to fix one thermodynamic force, fi, and manipulate the other
in order to find a value for f, that offers the best output. Before exploiting the
optimization of the output performance, we start by searching for criteria for
the engine regime itself, finding an interval for values of f» in which the system
transforms the input into useful power output for a fixed value of f;. In general,
the engine regime will operate while o2 > 0, and according to Eq.(2.2.17), the
output o, has two zeros: f, = 0 and f; = —Lo1f1/L22. Assuming that o, is a
concave curve within this interval, the system will work as an engine for the
interval 0 < |f2| < fim, With f,, = —L21 f1/L22. We now establish the first relation
between the engine regime and the entropy production, since the minimum
value for Eq.(2.2.13) is given by the equation (‘jf—z e = 0, where fa,,s is
the value of f; that minimizes the entropy production. Solving this equation we

find the relation
(L12 - L21)f1
2L92 '

When the Onsager reciprocity relation is verified (L12 = L21), we have f,, = foms.

foms = fm — (2.2.19)
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Now we start to find a value of f, that maximizes the output quantities. In
the linear description, we can simply impose jf—f; =0and jf—’; = 0 to find the max-
imum power and efficiency, respectively. From the differentials of Eq.(2.2.17)
and Eq.(2.2.18) with respect to f», we obtain

fome  Lu / Li3Loy
= — 1-—-1], 2.2.20
f1 L2 ( Li1L22 ( )

1L
R @22

where fowe and fomp are the values of f» that maximize the efficiency and

power, respectively. The corresponding maximum values of efficiency and
power, nug and Pwp, can be found by substituting Egs.(2.2.20) and (2.2.21)
into Egs.(2.2.18) and (2.2.17):

Loy | 2L11L22 L21L12
== 1—4/1— 2.2.22
"ME L2 * L3, ( L11L22> ’ ( )
and -
L3 fi
P = ALy (2.2.23)

We can also find two other optimized quantities known as the efficiency at
maximum power and the power at maximum efficiency, respectively given by

nve and Pue,
L3,

= , 2.2.24
e 4L11L22 — La1L12 ( )
f12L11 Li2 L2 LisLoy
P = 1-— Li2L L1 L 1-— . 2.2.25
ME 12, T1ila 12021 + L11L22 Tiilo ( )

The above results produce interesting relations between them when the On-
sager relation L1 = Lo is valid [52]. First, from direct manipulation of Egs.(2.2.24),
(2.2.25) and (2.2.25) we obtain:

Pwp

= 2.2.26
2Pwp — Pue’ ( )

TiMp

also, after some algebra from Egs.(2.2.25) and (2.2.25) we also have that

% 1 e (2.2.27)
MP

By combining both equations above we also obtain

np = —ME__ (2.2.28)
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The above relations and expressions are useful for systems close to equi-
librium and have been broadly applied to several problems in the context of
stochastic thermodynamics and general nonequilibrium phenomena [52-55].
In this thesis, we apply such equations, but we also perform analyses that go
beyond these limits, approaching results for cases far from equilibrium.

2.2.2 Thermal engines and the Curzon-Albohrn effi-
ciency

As stated before, the Carnot efficiency is a cornerstone of thermodynamics, be-
ing equivalent to its second law by stating that no engine can have an efficiency
superior to that of Carnot’s when operating between the same cold T and hot
Ty temperatures:

Tc

n<me=1-75 (2.2.29)

This limit was introduced by the French engineer Sadi Carnot in 1824 [1] and
corresponds to a reversible engine composed of two quasi-static adiabatic and
two isothermal processes forming a thermodynamic cycle. Equation (2.2.29)
does not depend on the nature, format, or type of cycle the engine operates on.
However, any engine that reaches the reversible regime will have zero power
output, since quasi-static processes take an infinite time to produce a finite
amount of work.

A more realistic model for a thermal engine reaches a fast cycle limit, imply-
ing that the engine becomes more dissipative and its efficiency decreases. In
this regime, it is possible to find an optimized (and finite) power output value.
The study of engines under such conditions introduces the concept of "endore-
versible engines”: a part of the system operates reversibly, while the thermal
interaction with the environment is accelerated and becomes irreversible. This
idea was discovered and rediscovered several times in the history of thermo-
dynamics. In 1929, Henri Reitlinger introduced an expression for the efficiency
at maximum power based on a practical sketch of a heat engine driven by coal
combustion [56], which presented his original formula as

nvMp = % (2.2.30)
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with T2 > T,. About 30 years later, independently, the French physicist P.
Chambadal [57] and the Soviet physicist I. Novikov [2] arrived at the same re-
sult as Reitlinger, motivated by the modeling of nuclear power plants. Two
decades later, physicists F. Curzon and L. Ahlborn rediscovered Reitlinger’s
expression in their seminal work published in 1975 [58], which considered a
speed-up of a Carnot engine (increasing its cycle velocity, making it irreversible,
while keeping the interaction of the working fluid with the environment re-
versible). The so-called Curzon-Ahlborn (or Chambadal-Novikov) efficiency is

-1k
nea =1 Ty (2.2.31)

which is clearly equivalent to the original Eq.(2.2.30).

given by

The derivation of the expression given by Eq.(2.2.31) will be presented
in the following paragraphs. The main idea behind the procedure of Curzon
and Ahlborn is to increase the useful power of a Carnot cycle by reducing the
time allocated to each step of the cycle. However, if the cycle is too fast, the
thermal interaction between the system and the reservoirs will not be sufficient
to produce a substantial power output. Between the fast and slow time regimes,
there exists an optimal time duration that maximizes the power output in a
finite-time setting [58].

Let us consider Ty and T as the temperatures of the reservoirs, with 73 > T,
and Tys and T»s as the temperatures of the working fluid when in contact with
reservoirs 1 and 2, respectively. Curzon and Ahlborn assume that the heat flux
exchanged during each isothermal process is proportional to the temperature
difference between the working fluid and the reservoir (Newtonian heat flux):

(@1) = au(T1 — Ths), (2.2.32)

(Q2) = az(Tes — To), (2.2.33)

where a; and a2 are non-negative constants with units of energy per time per
temperature. We define ATy = Ty — Tis and AT, = Tys — T», always satisfying
AT; > 0, which implies Ty > Tis > Tas > T»; otherwise, the system would not
exchange heat in a way that allows for a positive output. Some assumptions
about the system-reservoir interaction must be made. First, the duration of
each interaction must be short, since the goal is to speed up the Carnot cycle.

26



However, if this time is too short, the system will not have enough time to
exchange heat properly. Additionally, it must be short enough to assume that
T;s remains constant throughout the process.

Since the working fluid and reservoirs interact cyclically over infinitely many
cycles, we expect the system to reach a nonequilibrium steady state (NESS),
making the following relation valid in this limit:

(P) = (Q1) — (Q2), (2.2.34)

where (P) is the power output, which must be non-negative for the system to
be producing useful work.

We now pause to discuss a cornerstone concept of the Curzon-Ahlborn
work. The interaction between the working fluid and both reservoirs is irre-
versible. However, all processes inside the working fluid are reversible, as
stated by the endoreversibility hypothesis. This assumption relies on the fact
that the irreversible interaction between the working fluid and the reservoir
is confined to their contact surface. Since the total system (working fluid
plus reservoirs) is in a nonequilibrium steady state (NESS), it is reasonable
to assume that the working fluid itself is also in a steady state. Because the
working fluid is internally reversible, it does not produce entropy (which arises
only at the interface between the subsystem and the reservoirs). According to
Eq.(2.1.9), we have (¢) = 0 around a complete cycle, and thus

%f%zo, (2.2.35)
which means that the total entropy change during the cycle inside the work-
ing fluid is zero (reversible). Equation (2.2.35) is a direct consequence of the
endoreversibility hypothesis. From it, we rewrite Eq.(2.2.34) as

T — AT
(P) = as AT (ﬁ _ ) (2.2.36)
The efficiency of the engine is given by
(P) (Q2) (Tz +AT2>
=t =1 =1 (2. 2.2.37
(@) (@) T — AT ( )

We now recap the necessary conditions for the system to operate as an
engine:
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i The temperatures must satisfy 71 > Tis > Tos > T in order for the heat
fluxes in Egs.(2.2.32) and (2.2.33) to have the correct sign;

i (Py>0and 0<n<rnc;

Physically, we expect P > 0 to be a concave function, which implies that there
is @ maximum point between its zeros. The reason for this is that the engine
regime, in which the system produces power while absorbing heat, is sensi-
tive to extreme values of the temperature gradient or to the duration of the
interactions along the cycle. It is always possible to find two values of these
quantities for which the power vanishes before the system transitions to the
pump or dud regime. For example, the power will be null if AT, and AT, are
too close to zero, since this would imply that little heat is exchanged between
the working fluid and the reservoirs. We also expect the power to vanish for
large ATy and ATy, because this would correspond to a long interaction time
between the working fluid and the reservoirs, resulting in a slow and therefore
a thermalized cycle. We therefore conclude that there exists a critical point
ATy p at which P reaches its maximum value. To find it, we impose

JP

and solve for AT, = ATaap, Which yields ATy p = /TiT> — T>. Substituting this
value into Eq.(2.2.37) and after some algebra, we obtain

nMpzlq/%, (2.2.39)
1

which reproduces Eq.(2.2.31). This limit is not universal, unlike the Carnot ef-
ficiency bound. There are examples in the literature of efficiencies at maximum
power exceeding the Curzon-Ahlborn efficiency [59, 60]. Nevertheless, this
expression provides a good approximation for several real-world systems, as
demonstrated in the original work by Curzon and Ahlborn themselves. Equation
(2.2.39) can be rewritten as

nea =1—+/1—-nc, (2.2.40)
which can be expanded around nc =0 (i.e., T1 = T%):

1 1, 3,
1o la 34 2.2.41
nea = g+ gme+ gme ( )
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which reduces to the following expression when T ~ Ts:

1
Tica & 5 7c: (2.2.42)

When Ty << Ty,
TIcA = 1)C- (2.2.43)

Macroscopic thermal engines are composed of moving parts, such as pistons
moved by fluid expansions. This setup is not feasible at small scales and does
not accurately describe nanoscale thermodynamic cycles. Instead, nanoscale
engines are typically realized by applying external forces to individual particles
or by driving particle fluxes between reservoirs. The description of such sys-
tems must take into account that, at this scale, fluctuations play a central role
and cannot be avoided. In the next chapter, we introduce stochastic thermo-
dynamics, which will be the main tool used to describe the thermodynamics of
small, fluctuating systems.
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Chapter 3

Introduction to
Stochastic
Thermodynamics

The main goal of macroscopic thermodynamics (whether in equilibrium or not)
is to describe energy transformation and its dissipation in terms of macroscopic
observables. Statistical mechanics has been successful in interpreting heat
(and entropy) in terms of the statistical behavior of microscopic units in the
thermodynamic limit. Although classical thermodynamics is traditionally for-
mulated for macroscopic systems with many degrees of freedom, stochastic
thermodynamics provides a consistent framework to define heat, work and en-
tropy production for single-particle systems evolving under stochastic dynam-
ics. These quantities fluctuate from trajectory to trajectory due to the thermal
interaction, but their ensemble averages correspond to the macroscopic ther-
modynamic observables in the appropriate limits. Throughout this chapter, we
shall present the fundamental aspects of stochastic dynamics and how to apply
it to define thermodynamics quantities.
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3.1 Introduction to Stochastic Processes

A stochastic process is defined briefly as a set of indexed random variables
(in general, this indexation is related to time) with a well-defined probability
distribution. Let t = 0,1,2,... be a time index; the dynamics of state jumps
given by the trajectory {no — n1 — no — ...} is a stochastic process if each ny
is a random variable with the time dependent probability distribution Py (n:).
The element n; can be used to describe any state of a random process, such
as the occupation of a fermion in a quantum dot or the position of a random
walker. One can also compute a probability of a given tractory starting from
t = 0 until a given instant ¢t = [ and its expression is given by the joint distribution
P,(no,n1,...,n;). Throughout this thesis, we will consider that any distribution
can also be marginalized, and for the state n;:

Pim) = e > Pi(no,...,m) (3.1.1)

with >°  P/(n:) = 1. Each probability P;(n;) can be found by summing the prob-
abilities of all possible trajectories with duration j. Now, if we consider the same
trajectory as above, one should ask about the probability of a given state n;;
after [ + 1 steps, which is given by the conditional probability

_ Pra(no, . ui1) (3.1.2)

PH_1(TL1+1|1I0,...,7’L1) H(no nl) .
)t

3.2 Markov Chains

Consider the same process described by the trajectory defined above. We call
it a Markov process (or Markov chain) if for any time [ the following equation is
true

PL+1(nl+1|no,n1, ...,nl) = Pl+1(nl+1|nl). (3.2.1)

In other words, a process is called "Markovian” if the probability of any step
depends only on the previous state. Now imposing the Markov chain definition
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in Eq.(3.1.2),

Pii1(no, ..., mi+1) = Pip1(nig1|no, .oy i) Pi(no, ...y i) = Piga (nusi|n) Pi(noy .y m),
(3.2.2)
which is a valid equation for any step. We can apply the property defined by
Eq. (3.1.2) recursively,

Pi(no,...,ni) = P(ny|ni—1)Pi—1(no, ..., ni—1),

P_1(no,...,ni—1) = P—1(nu—1|nu—2) Pi—2(no, ..., nu—2),

Pl(n()7n1) = Pl(’nl"no)Po(’ILo). (323)

From here, we claim that for each time step [+1, the probability P, (no,n1, ..., ni4+1)
is completely defined by the initial probability Py(no) and the transition proba-
bilities Pk(nk\nkfl),

B(Tlo,nl, ...,nl) = Pl(m\m,l)PZ,l(m,l|nl,2)...P1(nl\no)Po(no). (324)
We also apply marginalization, as done in Eq.(3.1.1),

Pim) = -+ > Pilmlm1)Pri(ni—a|nis)... Pr(na|no) Po(no). (3.2.5)
no np—1
The property computed by Eq.(3.1.1) should be applied to Eq. (3.2.5) to eval-
uate the following

P(n) = Z Py (n|ni—1)Pi—1(ng—1). (3.2.6)

ny—1
The probability P,_;(n;|n;—1) is defined as the transition probability. From now
on, we will simplify this transition as constant in time (valid for any step /). Call-
ing n; - m and n;_1 — n, the probability P(m|n) = T... expresses the transition
probability between n — m and Eq.(3.2.6) is rewritten as

Pi(m) =Y TmnPi-1(n), (3.2.7)
which can also be represented in matrix form,
P =TP_,, (3.2.8)

where P, and P,_; are vectors with the probabilities (the sum of their entries is
unity) and T = [T};] is a square matrix with the following properties

Ti; >0, Vi, j,

> T =1, V.

(3.2.9)
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The second property is given by the normalization of the conditional proba-
bilities. The matrix T is defined as a stochastic matrix or transition matrix [61].
From EqQ.(3.2.8), we write

P =TPh, (3.2.10)
P, =TP, (3.2.11)
(3.2.12)
P =TP_,, (3.2.13)

in a recursive way:
P=TP_,=T°P_y,=---=T'P, (3.2.14)

and then

P =T'P,, (3.2.15)

for any time step I. The equation above implies that once we have a stochastic
matrix T, we are capable of describing the dynamics of any Markov process
starting from its initial condition.

We now pause to make an important remark. In general, we are interested
in the long-term solution of Eq. (3.2.15). If we model a system in contact
with a reservoir as a Markov chain, we expect that the equilibrium solution
(Boltzmann-Gibbs) corresponds to the long-time limit solution of Eq.(3.2.15).
Thus, we expect that

lim P, = P* (3.2.16)

l—o00
with Pt being the expected equilibrium stationary solution, which also implies
that the following condition must hold:

TP = pt, (3.2.17)

From Eq.(3.2.17) we conclude that the stationary solution Pt is also an eigen-
vector of T, with eigenvalue X\ = 1. The existence and uniqueness of such a
solution for Eq.(3.2.15) is guaranteed by the Perron-Frobenius theorem [61].
Also, a general method to find P for any regular T can be found in Tomé and
Oliveira’s textbook [61]. In this thesis, we will focus our attention on more
generic and numerical methods, such as Newton-Raphson methods, to find its
solution.
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3.3 Master Equations

Equation (3.2.15) describes the stepwise evolution of the probability vector P,
under the linear application of T'. Until this point, no information about the time
scale of each transition is given by the matrix T. Therefore, we suppose that
any transition n — m occurs in a mean time interval r. We define the transition
rate wn,, as the probability of transition n — m per unit time,

P T*T”", if m £ . (3.3.1)

From the properties stated in Eq.(3.2.9), we can also write the diagonal ele-
ments of the matrix T in terms of the transition rates,
Trim =1 Tam=1-7 > Wom. (3.3.2)
n#m n#m
Equation (3.3.1) defines the off-diagonal elements of an evolution matrix given
by W = [w;;] that describes the time evolution of the probability vector P, since
applying Egs.(3.2.9) and (3.3.1) to Eq.(3.2.7) yields

P(m) = Z TrnPr-1(n)

- Z TmnPl—l(n) + Tmm]Dl—l(m)

n#m
= Z TwmnP—1(n) + (1 -7 Z wnm> Pi_1(m), (3.3.3)
n#m n#Em
which can be rewritten as
P(m) = Pia(m) _ 3" [wWnnPo1 () = wamPioa (m)], (3.3.4)

T
n#Em

and since each transition has a mean time given by r, we define a time scale
t = 71 such that P,(m)— P,._1(m) corresponds to P, (t) — Pn(t — At), where At = 7.
Taking the continuous limit (At =7 — 0), Eq.(3.3.4) becomes

L = S (mnPa — wnmPn), (3.3.5)

n#m
which is known as the master equation [61]. The master equation (3.3.5) can
be rewritten in matrix form by properly defining the diagonal elements of the
matrix W = [w;]:
d
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with
Wnn = — Z Wmn s (337)

m#£n
where % is the derivative operator acting on the probability vector P;, and W =
[wi;] is the evolution matrix. Equation (3.3.7) defines the diagonal elements of
W to ensure the conservation of probability, consistent with the normalization
condition in Eq.(3.2.9).

We also address a steady solution of Eq.(3.3.5) considering the long-time
limit ¢t — oo, in which the probability P is constant, obeying

> (wmnPff - wnmPf,f) =0, for all states m. (3.3.8)
n#m

The existence and uniqueness of the stationary solution P are also guaranteed
by the Perron-Frobenius theorem [61]. However, we will focus our attention on
the physical argument for its existence. We first consider a canonical ensem-
ble, where the system interacts with a reservoir at temperature T (as defined
in Sec.(2.1)). Also, let us consider that the system is Markovian and that its
microstates evolve solely through heat exchange with the reservoir. If the sys-
tem starts from a given initial state, it will evolve until it reaches the stationary
state that corresponds to the equilibrium distribution P9 described by statisti-
cal mechanics [42]. Since it is also a steady solution, Eq.(3.3.8) must be valid,
and we state that for each transition between m and n,

e
Wmn qu

= for all m,n, (3.3.9)
P

eq

Wnm n

which is the condition of detailed balance, a necessary and sufficient condition
for the evolution matrix W to reach the equilibrium state. In other words, the
equilibrium solution is a property of the matrix W, and therefore one needs
to properly define the entries w;; in order to describe the system-reservoir
interaction. In Secs. (3.3.1) and (3.3.1) we define the transition rates for two
important examples that also constitute one of the main topics of this thesis.
The fundamental difference between Egs.(3.3.8) and (3.3.9) is that the latter
is a particular case of the former, since it is possible for an evolution matrix
to obey Eq.(3.3.8) without satisfying Eq.(3.3.9). In such a case, we say that
the system reaches a non-equilibrium steady state (NESS). In the following
sections, we will show that the NESS has the important property of producing
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entropy continuously. Furthermore, the NESS is a property of the evolution
matrix W, and its components must also be defined properly, in such a way
that detailed balance is "broken” by external forces and/or by simultaneous
interaction with different reservoirs.

The difference between both solutions can be better understood by intro-
ducing the “currents” of transitions, defined as Jun := wmnPm — wnmPr. In the
steady state, we obtain from Eq.(3.3.8):

> T =0, (3.3.10)
n#m

with the currents J,., obeying the following properties:

and
Jmm = 0. (3.3.12)

The current J,., > 0 when there are more transitions n — m than the reverse.
The NESS occurs when Eq.(3.3.10) holds and J,,,, # 0 for some pair (m,n). The
equilibrium probability distribution, in contrast, satisfies J52, = 0 for every m,n.

3.3.1 Models

We now introduce the equilibrium version of the main Markovian models used
throughout this thesis. All of them are modelled using master equations such
as Eq.(3.3.5), and in their non-equilibrium versions, the transition rates will
break the detailed balance condition from Eq.(3.3.9) due to an external driving
and/or due to the interaction with several reservoirs. More details on how to
break detailed balance can be found in Sec.(3.4) and also in the subsequent
chapters.

Two-state model

The two-state case is one of the simplest Markovian dynamics models, consist-
ing of a system with two accessible random states. One of the most prominent
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examples of an application of this model is the single-particle stochastic pump,
which will be explored in its non-equilibrium version in Chapter (6). Single-
particle stochastic pumps are models of transport of fermions (in general, elec-
trons) between one or more occupation states. In particular, we will focus on
the simplest two-state case. Experimentally, one of the most prominent de-
vices for particle pumps are quantum dots (QDs) [62,63], which comprise a
nanoscale semiconductor with energy levels whose occupation is broadly used
to transport electrons in several applications in quantum physics. The two-level
system thermodynamics is a suitable model for nanoscale engines that extract
useful work from electron reservoirs [51,64,65], and here we focus our atten-
tion on the classical approach, considering a two-state master equation, where
the 0 state corresponds to deoccupation (when the electron leaves the QD and
returns to the reservoir) and the 1 state corresponds to occupation (when the
electron is delivered to the QD from the reservoir). The master equation for
this dynamics is given by

p(t) = [1 = p(t)]wor — p(t)wo, (3.3.13)

where p is the probability that the QD is filled, wo: is the rate for the transition
0 — 1, and wyo is the rate for the transition 1 — 0. In equilibrium, the steady-
state solution of Eq. (3.3.13) is obtained straightforwardly by setting [1—p*two1 —
p*wio = 0, resulting in

st wo1

= ——— (occupation), (3.3.14)
wo1 + wio
1-pt= Y%  (deoccupation). (3.3.15)
wo1 + wio

The transition rates wo; and wip must obey Eq. (3.3.9) in order for the system
to evolve to the equilibrium distribution. For a QD with occupation energy e,
interacting with one reservoir at temperature T and chemical potential u, we
expect a Fermi-Dirac distribution p®® = (1 + ?=#)~1, and therefore,

m(fﬁ):ﬂg_ﬂx (3.3.16)
wo1
which leads to the following transition rates:
T Tefle—w)
wmzm, wlozma (3-3-17)

where I" defines the time scale.
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Equilibrium Ising Model

Phase transitions and critical phenomena occur in several physical systems,
such as fluids, magnetic materials, liquid crystals, and others. Generally speak-
ing, in equilibrium systems, a phase transition occurs when there is a singu-
larity in the free energy or in one of its derivatives [33]. The classical theory
of phase transitions is interested in two quantities: one is the order parame-
ter, a quantity that separates the phases, assuming a zero value (defining the
disordered phase) and a nonzero value (defining the ordered phase). As ex-
amples, we cite the paramagnetic-to-ferromagnetic phase transition, with the
order parameter being the magnetization m, and the gas-liquid phase tran-
sition in water, with the order parameter being the difference in densities of
the two phases, pgas — piiquia- Critical (or second-order) phase transitions are
marked by the existence of critical exponents, which characterize the asymp-
totic behavior of several thermodynamic quantities (such as the specific heat or
magnetic susceptibility) near the critical points in continuous phase transitions.
These exponents define universality classes, which depend on generic ingredi-
ents such as the dimensionality, the symmetry of the order parameter, range
of interactions, and others [33,42].

One of the simplest models with a phase transition is the Ising model, sug-
gested by Wilhelm Lenz in 1920 [66] and developed by his student Ernst Ising
in 1925 [67]. It is composed of a set of interacting spins on a lattice. The spins
interact according to the energy (Hamiltonian)

N
E(S)=¢Y sis; —HY s, (3.3.18)
(i) i=1
where S = (s1,...,sn) is the set of spins that interacts with a reservoir at tem-

perature T, with each element s; being a random variable assuming the values
s; = 1. Here, ¢ is the exchange energy, which can favor a ferromagnetic
(e < 0) or an antiferromagnetic (¢ > 0) alignment, and H is an external field.
The notation (ij) refers to the summation over nearest-neighbor spins.

In this thesis we introduce a general class of collective engines inspired by
ferromagnetic equilibrium models, not only the Ising model but also the Potts
model [33]. In order to tackle the optimization of engines based on collective
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effects, we start by generalizing the Hamiltonian of Eq.(3.3.18) in the form

N N
B(S) = i%eijsisj—i—A;s?—H;si, (3.3.19)
in which each spin s; can assume ¢ states, but for simplicity, we will focus
our attention on two specific cases: s; = +1 for ¢ = 2 (1/2-Ising model) and
s; = —1,0,1 for ¢ = 3 (1-Ising model). Asin Eq.(3.3.18), the exchange energy e;;
can favour a ferromagnetic (e;; < 0) or an antiferromagnetic (e;; > 0) alignment.
The quantity A is the contribution of the individual energy of each spin, and
H is an external field. The quantity k£ is the number of nearest neighbors.
Here, we will also focus our attention on the 2D lattice case, with two possible
interaction topologies: the square lattice (k = 4) and the all-to-all (k = N), in
which each spin interacts with all the other spins. In the thermodynamic limit
(N — c0), the all-to-all approach is analogous to the mean-field approximation.
Now, a microstate transition occurs by flipping one spin per step, i.e., S =
(815-++8jy...,8n) = S" = (s1,...,3,...,5n), Where the spin s; changes to 3;
according to the energy interactions represented in Eq. (3.3.19). Each spin flip
in the Ising model can be treated as a Markovian process and is described by a
master equation:

Ps = Y Wss'Pss — WsrsPs, (3.3.20)
S£S

where the transition rates are defined as
wgg = De PIES)=B(SN] (3.3.21)

where T' is a quantity related to the time scale (for simplicity, we set I" = 1)
and 8 = 1/T is the inverse of the temperature T of the reservoir. In the all-to-
all approach, each spin interacts with all the other spins in the lattice, without
any topological restriction. This approach is equivalent to taking the number of
nearest neighbors £ = N and is also analogous to the mean-field approximation
in the thermodynamic limit N — oo. The transition rates defined above obey
the detailed balance condition expressed in Eq. (3.3.9), since the equilibrium
probability is given by the canonical ensemble expression p® = e*BE(S)/Z, with
the partition function Z = 2(s) e=BE®), Thus, the equilibrium solution p®9(S) for
the master equation is guaranteed. Later on, we will break the detailed balance
in Eq.(3.3.21) by introducing a biased external force and placing the system in
contact with more than one reservoir.
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Equation (3.3.20) describes the transitions in the set of microstates .S, which
makes it cumbersome to compute, since S can involve a huge number of spins.
Each spin flip s; leads to a change in the number of spins in a given state 5. We
therefore study such a system for all-to-all interactions, where the configuration
of the microstate S is characterized by the number of spins in each state, Ng.
Each spin flip leads to a transition 3’ — 3, which is equivalent to saying that in
the transition s’ — s, we have N[g,s/) = ng,s) —1 and N[(,S” =N +1. For g =2,
we have g € {],1}, and for ¢ = 3, 8 € {{,0,1}. For the all-to-all case, we rewrite
Eqg. (3.3.19) in terms of the state 3:

E(S) = — i [eps N (NS — 1) + 2¢55 NSO NG, (3.3.22)

(B,8'<B)

taking H = A = 0 for simplicity. This approach is a coarse-grained procedure
that has been effective in the description of several complex systems [68-70].
The interaction energies egg and egp correspond to interactions between spins
in different states and between spins in the same state, respectively. We can
study different values for eg5 and how they affect the phase transition. In this
model, we will consider two possibilities, which will be referred to as Model A and
Model B later on. For Model A with ¢ = 3, we define e;y =€) = ¢, €1, = €14 = —a,
and e = €10 = €0 = 0. Here, a represents the interaction strength between
spins in different states. For Model B, we set e¢gsr = edgp/, Which resembles the
Potts model [33]. The parameter « plays an important role in this model, since
for a = 1 the system exhibits a phase transition between ordered and disordered
phases in the mean-field approximation, while for other values of « we observe
a crossover (in Chapter 5 this will be discussed). In the all-to-all approach, we
write the transition rates in Eq.(3.3.21) as

)
Wgrg = € (3323)

El

where the sign F¢(1 + a) corresponds to N* = N!) + 1 and N = N 5 1.
Now we take the thermodynamic limit (N — oo), which together with the all-
to-all interaction corresponds to the mean-field approximation. We define the
state density ps as ps = <ZS $>, leading to the following master equation:

B'#B
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For Model A and g = 2, we have:
wyy = e~ 3 (mera (=201} (3.3.25)

and

Wiy = e BlEF=2p)) (3.3.26)

Model B can be obtained by taking the transition rates above and setting o =
0. Transition rates are evaluated in a similar fashion for ¢ = 3. Starting with
Model A, they are identical to the ¢ = 2 case for transitions of type t—| and
1—1, whereas the energy difference reads e(N\” — aN{")/N for transitions like
0 =1 ({), where k =t ({) and ¢ =/ (1). All the remaining ones can be computed
analogously. Likewise, for Model B, a given transition N\’ = N —1 and N =
N,ii)—H (wherek, ¢ € (1,0,])) has an energy difference given by e(Né”—Né“—H)/N
[28,29]. Numerical simulations are performed as before, but now there are
2q(¢ — 1) = 12 distinct transitions. As for ¢ = 2, the limit N — oo is promptly
obtained and described by the master equation (3.3.24) for g € ({,0,71). For
Model A, some of the transition rates are:

wiy = Te™ 3 -c@raerp} o pem3{er=ar))}  gnd g, = T~ 3 (<oPr =P}
(3.3.27)
For Model B, we have:
wyy = Te 3Lt} pem 5=} and g, = Te~ 3 (<orL)} |
(3.3.28)

Before we proceed to understand the effects of nonequilibrium variables
on the phase transition, we properly define the order parameter for the spin
systems. We define the magnetization m as m(S) = (N{* — N{¥)/N, and the
paramagnetic phase is characterized by m(S) = 0. Let us first consider the
limiting case N — oo in the all-to-all setting, and write m(t) = p, — p+. Using Eq.
(3.3.24), we compute d";t“) and determine the steady state in the long-time
limit.
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3.4 Stochastic Thermodynamics for Markov

Chains

Until now, we have described two apparently unrelated topics: macroscopic
non-equilibrium thermodynamics in Chap.(2) and Markovian jump processes in
the last sections. We will now combine these two approaches by introducing
the thermodynamics of individual jumps between the states of the microscopic
units that compose a system. Stochastic thermodynamics is a novel subarea of
statistical mechanics that extends the non-equilibrium thermodynamics frame-
work of Onsager and Prigogine [45,48,71] to define analogous thermodynamic
quantities in the realm of microscopic transitions. At such scales, fluctuations
due to thermal interaction are unavoidable and must be taken into account in
these definitions. There are two approaches to describe thermodynamics and
its fluctuations at small scales: the ensemble approach, where we define quan-
tities such as the heat exchange flux @ as the average heat exchange over all
Markovian jumps, and the trajectory approach, where we define the heat flux
for each individual step m — n, ¢...(t). Both approaches are connected, since

Q = (Gum (1))

3.4.1 Ensemble Approach

To begin, let us first consider a grand canonical ensemble, where the equilibrium
probability is given by

*6(€'mfu’"m>
eq € . _ —B(em—pnm)
Dyr = — Z= E e , (3.4.1)

m

where Z is the grand canonical partition function, u is the chemical potential
of the reservoir, and ¢, and n,, are the energy and the number of particles
occupying the state m, respectively. Of course, one can also define analogous
quantities for a canonical ensemble (we will see this application in the example
of Sec.(3.5)). From the detailed balance condition, Eq.(3.3.9), we write

ks In (“”"") = Em = n = fnm = Mn) (3.4.2)

Wnm T
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which describes a transition between states m and n. Any state hop results
in dissipation [72]. Furthermore, the transition m — n results in a change in
the energy, €, — ¢,, and we define the heat absorbed by the system from the
reservoir during this transition, ¢,.., inspired by the first law of thermodynamics
on the macroscopic scale [44], as follows:

dmn = €m — €n — M(nm - nn) (343)

The internal energy is given by the average value of the energy of each state

€Em

U= enpm, (3.4.4)

m

which is a key definition in the ensemble approach, since the dynamics of the
system will be described by mean values. Now, suppose that the system inter-
acts with one heat reservoir and also with a work source: a fine-tuned external
driving force that can continuously change the system’s state, driving it away
from equilibrium. This external agent will induce a change in the internal en-
ergy:

U= émpm + Pmem, (3.4.5)

m

where the first term on the right-hand side represents the change in energy
of a given state m while the system remains in that state. The second term
represents the change due to the probability of the system being in state m.
This leads to a natural interpretation for each term. The time dependence
em = em(t) for each m is non-dissipative, since for a fixed state m we have
gmm = 0 from EQ.(3.4.3). This change in ¢, will be interpreted as work: a
non-dissipative change in energy, a property that defines work in traditional
thermodynamics [44]. Motivated by this, we define the work flux (power) as

W =>"émpm. (3.4.6)

Due to external forces, we also expect a flux of energy and particles between
states, suggesting the presence of a chemical work flux in addition to heat
dissipation. Thus, we write the dissipative part of Eq. (3.4.5) as

Q+Wchem = Zﬁmemy (3-4-7)
and when combined with Eq. (3.4.5), we obtain

U:W+Q+Wchem7 (348)
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which is the statement of the first law of thermodynamics. Before defining
precise expressions for Q and Weem, We first turn to the entropy definition,
given by the Gibbs expression [42]. Due to the nonequilibrium driving, we
consider the entropy as a time-dependent function:

The time evolution of S(¢), denoted S, is obtained from Eq.(3.4.9) as

: . d
S=—ks»_ {pmmpm—i-pmam;om}, (3.4.10)

m

where the second term in the sum vanishes because
S o g =Y pm =0 (3.4.11)

- mdt m - m Pl
by conservation of probability, Eq.(3.3.5). Equation (3.4.10) then simplifies to
S=—ks» > JonINpm, (3.4.12)

With Jimn = WmnPrn — Wnmpm. From now on, we will perform some algebraic ma-
nipulations using the properties of J,,, defined in Egs.(3.3.11) and... (3.3.12)

Sz—%:ZZJM (on) + 3 I pm]

= R[S a0 + TS ) )]

_ 7% :;;Jmnln(pm) +;;Jnm In (ﬁ)]

-t Z;Jm IN(pm) + ;;Jnm In (p%)]
ATz

g ETan () R ()] e

Wnm

Equation (3.4.13) can be split into two expressions: on the left-hand side,
we have a non-negative sum, since it is of the form (z — y)In(z/y), which is
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always non-negative for all real x and y # 0. The right-hand side, on the other
hand, can assume either sign depending on the values of the currents J,.,
and the transition rates. Thus, inspired by the macroscopic entropy flux (see
Eq.(2.1)), we write

S=0—¢, (3.4.14)

with

J:Z—B{ZZJmnln (Mﬂ >0, (3.4.15)

w
m n nmPm

being the entropy production, and

¢—];B{§;;Jmnln (‘”’"”)}, (3.4.16)

Wnm

the entropy flux.

