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Abstract
The performance of transactional database systems is typically evaluated by measuring the amount
of transactions they can commit to the database per second. However, fairly measuring this for
the same workload on different systems is not trivial. It is therefore relevant to formalize schedule
efficiency, investigate the space of all possible efficient schedules, and identify whether there is
any room for improvement. Prior transaction theory largely centers on decision problems relating
to safety, such as the serializability, robustness, and allocation problems. Most pertinently, these
problems take already scheduled transactions as input, and do not directly consider the efficiency of
those schedules.

In this work, we define schedules as assignments of operations on objects to discrete points in
time. This allows us to quantify efficiency as the elapsed duration between the schedule’s beginning
and end, more commonly known as the makespan in the scheduling literature. We establish that,
given some set of transactions and a desired makespan, it is NP-complete to decide if there exists
a conflict serializable schedule which is bounded by that makespan. We additionally provide an
instance optimal algorithm for scheduling transaction sets with a single contention point, that is,
exactly one object may appear in conflicting operations. Lastly, we give worst-case optimal bounds
on the makespan, meaning that schedules can never exceed this bound, and for the worst transaction
sets, the bound is optimal.
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1 Introduction

Transaction processing is a core aspect of every database system. In most systems it is
implemented through concurrency control, a set of principled protocols which orchestrate
access to resources shared by multiple threads of execution. In the database systems
literature, this aspect of the system is evaluated by measuring its throughput, or the amount
of transactions it can commit to the database per second, on various predetermined workloads
such as YCSB [7] or TPC-C [8]. Reliably executing the same workload on different systems
is not always evident, as is demonstrated by numerous papers attempting to make this
evaluation method less biased [1, 10, 26, 33, 34]. As database theorists, it is therefore
pertinent for us to consider a formal theory of schedule efficiency, to investigate the space of
all possible efficient schedules, and to identify whether there is room for improvement.

The current theory about transactions largely centers around safety properties [18, 23],
and we elaborate on this work’s relation to this literature in Section 7. In its most elementary
form, safety is about deciding if a given schedule is valid according to a definition of validity,
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10:2 Bounding the Makespan of Transaction Schedules

the gold standard being conflict serializability. In other words, the main purpose is to
delineate the space of schedules that is valid. In this work, we are concerned with identifying
the space of optimal schedules within that space of valid ones.

Concretely, we formalize schedules as assignments of all operations in a set of transactions
to positive integers, intuitively representing their point of execution in time. This enables us
to explicitly reason about operations that run in parallel, rather than observing the total
order of operations after execution has taken place. Moreover, it lets us quantify efficiency
as the elapsed duration between a schedule’s beginning and end, a quantity better known in
the scheduling literature as the makespan [4, 25].

Contributions

We focus on two central questions, the first being: “What is the complexity of finding a
conflict serializable schedule of minimal makespan?”. To this extent, we contribute the
following results.
1. In Section 3, we show that the schedules with minimal makespan are among those

constructed from a total order on the transactions. Hence, we can find a minimal makespan
schedule in factorial time by enumerating all total orders on the given transactions.

2. Next, in Section 4, we show that for a set of transactions and a positive integer k, it is
NP-complete to decide if there exists a schedule with a makespan less than or equal to k.

3. In Section 5, we give a polynomial time instance optimal scheduling algorithm for
transaction sets with at most one object on which operations are allowed to be conflicting.

Second, we handle a complementary question: “Is there a bound on the optimal makespan?”.
To this end, we provide the following contribution.
4. In Section 6, we derive worst-case optimal bounds on the makespan. That is, the makespan

can never exceed this bound, and for the worst transaction sets, the bound is optimal. The
upper bounds (excluding Proposition 27) imply algorithms that can generate schedules
with a makespan matching this bound.

To enable this analysis, we group transaction sets into a class Tℓ,m,n based on the maximal
number ℓ of operations in each transaction, the maximal number m of contention points (i.e.,
objects on which operations are allowed to be conflicting), and the maximal number n of
transactions in the set. The derived bounds are given in Table 1.

Table 1 Summary of all worst-case optimal bounds for Tℓ,m,n in this work, with ℓ ≥ m. Bounds
marked ↓ (red) or ↑ (green) are, upper (resp. lower) bounds without matching lower (resp. upper)
bounds. For the bounds marked �ZP we have not given a tractable algorithm.

m = 0 m = 1 m = 2 m = 3 4 ≤ m

n = 1
ℓ

ℓ ℓ ℓ ℓ

n = 2 ℓ + 1 2ℓ 2ℓ 2ℓ

3 ≤ n < m! 3 ̸≤ m! 3 ̸≤ m! 3 ̸≤ m!
nℓ − n + 1 nℓ − n + 1 ↓ �ZP

n = m!

ℓ

ℓ 2ℓ nℓ − (n − 1)(m − 2) �ZP

m! < n < m!m
ℓ + n − 1 2ℓ + n − 2

7ℓ + n − 14 ↓
6ℓ + n − 11 ↑

(m! + m − 2)ℓ + n − (m − 1)(m! + m − 2) ↓ �ZP
m!m ≤ n < (m + 1)! 7ℓ + n − 14 ↓

6ℓ +
⌊

ℓ−3
2

⌋
+ n − 11 ↑

(m + 1)! ≤ n
7ℓ + n − 14 ↓
7ℓ + n − 15 ↑
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2 Definitions

For integers i and j, we write [i, j] as shorthand notation for {i, i + 1, . . . , j}, and write [i] as
a shorthand for [1, i]. By N0 we denote the positive integers, including 0.

We fix an infinite set of objects O = {a, b, c, . . .}. A transaction T over O is a sequence
of operations T = o1 o2 . . . oℓ. We write |T | to mean the number of operations ℓ in T . To
every operation o ∈ T we associate a type(o) ∈ {R, W} and an obj(o) ∈ O. We say that o is a
read if type(o) = R and that it is a write if type(o) = W. Furthermore, we say that o is an
operation on object obj(o).

For an integer i ∈ [ℓ], we write T [i] to denote the ith operation of T . That is, T [i] = oi.
Slightly abusing notation, we will often treat transactions as sets of objects, allowing to write
o ∈ T to mean that o is one of its operations. For two operations T