Now, we recall Eq.(3.4.2), which is not globally valid outside the equilibrium
realm, since the probability distribution no longer takes the form of Eq.(3.4.1)
but instead becomes a time-dependent function in the presence of an exter-
nal drive. However, we can assert a locally valid relation for the quantity
IN(Wmn/wnm) that appears in the entropy flux expression, Eq. (3.4.16). Al-
though the probability for each state m is time-dependent, the transition rates
must also be, and for each state jump m < n, they must satisfy locally the
condition analogous to Eq.(3.4.2):

ksT In (w"m) = gmn(t), for each time ¢, (3.4.17)

Wmn
where gmn(t) = em(t) — pnm(t) — (en(t) — punn(t)). This assumption in Eq.(3.4.17)
is called local detailed balance. Equation (3.4.16) can then be rewritten as

_ 1 qnm
¢= 2;;Jnm " (3.4.18)

and since for each pair (i,7) in the summation above we have J;;q;; + Jjigj: =
2J:5q:, using the property from Eq.(3.3.11) and the fact that ¢;; = —g;:, we
obtain

6= 3 Jum L. (3.4.19)

n m>n
In the macroscopic realm, the entropy flux is proportional to the heat flux,
allowing us to write

_Q
6= (3.4.20)
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which can be used to finally obtain an explicit expression for the heat flux de-
fined in Eq.(3.4.7). Applying Eq.(3.4.19) (or more directly from Egs.(3.4.20),
(3.4.18), and (3.4.16), and again using the properties of the currents J;;), we
find:

.1
Q = 5 Z Z Jannm

m n

= S5 umlen — i (em — arn)]
= 5 5" am(en = 1) + (e — )]
:ZJnm(en — pnn). (3.4.21)

This yields explicit expressions for the thermodynamic quantities in terms of
the probability fluxes:

W= e (3.4.22)

for the work flux (power);
Q=" Jnnlem — pnm), (3.4.23)
for the heat flux; and, applying the above to Eq.(3.4.7),
Wenem = D > _ iln o, (3.4.24)
for the chemical work flux.

For a system that is under a periodic or constant force, we expect the system
to reach a non-equilibrium steady state (NESS). In this state, the thermody-
namic functions of state are constant, and therefore U = 0 and S = 0, resulting
in

W 4 Q + Wenem = 0, (3.4.25)

and

NIO-

c=¢=—=. (3.4.26)

The equations above are powerful, as they allow us to describe, at the
ensemble level, the thermodynamic properties in terms of the current fluxes
in the non-equilibrium steady state, which can be obtained simply by imposing
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pm = 0. The methods for solving this equation can vary depending on the
system. Here, we explore two main methods in addition to analytical solutions
(when possible): direct discretization of the master equation and the Gillespie
algorithm [73].

3.4.2 Multiple Reservoirs

One feasible way to break detailed balance (see Eq.(3.3.9)) and drive a given
system into a NESS is to place it in contact with multiple reservoirs. In this
thesis we present two ways to do so: the collisional and the simultaneous
approach. The collisional (or sequential) approach consists of maintaining the
system in contact with only one reservoir during a time interval and, after that,
switching to another one, typically via an adiabatic transformation [51, 60, 65,
74]. This approach is investigated in detail in Sec.(4) and in Sec.(6.1). In the
simultaneous approach, the system interacts with two or more reservoirs at
the same time, which is equivalent to the fast-switching limit of a “two-box”
description. This consists of a diffusive system that is allowed to move back
and forth between two thermal stages with a given transition rate [15].

We start by defining the transition rate for each reservoir, assuming that
each transition in the microstate will be driven by one of the reservoirs inde-
pendently. The transition m — n due to reservoir v will be given by w2, which
obeys a special case of detailed balance (see Eq.(3.4.17)):

(v)

Wmn

(v)
kg In (w"‘m> =4 (t), for each reservoir v. (3.4.27)

For the simultaneous case, we write a total transition rate w,., considering the
contribution of all reservoirs:

W = Y Wi, (3.4.28)
with the total probability current J,,, given by

Tum = I, (3.4.29)
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rewriting Eq.(3.3.4) as

=> 3" J. (3.4.30)

v n#Em

The total heat exchange is given by
gnm = Z(Iffﬁu (3-4-31)

which implies

6= J,i“,,{q”’" (3.4.32)

v n m>n

for the total entropy flux, and

kB{ZZEJfM'” (wmn)} (3.4.33)

for the entropy production. For the heat fluxes exchanged with each reservoir,

Q", we simply apply Eq.(3.4.13) and write

where 1, is the chemical potential of reservoir v. The same generalization, now
from Eq.(3.4.24), can be made for the chemical work fluxes:

chem ZZ/‘LVHMJ'SLL‘;Y)L (3.4.35)

The total work is computed as the sum of all contributions from the reservoirs:

W=>"w", (3.4.36)

where each contribution W) can be found by applying Egs.(3.4.35) and (3.4.36)
in the NESS or by computing Eq.(3.4.6) for each reservoir.

With the exception of Chapter (6), our main focus will be on the simplest
case of two reservoirs. In the NESS, for two reservoirs we have

Q1+ Q2+ W =0, (3.4.37)

As discussed in Sec.(2.2), we expect that certain conditions (generally ex-
pressed in terms of sign conventions) guarantee the engine regime. One reser-
voir will serve as an input (delivering heat or input work) and the other as an
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output (receiving the output work and dissipation). In this case, we define the

efficiency for the heat engine as
(P
n=—L, (3.4.38)
Qin

where (P) := W > 0 is the power output and Qi, is the input heat, which can be

either Q; or Q. depending on its sign. The efficiency expression in Eq.(3.4.38)
must satisfy the same conditions discussed in Sec.(2.2) for the system to con-
vert input heat into useful output work.

3.4.3 Trajectory Approach

The above description is suitable for the study of microscopic engines in the
NESS, since Egs.(3.4.22)-(3.4.24) should be analyzed under the conditions
established in Chap.(2.2) in order to identify the regimes in which the system
operates as an engine and to develop appropriate methods for improving its
performance. In the following chapters, we apply these equations and methods
to distinct scenarios in order to understand the engine regime at the small
scale and to enhance its output, which can otherwise operate inefficiently under
certain physical conditions.

The NESS is expected to be reached after a long time interval: under con-
stant or periodic forces, the system "thermalizes” under the combined action of
external drives and thermal interaction with the reservoirs, and the probability
distributions of its states reach constant values that do not correspond to the
equilibrium ensemble distributions. The approach described above is suitable
for this long-time assumption, and one can compute exact values for the cur-
rents J;; and, consequently, for the thermodynamic quantities. However, due
to recent advances in nanotechnology, measurements at even smaller scales
have become possible [9]. Such precise measurements lead to a much deeper
formulation of the second law of thermodynamics and, consequently, of heat
dissipation and the engine regime as well. Suppose that a system (under the
same conditions described above) follows a single trajectory in phase space, de-
noted by m(t), among the set of all possible trajectories under the same physical
conditions. The function m(t) is a stochastic quantity with a well-defined prob-
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ability distribution p,,«)(t) (which is also described by the master equation). In
2005, Udo Seifert [75] introduced the definition of entropy for a single trajec-
tory m(t),

s = —kgIN(pm) (1)) (3.4.39)

Note that S = (s) corresponds to the Gibbs expression (3.4.9). We can
repeat the decomposition of s as done in Eq.(3.4.14), making the fluctuations
of entropy production and entropy flux explicit:

§ =4+ s, (3.4.40)
with
Se=—k8 Y Sm.m I (P5(1)), (3.4.41)
and : )
o= kY {5m,m<t) bt ﬁw} (3.4.42)

according to [75]. Of course, these quantities correspond to the averages of
the expressions in Egs.(3.4.15) and (3.4.16).

We now consider two experiments: one that results in a trajectory m(t) and
another that results in the reverse trajectory m(t), where m(t) starting at ¢; = 0
corresponds to m(f) at the final time ¢; = 7, and vice-versa, with 7 being the
total duration of the experiment. The time ¢ is defined as t = 7 — t. We define
the cumulative entropy production As; as the difference between the entropy
production of the two experiments, given by

As; = kgIn (’f@) : (3.4.43)
p(m)

where p(m) is the probability distribution of the reverse trajectory. The quantity

As; is a stochastic variable, and we describe its probability distribution P(As;)

as [72]:

P(As;) = /m 5 <Asi —kgln 2%) p(m) dm, (3.4.44)

where the integral is taken over the space of all trajectories m(t), and ¢ denotes
the Dirac delta function. Performing the change of variables m — m, we obtain

8i) = —As; — @ () din = e®%/"8 P(_As;
P(A l)_/mé( As; k:BInp(m)>p( )d P(-As;), (3.4.45)
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which yields

Pls) _ jasims (3.4.46)
P(—Asi) '

corresponding to the fluctuation theorem for entropy production. In Sec.(4.4),
we apply this approach to understand fluctuations in power and efficiency out-
puts, proposing a new optimization route that increases the probability of rare
events, such as “super-Carnot” efficiencies and the simultaneous maximization
of power and efficiency.

3.5 Stochastic Thermodynamics for the Driven
Ising Model

We now apply the ensemble approach to the nonequilibrium collective system.
Consider a minimal model consisting of N interacting units, where each unit j
is represented by a spin variable s; taking values s; € {-1,0,1} forg=3 or s; €
{-1,1} for g = 2, exactly as described in Sec.(3.3.1). However, we now introduce
two nonequilibrium ingredients: the system is coupled simultaneously to two
thermal baths at different temperatures 7, and T», and is subject to opposite
nonconservative (biased) driving forces acting at the level of individual units.
As in the equilibrium case, each step of the dynamics corresponds to flipping
the state of a single unit due to the interaction between spins with their nearest
neighbors (with the interaction energy described by Eq.(3.3.19)), but also due
to the action of one of the baths (with equal a priori probability) and to the
driving forces. These forces act according to two factors: one reservoir induces
a "rotation” in each individual spin (say s,) in the clockwise direction (-1 — 0 —
+1 — —1), while the other reservoir drives the rotation in the opposite direction,
creating a kind of competition between the two biased forces (see the Fig(3.1)).
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Figure 3.1: The figure above shows a schematic representation of a driven Ising
model in the all-to-all setup for the states ¢ = 2 and ¢ = 3, from left to right,
in contact with two work-source reservoirs and two thermal baths, where the
blue bath represents the cold reservoir and the red bath the hot reservoir. The
schematic arrows represent the bias of the force exerted by each reservoir.

As in Sec. (3.3.1), we represent each microstate by S = (s1,...,8;,...,sn), With
transitions S — S’ = (s1,...,3;,...,sn) occurring via a flip of the j-th spin, where
3; # sj. Using EQ.(3.4.17), we define the stochastic heat exchanged with each
reservoir v € {1,2}, denoted Q(S”,)S, due to the transition S — $’:

0% — Lin <WS’S) — B(S') - B(S) - Wi, (3.5.1)

s By wss’
where Wé’,’)s = (=1)""'d.,F is the work performed on the system due to the
nonconservative force associated with reservoir v. Here, F denotes the driving
force strength, and d,/, defines the bias: it equals +1 if the flip s; — 3, follows
the clockwise cycle -1 —- 0 -+ +1 — -1 for ¢ = 3, and —1 otherwise. For
qg = 2, dgy = +1 for transitions -1 — +1 and d,, = —1 for +1 — —1. The
bias satisfies d,,, = —d..,. This type of biased force is inspired by other engine
setups [27,28] and is compatible with models of biomolecular motors such as
kinesin [76, 77], photo-acids [78], ATP-driven chaperones [79,80], and also
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appears in the mobility of active driven particles [81,82]. The corresponding
transition rate that satisfies the local detailed balance condition in Eq.(3.5.1) is
given by w’, =Texp (—£22Q%,), where T sets the time scale (for simplicity, we
setT'=1).

This system is described by the master equation (3.3.20) considering two
reservoirs:

t)—ZZJ(”) (3.5.2)

v=1s'+#s
with 702 (1) = wpy (t) — w)ps(t) the probability current between microstates s
and s’. Now, using Eq.(3.4.23), we write for each reservoir

@) =>_"J%), (3.5.3)
(s's)

where the sum over (s’s) runs over all distinct transitions between s and s'.
Also, considering the NESS condition from Eq.(3.4.25), we have

(@1) +(Q2) + (P) =0, (3.5.4)
with the power output given by
=S wi. (3.5.5)
(ss)
Finally, we define the efficiency for this system as

(P)
n=—-, (3.5.6)
(Qj)
where (Q,) is the heat absorbed from the hot reservoir. For definiteness, we
take j = 2.

As discussed in Chap.(2.2), we impose conditions on the signs of the heat
fluxes and power in order to identify a useful output. For this specific system, we
adopt the following sign convention: the system operates as a heat engine when
(P) < 0 and (Q2) > 0 (heat input from the hot reservoir), which by construction
implies 0 < < nc. Sometimes we represent the efficiency in normalized form
i = nc'n, so that the engine regime corresponds to 0 < # < 1. Conversely,
in the pump regime, heat from the hot reservoir is partially delivered to the
cold reservoir in exchange for an input of external work, implying (P) > 0 and
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(Q2) < 0, and by construction nc < 7 < oo (or 1 < 77 < co). The dud regime
occurs when n < 0, in which case the system produces no useful output or even
reverses the heat flow from the hot reservoir (i.e., it is not useful).

The current J, describes the flux of spin flips at the level of individual
microstates s = (si1,...,sn), Which is quite cumbersome to compute. As done
in Sec.(3.3.1), we adopt a density approach, considering the number of spins
in each state 8, denoted N3, and taking the thermodynamic limit (N — o). In
Chap.(5), we also address the finite-size spin case. The corresponding master
equation in the mean-field approximation is the same as Eq.(3.3.24):

pe=_ Y. Jsi (3.5.7)
v BI#B
where the current 7). describes the flux of transitions from state 8’ to 3 induced

BB’
by reservoir v. The corresponding thermodynamic quantities are given by

Q) => QWIS (3.5.8)
(8'8)
and
(Py=>">" Wiy, (3.5.9)
v (B'B)

with W5 = (=1)""'dg s F, and fo,}i given by

QY = E(8') — E(B) — W), (3.5.10)

The transition rates in the mean-field approximation are written as in Sec.(3.3.1),
with the addition of distinct reservoirs and the external driving force F according
to the corresponding bias, as given in Eqgs.(3.3.25)-(3.3.28):

For ¢ = 2 in Model A, we have:

(1)

B 8
wl} F{-e+a)(1-2p1)-F}  3nd wﬁ) :6772{76(1+o¢)(1*2p¢)JrF}7 (3.5.11)

E
81

wn_ -4 L2
Wiy =e ?

{e(+a)(1=2p1)+F}  5nd wﬁ) — ¢ T leta)(1-2pp)—F} (3.5.12)

For ¢ = 3 in Model A, we have:

(1) _ =B {—cte)(py—pp)+F} wg:e*%{é(m*aw*” and wé?:ef%{e(am—mw}.

wp =e 2
(3.5.13)

54



For Model B with ¢ = 3, we have:

Wil = e~ FHewr—p)+FY (1) _ ~FH{err—p0)=F}  gnd wih) = o= FHHeto—p)~F}

wTO
(3.5.14)
Again, Model B for ¢ = 2 is obtained by taking Model A with a« = 0. Moreover, to
obtain the transition rates for reservoir 2, one simply needs to change the sign
of F.

3.6 Langevin Equations

According to Langevin [83], a Brownian particle can be described as a small
particle of mass m subject to two forces: a drag force (deterministic) that
depends on the velocity, arising from the movement of the particle through the
medium, and a stochastic force resulting from random collisions between the
particle and the molecules of the fluid. The equation of motion for the dynamics
described above is written as

m% = —av + Fo(t),
_
Codt’

where « is the drag coefficient and F,(t) is a random force satisfying the follow-

(3.6.1)

ing properties:
(Fa(t)) =0, (3.6.2)

and
(Fo(t)Fa(t)) = Bs(t — t'), (3.6.3)

where (-) denotes an ensemble average.

The property stated in Eq. (3.6.2) implies that there is no preferred direction
for the random forces; in other words, collisions of the molecules with the
Brownian particle occur in all directions with equal probability. Equation (3.6.3)
reflects the fact that collisions at different times are independent.

Equation (3.6.1) can be reduced to

% = —yv+ (), (3.6.4)
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where v = o/m is the drag coefficient per unit mass, and ((t) = Fu(t)/m is a
random force per unit mass, satisfying the same properties as F,(t):

€) =0, (3.6.5)

(C()¢(t)) =Ta(t — 1), (3.6.6)

with T' = B/m?.

The solution of Eq.(3.6.4) can be easily obtained:

t ’
v(t) = voe " +/ e ar. (3.6.7)
0
Since & = v, we have
Vo —t k v " " t! g
m(t):a:oJr?(lfe ”)Jr/ / CEdt" | e dt, (3.6.8)
0 0
which simplifies to
2(t) = o + e / (" eW”*”) dt’. (3.6.9)

The integral involving ¢(t) is a stochastic integral, which lies outside the scope
of this thesis. Since we are initially interested in the ensemble averages of
velocity and position, the stochastic terms in Egs. (3.6.9) and (3.6.7) vanish,
yielding

(x(t)) :xo+%(1—6_7t), (3.6.10)

(v(t)) = voe . (3.6.11)

The same approach can be applied to the mean square velocity (v*(t)), using
the properties given in Egs.(3.6.5) and (3.6.6):

W) = v2e 2 4 %(1 — e, (3.6.12)
The variance b(¢) is then given by
b(t) = (02 (1)) — (v())? = %(1 _ ey, (3.6.13)
In the long-time regime, (v(¢t)) — 0 and
r
2y -
(%) = 2 (3.6.14)
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Using the equipartition theorem [42], for one degree of freedom we have
(1/2)m{v?) = (1/2)ksT. Together with expression (3.6.14), this yields an explicit
value for I" (often referred to as the “reduced temperature” [84,85]):

_ 2]€B’yT
= 777), .

r (3.6.15)

3.7 Fokker-Planck and Fokker-Planck-Kramers
equations

The Langevin equation (3.6.4) is a stochastic differential equation whose solu-
tion is a stochastic process. The probability distribution P(v,t) associated with
this process satisfies a Fokker-Planck equation [61], which can be written as

orP _ 9J(v,t)
ot ov

(3.7.1)

which has the form of a continuity equation, where J(v,t) is the probability

current, given by
_T'oP(v,1)

J(v,t) = —yvP(v,t) 5 By

. (3.7.2)

A detailed derivation of Eq.(3.7.1) can be found in Ref. [61]. An important
special case is the description of a Brownian particle interacting with a reser-
voir at temperature T, for which Eq.(3.7.1) yields the well-known Maxwell-

Boltzmann distribution:

P(v) = %e*ﬁm“z/z, (3.7.3)

where Z is the partition function and g = (k7).

Equation (3.7.1) is the Fokker-Planck equation for a single variable (ve-
locity), corresponding to a Langevin equation of the form (3.6.4). We now
consider another important case that describes experimental setups such as
particles trapped in harmonic potentials. In this case, the Langevin equation
takes the form

mo = —av + F(x) + Fu(t), (3.7.4)
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where F,(t) is a random force satisfying the properties in Eqs.(3.6.2) and (3.6.3),
and F(z) is an external position-dependent force, typically representing a har-
monic trapping potential. We can also rewrite Eq.(3.7.4) in a reduced form:

dv

dt

where f(z) = F(z)/m, and ((t) obeys the conditions (3.6.5) and (3.6.6). Now,
we need to consider the full phase space (z,v). The continuity equation written

= —yv+ f(z) + ¢(1), (3.7.5)

in Eq.(3.7.1) becomes more complex, since we must account not only for the
probability current in v, but also for the additional current in = arising from the
presence of the force f(z). The continuity equation for this case is given by the
Fokker-Planck-Kramers equation [61]:

opP opP o°P oJ
E—— Uaim"!‘f(x)%'i‘% ) (376)

where the current J is given by Eq.(3.7.2).

3.8 Stochastic Thermodynamics for Brown-
ian particles

We now turn to the description of stochastic thermodynamics for a system gov-
erned by the Langevin equations (3.6.4) and (3.7.4). The approach begins with
the same premise as in Sec.(3.4): we first assume that the entropy (which will
again be given by the Gibbs expression (3.4.9)) is a function of time, and from
its time derivative we will be able to identify the entropy production and dissi-
pation. We now write the continuous form of Eq.(3.4.9) as

S(t) = —kg / P(Q, 1) In P(Q,t) dO, (3.8.1)
JQ

where Q) denotes the phase space of the particle, which may be z for the Fokker-
Planck case or (z,v) for the Fokker-Planck-Kramers case. The time derivative
of the entropy is then given by

S = —/ %[P(Q,t)ln P(Q,t)] dQ
Q

—— [ 2210 P, 1) an. (3.8.2)
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For the Fokker—-Planck case, 2 is the one-dimensional velocity space, and using
Eq.(3.7.1) we obtain

. < aJ

S = %InP(v t) dv. (3.8.3)

—o0

The integral above can be evaluated by integration by parts:
. - * 9
S=JInPv,t)|>,_ — J%InP(v,t)du. (3.8.4)

The boundary term vanishes because both the probability current J and the
probability P tend to zero as v — +oo. After some algebra and another integra-
tion by parts (now applied to JIn P), we obtain

oo 2
§= / £d +/ %dv (3.8.5)

The first term on the right-hand side is always non-negative, vanishing when
J = 0. This is easy to see: "—; is a convex function that tends to zero at the
boundaries (v — +oo). On the other hand, there is no sign restriction for the

second term in Eq.(3.8.5). Thus, we identify

oo 2J2
and
¢:—/ %Jdv, (3.8.7)

as the entropy production and entropy flux, respectively.

For the Fokker-Planck-Kramers case, the approach is similar, although the
integral becomes more cumbersome:

S = f% {/: /_O; P(z,v,t)In P(z,v,t) dc dv| , (3.8.8)
which can be rewritten as
§= / O |0 P, v,1) da dv. (3.8.9)
Substituting Eq.(3.7.6) yields

S = / / {—H )5—P+%]lnp(x,v,t)dmdv. (3.8.10)
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The same integration by parts can be applied, with the same consequences:
the current and the probability vanish in the limits v — +o0 and z — +oco. After
performing these steps, we obtain

$ = / / —dmd */Z/_O;vfr(x)‘]dxd”’ (3.8.11)

oo 2J 2
a—/ / —dazdv>0 (3.8.12)

[

We now derive the heat flux and work. These quantities can be obtained

with

and

(3.8.13)

for both cases using Egs.(3.8.7) and (3.8.13), or by considering the dynamics
of the internal energy U = 4 (E(t)) and applying the NESS condition. One can
compute the time derivative of the total energy E(t) = K(v) + V(z) by using the
Langevin equation. For the Fokker-Planck-Kramers system, we have

/ /OO dEP dacdv——/ / —d:rdv—i—/ / —d:cdv

(3.8.14)
we have If the potential V (z) is purely harmonic, the contribution of the second
term on the right-hand side of the integral above vanishes, leaving only the
first term. Applying the Fokker-Planck and Fokker-Planck-Kramers equations
and using the first law of thermodynamics, U = —(W + @), we obtain

W = —mf(t){v), (3.8.15)

and
Q=7 (m(®) - ksT), (3.8.16)

for the work and heat fluxes, respectively.
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Chapter 4

Brownian Collisional
Engines

The collisional (or sequential) approach has been widely used in several ex-
amples in quantum mechanics [86]. Here, we adapt the idea of sequential
interactions between a system and uncorrelated reservoirs to a single Brown-
ian particle. Such an adaptation is straightforward when taking into account the
molecular chaos hypothesis: a Brownian particle immersed in a fluid interacts
only with a small fraction of the environment over a given time interval and each
fraction with which the particle collides is uncorrelated with the previous one.
An engine under this framework consists of sequentially placing the Brownian
particle in contact with distinct thermal reservoirs and subjecting it to external
driving forces during each stroke. This procedure must occur in cycles: the
particle begins its dynamics at a given point in phase space and returns to ex-
actly the same point at the end of the process. Each change of reservoir must
occur as rapidly as possible, making each transition effectively adiabatic.

This framework was described in [74] and under an appropriate choice of
parameters it can operate as a work-to-work converter, where an input work is
transformed into another form of work at the output. For example, a molecular
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motor uses the chemical work extracted from ATP hydrolysis to generate me-
chanical work, allowing the protein to take a step forward along a filament [8].
Despite its reliability in various scenarios, this framework can operate rather
inefficiently depending on how it is designed. For instance, the duration of each
stroke may be too short, preventing the system from thermalizing with the
environment or too long, causing all thermodynamic currents to vanish dur-
ing the stroke (see 2.2.2). Other physical quantities also influence the output,
such as the temperatures of the reservoirs and the shape of the external forces.
Hence, it is important to search for strategies that ensure the cycle operates as
an engine under an optimal choice of parameters.

In this chapter, we exploit several maximization methods for this system.
We begin by determining the optimal output through fine-tuning the external
force (drive) applied during each stroke, which can be modified in both shape
and amplitude. We first consider a simple case under the overdamped ap-
proximation. In this regime, the effect of the particle’s inertia is negligible, in
contrast to the underdamped approximation.

To investigate the role of distinct drives in each stroke and their respective
consequences for the thermodynamics of the system, two representative ex-
amples are considered: harmonic and power-law drivings. The simplest and
most feasible way to drive the Brownian particle out of equilibrium is through
power-law expressions, since they include the linear drive. This case is not
only the simplest, but also, perhaps surprisingly, the most efficient among all
choices of drives under the same physical conditions, as will be shown later
in this chapter. The thermodynamic quantities of the Brownian work-to-work
converter can be obtained analytically, as well as the corresponding optimal
parameters, which can be expressed in terms of the Onsager coefficient in the
linear regime.

Despite the reliability of the conditions discussed in the previous paragraph,
the overdamped approximation is limited, since the corresponding Langevin
equation does not exhibit explicit dependence on the position (see Sec. 3.6).
This restricts the model in practical applications where the particle’s position
plays an essential role. To overcome this limitation, we also consider the un-
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derdamped regime, in which both inertia and position are explicitly taken into
account. As a result, we observe an interesting phenomenon of resonance: pe-
riodic drives can pull the system in such a way that the amplitude of the mean
velocity increases, leading to an enhancement of both power and efficiency with
a relatively low trade-off cost.

In the problems summarized in the previous paragraphs, we restrict our
analysis to the NESS regime, in which the set of periodic strokes imposes a
non-equilibrium steady state. As discussed in previous chapters, the NESS is
reached in the long-time regime under periodic (or constant) driving of the sys-
tem. When an optimal value of power or efficiency is obtained, the analysis is
limited to their mean values. However, at small scales, fluctuations are large
and rare events become significant, including the occurrence of “super-Carnot”
engines. Here, we show that fluctuations in small-scale engines can offer sta-
tistical advantages, in some cases even boosting the output. To capture this
essential feature, we study the collisional Brownian work-to-work converter in
terms of the joint probability distribution of power and efficiency, addressing
questions such as: what is the probability distribution associated with outputs
that locally or globally maximize both efficiency and power simultaneously? In
this chapter, we address these and other questions related to probability dis-
tributions and the thermodynamics of fluctuations in Brownian engines.

4.1 Overdamped Case

As discussed in Chap. 3.6, we briefly recap the Langevin equation that describes
the dynamics of a Brownian particle. Here, we focus on the simplest realization
of an engine composed of two strokes. More precisely, we consider a Brownian
particle that sequentially interacts with two reservoirs, labeled 1 and 2, with
T, > Ti. The particle starts in reservoir 1, interacts with it during a given time
interval and then instantaneously switches to the second reservoir, eventually
returning to the initial configuration in the first reservoir.

The total time required to complete one cycle is denoted by r, with each
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stroke i € {1, 2} lasting for 7/2. This choice of equal time intervals is referred to
as the symmetric protocol. In general, the duration of each stroke influences
the engine output [47,60]. However, we restrict ourselves to the simplest
case in which both strokes have the same duration, since our objective is to
investigate the role of fine-tuning the external drives in the optimization process
while keeping the stroke duration fixed.

During stroke i, the Brownian particle of mass m, in contact with a thermal
bath at temperature T;, is described by the Langevin equation

dvi (t)

T —y5vi(t) + filt) + Gi(8), (4.1.1)

where 4; is the viscous coefficient of the fluid and f;(t) is an external force that
depends only on time, not on position or velocity. The stochastic force per unit
mass, (;(t), represents the thermal interaction between the system and the
reservoir and satisfies the Gaussian noise properties

(Gi(t)) =0
fori=1,2 and all t and

(GG (0) = D28 5, 50— ),

As discussed in Sec. 3.6, the probability distribution in phase space for a
particle described by a Langevin equation obeys a Fokker-Planck (FP) equation.
Since Eqg. (4.1.1) does not depend on the particle position, the corresponding
FP equation reads

oP, _ dJ; ;.\ 0P
R {ORc (4.1.2)
where J; is the probability current, given by
Ji = —yivP; — vike T 8Pi' (4.1.3)
m  Ov

Once again we recover an already discussed property of the bondaries of
the probability distribution P;(v,t), assuming that lim,| e P = liMpy 500 Ji = 0
and as made in the Sec.(3.8), the time evolution of the internal energy for each
stroke U; = m(v?)/2 is given by a a sum of two terms

d

%Ui(t) = —[Wi(t) + Q:i(t)], (4.1.4)
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with the mean power W (t) and heat Q;(t) computed by the following expres-
sions,
Wi(t) = —m(vi) () fi(1), (4.1.5)

and
Qi(t) = vi(m(ui)(t) — ksT;). (4.1.6)

By averaging the expression 4.1.4 over a complete period, one recovers the 1%
law of thermodynamics, Zje{m} Wj +5j = 0, where we define the averages by

W, ::/ Witdt,  Q, ::/ Q;(t)dt. (4.1.7)

Tj—1 Tj—1
where 7; = j7/2. The time evolution of the entropy S(¢) can proceed following
the same steps presented in Chap. 3.8. As proved in the same section, such

an evolution is expressed in the form,

d
aSiIUi(t)—q)i(t), (418)

where o;(t) and ®;(¢t) are the entropy production rate and the entropy flux,
respectively, whose expressions are given by

N m J? ) Qz(t)
oi(t) = T Edv and D;(t) = T (4.1.9)

One can also compute the average of the expressions above. In the NESS,
we expect that the entropy (and also the internal energy U;) becomes a con-
stant value on average. Hence, from Eq. (4.1.8) we have @ = ®. In general,
computing the expression of ® is more feasible than integrating the left-hand
side of Eq. (4.1.9). We then find an expression for & following the proce-
dure that consists of integrating the right-hand side of the equation, ® =7 =
foT/Q Py (t)dt + f:/z Do(t) dt
47° ~ = AT

F= _— — | _ %(Wl +W2)+(Q1 _Q2)ﬁ ’

AT (4.1.10)

where T = (T1 +7%)/2 is the mean temperature of the system and AT =75, T3 is
the temperature difference. This expression is similar to Eq. (2.2.6) in Chap. 2.

The probability of the system is given by the solution of the FP equation
presented in expression (4.1.2). Once we have an expression for P;(v,t), we
can obtain all relevant thermodynamic quantities we need. For this special case,
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the distribution for each stroke is still Gaussian (even outside equilibrium), given
by the expression

Pi(v,t) = exp{—[v — (v:(t))]>/2b:(t)}/ /270 (2), (4.1.11)

in which the mean (v;(¢t)) and variance b;(t), given by Eq. (3.6.13), are time-
dependent and determined by the following equations:

WO _ ufwn) 1) + fi) (4.1.12)
and
Pilt) — by + 28T (4.1.13)

Since the particle must return to the initial state after the end of a cycle, the
external forces are always periodic with period 7, f;(t) = f:(t + 7). A convenient
manner to define a periodic function is to express it in terms of two quantities:
an amplitude, which will be denoted here as a strength X; and a function ¢;(¢),
which defines the kind of driving (piece-wise linear, sinusoidal, etc.). It is worth
mentioning that the definitions of these drivings do not depend on the velocity
or position of the Brownian particle. We define the drivings for each stroke as
follows

o) = Xig1(t), tel0,7/2] (4.1.14)

Xaga(t), te(r/2,7]

Another condition we impose is the continuity of the probability distribution

defined in Eq. 4.1.11 at the moments of the reservoir changes, i.e., at times

t = 7/2 and t = 7. This condition can be expressed in terms of the variance

bi(t) and the average velocity (v;(t)), obtained by computing the mean value of
Eq. (4.1.1),

(v1)(7/2) = (v2)(7/2), bi(1/2) = ba2(7/2), (4.1.15)

{(v1)(0) = {v2)(7), b1(0) = ba(T). (4.1.16)

The solution of the differential Egs. (4.1.12 and 4.1.13) with the boundary con-
ditions defined above leads to the following general expressions (evaluated for

kB:Iand'yl:fyg:'y):

T/2 , T ,
{X1/ e”“ 7t)g1(t/)dt/+X2/ e’Y(t 7t)gg(t/)dt/},
0 T/2
(4.1.17)

t
<’U1>(t) — Xl/ ev(t 7t)gl(t/)dt/—|—

T
0 eY 1
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t T/2 T
l_ 1 T /_ /_
(a2)(t) = Xz / et t>92(t’)dt’+T7{e“I X, / g (#)dt + X / et ‘>g2(t')dt’},
/2 e —1 0 /2

(4.1.18)
__ 1 @O=T) o D1 __ 1 B-T) o T
bi(t) = = (1—1—6*7")6 + o ba(t) = = (1+eiﬂ{,taue + -
(4.1.19)
Wi=—— 2 X2 (7 - 1) / T/Q (t)e " / t (t)e" dt' di+
L G 0 o 0 o
T/2 T/2 , T/2 T ,
/ g(t)e " dt/ g (t)e" dt') +X1X2/ g1(t)e dt/ g2(t)e dt'},
0 0 0 T/2
(4.1.20)
— ym T/2 5 1
G, =" /O (01)?dt = 3 tanh(y7/2)(Ti ~ T2) (4.1.21)
W — ™ 2 ! —t 7 N oAt gt v T —yt
W= s e / el (@ ) / (e
t , T T/2 ,
/ g2(t)e dt/}dt) +X1X26W(/ ga(t)e™ " dt/ g1(t)e dt')}, (4.1.22)
T/2 T/2 0
0o = "™ 7 a4+ _
G, =" UT/Z@)Q) i+ 5 tanh(yr/2)(T; T2)}, (4.1.23)

It is worth emphasizing that Eqgs. (4.1.20)-(4.1.23) are general and valid for any
kind of driving and temperatures. Close to equilibrium, the entropy production
(Eq. (4.1.9)) assumes the familiar flux-times-force form & ~ J1 f1 + J2 f2 + Jr fr,
where

f=X1/T ; fo=X2)T ; fr=AT/T? (4.1.24)

(AT =T, —T1) and fluxes defined by

Wi=-Thfi ; Wa=-Thafs ; Q, —Q,=2Jr. (4.1.25)

The thermodynamic currents J; are written as a linear combination of the
Onsager coefficients and the thermodynamic forces (see Sec. (2.2)), J1 =
Li1f1+ Liafo and Jo = Loo fo + Loy f1, leading to a bilinear form for Egs. (4.1.20)
and (4.1.22),

Wi =-T(Lfi) = -T(Liif? + Lisfi f), (4.1.26)

W2 = —T(J2f2) = —T(L22f22 + L21f1f2). (4127)
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As discussed in Sec. (2.2.1), in general the following symmetric relation is valid:
L2 = Lo;. However, as we will see in the next paragraphs, this relation is not
universal (see, for example, the Onsager-Casimir relation [51]). In our partic-
ular case, the choice of the driving shape given by the function g;(¢t) strongly
affects the symmetry of the Onsager coefficients, reducing the latter equality
to a particular scenario obtained by a proper choice of the kind of driving. We
compute the general expression for the Onsager coefficients as follows,

T/2 t ,
Lii = T(#Tl){(ew - 1)/ gl(t)e*”t/ gi(t)e’ at'dt
- 0 0
T/2 T/2 ,
w [Tawera [T pwe ), (4.1.28)
0 0
_ _mT ! —t T Nt g
Ly = e —1) |:/T/2 g2(t)e dt/T/2 g2(t)e” dt
T t
+ (6”—1)/ gg(t)e*”t/ g2(t)e* dt’dt}, (4.1.29)
T/2 T/2
L, — L/ *Wdt/ ga(#)e at’ (4.1.30)
(e —1) Jo /2
YT T T
Lo — &/ o dt/ e, (4.1.31)
7—(677— - 1) 0 T/2
2
Ler = %tanh(%), (4.1.32)

which are the general expressions for this description: using the above ex-
pressions, one can compute the Onsager coefficients for any choice of (at least
continuous) shape of protocol g¢;(t).

We also address a particular case of a work-to-work converter, when its
operation occurs in an isothermal environment (both reservoirs have the same
temperature). In our model, the heat flux does not contribute to the final
work output, being responsible only for increasing the dissipation without any
performance gain. Hence, as we will also see later in this chapter, the existence
of a temperature gradient only makes the engine less efficient, pointing to an
isothermal scenario as a candidate for the best efficiency. In such a case,
T, =T, =T and AT =0 and Eq. (4.1.10) is reduced to,

_ Wl + W2

0= = Lufi + Laafi + (L2 + La) i fo, (4.1.33)

which is the same expression discussed in Sec. (2.2.1).
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4.1.1 Engine regime and efficiency

Since our main goal is to find an optimization criterion for both power output
and efficiency, we must find an expression for both quantities in terms of the
external driving shape ¢,(¢) and amplitude X;. For this particular problem, one
can use directly the expressions 2.2.21 and 2.2.20 in the expressions for power
and efficiency and optimize the resulting expressions. However, before we start
to compute each component individually, we must define a sign convention.
The system receives from the reservoir the work flux Wi.n < 0 and the heat flux
éin < 0. The system will work as an engine if and only if it imposes against the
system an output P := Wout > 0 and the efficiency defined in the expression
below is in the interval 0 < <1,

S (4.1.34)

Win + Qin

If these conditions are not met, the system rather works in another regime
(pump or dud, for example) or is not physically possible due to the second law of
thermodynamics []. Thus, given an amount of energy injected into the system,
whether in the form of Wi, := W1 < 0 and/or Q,, = Q,0(-Q,) + Q,0(—Q,) (with
O(x) denoting a Heaviside function), it is partially converted into power P := Wo.
To gain some insight into the role of the drivings in the power output P and in
the efficiency n, we shall split the analysis into two parts, focusing first on the

simplest (and most efficient) scenario: the isothermal setup.

4.1.2 Brownian work-to-work converters and distinct
maximization routes

Fixing the input thermodynamic force f;, we can decide which variable will be
fine-tuned in order to find an optimal result for the engine output. There are two
open variables that can be used in such a search: the output thermodynamic
force f2, which is also related to the amplitude of the driving X> and a generic
variable related to the shape of the protocol, named §. The former variable can
assume any quantity related to g¢;(¢) and the results discussed below are general.
Two examples of quantities that § can assume are discussed in Sec. (4.1.3).
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With these variables, we have three distinct routes of optimization: i) opti-
mization in terms of f> (keeping f1 and ¢ fixed); ii) maximization in terms of the
driving parameter § for fixed thermodynamic forces f; and f; iii) simultaneous
optimization for both f; and § (fixing f1).

The former case (maximization with respect to the output force) is similar
to the findings from Sec. 2.2.1, in which the maximum power Pwp s, (With the
efficiency nwe,z,) and maximum efficiency nwe, ;, (with power Pyg, s, ) are obtained
via the optimal search for the values foxp and foxrz. We now recap the equa-
tions derived in Sec. 2.2.1 and repeat them here only for the sake of clarity.
From Egs. (2.2.20) and (2.2.21) we have,

fome L LiaLoy fomp  —Lo
= — 1-— —1] and = , 4.1.35
f1 Lo Li1Loo fi 2L ( )

and their respective efficiencies are given by Eqgs. (2.2.22) and (2.2.24),

LQI 2L11L22 L12L21
=—--= 1—4/1— 4.1.36
TIME, f2 L2 + L%2 < L11L22> ) ( )

and
_ L3
MNP, f2 = 4L11 Loy —2L12Lo1
respectively. With these expressions in hand, we can find the power at maxi-

(4.1.37)

mum efficiency and the maximum power, namely Pve s, and Pwp r,, by applying
directly the expressions fome and fomp into the expression for P.

In fact, the expressions above are valid considering the driving parameter
¢ fixed, which can be initially adjusted before the maximization above. Now,
we investigate the opposite case: fixing fi and f. and varying only §. Using
the same approach as in the case above, we obtain the driving parameter that
maximizes the power output dwp and the driving parameter that maximizes the
efficiency dweg, which fulfill the following expressions:

LyyOur)  fo

£, (4.1.38)

and

Avor12(0ar) f5 + A1 (Omre) fi + [A2211(0mE) + Ao112(0mE)] fif2 =0,  (4.1.39)
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where L}, = VL;;(6)/Vé is the derivative of the coefficient L;; with respect to

the driving parameter § and A;jx(8) = L;(8) Lri(6) — Ly, (6)Li;(6). The maximum
values for the power and efficiency are given by

L/ 5 1 /
Pups = 7,221( MP) [L21(60p) Lo (6ap) — Laz(8ap) Loy (Sap)] 11, (4.1.40)
L% (6nmp)
and )
Los(6 Lo1(0nm
R 220(0mE) 5 + Lo1(OmE) f1f2 (4.1.41)

Li1(6pmE) f2 + Li2(6mE) fife’
respectively. The power at maximum efficiency, Pues and the efficiency at
maximum power, nwp,s, Can be obtained directly by substitution of the above
results into the expressions for P and 7.

With the two methods discussed above, we shall find the local maxima for
both power and efficiency. Naively speaking, we are assuming that the surfaces
given by the functions P(4, f2) and (4, f2), which are mapped into a 2D heat
map as we will show in Sec. (4.1.3), can be examined through two “curves
of maximization” composed of the points (4, fowp/me) @and (dwe/me, f2) for the -
fixed maximization and for the f.-fixed maximization, respectively. Depending
on the system or the kind of driving, these curves may have an intersection
point that will be referred to as a global maximization, which means that the
power/efficiency has simultaneous maximization in terms of the pair § and f..
When it exists, this intersection will always coincide with the global maximum
of the output quantities when the system operates as an engine. We will denote
such an intersection point as (d3,ve) and for the power, for instance, it can be
obtained using Egs. (4.1.35) and (4.1.38) simultaneously,

/ * * * *
21(5MP) 1 L21(5MP) famp 1 L21(5MP)
=z : and =—c —, (4.1.42)
L/22 (5MP) 2 L22(5MP) fi 2 Loy (5MP)

with the global maximum power value and efficiency value given, respectively,
by

* 1L31(6;{P) 2
pr = - Calomp) o 4.1.43
4 L2 (53p) " ( )
and ,
- L31(6xp) (4.1.44)

B 4L11(57MP)L22(57\/1P) - 2L21(67MP)L12(67\/[P).
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4.1.3 Applications

Until now, we have introduced some main expressions and also some theo-
retical tools to find an optimal route for a Brownian sequential work-to-work
converter for any kind of external driving. From now on, we intend to apply
these general results to two specific kinds of external forces that are useful for
a practical/experimental setup: harmonic and power-law drivings. The former
appears in several experimental contexts, such as Brownian particles under op-
tical beam traps and optical tweezers [87], electrophoresis processes in colloidal
gels [88], or measuring heat capacity experimentally by means of oscillating
temperatures [89] and the latter refers to a generalization of the result obtained
in Ref. [84], which exhibits complementary features to the harmonic setup.

General harmonic driving forces

In this section, we apply the sequential engine to a general function that con-
verges to a Fourier series. Due to the fact that the engine runs in a cycle, we
also assume that the drivings are periodic and, if well behaved, can be written
in terms of Fourier components. Thus, our general results here consider only
periodic functions, despite the fact that there are non-periodic functions that
also converge to Fourier series (and therefore have components that can be
applied to the results of this section), such as the Heaviside step function or
the Riemann prime counting function. For each half stage we write:

i[ cos( - ) b<)5|n(4:nt)], (4.1.45)

for the ith stage (i = 1,2), where the coefficients o' and b\ are given by

0 ) iT/2 , ,

“w =7 )/2gi(t )dt’, (4.1.46)
i—1)T

. iT/2
o® =2 gi(#') cos Ty ) ar' (4.1.47)
T J-1)r/2 T

(1) 4 /e / . 4mn / /

b :;/( etysin (TR ar. (4.1.48)
i—1)T/2
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The thermodynamic quantities and maximization values can be written di-
rectly in terms of these coefficients, which implies that once one has computed
the Fourier expansion for both g:(¢) and g2(t), all results are obtained by direct
substitution. In Appendix A.1, we show all the evaluated quantities in terms of
the Fourier coefficients.

In order to have a feasible and simple example to illustrate our results, we
restrict our case to a simple sinusoidal function, with the same frequencies but
a difference in phase given by ¢:

gi(t) = sin (477%) (4.1.49)
g2(t) = sin (47%_(;5), (4.1.50)

where ¢ is a lag that has the role of controlling the efficiency [90], the dissipation
[91] and also guiding the operation mode of the engine [90]. Note that the lag ¢
corresponds to the generic driving variable § mentioned before. In Fig.(4.1) we
show some features considering ¢ fixed and varying T'f,. It is worth noticing

0.04
— =0
0.6 ‘
0.03 —p=-1
o=1
= 04 a 002
0.2 . m 0.01 *
0 0.
60 05 10 15 20 25 60 05 1.0 15 20 25
Tf, T f>

Figure 4.1: For harmonic drivings, the depiction of efficiency n and power out-
put P versus force T'f, for distinct ¢ values. In each panel, from left to right
curves, results for ¢ = 0, —1 and 1, respectively. Squares and circles denote the
maximum efficiencies and powers, according to Egs. (4.1.35)-(4.1.36). In all
cases, weset X1 =Tfi=1,7=2,vy=kg=m=1and T =1/2.

that ¢ affects not only both power and efficiency, but also has a role in the
engine regime interval. In fact, given a fixed ¢, we compute the regime 0 <
Tfy < Tfmn where the system operates as an engine (0 < n <1 and P > 0).
We also observe both maxima for power and efficiency (and also other relevant
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quantities such as the efficiency at maximum power). Using Eq.(2.2.21), we
derive the following expression for fowp

fowe 4m(&” + 1)[2m COS(¢) — y7 sin(9)]

i Ar[(e77/2 = 1)(7272 + 472) — dy7(e77/2 4+ 1) Sin*(¢)] + 16m2(e77 4 1) cos?(¢)
(4.1.51)

A similar (but cumbersome) expression for fome can be obtained. Itis important

to mention that in the long-period limit, i.e., 7v > 1, fomp — 0 independent of
the lag. On the other hand, fowe — f1/(2c0s(¢)) for v « 1.
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Figure 4.2: For 7 = 2 and distinct T'f» values, the depiction of efficiency n and

power output P versus ¢. In each panel, from left to right curves, results for
Tf. = —0.5,—1,0.5 and 1, respectively. Squares and circles denote the maximum
efficiencies and powers, respectively, according to Egs. (4.1.38) and (4.1.39).
In all cases, weset X;: =Tfi=1,y=ks=m=1and T =1/2.

We now point to the opposite case, fixing T'f, and varying ¢. In Fig.(4.2) we
reveal an additional (and new) feature arising from the lag in the second stage.
The inclusion of a lag makes the system present two distinct engine regimes,
delimited between two intervals ¢1.,, < ¢ < ¢am and ¢sm < ¢ < P (fulfilling
P =0 at ¢ = ¢:m). Also, this interval depends on the sign of T'f,, as plotted in
Fig.(4.2): the engine regime occurs for positive (negative) output forces when
—m/2< ¢ <72 (7/2< ¢ <T).

Finally, the lag also controls the engine performance, having optimal ¢we and
¢mp at which nve 4 and Pup 4 are maximized. The relation between the external
driving f> and ¢ for the power can be established by applying Egs. (2.2.20,
2.2.21),

é _ 71'[’}/7' CSC((]ﬁMp) + 27 sec(¢Mp)] (4152)

fl ,727—2 +4ﬂ-2
and a more cumbersome expression for ¢ve that will be omitted for the sake
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of space. In the limits v7 < 1 and y7 > 1, Eq. (4.1.52) results in ¢mp —
cos™!(f1/2f2) and zero, respectively. A more complete analysis can be made
when we consider a density plot of power and efficiency in terms of T'f, and
¢. In Fig. (4.3) we plot how the choice of T'f, and ¢ affects not only the
power and efficiency but also the engine regime interval itself. Also, we leave
the two maximization routes explicit in the dashed and continuous lines, which
represent the optimization with respect to ¢ and f., respectively. If we fix, for
example, ¢ = 0, we obtain Pup s—¢ =~ 0.0231 and nvg,s—o ~ 0.494. A simultaneous
optimization corresponds to the point where the curves intersect, equivalently
to the intersections between Egs. (4.1.51) and (4.1.52). In Fig. (4.3) we can
see an intersection at the points P* ~ 0.0398 and n* =~ 0.581, both global maxima.
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Figure 4.3: For the set of drivings given by Eq. (4.1.50) and 7 = 2, the left and
right panels depict the phase diagram of the output force X, = T'f» versus the
phase difference ¢ for the efficiency and power output, respectively. Continuous
and dashed lines denote the maximization with respect to f, and ¢, respectively.
Their crossings provide the simultaneous maximizations. In all cases, we set
X =Tfi=1,v=kp=m=1and T =1/2.
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Power Law drivings

Next we consider a general algebraic driving acting at each half stage:

(%), forte0,7/2]
g(t) = (4.1.53)

(1-2)° forte[r/2,7],
where o and 8 assume non-negative integer values. In principle, we could
also define half-integer values; however, an inspection of the exact expres-
sions reveals that the Onsager coefficients assume imaginary values when 3 is
a half-integer. A careful analysis also shows that for « as a half-integer, no sub-
stantial changes in the computed quantities are present. For these reasons, we
will focus our analysis on the simplest case of integer exponents. Egs. (4.1.20-
4.1.32) can be applied in general to such a case and be computed as analytical
expressions, although the results are cumbersome and not useful for a more
practical analysis of the thermodynamic quantities. Therefore, our analysis will
be focused on some remarkable values of « and 3. Nonetheless, general ex-
pressions for the thermodynamic quantities for any integer o and 3 are plotted
in Appendix (A.2). These drivings will be addressed here as power-law func-
tions and they are a generalization of the analysis made in Ref. [84], which was
focused on the particular casesa=g=0and a=p3=1.

In Fig. (4.4) we show the main portraits of the engine performance by
varying the output force for some representative values of T'f,, a and 5. The
influence of the choices of a and 8 on the output values and the engine regime
interval is clear. The number a smoothly affects the power and efficiency, re-
ducing the former and enhancing the latter as « increases, also reducing the
range in which the system can operate as an engine. In other words, increas-
ing o results in enhanced efficiency, while a loss in power and in the engine
range is observed, showing a trade-off relation when this maximization route is
adopted. On the other hand, 8 strongly affects both the output values and the
engine regime interval, revealing another trade-off relation. Both power and
efficiency decrease as § increases, in exchange for an increase in the engine
regime interval 0 < f» <|fam|. The sign of the second half of the external driving
is highly affected by the choice of 8, being positive (negative) when g is odd
(even).
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Figure 4.4: For power-law drivings, the depiction of power output P and ef-
ficiency n versus X», = T'f. for representative values of « and 3 (from top to
bottom, 8 = 0,1 and 2). From left to right (left side), the results for a = 0,1
and 2, respectively. Squares and circles denote the maximum efficiencies and
powers, according to Egs. (4.1.35)-(4.1.36). In all cases, weset X; =Tf; =1,
T=v=kp=m=1and T =1/2.

The global maxima for power and efficiency occur in the simplest scenario,
where o« = 8 = 0 and the g; are time independent (we call this scenario the
"linear case”).

Now we do the opposite, searching for a maximization route by fixing T'f>
and varying « and 3. This analysis is plotted in Fig. (4.5) and the maxima
points correspond to Egs. (4.1.38) and (4.1.39). As shown in Fig. (4.5a) and
(4.5b), the efficiency is maximized as « increases for 8 = 0 and fixed T'f2, while
the optimal power still occurs in the linear case, decreasing for a > 0 for any
fixed T f2, showing once more the trade-off relation in the optimization in terms
of the coefficients. Fixing a« = 0 and varying 3, we see that the maximization is
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f2-dependent (see Figs. (4.5c) and (4.5d)). The optimal 3 ensuring maximum
efficiencies nme g and powers Pnp s also follow Egs. (4.1.38) and (4.1.39), being
f2-dependent and even (odd) for negative (positive) f..
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Figure 4.5: For fixed forces X, = T'f2, the depiction of efficiency n (a) and P (c)
versus o (8 = 0). Panels (b) and (d) show the same, but 3 is varied (for fixed
a = 0). Main panels (insets) in (c) and (d) show results for odd (even) 3. In all
cases, weset X, =Tfi=1,r=v=kp=m=1and T =1/2.

In Fig. (4.6), we extend the aforementioned findings to several values
of a« and 3. In the opposite direction from the harmonic drivings, a global
optimization has not been found due to the fact that we are dealing only with
integer values of « and g.

Recapping the above results: lower values of o are always more advan-
tageous for enhancing the power output, while for the efficiency, there is a
non-trivial compromise between the force |f.| and both coefficients. This non-
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Figure 4.6: Panels (a) and (¢) depict, for 8 = 0, the phase diagram X, = T'f>
versus « considering the efficiency (a) and power (c). In (b) and (d), the
opposite case is shown (g is varied for fixed a = 0). White and black symbols
denote some representative maximizations with respect to f, and the driving
(for f2 held fixed), respectively. In all cases, weset X1 =Tfi =1, 71=v=kp =
m=1and T =1/2.

trivial relation between the three variables defines trade-off relations: one can
enlarge the engine regime by increasing 3, while increasing dissipation and los-
ing power output; or increase the power output by imposing the linear case,
with the engine operating at less than optimal efficiency and within a limited
range of operation.

4.1.4 Difference of temperatures

Until now, we focused our attention on the isothermal case, when the two reser-
voirs have the same temperature. In this section, we examine the effects of
different drivings at each stroke when the temperatures are different. On close
inspection of Eq. (4.1.34), one reveals a dependence on the temperature gradi-
ent AT in the denominator, while the numerator P is temperature independent
because it depends only on the driving and on the velocities. Thus, the in-
crease of AT makes the system less efficient, dissipating more heat without
any gain in the power output. One natural question is whether the exter-
nal drivings and/or the driving parameter § would compensate for the above
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point. Both 51 and 52 depend on f; and f.. For small AT, the system will
only receive heat from reservoir 1 (2) if 2my f07/2<v1>2dt < tanh(y7/2)(Th — T>)
[2m’yf_:/2<vg>2dt < tanh(y7/2)(T: — T1)]. There is a driving value |f.| > 0 such
that Q,(f») = 0, which therefore splits the system into two regimes according to
the inequalities presented above: an interval 0 < |f2| < |fr| where the system
does not receive heat (51- =0) and an interval |fx| < |f2| < |fm|, Where the sys-
tem receives heat (61- < 0). The treatment for the regime in the first interval
is the same as that made here for the work-to-work case. For large AT, 51 is
always negative and the engine is always less efficient than the work-to-work

converter.

In Figs. (4.7) and (4.8) we exemplify thermal engines for harmonic drivings.
As stated before, the system will operate in a similar way to a work-to-work
converter until a value f, (represented by an "X” symbol in Fig. (4.7)) when the
system starts to receive heat from the external reservoir. Also, the efficiency
decreases as AT increases in magnitude, illustrating that there is no conversion
of heat into output work. Interestingly, the system placed in contact with the
hot thermal bath in the first stage leads to somewhat higher efficiencies than in
the second stage. This slight difference in the maximum efficiency can be un-
derstood by examining the right-hand sides of Egs. (4.1.21) and (4.1.23). The
interplay between the lag ¢ and the external driving forces leads fT/2<v1)2(t)dt

0
to be larger than j:/2<v2>2dt, thus conferring some advantage when 7} > Ts.

Finally, in Fig. (4.9) we extend the results for heat engines to the power-
law drivings. For every pair a and 3, AT # 0 will always result in a loss of
efficiency, being more substantial as « is increased and less sensitive to an
increase of driving in the second stage (increase of 3). There are also small dif-
ferences in the maximum efficiency when the hot bath acts over the first or the
second interaction, being slightly larger when AT > 0. In such a case, the inter-
play between the driving forces leads fT/Q(m)th to be lower than f:/2<v2)2(t)dt,

0
offering a small advantage when 71 < T%.
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Figure 4.7: Forr =2, ¢ =0 and Tf» = 1, the depiction of efficiency n versus T'f,
and ¢ for distinct temperature differences AT between thermal baths. From
top to bottom in each panel, results for distinct temperature differences AT =
0,0.02,—0.02,—0.1 and 0.1. Symbols x refer to the separatrix f,/¢, between the
work-to-work and thermal engines, respectively. In all cases, we set 71 = 1/2,
Ty =1/2+AT, X, =Tfi=1land y=kg =m = 1.
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Figure 4.8: For the set of drivings given by Eq. (4.1.50) and = = 2, the left
and right panels depict efficiency phase diagrams of the output force X5 = T'f2
versus the phase difference ¢ for AT = 0.1 and —0.1, respectively. Continuous
and dashed lines denote the maximization with respect to f, and ¢, respectively.
Their crossings provide the simultaneous maximizations. In all cases, we set
X, =THi=1,v=kp=m=1and T =1/2.
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Figure 4.9: Left and right panels show the efficiency n versus T'f, for distinct
a values for AT = 0.025 and AT = —0.025, respectively. From left to right (left
side), the results for o = 0,1 and 2, respectively. Dashed lines denote the cor-
responding AT = 0 (work-to-work) engines. Symbols x denote the separatrix
fn between regimes in which the particle receives heat from the thermal bath.
In such a case, the efficiencies are different. From top to bottom, 3 =0,1 and
2.
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4.2 Underdamped case and the ressonance

phenomenon

We now extend the previous main results to the underdamped case. In the
overdamped setup, the inertia of the particle is neglected. Since the inertia is
not present in the overdamped case, its equation has the form of Eq. (3.6.1)
(see Sec. 3.6). While the former is more theoretically simple, the absence of the
mass results in an incomplete analysis. First, Eq. (4.1.1) does not include a po-
sition dependence, which implies that all boundary conditions and all dynamics
computed by Egs. (4.1.12 and 4.1.13) do not include any assumption about the
position z of the particle, limiting applications to setups that require a confined
particle, such as experiments with Brownian particles under optical traps [92]
and general Langevin dynamics applied to biological transport [93,94]. Also,
the underdamped case captures distinct and essential aspects of the particle dy-
namics and stochasticity, emphasizing the effect of inertia along the process,
while the overdamped case is limited to systems with rapid relaxation.

Despite the extensive research on both approximations [95-102], little is
known about their thermodynamic implications. In this Section, we explore the
role of inertia in a work-to-work converter under the same conditions addressed
in Sec. (3.6) and in its related publication [85]. This setup is composed of a
Brownian particle sequentially placed in contact with a given thermal reservoir
and subject to an external force per mass given by fi(z,t) at each state i (i €
{1,2}). The first contact has a duration given by =, and the second contact
with the reservoir has a duration of - — ;. In each stroke, the system is again
described by the Langevin dynamics,

Sou(t) = Fw1) = 260i(6) + Gi0), (4.2.1)
d
awz(t) Z’Uz‘(t), (422)

where ~; is the viscous coefficient per mass. (;(¢) is a white noise and obeys
the same properties addressed for Eq. (4.1.1). The force f,(z,t) = f;(z) + fi(t),
where f(z) = —kx;/m is due to a harmonic potential that “traps” the particle in
a bound state and f;(t) is the external force that is defined in the same way as

83



Eq. (4.1.14). The probability distribution of the particle P;(z,v,t) at stroke i is
described by a Fokker-Planck-Kramers equation (FPK) [61],

oP; BP ( ) orP;,  0J;
ot ov ov

where J; is the probability current, given by the same expression as in Eq. (4.1.3).

(4.2.3)

As stated in Sec. (4.1), the system will repeat its strokes with a period = under
a periodic force f,(x,t) = f,(z,t +7) for both i = 1,2. The results expressed in
Egs. (4.1.3-4.1.11) and Egs. (4.1.24 - 4.1.37) are general and can be applied
directly to this specific case. The simplest way to treat the underdamped case
is to decompose the driving at each stroke, written in terms of a Fourier series

as,
__ag 2mnt 2mnt
gi(t) =% +;an cos < - ) + b, sin ( . ) (4.2.4)
and -
_ Co 2mnt . 2mnt
() = 3 +;cn cos (—T ) +d, sin (—T ), (4.2.5)

where the driving to be considered is characterized by the coefficients a,, b,,
¢, and d,, under the conditions ¢,, =d,, =0 fori=1and a, = b, = 0 for i = 2.
We write the mean value of the velocity in a general form as

= 2kt 2kt
= E (X1 a1k +X2- agvk)cos( 7:_ ) (X1 brok+ X2+ bgvk)sm< 7; ), (4.2.6)
=1

where a;,x and b, correspond to Fourier coefficients obtained for the mean
velocity and depend on the driving form from Egs. (4.2.4) and (4.2.5). The
general expressions for these coefficients are given in Appendix A.3. In or-
der to tackle this new problem, we repeat some maximization methods used
previously in this Chapter, with some additional features. First, we repeat the
maximization of P and n in terms of f» for the underdamped setup and compare
it with the overdamped case. This comparison is made by choosing three dif-
ferent driving forces: a constant, where ¢:(t) = g2(¢t) = 1; a linear driving given
by,
t, 0<t<7/2
gi(t) = (4.2.7)
t—71/2, T/2<t<T,
and a trigonometric force given by,
cos (25t), 0<t<7/2,

gi(t): - (4.2.8)
sin (22t), 7/2<t<T.

84



All these drivings are particular cases of the external forces studied in the
Sec. (4.1.2): the constant driving is obtained by taking a« = 8 = 0 in the Eq.
(4.1.53); the driving from the Eq.(4.2.7) is the Eq.(4.1.53) fora = 8 =1 and
making ¢:1(t) — (7/2)¢1(t) and g2(t) — —(7/2)g2(t) and the Eq.(4.2.8) can be
reobtained from Eq.(4.1.50) by taking ¢ = 37/4 and exchanging g:(t) < ga(t).
Such a modification does not affect the generality of the results presented for
the overdamped scenario.

Fixing f1, we maximize in terms of f, for the constant and linear external
drivings, as plotted in Fig. (4.10). To gain insights about this maximization
route in an underdamped model, we compare it with an already known exam-
ple of the overdamped case. This analysis assumes v = x = 1. In both cases,
the system operates as a work-to-work converter by choosing f. in the inter-
val between 0 and |f..|. Both external drivings have totally different behaviors
when the underdamped case is applied. First, for the underdamped setup un-
der a constant protocol, the Onsager coefficients obey the following symmetry
relations Li; = Loy = —L12 = —L21, which imply that the system operates as a
work-to-work converter in the interval 0 < f2 < f,, = fi. The expressions for the
power output and efficiency are relatively simple, given by P = Lasfo(fo — f1)
and n = f»2/f1, respectively. It is important to notice that the interval of oper-
ation and the thermodynamic quantities do not depend on « or 7, nor do their
maximization values, such as the values of f; where the maximum efficiency
and power output are reached, namely fome = f1 and fawp = f1/2. One can
simply find the optimal thermodynamics by applying fave = f1 and fomp = f1/2,
resulting in nwe = 1, nup = 1/2, Pue = 0 and Pup = T'Loo f2/4. Surprisingly, the un-
derdamped model under the constant protocol reaches the reversible “Carnot”
scenario, with the maximum global efficiency being equal to 1 and its efficiency
at maximum power equal to nup = nMe/2, analogous to the results observed in
Ref. [58] for a fast Carnot cycle, but for the work-to-work scenario.
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Figure 4.10: Depiction of the power output P (top) and efficiency n (bottom)
as functions of f, for constant (left) and linear (right) drivings and different
periods . Dashed and continuous lines correspond to the underdamped and
overdamped regimes, respectively. Black and red dots represent Pvwp and nwp,
respectively. Parameters: fi =T =1,v=1and x = 1.

For the linear protocol, the scenario is broadly different. We still observe
some symmetries in the Onsager coefficients, Li1 = L2z and Li2 = Lai; how-
ever, L11 # —Li2 and L11/L2» increases “faster” with respect to 7. The optimal
quantities Pwp, nwp and Pye also depend strongly on 7 and «, two known quanti-
ties that are related and influence the particle when the inertia is not negligible.
We also point out how the period r affects the overdamped and underdamped
scenarios differently (see Fig. (4.10)). Before we proceed with the particular
role of x in the underdamped approach, we further stress the role of the total
period in the comparison between the overdamped and underdamped cases
under both protocols.

First, we observe that the period 7 affects the efficiency of the underdamped
scenario according to the selected protocol. While the increase of  slightly re-
duces the efficiency of the linear protocol, the efficiency for the underdamped
model under the constant regime is constant, which offers a huge advantage
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in selecting the best scenario for the power output with respect to time without
any dissipation cost. In fact, the power output increases when we consider
longer cycles for both protocols (see the left side of Fig. (4.10)), with a peak
in the constant case at 7y = 6.311..., when Pvp = 0.05148 for f; = 1. In the lin-
ear protocol, the peak is observed at ry = 7.354..., whose associated power and
efficiency result in Pup = 0.170... and nmp = 0.2765.... In this scenario, the over-
damped case for the constant protocol is remarkably different. Both power and
efficiency decrease with the duration of the cycle. The overdamped case in the
linear protocol has (qualitatively speaking) similar features to its counterpart in
terms of power, since both exhibit the decay of the power output when the du-
ration of the cycle increases. However, the power output for the underdamped
case offers more advantages than that of the overdamped case. In summary:
for the constant protocol, the underdamped case provides the best efficiency
scenario, being able to reach a reversible cycle without any dissipation cost in
terms of the cycle duration. The overdamped case in general surpasses the
underdamped case in terms of power output, both presenting opposing behav-
ior in relation to the increase of the cycle duration, with the overdamped being
more powerful for small periods while the underdamped does the opposite. For
the linear case, the underdamped surpasses the overdamped in both efficiency
and power output.

For completeness, we show the same comparison with the trigonometric
driving given by Eq. (4.2.8) in Fig. (4.11). While the power output for the over-
damped case P increases with the duration of the cycle, the opposite is observed
for the associated efficiencies and for the underdamped case. As observed for
both linear and constant drivings, the underdamped case not only presents a
substantial increase in efficiency but also exhibits a remarkably larger opera-
tion regime. Here, we propose a heuristic (less rigorous) explanation of the
differences highlighted in the last paragraph. First, we notice that the driving
forces (or the amplitudes X;) are in opposite and the same directions for the
overdamped and underdamped cases, respectively. This occurs because, in
the underdamped case, the restoring force makes the particle restore its posi-
tion (in an average sense) ideally without any additional dissipation, while the
overdamped setup needs both drivings to run the engine and restore the cy-
cle. However, the trigonometric case has some subtle details, in general due
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to the phase difference (¢ = 3x/4 in Eq. 4.1.50). Another difference between
both setups lies in the relation between f,, and =, which can be directly ana-
lyzed through an inspection of the Onsager coefficients. Notwithstanding, if we
stretch the heuristic interpretation slightly, we conclude that the mean velocity
always aligns with the external force in both stages for the overdamped case if
we wait long enough, due to the fact that both forces act as dissipative restor-
ing forces, dragging the particle to its initial position when ¢t = 7. As stated in
Chapter (2.2), the system can transform one kind of energy into another due
to two opposing fluxes and forces. When the velocity, which is directly related
to the mean flux of the particle, is aligned with the external drivings, there is
no useful power output. Hence, the “production” of work flux to the outside is

limited to smaller intervals when 7 is larger.
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Figure 4.11: Power output (top) and efficiency (bottom) versus f, for sinusoidal

protocols and different periods r. Dashed lines represent the underdamped
regime, while continuous lines represent the overdamped regime. Black bullets

denote Pvp and red bullets denote nvp. Parameters: f1 =1,v=1, and x = 1.
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4.3 Effects of the deterministic resonant phe-
nomena in the underdamped setup

The presence of a restoring potential with an external force (which is also pe-
riodic, with frequency w = 27/7) results in a resonant phenomenon, when the
amplitude of the velocity exhibits a peak as the frequency of the external force
approaches the natural frequency of the system. Here, we adjust the frequency
of the restoring force by fine-tuning the spring constant «. The interplay be-
tween the restoring potential and the external force is similar to a phenomenon
coined stochastic resonance, when the response of the system to a weak ex-
ternal force is maximized by the noise, increasing the amplitude of oscillation
between steady points [103]. Here, to avoid confusion with this specific be-
havior, we use the term “deterministic” resonance, since this phenomenon is
not related to stochastic noise, but to an interplay between two deterministic
quantities. We will denote «res as the resonant spring constant. In order to find
it, we maximize the amplitude of the k-th mode in terms of time ¢ and &, given
by,

_ 2kt . 2kt
()™ = (X1-aron+X2-az,1) COS (”T)+(X1~b1vk+xz~b2vk) sin (WT) (4.3.1)

The maximum amplitude is therefore obtained from the following relation:

2
Kres = <@> , k integer. (4.3.2)

T

Such a result is independent of the protocol, depending only on the natural
frequency wo = 2x/7. In order to tackle the influence of the resonant phe-
nomenon on the thermodynamic quantities, we start by studying its effect on
the maximized quantities Pwp,me and nwe,me. If we fix 7 and x, we can find the
corresponding fomp and fowe and therefore the respective maximization of both
power and efficiency. In Fig. (4.12) we draw heat maps for both maximum
power and efficiency in the plane « versus 7 for the constant and linear cases.
These results point to the role of both « and 7 in the optimization of the thermo-
dynamic quantities and, more specifically, the heat maps show the peaks of the
efficiency according to the resonance curves given by the relation in Eq. (4.3.2).

89



ﬁ’l P 77MP

0.005

04
0.004

0.003 03

0.002 02

0.001

0.1

0

30 35 40 45 50

K
’ I
T4
3| \-
0.00 AkJ/\,/\/\/\/»\/

0 35 40 45 50 0 1 2 3 4 5 6 7

e Ror &
o8t /| (d)

0.006 \‘
0.005 ‘

0.004

0.003

0.002

0.001

Figure 4.12: Top panels: (a) depicts the maximum power Py p and (b) depicts
the efficiency at maximum power 7, heat maps for linear drivings. (c) shows
the same, but for constant drivings. Continuous lines show the resonance lines
according to Eq. (4.3.2). All maximizations have been carried out with respect
to f.. Since nap = 1/2 for constant drivings, the heat maps in this case are not
shown. In (d), there is a plot of P p for constant (dashed) and linear (contin-
uous) drivings for k = 472, Inset: the same, but for ny e (linear). Parameters:
fi=T=1and~=1.

The resonant patterns in Fig. (4.12) suggest that it is possible to overcome
the previously known peaks obtained through maximization in terms of the ex-
ternal force. Thus, the underdamped setup offers a huge advantage over the
overdamped one, since it is possible to maximize the power output without
any cost in efficiency. These two quantities are related by a trade-off relation
that does not allow their simultaneous maximization [104] unless some other
thermodynamic quantity is sacrificed. Under these terms, we also examine the
dissipation (entropy production) in the same configuration as in Fig. (4.12). In
Fig. (4.13) we present a comparison of the entropy production for both under-
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damped and overdamped setups under the constant and linear protocols and
also the peaks of the entropy production at maximum power gmp. The same
peak patterns are shown in the heat map in Fig. (4.13c) and (f), which suggest
that the “simultaneous” maximization also results in a peak in the dissipation.
Also, it is important to mention that there is, in fact, no simultaneous maxi-
mization, since the resonance points are very close to the peaks of the power
and efficiency, but do not precisely coincide.

0.30

&) - S

0.0 f2 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.13: Left and center panels depict the mean entropy production & for
the overdamped ((a) and (d)) and underdamped ((b) and (e)) cases versus fs,
for the same range, resonance lines, and parameters as in Fig. (4.11). Black
dots represent the maximum power. Panels (c) and (f) show entropy production
heat maps for the same parameters as in Fig. (4.12). Top and bottom panels
correspond to the constant and linear drivings, respectively. Parameters: f; =
1,vy=1,and T =1 in all plots and x = 1 for the 2D plots.

We also estimate the experimental reliability of such a maximization due to
the resonant phenomenon. In principle, our framework can be reproduced and
tested using an optical tweezer system, in which the harmonic potential and the
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harmonic drives can be generated via electric fields [105-108]. In Fig. 4.14 we
plot the same heat map for Pwpe (in J/s), applying some laboratory values: m =
1078 kg, v ~ 1072°s~!, by imposing a thermodynamic force X; ~ 0.003fN/kg
in the underdamped case (m/y > 1) at room temperature with x ~ 1uN/m.
Applying these quantities to our optimization methods, we find the resonant
regime peaks at X, ~ 0.5fN/kg with a period =~ 6us in the constant case.
We also investigate the resonant phenomenon for the trigonometric external
drives, which is shown in Fig. (4.15). The peaks due to the resonance are also
observed, but they do not show remarkable improvements with respect to the
constant and linear drivings.

10g,0 PMp 10g10 (Pwp)
—4.8 -24.5
—_ -25.0
\ad -25.5
27 0 ~26.0
-27.0
_5.4
11996 11,998 12.000 12,002 12.004 11.996 11.998 12.000 12.002 12.004
log, (k/m)

Figure 4.14: The power output for the linear (left) and constant (right) protocols
in log base 10 scale considering some experimental quantities. Here, we use
m 107" kg and v ~ 1072°s7!,

4.4 Statistical fluctuations of power and ef-
ficiency

Until now, we have focused our attention on results in the NESS. Using the
results from Sec. (3.4.3), we now tackle the maximization in terms of the fluc-
tuations of the collisional engine. Here, we focus on the maximization of the
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joint probability of power and efficiency, searching for rare events and fluctua-
tions of the thermodynamic quantities above their maximum values.

Let us define a flux of work per period 7 for the Brownian particle along a
single trajectory z, with velocity v = z,

_ _,/ F(bu(t) (4.4.1)

”»'02:—* /sz() v(t)dt (4.4.2)

where the f; are the external drivings from the reduced Langevin Eq. (3.6.4).
The mean values of the expressions (4.4.1) and (4.4.2) reproduce the well-
known values from Egs. (3.8.15) applied to both reservoirs,

T/2
(unlz]) = <—i/ f1(t)v(t)dt>
= —*/ f1 (t))dt

=W, (4.4.3)

and the same can be done for (w.). As already stated, the solution of this sys-
tem is Gaussian and, since the fluctuating work is proportional to the Gaussian
variable v(t), we expect that i and - are also Gaussian variables. We describe
this distribution by

Pa(wl,wz):fw < = Z( ) Ul(ijTVj)), (4.4.4)

1,7=1
where W, = {(i;). The covariance matrix C is defined as
Cij = (i) — (wi)(ay). (4.4.5)

Following Ref. [109], we observe that the stochastic work is related to the
stochastic entropy fluxes by

gy = — 22, (4.4.6)

The total entropy production should follow a fluctuation theorem in the
asymptotic limit [109],

P(O’l,O'Q)

JTE— =exp (o1 + 02) 7/kB], (4.4.7)
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where P' is the probability distribution of the reversed process. Since every-
thing is still Gaussian, obtaining the covariance matrix elements C;; is straight-
forward and, once more using Ref. [109], we write the C elements in terms of
the Onsager coefficients,

T2k
Cij = —2

(Lij + Lyi) . (4.4.8)

It is noteworthy that the results from Eq. (4.4.8) only depend on the Onsager
coefficients and, since our only assumptions are the Gaussian solutions and the
white noise from the Langevin equation, the result above is general and should
be applied to other classes of collisional engines beyond the scope of this thesis.
Also, assuming the marginalization of the expression for P(w;), we can easily
obtain it from

P(ibs) :/m Py, ) dir. (4.4.9)

Now, we start to approach the efficiency distribution, since its value also
presents stochastic fluctuations. We define it inspired by Eq. (2.2.2),

- (4.4.10)
w1
The expressions w; present Gaussian distributions, which is not the case for 5,
which will be written in the form [110,111],

P :/j; /:, p(@hmm(mg—j) A, dibs. (4.4.11)

Besides the complexity of the above integral, Eq. (4.4.11) admits an analytical
solution [54,112]. To evaluate this integral, we rewrite the Dirac delta function
as

(1 22) = 1500 + ), (4.4.12)
1
which is a feasible expression to apply to the integral in Eq. (4.4.11), yielding
the result,
Pn) V—C3y + C11Ca2 exp C’22VTVl2 — 22012ﬁ/1ﬁ/2 + Cnﬁ/g
7 (Ca2 + n(2C12 + C11n)) 2C7, —2C11Ca2
_ (VTVZ‘*’VTVl"I)2 o o < <
e 2(Cap+n(2C12+C11m) (022W1 — C12Wo + C12Win — 011W27])
+

V2 (Ca2 +1n(2C12 + 0117]))3/2
C22W1 - C12W2 + 012W177 — C11W277

Erf
\/5\/(—0122 + C11C%2) (C22 +1(2C12 + Ci1m))

(4.4.13)

X
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This distribution exhibits a Cauchy-like behavior (P(n) ~ 1/7*), meaning that all
its moments are divergent (it is a distribution with a non-defined mean). This
property is universal of efficiency distributions, observed in other results that
also investigate their fluctuations [112]. Moreover, it depends solely on the sta-
tistical moments of the power variables, which are Gaussian with well-defined
moments. Thus, all analysis related to the maximization of the efficiency will
be written in terms of the average of Eq. (4.4.12).

With the distribution of the power output and efficiency well defined, we
start to approach their joint relationship. We know that this relation always
exists due to the trade-off relation between these two quantities [85,113]. The
joint distribution of power and efficiency is an important tool for this work be-
cause from it will be possible to compute a conditional probability analysis while
capturing their fundamental thermodynamic “competition”. We first derive the
joint probability P(n,-) from Eq. (4.4.14),

Pl 5s) = Polin, @2)3 (n-+ 52 ). (4.4.14)

w1
Therefore, to obtain the marginal P(n,-), we need to integrate over w;, which
is simplified through the identity,

a(mg) _ lnfs (&ﬁ%). (4.4.15)
w1 |n] n

Now, integrating Eq. (4.4.14) over w; we have
P(n,i2) = @Pc (—@,fuz) , (4.4.16)
n n
which presents two simultaneous behaviors according to the variable: Eq. (4.4.16)
is Gaussian in terms of <. but still a Cauchy-like distribution in terms of . With
this equation, we start to ask some questions about the joint behavior of both
variables.

4.4.1 Optimization Beyond Mean Values

With Eq. (4.4.16), we start to investigate some topics concerned with the joint
behavior of the “competition” between power and efficiency, and some specific
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questions can be raised. Since these quantities are always fluctuating, there is
a non-null probability to find a regime where the efficiency and/or the power
overcome their mean value. This probability should be computed using the
joint probability obtained in the previous paragraphs. The goal of this Section
is to maximize the probability of such events by manipulating some external
variable, f, for example.

We start by analyzing the probability of the power output overcoming its
maximum mean value. The average value of the mean power output is con-
strained by an upper bound Wa < ﬁ/z"’”’, however it is possible to find a fluctuating
trajectory such that W, > Wi, with the following probability

P (i > WiT) = % (1 +erf (%)) . (4.4.17)

Notice that when s, = IX/QMP, the error function vanishes, yielding a probability
p = 1/2. We expect this result from the symmetry of the Gaussian distribution
about its mean. Due to normalization, we expect that P(I/% > VTVQ""P) < 1/2.
In Fig. (4.17), we plot the probability of the engine to overcome its maximum
value versus the external driving f» for two time intervals, 7, = 0.1 (fast cycling)
and = =1 (slow cycling).

Another relevant statistical event is the probability of the power output

——MP
falling between two intermediate values, the maximum power (W, ) and the
MP

—ME — —ME
power at maximum efficiency (W, ). Ingeneral, W > W, , so we define the

probability,
ey L[ (1 W W i
P (WP > iy > W) = 2 (erf(¥> 7erf<¥)>. 4.4.18
(87 > i > 5%) = 5 (e Vv, vaves ) A

The “competition” between the power output and the efficiency is explicit in
Eq. (4.4.18). If W, ~ W', the probability decreases, while the opposite occurs
when W, ~ WYE. This behavior and its relation with the external driving f, are
plotted in Fig. (4.17b).
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Figure 4.16: Depiction of the efficiency 7 (top) and mean power W (bottom)
versus different X, = T'f, for different r's. Green curves show results for 7, =
0.1, with £} = —0.972, n™F = 0.944, W'® = 0.0068 at maximum efficiency and
MP = —0.500, n"" = 0.499, Wi = 0.0625 at maximum power. Pink curves show
results for = = 1, with 3 = —0.750, ™% = 0.563, W3'F = 0.0401 at maximum
efficiency and fY° = —0.480, n"° = 0.428, W3 = 0.0588 at maximum power.
Symbols denote the corresponding maximum values W and 7"E.
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Figure 4.17: Probability distribution of power W,. (a) Probability that power ex-
ceeds its maximum mean value, which is maximized at the force corresponding
to the maximum average power. (b) Probability that power falls within an in-
termediate range, which is maximized at a distinct value fiNT. For -, = 0.1 and
72 = 1, the values of fiNT are approximately —0.0126 and —0.0583, yielding prob-

abilities of 43% and 12%, respectively.

Now jumping to the efficiency optimization, the work-to-work converter
operates within the well-defined efficiency range of 0 < n < 1, with values
exceeding n > 1 corresponding to another regime (pump) and the actual ef-
ficiency being redefined as nnew — 1/n. Our first analysis is concerned with
the probability of the efficiency surpassing its maximum value while still in the

99



work-to-work engine regime. Since the efficiency distribution is a Cauchy-like
expression, we cannot compute its values analytically. Its numerical evaluation
is found in Fig. (4.18), revealing that the probability P(1 > n > ™) presents
peaks at 1/2 when f, = YE, mirroring the optimal condition for mean efficiency,
showing some similarity with the power statistics, however hiding a crucial dif-
ference: while power fluctuations diminish with increasing time intervals, ef-
ficiency maintains significant probability density across a broader range of f,
values. This fundamental distinction stems from the Cauchy-like nature of the
efficiency distribution. [111].

Now, we investigate the probability of observing the efficiency within the
range nM& > n > »M". The results are plotted in Fig. 4.18. As expected, the
maximizing values for this probability fall between f)€ and 3. As shown in
Fig. (4.18a), the time dependence of the efficiency is stronger than that ob-
served in the power output, revealing a fundamental difference between these
two quantities. Our examination of independent probabilities for both power
and efficiency sets the stage for the next step. Both quantities derive from the
same underlying stochastic trajectories and therefore their statistical correlation
becomes an important quantity to better understand simultaneous maximiza-
tion and its “competition” along the engine cycling. We now start to investigate
how these intrinsic correlations influence the joint probability structure and what

implications they hold for the work-to-work regime.

P(n) b) P(nlw, € Qy) P(nlw; € Q)

o
100 P 10 107

Figure 4.19: Probability distributions. (a) Probability distribution for the effi-
ciency. (b) Conditional probability distribution for the efficiency with the con-
dition w, € Qi = [WIE, W] (c) Conditional probability distribution for the
efficiency with the condition w, € Qs = [ﬁ/g""P,oo). All the distributions are com-
pared for two thermodynamic force values, f3'* and f3'€. For all plots, we choose

T=T0 = 1.
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Figure 4.18: Probabilities for the efficiency. (a) Probability of having the ef-
ficiency greater than the efficiency at maximum mean power. For both time
intervals, the maximum probability is 50%. (b) Probability of having the effi-
ciency greater than the mean efficiency at maximum power, but less than the
mean maximum efficiency. The optimal force values maximizing this probability
are fINT = —0.686 for . = 0.1 and fINT = —0.492 for =, = 1, yielding probabilities
of approximately 90% and 20%, respectively.
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4.4.2 Conditional probability of power and efficiency

We first define Q as an arbitrary measurable event for the power variable, which
could represent the power exceeding its maximum value (w2 > W) or lying in
the intermediate range (W3 < 4w, < Wi'®). We define the conditional probability
distribution for the efficiency given an event Q of . as,

fﬂ P(T), UT)Q)d'UT_)Q

Plalie € {904 = =52 " ay)

(4.4.19)

with the denominator representing the total probability of the specific Q event
occurring. This conditional formulation provides a useful tool for examining any
power constraint that the work-to-work engine can present. In Fig. (4.19) we
present this analysis for different engine regimes and quantify how the power
fluctuations affect the efficiency.

We start by defining the power condition Q, = [W}'E Wi']. Using the con-
ditional probability defined in Eq. (4.4.19), we examine the probability of the
efficiency exceeding the maximum value n > n"E. In Fig. (4.20a) we plot several
important features of this conditional probability. There is a huge reduction of
the maximum probability in comparison to the unconstrained case, falling from
50% to much lower values for both time intervals. We will denote f$*™ as the op-
timal force that maximizes this probability, where C1M indicates the force that
maximizes the efficiency under the condition Q;. Now, for the intermediate
range o€ > 5 > »™P under the same power constraint, in Fig. (4.20b) we show
that this probability is maximized by the optimal force f$*!. Notably, these op-
timal forces lie closer to the maximum-power condition than to the maximum-
efficiency condition, demonstrating how the constraint biases the system to-
ward different operational regimes. These results show how the constraint on
the power output also limits the system’s ability to simultaneously achieve high
efficiency values. Once more, the trade-off relation between power and effi-
ciency is explicitly shown in these results. We now expand our investigation to
a more broad conditions, Q. = [W,"™>. The conditional efficiency distribution
for this case is presented in the Fig (4.19 c). This increased range presents
a sharply difference in comparison with the intermediate-power results. When
examining P(n € [, 1]jw2 € Q2), we observe a striking enhancement in proba-

bilities consistently above 50 % across both time scales studied, reaching thein
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Figure 4.20: Conditional probability, with Q, = [W}E Wi'®]. (a) Conditional
probability for the efficiency being greater than the average maximum effi-
ciency. For m; = 0.1, the optimal force is fS™ = —0.974 with maximum prob-
ability of ~ 8%; for » = 1, the optimal force is fS™™ = —0.963 with maximum
probability of ~ 1.2%. (b) Conditional probability for the efficiency being in the

intermediate range. For 7, = 0.1, the optimal force is f$! = —0.654 with max-

imum probability of ~ 20%; for = = 1, the optimal force is fS!! = —0.577 with
maximum probability of ~ 5%. For all cases, the forces that maximize these

probabilities differ from the reference forces.
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maxima at the optimal force value f3'. This represents a significant increase
from both the unconsrained case (50 % maximum) and the intermediate power
condition. In particular, this peak is observed in the fast cycling regime (r = 1),
where the probabilities approach 90% for certain parameters. This particular
results is interesting and contrast what we classicaly known about trade-off re-
lations, suggesting that in regimes of strong pwer fluctuations, the system can
achieve both high power and high efficiency by exploiting rare but favorable
events where the energy conversion becomes exceptionally efficient.
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Figure 4.21: Conditional probability, with Q. = [, ). (a) Conditional proba-
bility for the efficiency being greater than the average maximum efficiency. The
probabilities are higher compared with condition 1 and the case without condi-
tion, reaching ~ 51% for =, = 0.1. (b) Conditional probability for the efficiency
being in the intermediate range. For r; = 0.1, the maximum probability reaches
~ 97%. For all cases, the forces f, that maximize these probabilities are the
same forces that maximize the probability in the unconditional efficiency case.
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For intermediate efficiency values, we also observe an important relation
with the time regime, since its probability decreases with increasing  (see
Fig. (4.21)). We also note that the optimal f; values match those maximizing
the non-conditional intermediate efficiency probabilities, and these probabili-
ties consistently exceed their non-conditional counterparts, demonstrating that
high-power conditions enhance the probability of achieving higher efficiency
values.
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Chapter 5

Collective Heat Engines
and Non-equilibrium
Phase Transition in
Driven Ising Models

The examples studied in the previous chapter deal with engines composed of
a single Brownian particle operating as a work-to-work converter. However,
nature is plentiful of complex systems composed of many interacting entities,
in which cooperative effects often play a crucial role. Examples span multiple
biological scales [114], from microbes [12] to the human brain [13], and have
been studied in a broad range of research fields, from non-equilibrium effects in
chemical processes [14-16] to synchronization in biological networks [17-21].
This vast spectrum of applications highlights that the demand for implementable
and robust optimal strategies to engineer collective engines is important and
timely. Although the interplay between collective effects and system perfor-
mance has been extensively studied in quantum systems [23, 26, 115], the
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development of classical setups built from interacting units is comparatively
much less known and still remains at a preliminary stage [27-31].

We introduce a general class of collective engines, inspired by ferromag-
netic equilibrium models [33,116-118]. They have long-standing importance
in the context of collective effects and are at the heart of numerous theoreti-
cal and experimental advances, having distinct models (e.g., the Ising, Potts,
XY, and Heisenberg) as ideal platforms for describing ferromagnetism. Here
we show that synchronized operations under ordered (ferromagnetic) arrange-
ments play a central role in improving system performance by optimizing power
and efficiency through fine-tuning of the external driving sources and the cou-
pling parameters. The main features and optimization routes of the engine pro-
posed here can be unveiled both by using a linear analysis close to equilibrium
and an effective discrete-state model capturing all relevant effects. Finally, we
highlight that our results are robust beyond the case of all-to-all interactions
and pave the way for the construction of promising nonequilibrium thermal ma-
chines based on ordered structures. All the dynamics and thermodynamics are
described exactly as in Sec. (3.3.1), where a set of N spins interacting in an
all-to-all manner is considered, with the energy of a given microscopic configu-
ration state given by Eq. (3.3.19). The dynamics of the microscopic states are
described by a master equation modeling single-spin flips, as in Eq. (3.3.24).
The nonequilibrium setup is realized by the same apparatus described in Sec.
(3.5), in which the system is coupled to two thermal reservoirs that also act
as a work source through a bias (non-conservative) force (See Fig.(3.1)). In
the thermodynamic limit (V — oo), this system reduces to an effective ¢-state
description, where ¢ is the number of spin states accessible to each spin, with
the energy of each mesostate g € {—1,1} and 8 € {-1,0,1} for ¢ =2 and ¢ = 3,
respectively, given by Eq. (3.3.22), which we repeat below for clarity:

ZeﬁN“”) N S [epsNP (NS —1) + 2¢5 NSINGT, (5.0.1)
(8,8"<B)

for a mesostate S.
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5.1 Optimizing power and efficiency in driven
Ising models

We now start by optimizing the output performance of a collective heat en-
gine. All thermodynamic quantities will be computed starting from the results
of Sec.(3.4). Before moving on, it is important to briefly recall the definitions
of models A and B introduced in Sec. (3.3.1). For Model A with ¢ = 3, we define
€rr = €5 = € €4, = €4 = —ag, and e = €10 = €0 = 0. Here, « character-
izes the interaction strength between spins in different states. For Model B, we
take egpr = edgp . This distinction is particularly important here, since the sys-
tem operates as an engine only when the interaction follows Model A. Fig. 5.1
shows the main features of models A and B for ¢ = 3 and N — oo, in which
Py € {p¥,pS,p3}. In such a mean-field limit, the system is described by a non-
linear master equation that must be self-consistently solved (see Sec.(3.5)).
In Fig. 5.1(a)-(b), we show efficiency and power output per unit for model A.
This setting allows for the existence of a collective ordered phase for large neg-
ative e. In this regime, the system behaves as a heat engine (see Fig. 5.1(a)).
As ¢ increases, units deviate from a synchronized phase and a pump behavior
emerges. For a = 1, units start operating independently after a phase transi-
tion, indicated by ¢ in Fig. 5.1(b), while for other « there is a crossover between
these collective and independent regimes. Moreover, Fig. 5.1(c) shows that F
can be used as a parameter to control the system, as when F increases a pump
behavior emerges even in the collective ordered phase. As shown below in
Section 5.5, power and heat fluxes are independent of ¢ when units operate
independently, indicating that, in the collective phase, ¢ can be chosen appro-
priately to lead to better performance even as a pump, hence hinting at the
relevance of a synchronous phase for this class of engines.

Conversely, no engine regime is present for model B (see Fig. 5.1(d)), when
only Potts-like interactions are present. If units operate independently, the en-
gine can only work as a pump in this case. Although model B has been pro-
posed as a work-to-work converter, exhibiting maximum power in the collec-
tive regime [28], the absence of Ising-like interactions makes the synchronous
phase useless for operating as a heat engine. For these reasons, model A will
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Figure 5.1: Left: Schematics of ¢ = 3 engines. Arrows in the reservoirs indi-
cate the direction of the driving F, which is clockwise at high temperature and
counter-clockwise at low temperature. (a) Model A (¢;+ # 0). The efficiency
7 =n/n. is shown for different « as a function of the coupling strength ¢ in the
strong collective phase (smaller €). Lines are exact results, while dots represent
the effective model (see Section 5.3). Power output per unit, P, is presented
in the upper inset, while the lower inset is a semilog plot of 1 —pjt to show the
robustness of the effective description. (b) Same as (a), but in the presence
of weak collective effects (larger ¢). The symbol ¢ in (b) indicates the critical
point e. separating the regimes of collective and independent units. As a result,
collective ordered operations favor a heat engine behavior. Parameters in (a)
and (b): 81 =2, 82 =1and F = 2. (c) Model A. 5 and P (inset) versus F for
different 3,. Vertical lines mark the crossover between heat engine and pump
regimes, also indicated by e. Parameters in (¢): a =3, e = —6, B2 = 1. As
previously, symbols correspond to the effective model. (d) Model B (e;+ = 0).
For FF = 1, 82 = 1 and different 3;, the efficiency is shown as a function of e,
indicating only a dud regime in this case, as Ising-like interactions are absent.
As ¢ increases, model B shows a pump behavior (inset).
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be used as the reference model from now on. Analogous findings are also re-
ported for ¢ = 2 (model A) in Fig. 5.2. Indeed, we show the efficiency, 7, and
the power per unit, P, as a function of the interaction strength, ¢, for differ-
ent a’s, highlighting the presence of the transition from the heat engine to the
pump regime.

& 0.00
-0.02
— a=0
-0.04
—a=1
P -006f —a=3
-0.08; , 107
[s%
| 109
-0.10} ~
10°° (b)
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Figure 5.2: ¢ = 2 engine (model A). For 8; =2, 82 = F =1 and distinct «, panels
(a) and (b) respectively show the efficiency, 7, and the power per unit, P,
versus the interaction strength, e. Black circles indicate the optimal efficiency,
nve = n. (Amne = 1) in this setting (see Section 5.1). Symbols correspond to
the effective two-state description, presented in Section 5.3. Insets: plot of p;’
(panel (a)) and semilog plot of p3* (panel (b)) versus e.

To investigate the optimal working regimes of the proposed model, we ex-
tend our results to a wider spectrum of values of the coupling parameter ¢ and
the driving F. Figs. 5.3 and 5.4 show the resulting heat maps again for ¢ = 3
and ¢ = 2 (model A), respectively. Heat engine (blue-red) and pump (purple)
regimes are separated by an intermediate region in which units operate as a
dud regime (orange). Power and efficiency can be optimized with respect to
F (solid lines) or ¢ (dashed lines), while the other quantity is held fixed. It is
worth noting that the power output in the heat engine regime presents a global
maximum where the two optimization lines cross (dark red spot). This point
coincides with the power obtained by simultaneous optimization with respect
to F and . Conversely, no optimal point exists for the efficiency in the (F,e¢)
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space, and the heat engine operates more efficiently as |¢| and F are increased.
This result hints at the possibility of boosting the performance of a stochastic
heat engine by favoring the emergence of collective order. We highlight that,

when ¢ = 2 (and a = 1), the system exhibits qualitatively similar behavior to
the ¢ = 3 case.

-0.01

-0.02

-0.03

-0.04

-0.05

"0 9 -8 7 6 -5 -4 -3 €

Figure 5.3: Model A and ¢ = 3. Left panel depicts the power heat map as a
function of driving F and coupling . HE, P and D indicate, respectively, heat
engine, pump, and dud regimes. The solid line shows the maximum power with
respect to F at fixed ¢, while the dashed line accounts for the maximization with
respect to . These two lines cross at the global maximum power. The right
panel shows the efficiency / heat map as a function of F and ¢. Solid and
dashed lines again indicate maximization with respect to F' and ¢, respectively.
In both panels, the dot-dashed lines only indicate the boundaries of heat engine
regimes. Parameters: 51 =2, fo =1, a=1.

As suggested by Fig.(5.5), an alternative route for optimization prescribes,
at finite e and F, to increase the value of the coupling between different states,
a. In Fig. 5.5, we show the maximum efficiency, nu e, the efficiency at maxi-
mum power, nap, and the one obtained by simultaneous optimization, n3,p, as
a function of a for model A and ¢ = 3. It is worth noting that n. e approaches
(and eventually reaches) the ideal Carnot efficiency 7., while n;;p saturates
the Curzon-Ahlborn bound, nca = 1 — +/B2/p1, as the coupling strength is in-
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Figure 5.4: Heat maps for P and 7 for the same parameters as in Fig. 5.2.
Heat engine, pump, and dud regimes are described by symbols HE, P, and D,
respectively. Continuous and dotted lines denote the maximization of power,
respectively holding F and e fixed. The dot-dashed line corresponds to the
crossover from heat engine to pump regimes, in which n = n. in this setup

(¢=2).

creased. Furthermore, the efficiency at maximum power lies between these
two bounds: nca < nup < ne. It is worth noting that, for ¢ = 2, the Carnot effi-
ciency is reached for all values of « provided that P = (Q.) = 0, as also shown
by black circles in Fig. 5.2. Together with the results presented in the heat
maps, we can state that, considering a general interacting model admitting an
ordered phase, the performance as a heat engine benefits from a synchronized
behavior, in combination with the presence of Ising-like couplings.

Systems operating collectively can offer significant advantages, such as
reducing dissipated work [119,120] and optimizing efficiency and/or power
through tailored internal structures [27,121,122]. Here, we notice a crucial
difference in behavior emerging from the existence of the two phases. Indeed,
assuming F' > 0, the system may only operate as a heat engine for m > 0 (phase
A) and not for m < 0 (phase B), as illustrated in Fig. 5.6a. The engine regime
occurs deep in the ordered phase with m =~ 1, in which case the majority of units
are in the state s; = —1. Due to the values of the transition amplitudes, only
rarely does a unit flip, mostly to s; = 0, under the action of the hot bath, flipping
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Figure 5.5: Maximum efficiency nv e (black circles), efficiency at maximum
power nyp (blue squares), and efficiency at global maximum power n;,p (red
diamonds) as a function of the coupling between different states, «. Solid lines
are guides for the eye. The black and red dashed lines correspond to the Carnot
n. and Curzon-Ahlborn nc 4 efficiencies, respectively.

back to s; = —1 under the action of the cold bath. Both flips involve performing
work on the surroundings. On the other hand, if m ~ —1, the most common
excitation involves flips from the state s; = +1 to s; = 0 under the action of the
hot bath, flipping back to s; = +1 under the action of the cold bath. Both flips
now involve work performed on the system. (If F' < 0 the roles of the A and B
phases are interchanged.)

Until now, we have focused our analysis on the interaction strength ¢, on
the coupling strength for different spin states «, and on the interplay of these
quantities with the non-equilibrium variables. Now we add the effect of the
energy of each individual spin by imposing A # 0 in Eq.(3.3.19). As in the case
A =0 and e < 0, there is a small region where the spin system operates as a
heat engine. For simplicity, we will conduct this analysis considering Model A,
fixing a = 1. Also, as done in the equilibrium analysis, we split the solution for
the magnetization of the system into two phases, denoted as A and B (not to be
confused with Models A and B defined above), respectively characterized by a
predominance of spins —1 and +1. Later on, we will examine the role of the non-
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equilibrium characteristics on the magnetization and on the phase transition of
each phase. Letting m = —(s;) denote the order parameter, we have m > 0 for
phase A and m < 0 for phase B, while m = 0 indicates independent operation of
units. The “quadrupole moment” ¢ = (s?) distinguishes between phases where
units predominantly occupy states +1 (¢ ~ 1) and where they are in state 0

(¢ =0).

Next, we extend the analysis to individual energies A # 0, as depicted in
Figs.(5.6) and (5.7). Note that the internal energy A substantially affects the
engine output. In panel (a) of Fig.(5.6), we also address how the fine-tuning
of 3, (inverse of the cold reservoir temperature) affects the optimization of the
efficiency. It is interesting to note how easily the efficiency at maximum power
(nwp) overcomes nca, reaching the limit nwp =~ ¢ = 1 — % in the direction of
B1 — oco. In panel (b), we begin to address the effect of A # 0 on the engine
regime itself. We denote Ame and Awp as the values of A that maximize the
efficiency and the power output, respectively. We see that with the increase of
B in the limit 81 — oo (decreasing T1), there is a convergence of the points Awp,
Ang, and Ap, where A, is the point of the order-disorder phase transition for a
fixed ¢, along with the reduction of the pump regime (P). In the limit 81 — oo,
the transition point A4 coincides with the global maximization point for both
power and efficiency. This reveals a striking relationship between optimization

and the occurrence of a phase transition.

The black dots in the heat map on the bottom-left of Fig. (5.7) represent
the efficiency at maximum power nwp, while the green dots are the maximum
efficiency nme. The nwp value is constrained between nca and ne (the global maxi-
mum for the efficiency). Thus, as one increases A, the efficiency also improves,
overcoming the Curzon-Ahlborn limit (which is not universal, as discussed in
Sec.(2.2.2)). In the limit 81 — oo, nc and nwp converge, matching the Carnot
limit as € and F increase (as already observed for fixed F and ¢ in Fig.(5.6)). As
a consequence of such maximization, Pvp reduces due to the trade-off relation
(dissipation is maximized while the efficiency becomes greater).

Finally, we address the link between optimization and phase transitions (a
detailed description and characterization of phase transitions will be depicted in
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Figure 5.6: (a) nap (symbols x) and na e (Ssymbols o) versus 8, for e = —20

and F = 5. For comparison, the continuous black and red curves represent the
corresponding Carnot 7. and the Curzon-Ahlborn efficiency nca, respectively.
The inset shows the corresponding maximum power values, Pyp. (b) The
convergence of Ay p and Ay g to A, is shown as a function of 5; for the same
parameters as in panel (a). Dashed curves here separate the heat-engine (HE)
and dud (D) regimes from the heat pump behavior (grey area). In all cases,

B = 1.

Sec.(5.6)). Although Ay p and A do not necessarily coincide, both converge
to the discontinuous transition value A = A4 as $; increases (see Fig. 4.6¢),
revealing a connection between ideal operational conditions and phase transi-
tions.

5.2 Linearthermodynamics for collective heat

engines

We now apply the methods studied in Sec.(2.2.1), considering the non-equilibrium
system to be sufficiently close to equilibrium, e.g., 1 — 82 < 1 and F « 1.
By resorting to the ideas developed in Sec.(2.2.1), we introduce the follow-
ing thermodynamic forces fi = 81 — 82 and f. = 1 F, in such a way that the
entropy production, (5), is expressed in the bilinear form as in Eq.(2.2.18),
with J; = (Q.) and J. = P/F denoting the thermodynamic fluxes. Such fluxes
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Figure 5.7: Upper panels: Plots of efficiency n (left) and power P (right) as
functions of A for different values of ¢, with driving F = 2. Solid lines represent
all-to-all mean-field results, x symbols denote square lattice results, and circles
show phenomenological predictions from Eqgs. (5.3.9)-(5.3.10). Dashed lines
mark ideal efficiency n. = 1 — 82/ (left) and maximum power P,,,p = —0.01831
(right). Lower panels: Heat maps of efficiency and power. Black and green
dots indicate MP and ME points, respectively. The transition from heat engine
(red) to heat pump (yellow) approaches ideal efficiency n = n.. Parameters:
BL=2,B2=1,and F = 2.
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can be expressed in terms of the Onsager coefficients, J; = Li1f1 + Li2fe and
Jo = La1 f1 + Loz f2, which satisfy the conditions Li1, L2z > 0 and L1z = La;. From
Egs.(2.2.5) and (2.2.18), the efficiency 7 promptly reads

. B1P Lot fofi + Laof3
=- = 5.2.1
1 TG =) (@) Iufit Luhf (5-2.1)

from which n = 7 n. follows immediately. As previously, heat engine (P < 0)

and pump (P > 0) regimes impose boundaries on the optimization with respect
to f2, whose absolute value must lie in the interval 0 < |f2| < |fm|, Where f,, =
—Loi1 f1/L22, i.e., the so-called stopping force for which P = 0. As previously, the
optimization can be performed to obtain maximum power Py (with efficiency
nwe) Or maximum efficiency nwe (with power Pwe), by changing the force f»> to
optimal values f2w and fawe, respectively. These optimal output forces can be
expressed in terms of the Onsager coefficients as

TRy RSN R ) ) (5.2.2)
2T T L11L2o ’ -

1L
f2,MP7_§L722f17 (5.2.3)

respectively, where the property L.y = Li» has been considered. By insert-

and

ing fome OF fomp iNto the expression for 7, we obtain Ave and the efficiency at
maximum power 7w given by

2
e = —1 4 2l (1 Y ) , (5.2.4)

 LiiLas

and

L3,
4L11 Loy — 212,
Similarly, we can derive the expressions for Pv, and Pye. All these quantities are

(5.2.5)

e =

not independent of each other; instead, they satisfy the following relationships:
ﬁME

R Pue 2
= and — =1- 5.2.6
Tvp 1+ ﬁaE Pup TIME ( )

where the symmetry between crossed Onsager coefficients Li» = L2; has been
taken into account. It is convenient to introduce the coupling parameter x =
L1a/v/L11Las [123,124], in such a way that the optimal efficiencies Aw and fue
are solely expressed in terms of this quantity as follows:

e = 1+ = (1= VI #2), (5.2.7)
K
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and
1 k2
22— kg2’

respectively. Since (¢) > 0, it follows that x must be constrained in the interval

(5.2.8)

ﬁMP =

—1 <k <1, implying that both 7w and 7ue are confined to 0 <sw <1/2 and 0 <
fnve < 1, respectively. Notice that x = £1 implies that the determinant of the (2 x
2) Onsager matrix is equal to zero. This, in turn, implies proportionality between
the two thermodynamic fluxes, i.e., J1 o« Ja, for all forces f; and f,. Fig. 5.8
shows that all the signatures of collective effects are also captured by the linear
regime, describing very well the system behavior near equilibrium (panels (b)
and (c)). Remarkably, the increase in efficiencies towards the Carnot bound
as ¢ and F increase, as described in the main text, is understood from the
interplay among Onsager coefficients, L;; (shown in panel (a) as a function of
€), that leads to x — —1 (inset of panel (d)). Also, fx e and fyp closely follow
the analytical expressions presented in Egs. (5.2.7) and (5.2.8) (see Fig. 5.8d).
Since |k| monotonically increases with ¢, both nx e and na p approach their ideal
values when collective ordered effects are stronger, highlighting the importance
of unit synchronization for increasing engine performance.

As a final comment, it is worth pointing out that there is no a priori advan-
tage for the system when operating near criticality. Since x, a measure of the
degree of collective effects, vanishes as the system approaches criticality (as
e increases), both 7 and power P also decrease (see Fig. 5.8d). This is also
consistent with Egs. (5.2.4) and (5.2.5).

5.3 Effective descriptionin the regime of strong
collective effects

Despite being exact in the all-to-all case, the non-linear form of the master
equation prevents the derivation of closed expressions for probabilities and clear
insights into the influence of each parameter for all-to-all interactions. To grasp
the main features of the system in the regime of strong collective effects, we
develop an effective discrete-state description which is valid in the ordered
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Figure 5.8: For model A, ¢ = 3 and o = 1, we show the thermodynamics of

the system close to the equilibrium regime. Panel (a) shows the Onsager co-
efficients L;; versus the interaction parameter e. In (b) and (c), respectively
7 and P versus f, are reported for f; = 9 x 107%. Continuous lines are exact
results, while symbols correspond to Eq. (5.2.1). The heat engine behavior is
delimited by f2 = f.,. Panel (d) shows the behavior of maximum efficiency #jue
and efficiency at maximum power 7w versus x, where continuous lines follow
Egs. (5.2.7) and (5.2.8). The inset shows how x changes as a function of e,
and e denotes the phase transition to the independent regime taking place at

e. ~ —1.5 (see also the same symbol in panel (a)).
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collective regime. By taking a > 0, ¢ < 0, and —e > F > 0, this effective
description can be derived employing the matrix-tree theorem [125]. A more
detailed evaluation of the phenomenological and effective analysis for o = 1 and
q = 3 using the spanning tree theorem can be found in Appendix A.4. We start
by describing the system as a coarse-grained g-state model. Starting with ¢ =2
to fix the ideas, the ordered phase is two-fold degenerate and characterized by
the predominance of spins of one type (4 or 1). As a consequence, a 2-state
system exhibiting collective order can only be in two states, | or 1. It can be
described using a coarse-grained master equation with two transition channels,
i.e., driven by bath 1 or 2. The set of NESS solutions of the master equation
for ¢ = 2, p3* + pj’ = 1, can be directly found by applying ps = 0 in Eq.(3.5.7),

resulting in
(1) (2
wip + Wiy

st
PL="m, @, O, @
Wi twy Fwp) ey

(5.3.1)

The explicit expressions for the transition rates are shown in Sec.(3.5). Equa-
tion 5.3.1 is an implicit equation, as the transition rates depend on p,. By
focusing on the case p;* ~ 1 (the opposite case can be immediately obtained by
swapping | with 1), and performing the ¢ —+ —co limit, we obtain:

1
14 es{(Br+B2)(at)e+F(1-62)}

P~ (5.3.2)

Taking into account that g < 81, F > 0, and —e > F, as we are in the regime

of strong collective effects, we can approximate the above expression as pj’ ~
(B1—B2) . .

Led(Bi+82)(14)e} o 25 This can also be derived from the fact that pi* ~ 1 —

(@i + i) /(@ +w?) 2 1-w) /w?, under the aforementioned assumptions.

By inserting the approximate expression for pj* into the formulas in Egs.(3.5.3)
and (3.5.5), one arrives at the following expression for the effective power per
unit, Pesr, Wwhen g = 2:

26

(1 4+ M)e3l=(Br—p)F+(Br+sa)(at)eM] _ pr | 1] . (5.3.3)

Pop = Lo 3B2l@t DM+ F] [6%[(51+,32)F*(,31*B2)(04+1>51W] _ 1}

X

—

Analogously, we obtain the following expression for the effective heat flux from
bath 2, (Q2)ef:

(Q2)eft = —(F + (a4 1) Me) {sinh (%(F + (a+ l)Me))

+ M cosh (%(FHQH)ME))]. (5.3.4)
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where M = p$* — p3' is the order parameter. It is worth mentioning that ||
reduces to 1 —2¢°¥)¢ in the equilibrium regime (8, = 8; and F = 0), becoming
equal to the magnetization per spin of the Ising model for sufficiently low tem-
peratures 8 > 8. = (14 a)e¢/ks. Fig. 5.2 shows the validity of our approximate
expressions for p;* for distinct sets of a when ¢ =2 (symbols in the figure).

Our effective description can also be employed when ¢ = 3, always con-
sidering model A. First, we consider the coarse-grained 3-state system, where
each state corresponds to a spin state. Then, directly from the transition rates,
we observe that, when the system is in one of the degenerate collective states,
say |, i.e., p{’ ~ 1, the transitions from 1 to | and 0 are almost unidirectional for
F >0and —e>> F. As a consequence, we can approximate the coarse-grained
3-state system as a 2-state model with only 0 and |. Finally, we deal with this
system following the same steps as in the ¢ = 2 scenario, obtaining:

1
1+ ez {(B1+B2)et(B1—p2)F}

Pt~ (5.3.5)

with pg! ~ 1-pj*. Once again, as before, we can also write pi’ ~ 1-w) /wy = 1-
ez {B1+B2)e+(F1=B2)F} \which gives our approximation for strong collective effects.
Fig. 5.9 shows the validity of our approximate expressions for p;* for distinct
sets of temperatures 1,32 and F, when ¢ = 3. The corresponding expression
for power per unit is given by

Port = F[(l + M) (6%@@ el e +6%2<1>+> (5.3.6)

- M (e%q)* — e_%q”r — e_BTl(‘f’S—a)"’MQ + eBTQ(q’(_Q)—Me)> ]
where @, = F+Meand &) = F+aMe, with M = pj'—pi! ~ 1—e3z {(F1452)et(Br=p2)F}

0. Also in this case, from Eq.(3.5.3), we obtain the following expression for
<Q2>eff:

Q = (@
(Q2)efr —(1+4+ M) [<I>+e%ﬁ2‘1>+ 7(I)E~?‘)e*%52‘1>+ ]
" (@)
M[( () — Me)erra(@= e ¢+6_%ﬁ2®+]. (5.3.7)

The efficiency is readily evaluated by taking their ratio. In the limit of large «,
it reads:

(5.3.8)

| exp (—2-®_) +2M cosh (@1@)]

F
T =g exp (2®,) +2M cosh (2,)
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Figure 5.9: Model A, ¢ = 3. Semilog plot of 1— pj* versus e for distinct sets of 3,
and F. Continuous lines are exact results for N — co, while symbols correspond
to the solution evaluated from the effective model. Black, red and green curves
show results for g1 = 5/2,10/3 and 2, respectively. In all cases 3, = 1.

The validity of this approach is also shown in Fig. 5.5 for different values of «
(symbols). The effective discrete-state model provides a very good description
of both the heat engine and pump regimes. However, small discrepancies arise
when p3* is not negligible (e.g., for small —e and F).

The same effective approach must be applied to a scenario with the indi-
vidual energy A # 0, which also presents a collective case for both phases A
(m ~ 1) and B (m =~ —1). As shown in Fig.(5.6), the system only works as an
engine for F > 0 in phase A. Fixing « = 1 and ¢ = 3, we employ the effective
case where phase A works as an engine (m =~ 1) by applying |8.(e+ A)| > 1 and

‘ﬂl - 52| > 0/
9F (e%ﬂl(A+e+F) _ 6§ﬂ2<A+e—F))

(A)y
(Peie ) = e3(BLHB2)(A+e)+F(B1—B2) 4 1 (5:3.9)
and
2F 1 6 _
(D = Tp— (eg{(51+ﬁ2)(A+ VHF(B1-B2)} 4 1) . (5.3.10)

Similar expressions for phase B show that (P{?)) > 0 and n{’ < 0, which is

characteristic of a dud regime.
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The phenomenological description employed in Sec.(5.3) allows the quan-
tification of this effect via expressions for (P) and n, valid when |8, (e + A)| > 1
and 3, is sufficiently different from 3, so that the system can operate as a heat
engine, as presented in Egs.(5.3.9) and (5.3.10). Similar expressions for phase
B show that (P{) > 0 and (%’ < 0, so that, in this phase, the system never
operates as a heat engine. On the other hand, for sufficiently distinct values
of 81 and B, there is a range of values of 8, in which the system, in phase A,
operates as a heat engine close to maximum power and maximum efficiency,
as shown in Fig. 4.6b. While the second law of thermodynamics prevents ideal
efficiency at finite power, the interactions and individual energy distributions
allow for the maximization of power and efficiency at values of A denoted by
Anp and Ay g, respectively, with the other parameters held fixed. These values
are close to each other, enabling near-ideal performance (i.e., near maximum
power and efficiency). They converge toward the ideal efficiency n. =1 — 82/6:
as 3, increases. These findings hold not only for all-to-all interactions but also
in square lattice configurations (marked by x symbols in Fig. 4.6a), without
requiring specialized optimization procedures, such as reward functions that
balance power and efficiency.

5.4 Many versus few interacting units and
beyond the all-to-all case

Although our findings have been derived in the N — oo limit for all-to-all interac-
tions, the main hallmarks have been found to be robust when finite-size effects
and other topologies are considered. Panels (a) and (b) of Fig. 5.10 show, for
model A and ¢ = 3, numerical results for the all-to-all case at increasing N.
We notice a reduced range of parameters for which the system operates as a
heat engine, but no significant qualitative changes. In Appendix A.5, we also
explore the limiting case N = 2 and find similar results, showing that a minimal
setup of N = 2 interacting units already captures the essential ingredients of
the model. It is worth noting that the system starts approaching the mean-field
behavior already for N > 10, in similarity to work-to-work transducers [28]. A
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very interesting feature is an increase in the finite-size efficiency at small ¢,
due to the fact that (Q2)/N monotonically decreases with N, while the absolute
value of P = (P)/N increases within a certain range of parameters.

The all-to-all case also describes very precisely the behavior of interactions
forming a regular arrangement. For simplicity, we restrict our analysis to model
A and ¢ = 3 in a square lattice of linear size L. Each site 7 is associated with a
spin variable o; = +1,0, and Eq.(3.3.19) then becomes

N k

E; = % Z Z6Ui0'i+j |:6ai,oi+j + a(sai,fai+jj|> (541)

i=1 j=1

where k = 4 for the square lattice. Despite the absence of exact results in such
a case, the system’s behavior and thermodynamic properties can be evaluated
numerically by employing the Gillespie algorithm [73]. In panels (c) and (d) of
Fig. 5.10 and in Fig. 5.11, we draw distinct comparisons with the all-to-all case,
for different parameters and by increasing the system size. All of them agree
almost perfectly, highlighting that the all-to-all case is also insightful when con-
sidering lattice models. This observation not only reinforces the generality of
the model proposed here to capture the interplay between collective effects
and system performance, but also the reliability of our results for finite-size
systems.

5.5 Crossover from heat engine to pump regimes

Fig. 5.12 depicts the relationship between the degree of synchronization and
system efficiency 7 for the same parameters as in Fig. 5.1. This result is con-
sistent with the fact that the system operates as a heat engine and pump,
respectively, when units operate collectively and almost (or completely) in-
dependently. In all cases, as ¢ increases towards positive values (arrows in
Fig. 5.12), the system hits a threshold ¢. giving rise to the independent mode
of operation. This threshold can emerge in different ways, such as via a discon-
tinuous phase transition (¢ = 2, model A and B; ¢ = 3, model B) or a continuous
one (¢ = 3, model A, o = 1), or even as a crossover with no phase transitions
(g = 3, model A, a # 1). Although our general findings are valid in all cases, in
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Figure 5.10: (a) Efficiency 7 in the heat engine regime for increasing system
size N. The black continuous line represents the N — oo case. (b) Same as
(a) for the power output per unit P = (P)/N. (c) The all-to-all case (continuous
line) is compared with a square lattice of increasing size N (dots). (d) Same as
(c) for P. Numerical values have been obtained using the Gillespie algorithm.
Parameters: 1 =2, f2=1, F =1, and ¢ = 3.

the presence of a phase transition it is possible to obtain closed expressions for
P and (Q.) per unit. As shown in Appendix A.7, the disordered regime in such
cases is characterized by equal probabilities p} = p; = p; = 1/3 for ¢ > e.. By

inserting this condition into Eq. (3.5.9), it follows that:

P = 2F[sinh(%ﬂl)+sinh(%&)] and
@) = —2Fsinh(F§”)7 (5.5.1)

both being independent of ¢. Similar formulas can be obtained for ¢ = 2 and
e — oo, differing from them solely by a factor of 2. The corresponding efficiency,
in both cases, isn =1+ (sinh(ﬂlF/Z)/sinh(/BgF/Z))il. All these expressions
state that only a pump regime is possible when units operate independently.
Although both collective and independent operations allow the emergence of
a pump regime, power and heat fluxes are independent of ¢ when units oper-
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Figure 5.11: Performance of model A for ¢ = 3 on a square lattice (k = 4 nearest

neighbors). (a) Efficiency 7 as a function of ¢ for « = 1, in the presence of a
discontinuous transition between heat engine and pump regimes. (b) Efficiency
as a function of ¢ for a = 3, in the presence of a crossover behavior. (c) Power
output per unit, P, as a function of ¢ for a = 1. The inset shows the behavior of
|M| with e. (d) P as a function of € for « = 3. The inset shows the order param-
eter as a function of e. In all panels, symbols indicate numerical results for the
system size N, while continuous lines indicate the all-to-all case. Parameters:
B1 =2, B2 =1, F = 2. Numerical results have been obtained using the Gillespie

algorithm.

ate independently, Eq. (5.5.1), indicating that, in the collective phase, ¢ can
be chosen appropriately to lead to better performance even as a pump. This
result further strengthens the role of interactions and collective operations in
an engine model with Ising-like interactions.
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Figure 5.12: For the same parameters as in Fig. 5.13a, we show the order

parameter M = p}' — p* versus system efficiency 7 for the collective (HE, i.e.,
heat engine) and independent (P, i.e., pump) regimes. Inset: Zoom of the
curves in the heat engine regime, where e indicates where the maximum value
of efficiency is attained. Arrows represent the direction of increasing e.

5.6 Splitting of nonequilibrium phase tran-

sitions in driven Ising models

Until now, we have presented a system inspired by an equilibrium Ising model,
considered in two variants (models A and B) according to the different phase
interaction strength «. For both models, we split the phases into two according
to the dominant state of the spins: a collective (ordered) and an indepen-
dent (disordered) phase. We also mentioned a phase transition between these
phases for o = 1 (for o > 1 there is no phase transition, only a crossover),
and we now investigate it in more detail. One important question that arises
from this analysis is how strong the interplay of non-equilibrium ingredients is
and how these values affect crucial quantities for describing phase transitions,
such as the magnetization and the critical exponents. For fixed o« = 1 and for
model A, we split the system into two phases, A and B (not to be confused with
the model, which is fixed in this analysis), according to which phase dominates
at the start of the dynamics (spins up and down, respectively). We reveal an
innovative phenomenon in which the interplay between different temperatures
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and driving forces splits the order-disorder (or collective-independent) transi-
tion points depending on which ordered state initially dominates. Not only the
point, but also the order of the transition changes, being of second order for
A and of first order for B. The non-equilibrium effects also affect the critical
exponents, yielding a continuous transition (phase A) with an exponent differ-
ent from the classical one (8 = 1/2). In addition, we study the engine regime
and the entropy production in the vicinity of the phase transition, expanding in
the criticality (in the continuous case). It is of great importance to understand
this critical behavior not only to construct a clear relation between the phase
and the engine regime, but also to emphasize the role of entropy production
as an important quantity for characterizing a non-equilibrium phase transition,
since it captures the irreversible character that the usual order parameter does
not [126-128].

The interplay between biased driving forces and different ordered phases
results in unique features of phase transitions with no equilibrium analog. Each
ordered phase is associated with a distinct transition point, X4 or X5 (X being
either ¢ or A) for m > 0 and m < 0, respectively, and, remarkably, these transi-
tions can have different orders, with one being continuous and the other discon-
tinuous (see Fig. 5.13a). This contrasts with typical phase transitions charac-
terized by spontaneous symmetry breaking, where the splitting of a transition
point associated with hysteresis involves transitions which are both discontin-
uous, and which are related to stability limits of the ordered and disordered
phases. To illustrate these features, we analyze interactions on both square
lattice arrangements (coordination number & = 4) and the all-to-all version
(k= N — o), the latter case yielding exact results which we now describe.

Following previous work [27-29,129] and also as described in Sec.(3.3.1),
we describe the all-to-all dynamics via the densities of units in each of the
possible individual states, n; = (IV;/N), with i € {—,0,+}. Here, N1 represents
the number of units in the local states s = £1, and Ny is the number of units for
which s = 0. The dynamics of {n;} is governed by the master equation

Zz.ﬂ“) (5.6.1)

v=1 j#i

where Jf]’?)( )= w(”> i(t) —w§§-’>ni(t), with density-dependent transition rates UJ;;’)
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whose explicit expressions are presented in Appendix A.4. The order parameter
m and the quadrupole moment ¢ are given by m =n_ —ny and ¢ = n_ +n4.
In the absence of individual energies (A = 0), and for |3.¢| > 1, the steady
state of the system corresponds to one of the two different ordered phases (A
or B), depending on the initial condition. At fixed 3, and 3,, by taking X = ¢
as the control parameter, as ¢ < 0 increases the phase transition from phase A
(B) to the disordered phase occurs at e4 (eg), with €4 < eg < 0. On the other
hand, for € > ¢5, the system is in the disordered phase, for which steady-state
densities are equal, n%f = n** = n' = 1/3, yielding m = 0 and ¢ = 2/3. Finally,
in the intermediate case e4 < € < ep, the dynamics evolves to the disordered
phase or to phase B, depending on the initial condition.

We notice that, by combining the master equations for n_ and ny, it is
possible to derive master equations for m and ¢. In the steady state, dm/dt =
dg/dt = 0, from which an implicit relation ¢ = ¢(m) can be obtained.

If there is a continuous phase transition to the disordered phase, the NESS
values (m, q) continuously approach (0,2/3) as € < 0 is increased from the or-
dered phase at fixed 3, and p2. Therefore, it is possible to expand the master
equation for dm/dt in m and, taking into account the implicit relation ¢(m), the
time evolution of m reads

%za(e—e,q)m+bm2+cm3+...7 (5.6.2)

where €4 is given by

e%F(51ﬂ32) + 6%F(B2*51) + e%F(ﬁlJrﬁz) 4 ePrF Bl

€A = —
(e¥ it e%) (1 cosh (&) + 8, cosh (22F))

while
. F
b= Slnh (Z(/Bl - /82)) f(ﬁ17ﬁ27F)7
with explicit expressions for f(31, 82, F) and the coefficients a« > 0 and ¢ provided

in Appendix A.7.

A few observations about Eq. (5.6.2) are in order. First, the presence of
a term proportional to m? for F # 0 and 8, # B leads to the critical behav-
ior m ~ a(ea — €)/b, with a critical exponent g8 = 1 (not to be confused with
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Figure 5.13: (@) For all-to-all interactions and A = 0, we show the order param-
eter for different arrangements, with m > 0 (solid line) and m < 0 (dashed line),
plotted against ¢ for various driving strengths F’s. For comparison, the F =0
case in which e4 = ep is shown. Dotted lines for F # 0 indicate discontinuous
phase transitions. (b) Critical behavior associated with the ordered phase A4,
highlighting the difference between the F' = 0 and the F # 0 cases. (c) Bistabil-
ity of the magnetization close to the transition from the ordered phase B to the
disordered phase, for e = —0.9219. Initial conditions are n(0) = 0.8, n_(0) = 0.2
(solid line) and n4(0) = 0.2 and n_(0) = 0.8 (dotted line). The inset shows the
basins of attraction of the ordered (yellow area) and disordered (blue area)
phases according to the values of n(0) and n_(0). (d) Behavior of the order
parameter as a function of A at fixed ¢ = —13 for the all-to-all case. Dotted
and dotted-dashed lines denote the unstable solutions for the phases A and B,
respectively. For phase A (B), initial conditions m(0) lying above (below) the
unstable solution will converge to the ordered solution. Otherwise, the disor-
dered stationary solution will be reached. (e) Behavior of the order parameter
as a function of A at fixed ¢ = —13 for the square-lattice topology. The sudden
jump from m ~ 1 to m ~ —1 is due to finite-size effects. Unless stated other-
wise, parameters are F' =2, 5, =2 and 2 = 1.
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the inverse bath temperatures 3, and 3.), markedly different from the stan-
dard mean-field behavior in order-disorder phase transitions |m| ~ \/a(ea — €)/c,
where g = 1/2, obtained when F = 0 and/or 8, = 82. The appearance of a critical
exponent 8 = 1, illustrated in Fig. 5.13b, is a consequence of breaking the Z,-
“up-down” symmetry which is often present in equilibrium and nonequilibrium
phase transitions for mean-field systems [126, 130]. Two additional distinc-
tions from standard order-disorder phase transitions are that ex # ¢4 and, for
A = 0, the classifications of the corresponding phase transitions differ. While
the transition from m > 0 to the disordered phase is continuous, the one from
m < 0 is discontinuous, as shown in Fig. 5.13a. Unlike a critical transition, the
latter case features a spinodal region where the system may reach two distinct
steady states depending on the initial configuration (see Fig. 5.13c). This be-
havior remains qualitatively the same as long as F # 0. In the absence of the
nonconservative force, the splitting of the phase transitions disappears.

The existence of two distinct transition points is robust, as shown in Figs. 5.13d
and 5.13e, where we fix the values of 81, 32 and ¢ while varying the individual-
energy parameter A, both in the all-to-all case (Fig. 5.13d) and in the square
lattice (Fig. 5.13e), the latter case having been studied by numerical simulations
via the Gillespie algorithm [73]. Notice that now both transitions are discontinu-
ous, with the jumps in the order parameter and the spinodal regions being more
pronounced (dotted and dot-dashed lines) than for A = 0. Notably, hints of a
similar scenario have been observed in a simpler two-state model [27,121],
where the m > 0 phase exhibits a discontinuous phase transition, absent for
m < 0.

These findings are also reflected in the peculiar thermodynamic properties
of this class of systems. In the following, we analyze the average power (P)
and the power fluctuations ~p = (P?) — (P)?, the efficiency n = —(P)/(Q-), and
the dissipation (o). We use the superscripts (4) and (B) to distinguish between
quantities associated with phases A (m > 0) and B (m < 0). In the all-to-all
limit, by expanding (¢4)) and 4"’ in terms of the order parameter near e, we
arrive at the following expressions:

(eMy ~ (o) 4 com® 4 -

Y A em g
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where (0.) = 2F 81 sinh(81 F/2) + B> sinh(82F /2)] and 4 = 2F? [cosh (81 F/2) + cosh(82F/2)]
respectively denote the entropy production and power variance for e > e4. The
coefficients ¢, and ¢, are provided in Appendix A.7. This dependence on the or-

der parameter implies another scaling behavior, i.e., () — (5.) ~ aco(ea —€)° /b

and Y — 4 ~ acu(ea —€)° /b, with § = 28 = 2. The average entropy production

and power fluctuations as functions of ¢ are shown in Figs. 5.14a and 5.14b.
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Figure 5.14: (a) Average entropy production as a function of ¢ in phases A
(solid lines) and B (dashed lines). (b) Same as panel (a) but for power fluctu-
ations. The inset provides a close-up of y» near the phase transitions (dashed
line indicates phase B). These findings are robust beyond the all-to-all interac-
tion case, holding also for square-lattice interactions (data marked by x). (c)
Entropy production as a function of A for the same parameters as in Fig. 5.13
for phases A (solid line) and B (dashed line). As in Fig. 5.13d, discontinuities
occur at A4 =9.73 and Ap = 11.06, respectively.

5.6.1 Linear stability of disordered phase solution
for models A and B for q=3

Alternatively (but equivalently), the critical point can be obtained via the linear
analysis of the stability of the disordered phase, as described below, examining
the crossover between collective and independent regimes for model A (when
a = 1) and B for ¢ = 3, which manifests through continuous and discontinuous
phase transitions, respectively. These phenomena can be analyzed in a similar
way to their equilibrium counterparts, by means of two order parameters: M
for model A and ¢ = (3pmas — 1)/2 (Pmaz = Max{p{’,ps’,p{'}) for model B, with
the first one characterized by the classical exponent g = 1/2 in the equilibrium
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realm [131,132]. However, we will see in this section that the non-equilibrium
ingredients change the classical exponent for model A (see Fig. 5.13) and mod-
ify the phase transition for model B from a continuous to a discontinuous one,
as shown in panel (b) of Fig. 5.15, contrasting with the equilibrium Potts model.

A systematic investigation can be performed by means of a linear expansion
of the master equation around a fixed point as follows: p.,, =3 Amnnpn, Where
A is the Jacobian matrix with elements A, = d(w'sh +w'2h)/Opnlp, —p- €valuated
at fixed points satisfying >°, Am.p, = 0. In particular, the solution p;, is linearly
stable if the real parts of the eigenvalues of the Jacobian matrix are negative.
In both cases, the independent regime is characterized by equal populations
p; = po =pi =1/3 for e > e.. In both cases introduced above, the corresponding
eigenvalues can be written as A+ = Ao &+ )\, with )¢ given by

Ao = —(3 4 Bre) cosh (B;F) — (3 + Ba¢) cosh (/BQTF) , (5.6.3)

whereas )\, for model A, reads:
A = [6 + € (ﬁf + ﬁ%) + (ﬁfeQ - 3) cosh(B, F) — 3cosh(B2F) + Ba€

(461 cosh (”81 ) cosh (52F) + s cosh(ﬁzF)> 1 12sinh (512 ) sinh (ﬁﬁ)]”z,

2
(5.6.4)
while, for model B, we have:
A\ =iV3 [smh <’61 ) —sinh (&TF” , (5.6.5)

Since )\, is imaginary for model B, the linear stability of the disordered solution
is guaranteed provided Ao < 0. Conversely, for model A, due to the fact that
B1 and B3, are always positive, A\_ is always negative. Conversely, \; is always
negative for sufficiently large and positive ¢, with the order-disorder phase tran-
sition corresponding to a transcritical bifurcation when A, = 0. Clearly, A\, be-
comes positive as ¢ decreases, meaning that the independent regime becomes
unstable.

Fig. 5.15 depicts the phase diagrams A8 = 31 — B2 versus ¢ for different F
obtained from the linear analysis. In particular, for F =0, A+ and A_ read —6 and
—2[34¢€(B1+B2)] (model A) and —[6+¢(81+52)] (model B), respectively, consistent
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with phase transitions taking place at e. = —3/(81 + 82) and e. = —6/(B1 + B2).
The crossover from collective to independent regime changes smoothly with
the driving and is more sensitive to the difference of temperatures. Note the
excellent agreement between the values of ¢. obtained from the linear analysis
and those from the order parameter behaviors (bottom panels for F = 1).

8| 8|
_F=0
6| —F=1 6|
F=2 .
QC\] Collective
[ L R — F=2. 4
—
Q Collective .
Independent e Independent
92 -15 -1. -0.5 0 93. -25 -2 -15 -1 -0.5 0
€
03 03
02 02)
| M| ¢
01 0.1
0. 0
-2 15 -1 -05 0 -3 25 —2 15 -1 ~05 0
€

Figure 5.15: For ¢ = 3 and distinct F, left and right top panels show the phase
diagrams AB = 51 — 32 versus e. for model A and B, respectively. They are
obtained from the linear stability analysis of the disordered phase. For the
sake of comparison, the bottom panels show (for F = 1) the location of phase
transitions from the order-parameter behaviors. From left to right, 81 — 82 =0,
1/3, 1, 3, and 9. In all cases, we set g, = 1.

5.6.2 Engine performance near to the critical point

The system’s performance, particularly its efficiency n, also exhibits a scaling
behavior characterizing phase A. To examine this, we expand (Q'*)) around
ea, yielding (Q') ~ (Q'9) + ¢,,m? + -+, where (Q!®)) = —2F sinh(3,F/2) and the
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coefficients ¢,, and c¢,, are listed in Appendix A.7. Using the expressions for
QM) and (P™), we derive an asymptotic form of the efficiency n*,

o, 1 ca» (1)
T e ( Ty )

where 7(® = 1 4 sinh(8:F/2)/sinh(8.F/2) and § = 28. Thus, the efficiency
exhibits the same critical exponent as entropy production, power, and power
fluctuations, as illustrated in Fig. 5.16. Although closed-form expressions are
unavailable near ¢g, Fig. 5.14b (dashed line in the inset) shows that the discon-
tinuity in the order parameter can also be found in the power fluctuations ~p.
Moreover, when analyzing the system in the ordered phases, we notice that
phase A (m > 0) exhibits notably lower dissipation and power fluctuations than
phase B (m < 0), as shown in Figs. 5.14a and 5.14b.

Figure 5.16: Log-log plots of the above quantities near the critical point €4,
with slopes consistent with § = 2.

To gain more intuition about the system’s behavior, we develop a phe-
nomenological model valid when |m| ~ 1, using an approach analogous to that
introduced in Ref. [121]. Under this condition, the state densities are approx-
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imately given by n_ =1 (n— = 0) and ny = 0 (ny = 1) for phase A (B). Ap-
plying the spanning-tree method [133], we derive approximate steady-state
solutions, depending only on model parameters (details in Appendix A.7). For
|8, (e + A)| > 1, the effective expressions for the entropy production are given
by

(o)~ —e22ETTRIR(B 4 By) + (B — B)(A + €)]

and
(0B)) ~ e FOTFRIE(B) + B2) — (B — B2)(A + 6)]

for phases A and B, respectively. Notice that 0 < (aé?) < <a$)). Similarly,

expressions for the power fluctuations v» are obtained via the large-deviation
method [134,135], with leading terms given by 7" ~ 4F? [e%“*“ + e%z(éfF)]
and 1\ ~ 4F2eF(+F) for phases A and B, respectively. Here again, 74V <
7§,B>, consistent with phase A exhibiting lower power fluctuations than phase B.
These results are also valid for the square-lattice topology (see data marked by

the symbols x in Figs. 5.14a and 5.14b).

Also, in Fig. 5.14d, we show the behavior of (¢) in the square lattice as A
varies. Again, (o) (solid lines) remains smaller than (¢(®)) (dashed lines).
The entropy production, like the order parameter, again captures the phase
transitions occurring at two distinct values of A, A4 # Ap.

5.7 Exploring other topologies: Triangular
Sublattices

Despite the fact that the all-to-all approach is mapped onto a 2D spin lattice,
there is no topology in this configuration. However, we can still define a kind
of topology in the interaction by introducing sublattices. Here we propose a
minimal nonequilibrium model for addressing energetic frustration by introduc-
ing a triangular topology. Let us take, for instance, a regular lattice of N sites,
divided into three sublattices named A, B, and C. In such a case, the system
is composed of N spins, with each one interacting with its six nearest neigh-
bor sites, forming a triangular lattice. More specifically, the i-th spin o—g‘” be-
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longing to sublattice a € {A, B,C} interacts with its & = 6 nearest neighbors
belonging to the remaining sublattices @ # . In such a case, the system is
characterized by the populations Nf) of each sublattice, in such a way that
N@ =N L N*=N/3and N = N 4 NB) 4 N(©),

If we turn to the same system but in the all-to-all limit, the system will
be composed of each sublattice «a interacting with all the spins in the other
sublattices & # . The "topology” here is mapped into the interactions between
the sublattices, since each sublattice A, B, and C will act as one spin with total
magnetization M4, Mg, and M¢ interacting in a triangular structure, which is a
highly frustrated structure [136].

Applying EqQ.(3.3.19) to the sublattice and also considering the all-to-all
approach, we write

1
E(Ma, Mg, Mc) = N(JABMAMB + JpecMpMc + JocaMcMa) — HM, (5.7.1)

where M = M4 + Mg + Mc and M, = N — N, and J, = Ju. denotes the
strength of interaction between the spins belonging to sublattices « and o’ # a.
The sign of J,. plays a crucial role in the system’s behavior. While J,. <
0 favors parallel alignment of the spins of sublattices « and o/, the opposite
holds for J,. > 0, where anti-parallel alignment is favored in such a case [136,
137]. A given spin flip corresponds to the transitions N{* — N:(Fa), which means
N{ — N —1and N — NI +1, or equivalently M, — M, +2. We define the
density of spins in each sublattice a as 7™ = (N!*))/N, and by taking N — oo,
the system dynamics reduces to three dynamical variables 7' (« € {A, B,C}),
for which the total magnetization per site is simply m = 3 /4 5 o) ma. The
system will be constrained in an ordered phase where 7" = 2"’ = 7% = 1/3
and @'®) = 0 for all a. Conversely, the disordered system is defined by #'® =
n™ =1/6, and m, = 2a(" — 1/3.

Since our goal is to investigate the interplay between non-conservative driv-
ings in a minimal model exhibiting frustration, we repeat the same approach
applied in this section, in which the system is simultaneously placed in contact
with two different thermal reservoirs v = 1,2. The dynamics of the spin state is
entirely mapped in terms of the population of spins by Eq.(5.7.1), which makes
it more convenient to describe its dynamics in terms of the average density
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ﬁi” for each sublattice «. Also, following the same approach from previous
works [27-29,129, 138], we write the master equation in terms of the density

nl,

2

- (a a,v 1 —(« a,v) —(a

A =3 wl >{§—ng>(t)] — R @), (5.7.2)
v=1

where wg;,a) denotes the transition rate from j — ¢ in sublattice « due to reser-

voir v, and it is expressed as defined in Sec.(3.5), but now also split in terms

of the sublattices «:

ij

sy —exp | - (2B + a)|, (5.7.3)

where AE(Y is the energy difference associated with the transition j — i in
sublattice . From Eq.(5.7.1) as N — oo, one has that AE'®) = —2[J,s(20' (t) -
1/3) + Jay (201 (t) — 1/3)] for the transition + — —, where o, 8,7 € {4, B,C} are
distinct sublattice indices. It is immediate to see that AE;; = —AFE;;. As stated
previously, the work source stems from a biased "force” of strength F, with its
sign accounted for in the element 4 = —1 if a local spin flip —1(+1) — +1(-1)
is associated with contact with the cold (hot) thermal bath, and +1 otherwise.
The dynamics evolve to a non-equilibrium steady state (NESS) 7g(t) — aj®”
depending on the initial condition from which the dynamics starts. As will be
shown further, the set of NESS solutions are different depending on whether the
interactions are ferromagnetic or antiferromagnetic. The former case leads to
different ferromagnetic systems in which ma = mp = me¢ = m/3, with m > 0 and
m < 0 depending on the initial condition, whereas ms = m¢ = m and mp = —m
for Jag = Jgc > 0 and Jca < 0. In all cases, a disordered solution m = 0
emerges as parameters are varied.

We now turn to the system thermodynamics, portrayed here via the evalua-
tion of the entropy production, a central quantity for discerning equilibrium from
nonequilibrium systems [39, 139], as discussed in Sec.(2.1). Also, as already
stated in this thesis, it has been considered to capture the irreversible charac-
ter of a non-equilibrium phase transition. From the definition in Eq.(3.4.9) we
rewrite it as the expression S(t) = -3 >, ﬁ;a) In ﬁ;“>, taking kg = 1. By taking
its time derivative S together with Eq. (5.7.2), we repeat the procedure done in
Eq.(3.4.10) for each sublattice, and one has that S(t) = (o) — (¢), where (¢) >0
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denotes the entropy production rate given by

() ()
—3 Y S (ﬁ) (5.7.4)

vo(j<i) «

where Jff‘”( ) = w(“ V)ng () — wj(.?’”)ﬁga)(t) denotes the probability current. In
the NESS, the above expression for (o) acquires the simpler form expressed as
(o) = (¢) = =3, B(Q.), where (Q,) denotes the heat exchanged with the v-th

thermal reservoir, given by

(@) = Y (AEY + Fdy)) I, (5.7.5)
() W ey L (e (@)
J = *T* (W + W)l (5.7.6)

In the first set of results, we perform an analysis for two cases: Jap = Jgc =
Jeca = —J and Jap = Jge = J and Jca = —J, consistent with ferromagnetic
and antiferromagnetic interactions, respectively, for different temperature dif-
ferences Ap and drivings F.

5.7.1 Antiferromagnetic interaction

In this section we investigate the antiferromagnetic interaction between the
sublattices, which can be imposed by setting Jag = Jgc = J and Jac = —J
with J < 0. In equilibrium (A8 = F = 0), this interaction results in a set of
solutions of the form m; = ma = me¢ < 0 and mz = mp = —m1 > 0, which
reproduces the results from Ref. [136]. In Fig. (5.17 (c)), we report some
results in equilibrium, where the system is constrained to the set of solutions
described above (similarly for the opposite case m; — —m1) as —3J is large, and
a disordered phase (m1 = m2 = 0) emerges as —3J decreases at a critical point
BJo = —3/2. Its ordered phase (mi = ma = mc <0 and ma = mp = —my > 0) is
characterized by approximately 2/3 of the spins being up and 1/3 being down
below a critical temperature, which is a ferrimagnetic state, as shown in Fig.
(5.17(c)). Although similar findings can be observed for the nonequilibrium
case with FF = 0 and A # 0, remarkable differences appear when F # 0 and
AB #£0.
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We observe that for F # 0 and/or AB # 0, the sublattice solutions of the form
ma = mc = m1 and mp = mo are preserved, with some new features arising
due to the nonequilibrium conditions. If we set Jag = Jsc =1 and Joa = —1,
we still obtain stable solutions for a range of A8 # 0 and F # 0; however,
the NESS solution for the magnetization now takes the form ma = mec = m;
and mp = mo =T'my. If my >0 (m; <0),then -1 <T'<0(0<T<1) and
the total magnetization is given by m = 2m; +m2 = (2 4+ I')my. A transition to
m — —m is also observed in this case (see Fig.(5.17 a)), however, the fact that
the total magnetization in absolute value is less than 1 leads us to change the
way we study such a transition. In fact, the change in the sign of the total
magnetization suggests that the nonequilibrium ingredients affect the direc-
tion of the magnetization relative to a defined positive axis. Furthermore, the
solution retains its symmetry before and after the transitions m; — —m; and
ma(I'm1) = —ma(—I'm1), and once we know m;, we can describe the total mag-
netization in the ordered case, which suggests that we can focus our attention
on only one sublattice to describe the entire lattice. The solution m; = ma2 =0
is broken for sufficiently large F and Ap, as exemplified in Fig. 5.17 ¢) and in
the inset.

In order to describe the key features (rotation and preserved symmetry) of
the ferrimagnetism under nonequilibrium conditions, we propose the following
quantity: 0 = 3|sign(m)|(1 — sign(ma))|m1|. This quantity will be zero if my =0
or if mi1 > 0 (sign(m1) = 1) and non-zero otherwise. Thus, it will be zero if m,
points along the positive axis and non-zero if it points in the opposite direc-
tion, characterizing the rotational transition m; —+ —m,. Figures (5.17 b) and
(5.17 d) provide a first insight into its behavior. We show that 0 is an order
parameter exhibiting an order-disorder phase transition (Z, symmetry), pre-
senting both discontinuous and continuous transitions connected by a tricritical
point, as we will show throughout this section. In Fig.(5.17 b), we show the
effect of the external drive for fixed Ag and J, where the discontinuity point
depends on the initial conditions, occurring at |F| and —|F| for the initial con-
ditions (m1(0), m2(0)) = (—1/3,1/3) and (m1(0),m2(0)) = (1/3,—1/3), respectively.
In Fig.(5.17 d) we show the effect of the interaction strength J on the rotation.
For the equilibrium case (F = 0 and AB = 0), the continuous transition of 6
corresponds to the order-disorder transition of m at the same critical point (see

140



(m1(0),m2(0)) = (=1/3,1/3) e—
211(0), m2(0)) = (1/3, =1/3) m—

0.8f

Figure 5.17: Panel a) shows the magnetization m for ma = m¢ = m4 (solid) and

mp = mo (dashed) as a function of the drive F in the antiferromagnetic case
described in Sec. 5.7.2. Black and blue curves correspond to initial conditions
(m1(0),m2(0)) = (—-1/3,1/3) and (1/3,—-1/3), respectively. The symbols “x” and
“0"” give m; and m» from a Gillespie simulation with N = 300 spins. Panel b)
shows the order parameter # under the same conditions, with Jag = Jgc = J
and Jac = —J < 0; the symbol “0" indicates the Gillespie results. Panels ¢) and
d) compare m and 6 at equilibrium (black curve) and out of equilibrium (F # 0,
AB #0) as functions of J, using (m1(0), m2(0)) = (—1/3,1/3). Solid and dashed
curves again denote m4 = mc = m1 and mp = m2. Insets show the case F =0
and ApB =1, highlighting the combined nonequilibrium effects. In a) and b) we
set |Jag| = |Jc| = |Jcal =1 and B2 = 1.
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Fig.(5.17 c)).

In order to better understand this magnetization rotation as a phase tran-
sition, we plot a phase diagram. In Fig.(5.18 a) we depict the phase diagram
for the transition of the form mi,ms = 'my — —my, —I'my for I' < 0, consider-
ing (m1(0),m2(0)) = (1/3,—1/3), with a tricritical point separating first-order and
second-order phase transitions. The transition points in both cases depend on
the initial condition beyond a certain threshold F > F. A similar phenomenon
is observed in Ref. [138] and described in Sec.(5.6). On the right side, in
Fig.(5.18 b), we show the corresponding transition for # for some points of the
phase diagram. In Fig.(5.18 c¢) and Fig.(5.18 d) we plot the same transition for
the initial condition (m1(0),m2(0)) = (1/3,—1/3).
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Figure 5.18: In panel a) we represent a phase diagram for the antiferromagnetic
case considering the initial condition (m1(0),m2(0)) = (1/3,—1/3). The dashed
line represents a discontinuous phase transition, the continuous line represents
a continuous transition, and the bullet point is a tricritical point, (Fc,ABc) =
(0.0,1.0). The colored arrows represent the plots for the respective values of
ApB in panel b), where we show the order parameter ¢ for fixed values of Apg.
In panels ¢) and d) we perform the same procedure with the initial condition
(m1(0),m2(0)) = (=1/3,1/3).

To assure that the point (Fo, ABc) = (0.0,1.0) is a tricritical point, we must
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investigate how the magnetization and the order parameter 6 scale close to the
critical point. The transition from one state to another changes the mean value
of the total magnetization of the system, m = 2m; +m2, which is described by 6.
Also, 6 is an important quantity for describing the transition within the sublat-
tice, since it captures the specific sign change in the sublattice magnetization
mi1 — —m1. We define 6 # 0 for states where the total magnetization is negative,
with m; < 0 and mz > 0, also including the state m; = ma < 0 (present for larger
negative values of —|F|) as part of it. Conversely, § = 0 for the positive and
disordered cases, including the states m; > 0 and m2 < 0, aswellas m; = ma =0
and m; = m2 > 0 (see Fig. 5.18), where the latter state occurs for large positive
F (see Fig. 5.17). Extensions for other sets of temperatures and drivings are
depicted in Fig. 5.17. The main features can be briefly understood via series
expansions of the order parameter: df/dt = (a — a.)d + b8 + ¢ + ---, where,
unlike the equilibrium version, the existence of biased drivings can lead to b > 0
and hence give rise to a different set of critical exponents compared to the
equilibrium case. Such an expansion is similar to the Ising model description
from Ref. [138]. The existence of a discontinuous phase transition is signaled
by b < 0, with the critical and discontinuous lines meeting at a tricritical point,
characterized by b = 0 and ¢ > 0. We can explicitly derive this expansion starting
from a logistic equation for m4, which can be obtained from the dynamics of
the magnetization, expanded in the form 42 = a,(J — Jo)m + aam® + asm® + - - -,
where J. is the critical value of the interaction strength between spins. One
can derive the dynamics for the magnetization starting from Eq. 5.7.2, consid-
ering that pf’(t) = (ma(t) +1/3)/2. In the ferrimagnetic case, we represent the
transition m; — —m1 (m2 — —ms) with an order parameter ¢ which is order-
disorder-like, reproducing the symmetry of a Z, model. It is reasonable to
suppose that the expansion for 6 will be similar to that for m;, since 6 is pro-
portional to |m.|. Also, because mi and m. are linked by the relation ms = I'my,
we capture information about both m; and m. from 6. Starting from the fact
that mi1 = ma = me and 6 ~ |ma|, it is justifiable to write...

dma  df 0 0,3
224 G (AB— A — 7.7
= g = (A= Aje)s — b6, (5.7.7)
with ¢’ = 2/9 and v° = —28/243. This expansion converges with the result

found in the scaling analysis shown in Fig. 5.19. The scaling analysis reveals
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some important results: first, it guarantees that the second-order transition
below the critical point (0 < A8 < ABc = 1) follows what is expected from
mean-field theory, with the same critical exponent g = 1/2. Furthermore, the
right panel of Fig. 5.19 shows that, in the vicinity of the critical point, the critical
exponent equals 3 = 1, which is characteristic of a tricritical point, separating
the system into first-order and second-order phase transitions. The scaling
for the entropy production (o) follows the expected value for the mean-field
approximation, ¢ = 24.

We also draw attention to another interesting feature of 6: it exhibits dif-
ferent discontinuity values beyond the critical point, depending on the initially
dominant state in the dynamics, as observed in the ferromagnetic case. The
second-order phase transition always occurs at F' = 0 until the temperature
gradient reaches the critical point. Beyond that, the force acts to change the
sign of the total magnetization at different points, as shown in Figs. 5.17 and
5.18.

oL X ) (@)
O In((0)

» Hu X 1n(e) 6= 2
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-30 f, N N N N N N N
-118 -116 -114 -112 -11.0 -108 -106 -104
In(AB — ABc) In(AB — ABc)

Figure 5.19: In panel a) we show the scaling for the order parameter 6 and the
mean entropy production (o) for Ag = 0.8, in the region where a second-order
phase transition occurs. In panel b), we show the same for the critical Ac = 1.
As shown in both plots, we obtain the entropy production coefficient § = 28 as
expected from an order-disorder phase transition.
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5.7.2 Ferromagnetic Interaction

It is instructive to draw a comparison with the ferromagnetic case, correspond-
ing to Jap = Jgc = Joca = J = —1, which also reproduces the cases investigated
for Model A with a = 1 in this section. In such a case, the all-to-all approach on
sublattices exhibits similar behavior but plays no important role, being equiv-
alent (apart from a constant factor) to the all-to-all version consistent with
two-state dynamics, ¢ = 2, in Model A. The introduction of nonequilibrium in-
gredients splits the system into two transitions, of two different types, sepa-
rated by a critical point, as shown in Fig. 5.20. In order to better understand
such a transition, we focus on finding the nonequilibrium steady state (NESS)
solution for the master equation given in Eq. 5.7.2. As argued in the previous
section, the triangular sublattice approach presents a general solution of the
form ma = mec = m1 and mp = mo. In the ferromagnetic case, we have the
special case ma = mp = mc = m/3, resulting in m; = ms = m/3. In such a case,
we can focus our attention on the total magnetization m = 2m; +m» as an order
parameter.

Figure 5.21: The diagrams represent the entropy production for fixed force
(left) and for fixed temperature differences (right).

As observed in Fig. 5.20, for any temperature difference in the range 0 <
ApB < 1, there is a crossover transition of m — —m. For A8 > ABc = 1, the
increase of the external force F gives rise to a discontinuous transition, with the
jump point depending on which phase initially dominates the system. A similar
result is observed in the driven Ising model in Ref. [138]. As shown in Fig. 5.20
b), the discontinuity occurs at —|F| and |F| for the initial conditions m(0) = 1
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AB,

Figure 5.20: In panels a) and c), we present a phase diagram for the ferromag-
netic case for initial conditions p;(0) = 1 and p4(0) = 0, respectively. The dashed
line represents a discontinuous phase transition, and the bullet point indicates
a critical point that separates the discontinuous transition from a crossover (see
black curve in diagram b). The colored arrows correspond to the curve colors in
diagrams b) and d), where we plot the total magnetization m versus F for fixed
ApB and for the respective initial conditions. In the inset of d), we plot the total
magnetization m versus A for fixed F for the initial condition p,(0) = 0.

and m(0) = —1, respectively. This discontinuity is also observed for a fixed force
F # 0 while varying AgB, as shown in panel ¢) of Fig. 5.20. The influence of
the initial condition on the different phase transitions is only observed beyond
the critical point, i.e., for A3 > ABc. We also examine the scaling of such
a critical point via an expansion of the master equation. This critical point
separates the crossover from a discontinuous phase transition, with the critical
exponents of the magnetization m and the entropy production (o) being g = 1/2
and § = 28 = 1, respectively. The effects of the nonequilibrium characteristics on
the entropy production (dissipation) will be investigated in more detail later. In
order to understand such criticality, we address the dynamics of the sublattice,
taking into consideration a particular solution where ma(t) = mp(t) = mc(t) =
m(t)/3. Thus, the three master equations given in Eq.(5.7.2) reduce to a single
equation that can be expanded in a general logistic form. In particular, for the
ferromagnetic case we write m, = m/3 in the NESS, and the general logistic
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form for the total magnetization under a continuous phase transition, 4 =

a(J — Jo)m — bm?, reduces to

dme

_ _ _ 3
7 = aa(J — Jo)ma — bami, (5.7.8)

where a, = a and b, = 9b. The critical value J. can be found via a stability
analysis around the disordered solution, which reads:

3(1+6FA,8/2)(1+eFﬁ2+FA,8/2)

(B2 + eFAB2(1 + eFB2) By + AB + eF(B2+A8) (By + AB)) (5.7.9)

Jo=—
2

Clearly, Jc is a negative number, as expected for a ferromagnetic configuration
[138]. The coefficients a, b, and c are given by:

a = an =2¢1 #1772 cosh [g(ﬁl - ﬁa)] {51 cosh (FT&)Jr

+f2 cosh (F§2)}, (5.7.10)

2
b—ba /9 = —eiTGAIHD) ginp (iF(ﬂl - 52)) (2 cosh (%F(Bl - 52)) + 1)
cosh GF(ﬂl n 52)) ((512 _4B182 + /322) cosh Gp(m - 52))

+ 612 ( — cosh GF(&Bl - ﬁ2))>

2F 2 27 -1
s (i)« [ ) (om (°F) o ()
(5.7.11)

Since we fix the interaction strength J = —1, we do not perturb the master
equation around J¢ for fixed values of Ag and F, as was done in previous Refs.
[85,138]. Instead, we are doing quite the opposite: fixing J and perturbing
around a critical point given by F and AB. Taking the expression from Eq.
(5.7.9), imposing Jo = —1 and fixing g2 = 1, we obtain as a unique solution
the pair F = 0 and AB = 1, corresponding to the critical points plotted in Figs.
5.20 and 5.18 for both the ferromagnetic and ferrimagnetic cases. Fixing these
quantities and expanding in A3, we obtain for the ferromagnetic case:

dma
dt

= G0 (AB — AB)Ma — bam?, (5.7.12)

with @, = 2/9 and b, = —28/243.
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As shown in Figs. 5.20 and 5.18, the continuous transition occurs only at
F =0. Since we fixed |J| =1 and 8, =1, as in most of the results in this work,
Eg. (5.7.12) leads to F= = 0 and AB = 1, with the coefficients described in
the expansion of the equation above. Setting Eq.(5.7.12) to zero, we obtain
three stable solutions: a disordered solution m” = 0 and two ordered solutions
m® = £./(9/4)(AB — ABc), where ABc = 1, corresponding to the point shown
in the phase diagram in Fig. 5.20. The phase transition follows the mean-field

exponent 3.,y = 1/2, in similarity to the critical exponent expected for the tradi-
tional Ising model. We also apply the scaling analysis to the entropy production,
which is expected to also be continuous around the critical point, presenting a
divergence in the first derivative [127]. As demonstrated in Fig. 5.19, the criti-
cal exponent for the entropy production is § = 28, with (o) —(o¢) ~ ao(Jo—J)° /by
for FF = 0.

We identify that some specific behaviors of (s) are important signatures of
the properties of the phase diagram, as depicted in Fig. 5.18, being a hallmark
of the interaction choice and its interplay with the nonequilibrium ingredients
present here. First, we stress that the entropy production has a symmetric
bilinear form for A < ABc = 1 (see Fig. 5.21 b)), with a parabolic behavior
and a minimum at F = 0. However, there is a displacement of the minimum
of (¢) near the discontinuous transition for Ag > Aj¢, located at a nonzero F
value. Such a discontinuity is also visible for fixed F while varying A3. While
we observe a divergence in (o) corresponding to the points of discontinuity in

d(o)

ApB in the phase diagram, we also observe a discontinuity in anp which is a

signature of a second-order phase transition [126,127]..
5.8 Final Remarks About Collective Heat En-
gines

In this chapter, we introduced a minimal class of reliable engines composed
of several interacting units. In the collective phase, where all spins operate in
a synchronized way, the engine can exhibit distinct regimes, along with max-
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imal optimization outputs, in contrast to its independent phase. The interplay
between the driving forces and the temperature gradient from two distinct ther-
mal reservoirs results in a unique phase transition characterized by two distinct
transition points. These results highlight an ordered phase with two contrast-
ing behaviors, where one of the phases is less dissipative, offering ideal per-
formance under optimal energy choices. The introduction of sublattices in an
energetically frustrated structure reveals that the different transition points de-
pend starkly on the set of interactions between the spins. We also reveal that
the two transition points are reached after a critical point, above which all tran-
sitions have a single critical point, not depending on the initial condition.
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Chapter 6

Quantum-Dot Collisonal
engines: Role of stages

In this Chapter we study another important example of collisional (or sequen-
tial) engines: the quantum dot pump, which describes a setup composed of a
single quantum-dot (QD) that interacts with two or more reservoirs that de-
liver/receive fermions (in general, electrons) that occupy/deoccupy the QD’s
energy level. This setup was broadly applied to address different investigations
in the theoretical and experimental realms [51,59,60,63,63-65,140,141] in
the statistical mechanics and nanoscience/nanotechnology territories. In equi-
librium, this model is approached as a two-level system described by a Fermi-
Dirac distribution [42] (See Sec.(3.3.1)). In the non-equilibrium realm, some
variables are introduced such as chemical potential gradient (due to reservoirs)
or ratchet potentials (external forces). Even in the far-from-equilibrium regime,
the solution remains exact irrespective of the number of strokes and model pa-
rameters [60, 64,140, 141]. Another advantage of working with the QD pump
is the fact that the setup can work both as a heat engine and a work-to-work
converter depending on the kind of external drivings and temperature gradi-
ent, unlike the Brownian case studied in Chap.(4), which is limited to operating
as a work-to-work converter. In this thesis we present an alternative route to
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improve its power output and efficiency by applying different “collisions” along
the engine cycle. More precisely, we investigate the role of adding new stages
and how this procedure affects several thermodynamic quantities such as flux
of particles, heat, and entropy production. We compute all former quantities
exactly, exploring how one can choose the stage with respect to the experimen-
tal quantities such as voltage (chemical potential) and temperature in order to
improve its output. This research was started by another PhD student (Carlos
Noa) and some of the results of this Chapter are also found in his PhD the-
sis [142]. Here, we add the current analysis and the physical interpretation of
adding new stages, which was lacking in the last work.

6.1 Stochastic Thermodynamics fora QD Pump

In this thesis, we study the collisional (or sequential) approach for the quantum-
dot pump. The details of this approach are better described in Chapter (4), but
in summary, the system (in this case the quantum-dot) will interact with one
reservoir during a time interval and exchange heat under an adiabatic transition.
In the vicinity of the transition, the probability must obey a boundary condition
in order to keep its continuity. The time spent in each reservoir is given by
7/N, where 7 is the total time of the cycle and N the number of reservoirs. The
time spent in each reservoir is the same, and this is why we usually call this
approach “symmetric” [60]. As described in Sec.(3.3.1), the dynamics of the
two-level system that describes the QD pump is given by a master equation,

pilt) = [1 - pi(®)] wly) — pi(t)wiy, (6.1.1)

where the rates wéﬁ) and w%) account for filling up (0 — 1) and vice versa (1 —
0), respectively. Considering a weak coupling between the reservoir and the
system, these rates depend on ¢; and p; in such a way that:

) A;
and o) — 10¢ (6.1.2)

W@ — _To _
1+edi’

0T e

The index (i) is related to which reservoir the system will interact with. Here, we
already consider the notation that will be adopted in Chap.(6) for the collisional
model.
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Exactly as described in Sec.(3.4), the thermodynamic relations are derived
starting from the system energy given by E(¢) = ¢(¢)p(t) where we introduce
e(t) / p(t) as the energy level / occupation probability of the QD at time ¢. In
the context of the sequential approach, the time derivative of E(t) gives two
contributing terms:

E(t) = ét)pt) +e(t)p(t) (6.1.3)

the former identified as direct driving and appearing only during the external
driving phases (during which é(t) # 0), and identified as the direct work Wy
given by

N .

Wy(t) = Z; (€141 — €)0 <t - %) pi(t), (6.1.4)
where periodic boundary conditions for the index i, i.e. ¢,+n = ¢;, have been
employed. We stress that W;(t) > 0 according to whether the energy of the QD
increases. By averaging it over one full period, one has that

T

We = %/DT Wat)dt = & EJ_V: (ip1 — ) pi (%) . (6.1.5)

The second term ¢(¢)p(t) appears during the exchange phases and it is different
from zero provided an exchange of particles takes place. From the integration
of p(t) from 7,_1 = (i — 1)7/N to 7;, one can re-express it as J; = dN;/7, the
average net number of particles exchanged during stage i per period, given by

Ji= % {pi (%) — i ((i _N1)7>] . (6.1.6)

The total energy exchange dFE; during the exchange phase of stage i is rewritten

as

iT

dE; = ﬁf) e(t)pi ()t = esdN:. (6.1.7)
unr

From the reservoir viewpoint, the above expression can be split into two parts:
dE; = (e; — w;i) dN; + pidN;, the former and latter terms identified as heat and
chemical work respectively, counted as positive when delivered to the QD, i.e.
when the energy of the QD increases. We can interpret this expression as

dE; = (61' — pf;) dN; + /LLle (618)
(6.1.9)
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By averaging Egs. (6.1.3) and (6.1.7) over one full period and using Eq. (6.1.6),
it follows that Wd +6+ Wch =0, where 5 and Wch are given by

e N —
Q=> (e —ps)Js; (6.1.10)
=1

_ N

Wen = midi; (6.1.11)
i=1

_ N

Wo=—> el (6.1.12)

which reproduce exactly Egs. (3.4.22) - (3.4.24) derived above. The entropy
production averaged over one full cycle can be determined using Gibbs’ expres-
sion for a Markov Chain 3.4.9:

i i i () 1 i (T
W) — @)+ wpa(e)in 2L =piO) gy (6.1.13)
wyopi(t)

N
BZ
T_7

where from now on we set kg7 = 1. Taking into account the periodicity of p;(¢),
the term 3, [w{? — (wg;g +w§0))p,( £)]In(1 —pi(1)) /pi(t) allows Eq. (6.1.13) to be ex-
pressed in the form $ = -, Qs /T“ where Ql is given by Eqg. (6.1.10). For equal
temperatures and by using the first law of thermodynamics, this expression can
be rewritten in the following form:

& 7@ o Wd + Wch

S — 7= ) (6.1.14)
consistent with the ratio between the total average heat and the system tem-
perature, as expected.

The collisional system can operate as an engine or as a pump depending on
the suitable choice of parameters. To start, a short comment about the sign of
thermodynamic quantities in each regime is useful in order to establish a reliable
definition of efficiency. A particle pump typically consumes direct work Wd in
order to move a particle from a lower to a higher chemical potential, which is
consistent with Wch < 0and Wd > 0 (see e.g. top panel of Fig. 6.1). Since there
is no particle accumulation in the QD, such delivered chemical work can only be
the result of transferring particles from reservoirs at lower to those at higher
chemical potentials. A reliable definition of power is given by Pyump = fwch
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Figure 6.1: Sketch of a pump (top) and engine (bottom) working operation.

with associated efficiency npump given by

Sp— . (6.1.15)
Wy

respectively. By construction, the above efficiency definition implies that 0 <
npump < 1. The system can also operate as an engine (Wd < 0and Wch > 0), as
sketched in the bottom panel of Fig. 6.1. The dynamics are similar, but in this
case the power output is given by Pengine = —Wd > 0 according to the efficiency
definition:

Tlengine = @, (6.1.16)

Wch
where 0 < 7engine < 1. It is worth pointing out that such efficiency definitions

state that Mpump = 1/"Yengine-

6.1.1 General expressions for the probability distri-
bution and average flux

Although the QD evolves to the equilibrium regime when it is in contact with
only one thermal bath, this is no longer true when it is periodically connected to
different reservoirs [143]. From Eqg. (6.1.1) together with the continuity of p;(t)
at each reservoir switching and taking into account that the QD is thermalized
with reservoir i = 1 at t = 0 and the system returns to its initial state after a
complete period, one obtains the following (generic) expression for p;(t) for the
i-th stage and N strokes [144]:
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pi(t) = pi* + [p((i _Nl)T> —pfq} Gt Gy ) (6.1.17)

where p¢? = w{? /(W) + WD) = (14 eT(<=#))~1 is obtained from transition rates

w® and w!§ at stage i for (i — 1)r/N < t < ir/N. By expressing p((i — 1)7/N)
in terms of probabilities from previous strokes, we finally arrive at the generic
form for p;(¢):

(w W) G-=1T 1)7—
pi(t):p§q+e(01+1)(t {Z&nzlAm o

E1,i-1
1—-&N

+

An +Z§HNAR mH (6.1.18)

n=2

solely expressed in terms of quantities A; ; = p{®—p5*and & ; = exp { Y (Wi + w%l))}.
It is worth pointing out that p;(¢) is the exact time-periodic occupation proba-

bility of the quantum dot at the i-th stage. We stress that since the system

is ergodic and is periodically driven, the relation p;(¢t + 7) = p:(t) holds for any

stroke i. Having p;(¢), average fluxes can be obtained. From Egs. (6.1.6) and

(6.1.17) the average flux J; during stage i reads

N 7
= 1 £1i-1
J'sz - A n Anf n m,i— Amf m 2171
T{l_&’N|: N,1+7;26,N 1, +mZ:2§, 1 1, }(f )
(6.1.19)
From Eqg. (6.1.19), the mean flux and thermodynamic quantities can be ob-
tained for a generic N.

6.2 Overview aboutthetwo (N=2) and three
(N=3) stages collisional engine

We describe the QD model exactly as defined in the Sec.(6.1). The QD in-
teracts with several reservoirs with different energies and chemical potentials.
The equations defined in the Sec(6.1) are broadly applied. In this section, we
made an overview about two simple cases, when the QD interacts with two [60]
and three symmetric strokes. As discussed in the Sec.(2.2.2) that the time
of interaction between reservoirs plays an important role [60]. However, for
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simplicity, we keep our attention to the called "symmetric case”, in which the
time durations of the interaction between the QD and all reservoirs are all the
same, 7; = 7/N, where 7 is the total period of the engine and N the number
of reservoirs. In the Fig.(6.2) we present a sketch representing the collisional
interaction between the system and the reservoirs at all stages.

N 1 2 1
= -
KN L
1 .o /*LQ
— A
QD

S et) =€

Figure 6.2: Sketch of a Quantum-dot setup sequentially exposed to N different
thermal baths, each one at the interval 7,1 <t < 7, = ir/N characterized by
chemical potential p; and temperature 7, = T.

We describe the QD model exactly as defined in Sec.(6.1). The QD inter-
acts with several reservoirs with different energies and chemical potentials. The
equations defined in Sec.(6.1) are broadly applied. In this section, we give an
overview of two simple cases, when the QD interacts with two [60] and three
symmetric strokes. As discussed in Sec.(2.2.2), the time of interaction between
reservoirs plays an important role [60]. However, for simplicity, we focus our
attention on the so-called "symmetric case”, in which the time durations of the
interaction between the QD and all reservoirs are all the same, r; = /N, where
7 is the total period of the engine and N the number of reservoirs. In Fig.(6.2)
we present a sketch representing the collisional interaction between the sys-
tem and the reservoirs at all stages. Despite the simplicity, various aspects
comprising the role of parameters for equal [145] and asymmetric switching
and different maximization routes [85] have been considered. In the former
case, the first and second stages have time durations 0 <t <7*and 7* <t < T,
respectively, during which the system is in contact with the right reservoir (and
disconnected from the left reservoir) and connected to the left reservoir (and
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disconnected from the right reservoir), respectively. By curbing our analysis to
the simplest symmetric case 7 = 7/2, Eq. (6.1.19) reduces to:

- 1 A Ay LoT
Ji = > [tanh (7) —tanh (?)} tanh (T)’ (6.2.1)

where J, = —J; and indexes i = r, [ are associated with the right or left reservoir,
respectively. From Eq. (6.1.10), the total heat exchanged 5 = 6r +§l is given

by

Q= (er — pr — & + )i, (6.2.2)

whereas chemical work and direct work, obtained from Eq. (6.1.11) and (6.1.12)
respectively, read W ehem = (ur — p1)J; @nd Wy = (e, — €-)J;. Note that the pump
and engine operation occurs for different values of parameters ¢, ¢, u;, and p.
provided Wchem < 0 and Wd > 0 and Wchem > 0 and Wd < 0, respectively. The
associated efficiency is given by

€ — €p

: (6.2.3)
Hi — Wr

Tengine, N=2 =

due to the fact that J, = —J,., respectively, and it depends solely on ¢, ¢, ;1; and
ur. Note that the engine regime corresponds to ¢, — e, < i — pr, Whereas the
pump corresponds to ¢, —e, > p—p-. Furthermore, the ideal regime nengine, n=2 =
1 implies that Wchem = —Wd and $ = 0.

Our goal is to tackle the role of intermediate stages. We present a detailed
analysis of the simplest setup with an intermediate stage, namely a cycle com-
posed of N = 3 stages. More concretely, the system is placed in contact with
the right reservoir during the first third of the time, with the middle reservoir
in the second stage, and with the left reservoir in the final stage, completing
a periodic cycle after 7. From Eq. (6.1.17), the probability distribution p;(t) at
the i-th stage reduces to the following expression:

1 ol =0 (1+€£§1 1 eg?'i

pi(t) =

- - - 6.2.4
edi +1 0] edi+1 ettt 41 editz 4 1) ’ ( )

where ¢ =1+ s —|—ezj3i > 3. From Eq. (6.1.19) for N = 3, each mean flux J;
reduces to the following expression:

ot

T=af (Lheten) (M m et ) o (M) (M-t} (6.25)
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Figure 6.3: For the three-stage case, the entropy production times temperature
ST (blue), direct work W4 (red) and chemical work W, (black) vs ¢. Parame-
ters: 7=0.1,To=1, ¢ =1, pr =2, € = 1.7, um, = 3 and p; = 4.

where
T

or
e 3 —1

T (e 1)(eAm + 1)(efr + 1)gr

> 0. (6.2.6)

The quantities Wchem and Wd are straightforwardly obtained from Eqgs. (6.1.11),
(6.1.12) and (6.2.5), given by Wenem = (1 — )Tt + (ttr — pim)JT» @and Wq =
(ém — €1)J1 + (em — €-)J ., respectively.

Figs. 6.3 and 6.4 depict (Tg, Wd and Wch) upon varying the energy ¢ and
chemical potential y,;, respectively, for particular choices of parameters. In the
former case, there is a closed region delimited by approximately 1 < ¢ < 3 in
which Wd < 0and Wch > 0, and the system operates as an engine. Conversely,
for ¢, > 3, one has that Wd >0 and Wch < 0, consistent with a pump behavior.
Similar findings are depicted in Fig. 6.4, but as , is varied the pump regime is
delimited by a closed region 2.5 < u; < 6, whereas the engine mode operation
extends to w; > 6.2.

The associated efficiency is given by

(Gl - 6'm)jl + (Er - em)jr
(tm = ) Ju + (pom — pr) I

(6.2.7)

Tengine, N=3 =

Unlike the N = 2 case, the present case is more revealing, and the efficiencies
depend on the interplay with intermediate parameters (um, e) and the period
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Figure 6.4: For the three-stage case, the entropy production times temperature
ST (blue), direct work Wd (red) and chemical work Wch (black) vs p;. Parame-
ters: 7=01,To=1, 6 =1, ur =2, € = 1.7, um, = 3 and ¢ = 5.

7. Analogous expressions are straightforwardly obtained for N > 3. Given that
they are longer (and less instructive), they will be omitted here.

6.3 Influence of intermediate reservoirs

Below we investigate the influence of adding stages on the performance (ef-
ficiency and power). Our motivation for doing so is twofold. First, there is
a fundamental difference between the N = 2 and N > 2 setups. As follows
from the previous analysis, the N = 2 setup is a so-called thermodynamically
strongly coupled system [146]. It is well known that in the regime of linear
thermodynamics, the efficiency can be made optimal for such systems (see
for example [123,147]). Yet, beyond the linear regime, it is not at all clear
whether these strongly coupled systems always do better than systems with
N > 2. Second, the performance of any setup is the result of an intricate in-
terplay between thermodynamics and dynamics (due to the periodic driving).
Inserting additional stages makes the corresponding gradients (for example in
chemical energy) smaller and hence might reduce the strong fluxes and cor-
responding dissipation/entropy production. The downside is, of course, that
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Figure 6.5: For the engine operation mode and different ¢,,’s, the depiction of
efficiency n (top) and power Pengine (bottom) versus ¢, for N = 2 and N = 3
stages. Parameters: 7 =15,To =1, ¢ =1, ptr =2, iy, = 3 and p; = 4.

the number of steps increases, adding to the overall complexity. It is far from
obvious how this influences the performance.

As the number of stages increases, so too does the number of parameters.
Below we optimise each setup by fine-tuning a number of these parameters.
This is a relevant situation in an experimental context, in which adjusting each
and every parameter continuously in order to reach a global optimum may not
always be feasible nor realizable. For this reason, our analysis will be under-
taken by means of various strategies, as described throughout Secs. 6.3 and
6.3.1. In order to gain a first insight into the influence of model parameters,
Figs. 6.5 and 6.6 depict the behavior of P and n for N = 3 and three different
values of ¢, by varying ¢, and 7 (while the remaining parameters ¢,, ur, pm
and p,; are held fixed, respectively). In the former case (fixed 7), the system
efficiency is solely improved via adjustment of ¢ (or ¢.). For N = 2, the effi-
ciency n exhibits a linear dependence on ¢;, reaching the maximum (ideal) limit
nue = 1 with Py = 0 (consistent with the reversible operation mode). For
N = 3, different routes for optimization become feasible, such as by varying ¢,,
and ¢, resulting in some regions in the set of parameters in which the addition
of stages can confer a larger performance. Fig. 6.7 extends the above analysis
by tackling the number of strokes for N ranging from 2 to 5, depicting n and P
for various values of ¢, with e,, u, 1, held fixed. For this analysis, the interme-
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Figure 6.6: For fixed ¢ and different ¢,,'s, the depiction of efficiency n versus
period 7 for N =2 and N = 3. Parameters: T'h =1, ¢ =1, ¢ = 1.5, ur = 2,
wm =3 and p; = 4.

diate p.,'s are determined by pm = prm—1 + Ap, With Ap = (pu — pr) /(N — 1), The
corresponding ¢,,'s are determined by ¢,, = au,. As was the case for N = 3,
the system performance can be improved by a suitable choice of parameters
and by increasing the number of stages. In Figure 6.8 we compare both power
and efficiency of N = 3 and N = 4 setups against the power and efficiency of
an N = 2 setup which has been optimised for maximum power. That is, for
N = 2 and the parameters u;, e and p, held fixed, ¢, is determined by maxi-
mizing P. In the («, u)-space shown in Figure 6.8, the blue and red areas are
those for which respectively the power and efficiency forthe N =3 and N =4
setups are improved compared to the N = 2 setup. Furthermore, in the case of
N =4, there is an overlap between these regions (indicated in purple) for which
both performance indicators are higher. This again supports our claim that the
addition of stages can improve the performance.

The above findings can be understood from the interplay among parameters
(energies ¢;'s and chemical potentials u;) and the period . In all previous
cases and in Fig. 6.9 (left), the increase in the number of stages improves
the system performance whenever 7 is larger and the intermediate u.,'s lie
between p; and u, (i < pm < wpr). Such improvement can be linked to the
steady fluxes and currents (and the QD occupation itself). We stress the role
of the time period spent by the QD in each reservoir, since adding new steps
reduces the interaction time of the QD with each thermal reservoir. The strongly
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coupled system (IV = 2) with 7/2 for each reservoir in the symmetric case was
investigated in Ref. [148], which also discusses the influence of the time spentin
each step on a collisional QD pump. The interaction time with each reservoir can
also be used as a maximization variable, and one can improve its performance
by manipulating it as an independent variable.

For an interaction time much shorter than the thermalization time, the neces-
sary exchanges (flux of particles and heat) due to the gradients will be insuf-
ficient to ensure any proper performance. On the other hand, an interaction
time much larger than the thermalization time also has a negative influence,
as no exchanges take place once the QD is in close thermal equilibrium with
the corresponding reservoir (hence J;(¢t) — 0, as illustrated for example by the
continuous lines in the bottom-left panel of Fig. 6.9). This lack of exchange
strongly reduces the power output.

If the QD does not spend sufficient time, the thermalization and all necessary
gradient exchanges (flux of particles and heat) will not happen, implying that
fast interactions can result in an engine with lower performance (dotted and
dashed lines of the bottom-left panel of Fig. 6.9). Longer interaction times
also must have a negative influence, since they can expose the system to the
reservoir for a sufficient time to make it thermalize and cause the current of the
given step J;(¢) to reach a null value (continuous line of the bottom-left panel
of Fig. 6.9). Adding more steps in the long time period case will also increase
the chemical potential gradient, moving the current of each step away from the
null value, and the fine tuning of the ¢,'s plays an important role in making this
maximization route more efficient. To better visualize this result, we plot in
Fig. 6.9 the power output (top) and the current at the i-th step J;(¢) (bottom)
considering a long (7 = 15) and a short (7 = 1) period interval.

Having discussed the role of interaction time in each step, we are now
in a position to explain the improvement achieved by adding new steps in
all previous cases and in Fig. 6.9 (left) in terms of occupation probabilities.
The probability increases from the left to the right strokes (associated currents
Ji(t) > 0), indicating that the particle flux goes from the i-th reservoir to the
dot. We emphasize the fact that the intermediate p,,,'s must lie between p;, and
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Figure 6.7: For the engine regime operation mode, the comparison between
the efficiencies n's (top) and power outputs P’s (bottom) for the two-stage
system (blue), the three-stage system (brown), four-stage (green) and five-
stage (red) systems in the engine regime vs. ¢,. Symbols x and e correspond to
the maximization of n and P, respectively. Parameters: a =0.68, =15,y =1,
e =1, ur =2 and p; = 4.

wr (i < pm < ). Otherwise, if the p's do not increase monotonically from p,; to
wur, the probabilities do not increase monotonically either, leading to negative
Ji(t)'s (flux from the dot to the reservoir). As a consequence, the increase in
the number of stages does not result in better performance.

6.3.1 Optimal parameters and maximization for N =
3 stages

Because multiple independent fluxes coexist, optimizing the system for N > 2
differs substantially from the N = 2 case, being strongly influenced by the
number of stages, especially in terms of efficiency. In this section, we explore
several optimization paths for N = 3, where ¢, and u,, are treated as indepen-
dent variables. Our analysis focuses on the case N = 3, with the parameters
(er, ur) kept fixed while varying (e, en) [for fixed (w, um)], @and vice versa.
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Figure 6.8: Top (bottom) panels depict, for the engine regime operation mode,
the set of a values for which P (red area) and n (blue area) are, for N =3 (N =
4), greater than the two-stage power and efficiency at the maximum power
regime versus p;. The purple area (bottom) shows the intersection between
the red and blue areas. Parameters: 7=15,To=1,¢ =1, p, = 2.

Although all results are obtained exactly, the resulting expressions for the
optimized quantities are rather cumbersome and must be determined numeri-
cally. In particular, the maximum powers Py occur at €, (for fixed ¢) and ¢
(for fixed e¢,,), satisfying the following relations:

!

Tr(en) 4+ Ti(eh) = (e — €5)T1(e8) + (er — €) Tn(€ly), (6.3.1)

with maximum power

Pur = (e — ) Jilen) + (67 — em) Jr(€5) (6.3.2)
and
o % 1 * 3 * =5/ *
Jl(ﬁz)::[EZJL(Q)JF(GT*Gm)Jr(EL)]: (6.3.3)
in the latter case with maximum power Puyp = (€] — em)Ji(€e]) + (6r — €m)Jr(€)).
In this analysis, Jx(e}) = gf—; is evaluated at ¢}, and the notation Jy(ex) is

used to indicate which energy variable was considered in the derivative. An
interesting feature arises when the loci of the maxima ¢, (for fixed ¢) and
¢; (for fixed €,,) meet at a single point (é..,€), defining the condition for a
global maximization of the power. The corresponding expression is given by
Pirp = (& — &n)Ji(&) + (& — €n)J+(&). An analogous result applies to the pump
regime after substituting ex — ux.

For N = 2, the behavior is qualitatively different. In this case, nur = 1,
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Figure 6.9: For the engine regime operation mode, the comparison between
the power outputs P’s (top) in two scales for the two-stage system (blue),
four-stage (green) and six-stage (purple) systems in the engine regime vs. ¢;.
The symbol e corresponds to the maximization of P. The currents for each
step J;(t) are shown at the bottom: the continuous line represents N = 2, the
dotted line represents N = 4, and the dashed line represents N = 6. Red and
blue colors correspond to the right and left sides of the symmetric N = 2 case,
where the continuous grid line at the center is exactly at ¢t = 7/2. The dashed
grid lines represent each step, with the lighter ones representing the /6 steps
and darker ones representing the 7/4 divisions. The left side corresponds to
7 = 15 and the right side corresponds to = = 1. Parameters: a« = 0.68, I'o = 1,
er =1, ur =2 and p; = 4.

and the condition for power maximization at ¢; (with ¢, fixed) satisfies P;;p =
(e — €)2J/ (), which highlights a distinct optimization condition compared to
the N = 3 case.

Figs. 6.10 and 6.11 display a summary of our main results for the engine
and pump regimes, respectively. Both P and n can be optimized through a
proper selection of the intermediate parameters ¢}, and p;,,. The dotted yellow
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and black curves represent distinct optimization paths, corresponding to the
power expressions given by Egs. (6.3.1) and (6.3.3), respectively. The power
can also be simultaneously maximized with respect to ¢ (or ), which defines
a central region at the intersection of these curves. The efficiency heat maps

2.5 25 =
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Figure 6.10: For the engine operation mode and N = 3, the power and effi-
ciency heat maps for several values of ¢, and ¢,,. Yellow and black dotted lines
correspond to the maximization of power (left) and efficiency (right) for fixed ¢,
while varying e,,, and vice versa, respectively. White zones correspond to the
dud regime. Parameters: 7=1,Tv=1,¢ =1, pr =2, pmy =3 and p; = 4.

show patterns similar to those of the power-output maps, but the regions of
higher efficiency are displaced toward larger values of ¢, /u;. In contrast to P,
the lines of maximum efficiency do not intersect; instead, they converge at the
ideal operational limit  — 1, consistent with the absence of dissipation $=o0.

We conclude this section by comparing the heat maps from Fig. 6.10 with
the opposite configuration, u, = 4 > wu, = 2 (not shown). Although the overall
patterns remain similar, the optimal regions of power and efficiency are shifted
toward smaller (¢, en,) values, including negative ones. The ideal operating
regime occurs at ¢ = —1 and ¢, = 0. In this case, the global maximum power
Prrp IS approximately half of that obtained in Fig. 6.10.
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Figure 6.11: For the pump operation mode and N = 3, the power and efficiency
heat maps for several values of yx; and u... Yellow and black dotted lines cor-
respond to the maximization of power (left) and efficiency (right) for fixed
while varying u.., and vice versa, respectively. White zones correspond to the
dud regime. Parameters: 7=1,Tv=1,¢ =1, ur =2, ¢ =3 and ¢ = 5.
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Chapter 7

Final Remarks

In this thesis, we introduced and analyzed different models for non-equilibrium
heat engines, ranging from single-unit setups to collective engine systems,
within the framework of stochastic thermodynamics. For the single-unit case,
we focused on the sequential description, which is a suitable way for address-
ing contact with two different thermal reservoirs and different work sources at
each stage (analogous to equilibrium heat engines). In this context, we in-
troduced different external drivings and potentials that could be adjusted in
order to optimize the engine output quantities (power and efficiency). For the
Brownian case, we explored how different shapes of driving protocols can affect
its thermodynamic quantities, obtaining exact expressions for power, dissipa-
tion, and efficiency, expressed in a linear form, regardless of the shape of the
imposed protocol. We also addressed the resonance phenomenon in the un-
derdamped case and how it can overcome certain trade-off relations in NESS,
and introduced the joint probability maximization for power and efficiency, an-
alyzing how to overcome the trade-off limitations and how to derive it from
mean values. We also investigated the role of the number of strokes in the col-
lisional approach in order to improve the output of a stochastic pump thermal
engine composed of a single quantum dot, showing how the non-trivial inter-
play between the probability currents, the number of stages, and the chemical
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potential of each reservoir affects the engine outputs.

The collective model for heat engines exhibits a richness of phenomena
not only compared with heat engines composed of few units but also in terms
of phase transitions with no equilibrium or nonequilibrium analogs. In par-
ticular, the collective operation of units can be used for improving the power
and efficiency, or even giving rise to operations close to maximum power and
efficiency, rarely observed in nonequilibrium heat engines. Additionally, the
interplay between biased forces and different temperatures shifts the phase
transition points with different classifications, constituting a new kind of phase
transition, not observed elsewhere. The robustness of such findings also ex-
tends to other systems, such as the Potts model and other topologies, including
triangular lattices and interactions with energetic frustrations.

Our results show the crucial importance of the synchronization of units to
enhance an optimized output of stochastic heat engines. These results also
pave the way for new future approaches, such as extension to more network
topologies, since the working fluid of an engine regime using the triangular con-
figuration is still under development, and also how other engine approaches,
such as the collisional one, can affect the phase transitions and the engine out-
put itself. Therefore, our results also highlight the emergence of phase tran-
sitions and new non-equilibrium phenomena without any known analog in the
literature.
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Appendix A

Appendix

A.1 Onsager coefficients for generic peri-
odically driving

Onsager coeficients for a generic periodic driving in each half stage are listed
below:

_ T2 4m 1) cinedm MW@ ) 4 D gD (4]
Ly =—mT ev_l ZZ{ /0 [aft cos(T™ ) 1 60 sin( T ) [al OV (1) + B0 10 (1)

n=0 m=0
x e dt + [aP O (7/2) + 0P SO (r/2)) [V T (r/2) + b%&%ﬂﬂ}

(A.1.1)

La> =

Z Z { //2[ aly COS(4 p t)+ bngL) Sln( )]{ (2) [C,,(Ll)(t) _ O,Sll)(T/Q)]

’YT_l
6 n()mO

+ bf)[Sﬁf (t) = S (r/2)]ye " dt + {ai?[CLV (1) = OV (r/2)] + b%2>[52,1)(7) - S0 (r/2)]} x

< (aP[CY (7) — TV (r/2)] + B ED (7) — 5 (7/2>1}} (A.1.2)
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Lus :(LT_U S S (P00 () — 0D /)] + B[S0 () — S8 (7/2)]} x

n=0m=0

x [aNTL (r/2) + b5 (7/2)] (A.1.3)
Far = % i i DD (7/2) + bD 5P (7/2){a2 [C4) (r) = T (7/2)]+
B[S (7) — SO (7/2)]3, (A.1.4)

where we introduce the following shorthand notation involving quantities
D), c9), SV (t) and SP (1)

t

cM(t) = / et cos(‘“ﬂt’)dt’ (A.1.5)
0 T

—(1) o 4 .\ .,

Ch, (t):/ e " cos(—t')dt (A.1.6)
0 T

1 ¢ t' 4mn / /

s,@@e):/ e sin(==—t")dt (A.1.7)
0 T

<@ t v Amn ., .,

S (t):/ e " sin(——t')dt (A.1.8)
0 T

(A.1.9)

For the particular set of drivings from Eq. (4.1.50),and considering w; = 2r /7,
Onsager coefficients reduce to the following expressions:

mTr [y*7° + 4n?y7 + 167° coth (27)]

, A.1.10
4 (272 —i—47r2)2 ( )

Ly =

mTr [’yT ((e% - 1) (V72 +47%) —dyr (e% + 1) Sin2(¢)) + 1672 (e% + 1) COSQ(¢)]

Loz = o
4 (eT — 1) (22 + 47‘(2)2

I

(A.1.11)

2rmTr coth (27) (y7 sin(¢) + 27 cos(¢))

: A.1.12
(272 + dm2)? ( :

Liz =—
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and

Loy = 2rmT'7 coth (27) (yr Sin((i) — 27 COS(‘ZS))7 (A.1.13)
(2 )

respectively.

A.2 Onsager coefficients for power-law driv-
ings

For generic algebraic (power-law) drivings, Onsager coefficients are listed be-
low:

La=mE [ [4 (1) (Er et o mTe ) (1

T em —1 T
(T(a+1,-t) —ozF(a))):|dt, (A.2.1)
Lir = ’”TT/T/2 {(—1)%—‘2”‘3—1(—T)—f’csch (2) G)a (r(s+1,-2)-r(s+ 1))}#,
(A.2.2)
s ,ﬂ/T |:20(T)_ae7'—t (1- %)ﬂT(r (1a+ 1,-2) = D(a+1)) i (A2.3)
T/2 e —
and
Los = 77(6’;”7{1)/7:2 {eé—t (1 - 2:)6 [(i)ﬁ (rE+1) -1 (8+1,-2)) +( - 1) (2 _ %)
x (1 —2t)" (F(ﬂ+1)71“(5+1,%ft)> }dt, (A.2.4)

respectively, where I'(z) and I'(z,y) denote gamma and incomplete gamma
functions, respectively.
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A.3 General Fourier coefficients of the mean
velocity and General Onsager coefficients

For the underdamped case, Fourier coefficients for the mean velocity, obtained
via the solution of the system equations, are listed below:

87kt (8mykTan +bn (7-2 (v? — wp) — 1672 k2))
(72 (y —wp)2 + 1672 k2) (12 (y + wp)2 + 16 72 k2) ’

A1ky =

_ 8wkt (8mykTen + dn (72 (v’ —wp) — 1677 7))
ke = (72 (v —wp)? + 16 m2k2) (72 (v + wp)? + 162 k2) ’

bis — 8mtkT (an (7’2 (w%—’y2)+167r2k2)+87ryk7'bn)
YT (12 (y—wp)2 + 1672 k2) (72 (y +wp)? + 1672 k2)

and
Skt (cn (7'2 (wé,—’yQ) —0—167r2k2) +87r'yk7dn)

b v — 3
2 (2 (y —wp)? + 16 12 k2) (72 (v + wp)? + 16 72 k2)

expressed in terms of Fourier coefficients a,, b., ¢, and d, for ¢.(¢t) and g2(¢),
respectively, and wp = /72 — 4« is the damped oscillation frequency of the
system. Onsager coefficients are related to coefficients a;x, and b, via the

following expressions

ii (Wkauw ar — bike (ao ((—1)’“ — 1) — kak)) N
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For constant and linear drivings, coefficients a,,b.,c, and d,’s are listed

below:
G =co=1, an=cn=0, by=—dy = —tCED" (A.3.1)
™
for constant drivings and
o _ . _=)"=D __ T
ap = co = 7/4, Ap = —Cp, = 57773 , d, = 5 (A.3.2)

and b, = (—1)"d, for linear drivings, respectively. For harmonic drivings, Fourier
coefficients read a1 = di = 1/2, ap = d, =0Vn #1, b1 =c1 =0, b, = (1 +
(=1")n/((n®* = )7) = n-cunVn # 1 and ¢ = —2/7. By inserting them into
expressions for aiky, aske, b1ke and baox,, Onsager coefficients can be promptly
evaluated.

A.4 Model, all-to-all version and phenomeno-
logical descriptions for the non-equilibrium
Ising model (o =1,¢=3)

As stated in the main text, the dynamics is described by Eq. (3.5.1), with
transition rates v} which depend on the amount of heat Q") exchanged be-
tween the reservoir v and the system when its configuration changes from s =

{81,...,Sj71,8j78j+1,...,SN} to s’ = {81,...,Sj71,.§j78j+1,...,SN} (Where S5 #* Sj).
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The heat itself depends on the energy difference E(s") — E(s) and on the work
w) = (-1)"Yd,F performed by the nonconservative force of magnitude F
acting on spin s; during its flip to 5;. The factor d..; equals +1 (—1) if the flip
s; — §; follows clockwise (counterclockwise) the cycle -1 — 0 — +1 — —1.
Therefore, taking F to be positive, the cold thermal bath (v = 1) favors clock-
wise flips, while the hot bath (v = 2) favors counterclockwise flips. This is
illustrated in the figure below.

Figure A.1: Schematics of the driving operation for the three-state Ising model
in contact with the cold (left) and hot (right) thermal baths. Arrows denote the
spin transitions s; — §; favored by the non-conservative driving of strength F.

Next, we begin with the all-to-all version of Eq. (3.3.22), given by

E(s) = E(N,N_) = ﬁ (N (Ny —1)+ N_(N_ —1) —2N; N_} + A (N + N_).

(A.4.1)
The energy differences AFE,_, AE,¢, and AE,_ are defined as
2€
AE+7 :E+—E7 :N(N+—N,+1),
ABEyo=FE4 — Ey = %(N+—N_)+A, (A.4.2)
AE,_ = Ey— E_ :%(N+7N_+1)7A.

In the limit N — co, where N./N — n4, transition rates assume the form
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w§;> =Texp (—%QE}’)), where the quantities QZ(.;) are given by

QYL =2e(ni—n_)+(~1)"'F, QYY) = enp—n)+A-(=1)"'F, QY = e(ns—n_)—A—(=1)"""

(A.4.3)
with Qg.j) = —ng) for any (i,j) and v.

As outlined in the main text, steady-state densities are determined by the
master equations

ZZ (w(") w(u)n, ) ZZJ(”) (A.4.4)

v=1 j#i v=1 j#i

where (i,5) € (0,%). Since n_ +no +n4+ = 1, the steady-state densities and their
associated thermodynamic quantities are derived from two coupled transcen-
dental equations.

To explore the thermodynamic behavior of the system in strong collective
regimes, we apply a phenomenological description that is valid for |m| =~ 1. In
this limit, we neglect the density dependence in the transition rates. Approxi-
mate steady-state densities are derived using the spanning-tree method [133],
following the same approach proposed in [121]. We introduce the following def-

initions:
Y4 = W4 W—0 + WyoWo— + W0 Wy— , (A.4.5)
Yo = Wo— W—4 + Wot+ W4— + Wot Wo— , (A.4.6)
V= = W_4 Wyo +W_oWotr + W_owW—_1, (A.4.7)

where @;; = w(l) +w(2).

Using n_ = 1 and ny = 0 in the transition rates, the steady-state densities
for phase A are

PSR - " 1
- Y4 +Y0+7— 3 ((BrHB)(A+)+F(B1—F2)) 4 pe(B1+B2)+5F(B2—F1) 4 1’

(A.4.8)

St(A) _ v+ ~ 1 A4.9
"+ Yr v+ - 3Bt (A—)+F(B1—P2) 4 o3 F(B1—B2)—e(B1+h2) 4 1’ (A-4.9)

and, as a consequence, we also have:

nst(A) _ Yo

A A
" ;ri%:zjz1_nT>—n$>. (A.4.10)
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Similarly, for phase B, using n_ = 0 and n4 = 1 in the transition rates, the
steady-state densities are

St _ Y- ~ 1
- Y+ + 7o + - e%(ﬁl-}—ﬁg)(A—F)—F(ﬁl_BZ) +6%F(52—/31)—(ﬁ1+ﬁ2)6 _|_17
(A.4.11)
nst(B) ~ T+ _ 1
+ Y+ +7- ez ((BrtB2)(Ate)=F(B1-62)) 4 o(Br+B2)et3F(B1—F2) 4 1’
(A.4.12)
so that:
nSt® _ Yo A1 —nS®) ) (A.4.13)

Vet +r-

With these approximate steady-state densities, we can calculate all desired
thermodynamic quantities, as shown in the main text. Due to their analytical
complexity, we do not list them here.

A.5 Heat maps for q=3 and N=2 engines

This section discusses two important aspects introduced in the main text: the
reliability of numerical simulations for finite V and the fact that a minimal setup
of N = 2 interacting units already captures the essential ingredients of the
model. Results are shown for ; = 1 and 32 = 0.4 only for the sake of a bet-
ter visualization. Fig. A.2 compares thermodynamic quantities evaluated from
numerical simulations (Gillespie algorithm) and those from exact steady prob-
abilities computed from the microscopic master equation for N = 2. Fig. A.3
extends the heat maps to N = 2, showing that despite the substantial reduced
performance, all characteristics from collective effects are already present in
this minimal setup.

A.6 Evaluation of the power variance p

In this section, we evaluate power fluctuations that are captured by the power

variance, yp.
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Figure A.2: Model A, ¢ = 3. Left and right panels show the power per unit P =
(P)/N and efficiency 7 for N = 2 for different values of F'. Continuous lines are
exact solutions obtained from the microscopic master equation, while symbols
come from numerical simulations using the Gillespie algorithm. Parameters:
a=1,8=1,and 3 = 0.4.

For the all-to-all topology, the evaluation employs the large deviation method
[134,135]. Let P(i,P,t) denote the probability of the system being in state i at
time ¢ with power P. The time evolution of P(i,P,t) is governed by the master
equation

QP (i, P, 1) ZZ{ PG, P — AP, 1) — W P(i, P, t)}
v=1 j
where ) is the transition rate as defined in Sec. 3.4, and AP = £F for transi-
tions between states j and i, where different signs are associated with clockwise
or counterclockwise transitions with the system in contact with the cold and hot
thermal baths, respectively (see the main text for modeling details).

The characteristic function of the power is defined as p, (i, a,t) = [ _dPe T P(i, P,t),
whose time evolution is described by

3} vy g
pp i,q,t) ZZ{%J pp(J,a,t)e fw;i)pp(z,a,t)}.

v=1 j
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Figure A.3: Model A, ¢ = 3 and N = 2. From left to right, top panels depict
power per unit P = (P)/N and efficiency 7 heat maps. Heat engine and dud
regimes are denoted by HE and D, respectively. For a better visualization, the
pump regime has not been indicated. Parameters: a =1, 1 =1 and 82 = 0.4.

This equation can be rewritten as

app(ia «, t)

875 = Mp(a)pp(i>a7t)7

where M, («) is the tilted matrix, explicitly given as

(w(()l_) -l-wg_l) +w(2) —I—w ) w(_l) +w(2) ak w(l) D‘F+w(2) ok
Mp(a) = wél_)e*O‘F —i—wéQ_)e"‘F ( (€] +w+ +L/J(_20) +w(2(§) w(l)efaF —|—OJ(2) aF
wi emoF 4 WP eaF wler 4 wlieoF —(@ + Wl +w®) +
(A.6.1)

Using the large-deviation method [134, 135], the scaled cumulant generating
function is determined by the largest eigenvalue \,(«) of M,(a). From A,(a),
the mean (P) and variance v are given by

Op() - X\ ()
Oa » P T T a2

a=0

(P) =

Since the expression for \,(«) is generally cumbersome, we instead use an
alternative approach [149]. In this method, the coefficients of the characteristic
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function satisfy the cubic equation
ao + ardp (@) + azAp(a) — Ay(a) =0,

allowing (P) and ~» to be evaluated as
_ 1 (9a _ 1 [ p@a0 a0 Dy dao )’
(P) = R (8(1 )a:O’ P = a3 [al oa? 2a: Jda O« + 202 Oa

Exact values of (P) and ~» are obtained by inserting the steady-state prob-

abilities {p'} into these derivatives. Approximate expressions for ) and "’

a=0

in the phenomenological description are obtained by assuming n_ =1 (n+ =0)
and n_ =0 (n4+ = 1), respectively, in the transition rates.

At ea, 75V behaves as 4\ ~ (y2)© +bym+c,m?+. .., where b, = 0, and the
expression for ¢, is omitted due to its length.

For the square-lattice topology, v is computed via Gillespie simulations
[73]. For the i-th stochastic trajectory up to time tmax, the total power and
its square are recorded as P; = ;"> P;; and P} = ;"> P}. Repeating this
process M times (with M = 10*), the averages are calculated as

1 M 1 M
_ = ) 2 _ 2
<P>tmax - M ;PM <P >tmax M ;Pz .
FinaHYI <7D> = <P>tmax/tmax and TP = (<p2>tmax - <7)>?max)/tmax-

Figure 5.14 compares ~p for all-to-all (continuous and dashed lines) and
square-lattice topologies (symbols x for a system size N = 10%). As shown, the
estimates agree well.
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A.7 Expressions for coefficients in the se-
ries expansions of m, (o) and 1" in the
case A =0

As stated in the main text, the phase transition at e4 for A = 0 is continuous.
The time evolution of the order parameter near criticality can be described by

the expansion
dm

dt
where the coefficient a has been defined in the main text as

o = 2¢ 1 B1-682) cogh (g(gl - 52)> (51 cosh (&TF) + B2 cosh (62%)) ;

~ale —ea)m+bm® +em®+ ...,

and b is given by
b= Slnh (%(ﬁl - 62)) f(/ﬁl,52>F)'

Here, the function f (1, 82, F') can be explicitly written as
£ (381+82) F ’ F
f(B1, B2, F) = —|e4 2 cosh 5(51 —f2) )+ 1) cosh 2(514-52)
2 2 F 2 F
X ((ﬂl — 45162 + ,32) cosh <Z(B1 - 52)) — f3i cosh (2(351 + 52)>

— B3 cosh (g(ﬂl + 3&))”

X [(eﬂlzp +e%)2(51 cosh (ﬁle) + 2 cosh (BQQF> )2

—1

. (A.7.1)
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and the coefficient ¢ reads
2
= |:67%F(13,B1+1552) (eFﬂl + oFB2 + e%F(51+52)> (e%F(B1+5ﬁ2)5? + 65FB1+2F625? + 6%F(7ﬁ1+ﬁz)
X(B1 — 562)02581 + e%F(351+62)(5ﬂ1 B2)B261 + e3P (P1t52) <5 — 482581 — 453)514'

e%F(951+5ﬁ2) (B% + ,3§>51 + 262F(2B1+52) (B% + BaPi + 255)/31 n 63Fﬁ15§’ + e%F(5B1+952)B§
4 e%F(B1+ﬁ2)/32 <4ﬂf + 48251 — ﬂ%) + e%F(5ﬁ1+ﬁ2)52 (B% + ﬂ%) + eF(4ﬁ1+ﬁ2)(ﬂ1 + ﬂg)x
(ﬂ% — 58261 + ﬁ%) +eBFERTTE (5 | gy (ﬂ% + B2 + ﬁ§> +
+ 267 BRI g, (2512 + BB + ﬁ%) 4 ezFPH30) (g, 4 gy ((ﬂf +4p2B1 + ﬁ%) +
2SI (B, 1 B,) <ﬁ'f’ +4B2p1 + ﬁ%) + TR (3 4+ ) ((ﬁ12 +7Ba2fr + ﬁ%) +
30 57G18) (3, 4 B,) ((3/5? 4 Bofh + 3/33) 4 PF28) (ﬂ? 4B 4 2826 — 353) 4
2T (TP1+562) ((56f + 452587 + 68561 — 3ﬂ3) + P H282) ((255’ + a7 — ﬁ%) +
AP B1+3F B2 ((25f + 262ﬂ% _ ﬂé”) + QG%F(361+5ﬂ2) ((2513 + 252/5% + 5551 52) F(B1+3B2) y
((3/3? — 2627 + 4631 — ﬂ%) + SPrtars2 ( — B+ 836+ 253) + PR o
<(—513 +2B83B1 + 253) + e3P (5A1+TB2) ((—255’ + 26257 + 46351 + 4/3§)+
2F(B1452) ((4,8? + 138287 + 78361 + 453) + A2 (45? +7B287 + 136351 + 4,83) +

3 F(6514362) ( — 36} + 66257 + 45351 + 5ﬂ2))sech3 (iF(ﬂl - ﬂz))} x

{128((& cosh <<F61) + B2 cosh ((FQBQ))T_I. (A.7.2)

In a similar fashion, the behavior of distinct thermodynamic quantities near

the phase transition reinforces the findings in the main text. For instance, the
entropy production (c(4)) expressed in terms of m near e4 is given by

(e ~ (00) + bem + com® + ...,
where

(00) = 2F {51 sinh <ﬂ1 ) + B2 sinh (*BZFH . by =0,
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and ¢, is given by
3 1 1 389 F (@Jrﬁz)F
Co = — |:e—§(51+52)F (eg(ﬂﬁ-ﬁz)l’ + 1) <€51F + P2 + 65(51+52)F) ( _ ﬂfFeT + I@iiFe _
38, F (Bﬁ”ﬂz)F %(461+62>F
BsFe 2 + B3Fe - ([31 - ﬂz)e (6§F — B2 (ﬁlF + 4>+
B (B1F+4)) +eH (— (ﬂ% (51F+4>> b (mwe) 1282 (ﬂlF— 1))
BoF (51-"—31372)1’
+ 1P <5f <51F - 4) + 281 (6 — 51F> - 283 (/31F + 1)) - (/31 - /32)6
x (B%F + 26 (@F + 1) s (@F - 2)) . (w% (@F + 1) 1 b (@F - 6)
(%wz)F
+ B (4 - &F)) + (51 - 52)6 (B%F + 26, (&F - 1) + B (ﬁzF + 2))+

%(/31+4/32) F
(/31 —52)6 (B%F_Bl (52F+4) + B2 (52F+4>>+

(52 (o 1) 4 i (5o 4 6) - 52 (8 +4) ) )|
x |:4(6 BT ) <5 cosh (Bl )—s—ﬂgcosh <522F>> } l. (A.7.3)

From the scaling behavior m ~ (e —¢), it follows that (¢)) — (o.) ~ (ea —€)?,
where § = 28 = 2. This result differs from § = 1, which is typically observed in
standard order-disorder phase transitions [126, 150].

The evaluation of (Q! (4)y near e, can be carried out analogously to (o).
Specifically, these fluxes behave as (Q'") ~ (Q\”) + by, m + c,;m? + ..., where
Q%)) = —2F sinh(B,F/2), by, =0, cq1 = dg1/d and cge = dgz/d, With

dg = — e—F(@ﬁ-ﬁz)(e%F(ﬁﬁ-ﬂz) + 1)(6%1’([314-[32) + ePLE + eﬂﬂ’)(ﬁ%FeﬁQF _ B%Fe%F(551+B2)+

20270 (8 — 265 4 BiBaF) + T (Bu(BLF +4) — 262(BF +2))+
e3P (81 (B1F + 4) — Ba(BiF +2)) — 267 PO (28, + B1(BF — 1)+
2T P14362) (8, (8, (~F) + 22 F + 4) — 4B2) + ™7 (B1(F(B2 — B1) +4) — 262)—

egF(3/31+ﬁ2)

(282 + BL(F(B1 + B2) — 2)) + " P2 (B (F(B1 + B2) +2) — 282)) |,
(A.7.4)
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dgo :efF(ﬁwT?)(e%F(Blwg) + 1)(€%F(51+52) P 4 P (B2F (_eﬂlF) + BgFG%F(ﬁng)JF

e2"ONE0) (6, (4 — 2, F) + Ba(BoF — 4)) + 7 (B1(2 — BoF) + Ba(BF — 4))—
2e 372 (B, 4 B (B F — 2)) + 26" P12 (81 (B2 F 4 2) — o) + €2 T (B (B, F + 2)+

3

Ba(BoF —2)) — " PrHP2) (B (ByF — 2) + Ba(BoF +2)) + €27 120 (81 (B F + 2) — Bo(BoF + 4))

e?2F (281 (B2F +2) — Ba(BoF +4))), (A.7.5)
and ,
2
d=4 (elTF + eg) (ﬂl cosh (61F) + f32 cosh (ﬁQ—F)> :
2 2
As a consequence, the power (P“) = 7<Q§A>> — '<2A)> and the efficiency

™ =14+ (Q) /(04" exhibit the same scaling behavior. We also note that the
coefficient ¢, is related to c,1 and cg2 through the relation ¢, = —B1cq1 — B2cqe.

Conversely, the bistability observed at e¢g is also reflected in all thermo-
dynamic quantities. However, the linear analysis is unsuitable in this case.
Instead, numerical solutions of the full master equations for m and ¢ can be
substituted into the expressions for thermodynamic quantities, as illustrated in
Fig. (5.14) in the main text.
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Thermodynamics and efficiency of sequentially collisional Brownian particles: The role of drivings
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Brownian particles placed sequentially in contact with distinct thermal reservoirs and subjected to external
driving forces are promising candidates for the construction of reliable engine setups. In this contribution, we
address the role of driving forces for enhancing the collisional machine performance. Analytical expressions
for thermodynamic quantities such as power output and efficiency are obtained for general driving schemes. A
proper choice of these driving schemes substantially increases both power output and efficiency and extends
the working regime. Maximizations of power and efficiency, whether with respect to the strength of the force,
driving scheme, or both have been considered and exemplified for two kind of drivings: generic power-law and

harmonic (sinusoidal) drivings.

DOI: 10.1103/PhysRevE.106.044134

L. INTRODUCTION

The construction of nanoscale engines has received a great
deal of attention and recent technological breakthroughs have
made feasible not only the realization of distinct setups com-
posed of quantum dots [1], colloidal particles [2-5], single
and coupled systems [6—8] but also coarse-grained approaches
for systems presenting different degrees of freedom [9,10]. In
contrast with their macroscopic counterparts, their main fea-
tures are strongly influenced by fluctuations when operating
at the nanoscale, having several features described within the
framework of stochastic thermodynamics [11-16].

Recently a novel approach, coined collisional, has been put
forward as a candidate for the realization of reliable thermal
engines [17,18] and novel engine setups [19-21]. They consist
of sequentially placing the system (a Brownian particle) in
contact with distinct thermal reservoirs and subjected to exter-
nal driving forces during each stage (stroke) of the cycle. Each
stage is characterized by the temperature of the connected
thermal reservoir and the external driving force. The time
needed to switch between the thermal baths at the end of each
stage is neglected. Despite its reliability in distinct situations,
such as systems interacting only with a small fraction of the
environment and those presenting distinct drivings over each
member of the system [22-25], the engine can operate rather
inefficiently depending on the way it is projected (tempera-
tures, kind of driving, and duration of each stroke). Hence the
importance for strategies to enhance its performance [20,21].
Among the distinct approaches, we cite those based on the
maximization of power [1,6,14,26-33], efficiency [20,34,35],
low or finite dissipation [36,37] and even the assumption of
maximization via the largest dissipation [38].

This paper deals with the above points but it focuses on
a different direction, namely, the optimization of the engine
performance by fine-tuning the driving at each stroke. Such
an idea is illustrated in a collisional Brownian machine, which
has been considered as a working substance in several works,
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both from the theoretical [7,39—43] and experimental points
of view [3,35,44-46]. The collisional description allows us
to derive general (and exact) expressions for thermodynamic
quantities, such as output power and efficiency, irrespective
of the kind of driving [20]. To exploit the consequences of a
distinct driving each stroke and possible optimizations, two
representative examples will be considered: generic harmonic
and power-law drivings. The former consists of a simpler and
feasible way to drive Brownian particles out of equilibrium
[35,45,47-49] and providing simultaneous maximizations of
the engine [7]. Since the engine performance is substantially
reduced for linear drivings when compared with constant ones
[19,20], generic power-law drivings have been considered not
only for generalizing the machine performance beyond con-
stant and linear drivings but also to exploit the possibility of
obtaining a gain by changing its form at each stroke.

This paper is organized as follows: Section II presents
the model and the main expressions for the thermodynamic
quantities. Efficiency and optimization is discussed in detail
for both classes of drivings in Sec. III. Conclusions and per-
spectives are addressed in Sec. IV.

II. THERMODYNAMICS AND MAIN EXPRESSIONS

‘We focus on the simplest projection of an engine composed
of only two strokes and returning to the initial step after one
cycle. The time it takes to complete one cycle is set to 7, with
each stroke €{1, 2} lasting a time t/2. During stroke i the
Brownian particle of mass m is in contact with a thermal bath
at temperature 7; and described by the Langevin equation.'

dv; f
1:1?) = —yii() + fi(t) + & @), M

'Eq. (1) is formally identical to description of the overdamped
harmonic oscillator subject to the harmonic force f, = —kx just by
replacing x — v, k/a — y;, /oo — y;/m.

©2022 American Physical Society
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Thermodynamics of underdamped Brownian collisional engines:
General features and resonant phenomena
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Collisional Brownian engines have been proposed as alternatives to nonequilibrium nanoscale engines.
However, most studies have focused on the simpler overdamped case, leaving the role of inertia much less
explored. In this work, we introduce the idea of collisional engines to underdamped Brownian particles, where
at each stage the particle is sequentially subjected to a distinct driving force. A careful comparison between
the performance of underdamped and overdamped Brownian work-to-work engines has been undertaken. The
results show that underdamped Brownian engines generally outperform their overdamped counterparts. A key
difference is the presence of a resonant regime in underdamped engines, in which both efficiency and power
output are enhanced across a broad set of parameters. Our study highlights the importance of carefully selecting
dynamics and driving protocols to achieve optimal engine performance.

DOI: 10.1103/PhysRevE.110.054125

I. INTRODUCTION

The performance of engines and the search for protocol op-
timizations constitute fundamental issues in thermodynamics
since the seminal work by Carnot [1,2] in 1872. Notwith-
standing, the construction of different and reliable engine
setups aimed at converting one kind of energy into another
one has become more sophisticated, above all with the advent
of nanotechnology and new experimental procedures for in-
vestigating and creating nanoscale engines. Contrasting with
macroscopic engines, fluctuations in nanoscale systems can
become important, making necessary the use of stochastic
methods in order to describe their dynamics and thermody-
namic properties, as well as its relationship with the system
performance. Stochastic thermodynamics (ST) constitutes a
unified tool for describing nanoscale systems operating far
from equilibrium [3-6] and addressing the role of fluctuations
and dissipation.

Recently, a collisional (or sequential) description has been
proposed and extended for Brownian systems [7—10]. In its
simplest version, a single particle interacts sequentially with
a thermal bath and is subjected to a specific work source at
each stage. This approach differs from the situation where the
system interacts with all thermal baths simultaneously [11,12]
and has been studied in distinct cases of nonequilibrium ther-
modynamics [13,14], open quantum systems [14—17], and
information and computational processing [14,18-20]. Under
suitable conditions, the sequential interaction operates as a
heat engine or work-to-work converters, generating useful
power. Despite this, its performance can be small or strongly
reduced depending on the way it is designed, suggesting the
choice of ingredients such as period, the duration of each
stage, temperatures, the strength of driving worksources, and
others as fundamental [7-9,13,21].
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For describing the motion of particles in a colloidal en-
vironment subjected to random forces, a fundamental frame-
work is the Langevin equation or Fokker-Planck approach
[22,23]. Its two employed variants, namely the underdamped
and overdamped cases, capture distinct and essential aspects
of particle dynamics and stochasticity. The underdamped vari-
ant emphasizes inertia and retains the correlation between
particle and position, while the overdamped variant simpli-
fies the description and is suitable for systems with rapid
relaxation. Despite the extensive research about them [24-31],
little is known about their thermodynamic implications and
the influence of inertial considerations on system performance
and dissipation [11,12].

In this paper, we advance upon previous works [7—10]
by introducing and extending the concept of collisional
Brownian engines to underdamped systems. For equal tem-
peratures at each stage, we obtain exact expressions for
Thermodynamic quantities such as work, heat, and dissi-
pation, solely expressed in terms of Onsager coefficients,
irrespective of the driving protocol. For distinct driving
worksources, we provide a comparative study between under-
damped and overdamped dynamics. The underdamped case is
significantly different [7-10] due to the presence of a reso-
nance phenomenon, resulting in a specific region on the phase
space in which the engine operates at maximum power and
maximum efficiency. The present study sheds light on the
importance of dynamics and driving protocols for achieving
optimal engine performances.

This paper is structured as follows: In Sec. I, we introduce
the model, present the main expressions for the underdamped
system, and discuss the optimization approaches. In Sec. II,
we compare the performance and dissipation of engines gov-
erned by each dynamic and highlight the resonant phenomena
in the underdamped engine. Finally, conclusions are drawn in
Sec. III.

©2024 American Physical Society
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Collisional Brownian engines have attracted significant attention due to their simplicity, experimental ac-
cessibility, and amenability to exact analytical solutions. While previous research has predominantly focused
on optimizing mean values of power and efficiency, the joint statistical properties of these performance metrics
remain largely unexplored. Using stochastic thermodynamics, we investigate the joint probability distributions of
power and efficiency for collisional Brownian engines, revealing how thermodynamic fluctuations influence the
probability of observing values exceeding their respective mean maxima. Our conditional probability analysis
demonstrates that when power fluctuates above its maximum mean value, the probability of achieving high
efficiency increases substantially, suggesting fluctuation regimes where the classical power-efficiency trade-off
can be probabilistically overcome. Notably, our framework extends to a broader class of engines, as the essential
features of the statistics of the system are fully determined by the Onsager coefficients. Our results contribute
to a deeper understanding of the role of fluctuations in Brownian engines, highlighting how stochastic behavior
can enable performance beyond traditional thermodynamic bounds.

DOI: 10.1103/n6bd-jv9j

I. INTRODUCTION

In recent decades, the construction and characterization
of nonequilibrium small engines have been broadly studied
in the realm of stochastic thermodynamics [1-3]. On such
scale, the fluctuations are unavoidable and play an important
role in the system [3-5]. Among the relevant small-scale
frameworks that deal with fluctuations within the realm of
stochastic methods, we highlight molecular motors and rotors
in cellular environments [6—12], single active and inactive
Brownian particles in thermal environment [ 13-28], quantum-
dot pumps in open systems [29—-33], nonequilibrium chemical
reactions [34-37], and others. Typically, such examples in-
volve a nonequilibrium steady state (NESS) arising from
either constant or periodic external forces, or from a sequen-
tial setup where the system interacts with an uncorrelated
thermal bath and a specific worksource at each stage. In the
collisional approach, the system is modeled by assuming that
the particle interacts sequentially with different, uncorrelated
portions of the medium. In any given interval, it collides
with one small fraction before moving on to another. Due to
its simplicity and robustness, this approach has been applied
across various scenarios and shown to be a viable alternative
for efficient thermal engines with engineered reservoirs, in-
cluding Brownian particle systems operating as work-to-work
converters [21,22], quantum dot pumps functioning as heat
engines [30-33], or even minimal interacting systems [38].
In particular, the collisional approach has also been widely
used in open quantum systems [33,39] and to study memory
degradation in quantum and classical systems [40].

A key difference between equilibrium and nonequilibrium
statistical mechanics is that the latter allows for obtaining sta-
tistical distributions of quantities such as heat flux, power, and
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entropy production rather than just their average values. This
reveals additional features, such as the existence of forbidden
values, including negative entropy production or efficiencies
greater than Carnot [41-45], which, although rare, can still
occur. It also opens the possibility of measuring values greater
than the optimized mean quantities for power and efficiency.
While this approach has been applied in a variety of classical
[13,46-52] and quantum systems [53-57], there are still open
questions about measuring of rare events in collisional frame-
works and such a scenario is far from being fully understood.

In this contribution, we address this gap by studying rare
event statistics in a well-known collisional work-to-work con-
verter, where a single Brownian particle is placed sequentially
with two thermal reservoir with different time-dependent ex-
ternal drives [21,22,58]. While related studies have examined
efficiency distributions [45,48], our work focuses on colli-
sional Brownian systems and investigates regimes in which
power and efficiency surpass their mean-optimal values, along
with a detailed analysis of their joint and conditional dis-
tributions. In doing so, we extend the scope of previous
investigations [13,45-57] by examining the full probability
landscape of performance, including both marginal and joint
distributions of power and efficiency. This enables a deeper
investigation into their statistical behavior and the chances of
specific events, allowing us to ask questions such as: What
is the probability of the efficiency falling within a certain
range, given that the power already meets a specific value?
Furthermore, we examine the full distribution of these quan-
tities, both conditionally and unconditionally, to understand
how they influence one another. This analysis sheds light on
the rare but significant occurrences of forbidden events and
explores the possibility of measuring values greater than the
optimized mean quantities of power and efficiency. Overall,

©2025 American Physical Society
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We introduce a class of stochastic engines in which the regime of units operating synchronously can boost the
performance. Our approach encompasses a minimal setup composed of N interacting units placed in contact with
two thermal baths and subjected to a constant driving worksource. The interplay between unit synchronization
and interaction leads to an efficiency at maximum power between the Carnot 1. and the Curzon-Ahlborn
bound nc4. Moreover, these limits can be respectively saturated maximizing the efficiency, and by simultaneous
optimization of power and efficiency. We show that the interplay between Ising-like interactions and a collective
ordered regime is crucial to operate as a heat engine. The main system features are investigated by means of a
linear analysis near equilibrium, and developing an effective discrete-state model that captures the effects of the
synchronous phase. The robustness of our findings extends beyond the all-to-all interactions and paves the way
for the building of promising nonequilibrium thermal machines based on ordered structures.

DOI: 10.1103/PhysRevResearch.5.043067

L. INTRODUCTION

The ambition to build efficient engines is not only
prominent, but also pressing in thermodynamics since the pio-
neering work by Sadi Carnot [1], and gained new momentum
with the development of nonequilibrium thermodynamics of
small-scale systems [2,3]. Unlike thermodynamics, fluctua-
tions become fundamental at the nanoscale and the study of
their role attracted large attention, both theoretically [4-7]
and experimentally [8—10]. As irreversibility is unavoidable,
the search for new strategies in the realm of nonequilibrium
stochastic thermodynamics is crucial and strongly desirable.
Bearing this in mind, several distinct approaches have been
proposed. Among them, we highlight the study of the max-
imum attainable power [11-19] and efficiency [16,20], the
modulation of the system-bath interaction time [21,22], and
the dynamical control via shortcuts to adiabaticy [23-25] or
isothermality [26].

The above examples deal with engines composed of a
single or a few units. However, nature is plenty of complex
systems composed of many interacting entities, in which co-
operative effects often play a crucial role. Examples span
multiple biological scales [27], from microbes [28] to the
human brain [29], and have been studied in a broad range
of research fields, from nonequilibrium effects in chemical
processes [30-33] to synchronization in biological networks
[34-38]. This vast spectrum of applications highlights that
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the demand for implementable and robust optimal strategies
to engineer collective engines is important and timely. Al-
though the interplay between collective effects and system’s
performances has been extensively studied in quantum sys-
tems [39—44], the development of classical setups built from
interacting units is comparatively much less known and still
remains at a primary stage [19,45-49].

We introduce a general class of collective engines, inspired
by ferromagnetic equilibrium models [50-53]. They have a
longstanding importance in the context of collective effects
and are at the heart of numerous theoretical and experimen-
tal advances, having distinct models (e.g., the Ising, Potts,
XY, and Heisenberg) as ideal platforms for describing fer-
romagnetism. Optimizing power and efficiency by changing
driving and coupling parameters, we show that synchronized
operations under ordered (ferromagnetic) arrangements play a
central role in improving system performances. The main fea-
tures and optimization routes of the engine proposed here can
be unveiled both using a linear analysis close to equilibrium
and an effective discrete-state model capturing all relevant
effects. Finally, we highlight that our results are robust be-
yond the case of all-to-all interactions and pave the way for
the building of promising nonequilibrium thermal machines
based on ordered structures.

II. GENERAL MODEL AND THERMODYNAMICS

Since our goal is to investigate main features and ad-
vantages of the cooperative behavior emerging from ordered
agents, we design a system composed of N all-to-all in-
teracting units. Each unit can occupy ¢ different states, so
that a microstate i of the system is an N-dimensional vector
containing the states of all units. This system is placed in
contact with two baths at different temperatures (v = 1 is the
cold one, v = 2 the hot) to work as a heat engine. Moreover,

Published by the American Physical Society
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Spontaneous symmetry breaking occurs in various equilibrium and nonequilibrium systems, where phase
transitions are typically marked by a single critical point that separates ordered and disordered regimes. We reveal
an innovative phenomenon in which the interplay between different temperatures and driving forces splits the
order-disorder transition into two distinct transition points depending on which ordered state initially dominates.
Crucially, these two emerging phases have distinct scaling behaviors and thermodynamic properties. To study
this, we propose a minimal variant of the Ising model where spins are coupled to two thermal baths and subjected
to two opposite driving forces associated with them. Our findings, robust for both all-to-all interactions (where
exact solutions are possible) and nearest-neighbor couplings on a square lattice, uncover unique nonequilibrium
behaviors and scaling laws for crucial thermodynamic quantities, such as efficiency, dissipation, power and its
fluctuations, that are different between the two ordered phases. We also highlight that one of these emerging
phases enables heat-engine operations that are less dissipative and show reduced fluctuations. In this setup, the
system can also operate near maximum power and maximum efficiency over a wide parameter range. Our results

offer unique insights into the relevance of phase transitions under nonequilibrium conditions.

DOI: 10.1103/hzl13-hjnl

Introduction. Phase transitions and universal scaling are
central topics in statistical physics, particularly for systems
that display collective behavior. Examples can be found across
diverse fields, including physics, chemistry, biology, and eco-
nomics. Many of these systems operate out of equilibrium,
where nonzero probability currents and specific symmetries
can lead to unique classes of nonequilibrium phase transitions.
Similar to their equilibrium counterparts, nonequilibrium
phase transitions are often characterized by an order pa-
rameter. However, this approach can obscure the irreversible
dynamics and its impact on the properties of phase transitions.
Increasing attention has been given to entropy production—a
key indicator of system dissipation—and related thermody-
namic quantities as alternative descriptors of nonequilibrium
phase transitions, although many aspects of this topic remain
to be understood [1-4].

Beyond phase transitions and universality classes, systems
exhibiting collective dynamics are of considerable interest for
their potential to enhance the performance of nonequilibrium
heat engines, in both classical [5—12] and quantum thermody-
namics [10,13,14]. A key subset of collective-engine setups
extract work from driving forces, often modeled as biases over
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specific transitions [5-8,15,16]. These biases arise in diverse
systems, such as anomalous mobility in driven active particles
[17,18], chemical potentials fueling kinesin motion [19,20],
light-activated transitions in photoacids [21], thermodynamic
forces in chemical reaction networks [22-24], and ATP-driven
pathways in chaperones and molecular transporters [25,26].
Recent studies highlight a distinct phase transition that sepa-
rates a functional heat-engine regime from a “dud” regime,
where the system is purely dissipative [7,8,15,16]. Despite
its relevance in biophysics and related fields, the interplay
between biased forces and phase transition regimes remains
poorly understood and explored only in a few examples.

In this Letter, we demonstrate that collective effects under
driving forces yield unique phenomena with no analog in
traditional equilibrium or nonequilibrium phase transitions.
The uniqueness lies in the combination of the following fea-
tures: (1) Order-disorder phase transitions occur at separate
points depending on which ordered phase initially dominates;
(2) each order-disorder phase transition may fall into a
different classification, with, for instance, the “down”-spin-
dominated phase transition being critical and continuous,
while the “up”-spin-dominated transition is discontinuous;
and (3) unlike customary “up-down” (Z,) symmetry-breaking
phenomena [2,27], the continuous phase transition we observe
exhibits critical exponents that, in the mean-field limit, differ
from the classical result of § = 1/2. Our findings reveal dif-
ferent insights into the properties of the order parameter and
uncover unique behaviors of key thermodynamic quantities,
such as power and energy dissipation. We further show that
the less dissipative ordered phase—characterized by lower
power fluctuations—exhibits heat-engine behavior capable of

Published by the American Physical Society
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Abstract
Sequential (or collisional) engines have been put forward as an alternative can-
didate for the realisation of reliable engine setups. Despite this, the role of
the different stages and the influence of the intermediate reservoirs is not well
understood. We introduce the idea of conveniently adjusting/choosing interme-
diate reservoirs at engine devices as a strategy for optimizing its performance.
This is done by considering a minimal model composed of a quantum-dot
machine sequentially exposed to various reservoirs at each stage, and for which
thermodynamic quantities (including power and efficiency) can be obtained
exactly from the framework of stochastic thermodynamics, irrespective the
number of stages. Results show that a significant gain can be obtained by
increasing the number of stages and conveniently choosing their parameters.

Keywords: thermodynamics, nonequilibrium engines, stochastic processes,
quantum-dot, entropy production

1. Introduction

Stochastic engines are devices that convert a given amount of energy, say heat, into work or
vice-versa. In contrast to macroscopic engines, they operate at the nanoscale and consequently
the relevant thermodynamic quantities are subjected to fluctuations at the microscopic level,
above all in power and efficiency. Although an ideal engine is always desired to operate at high
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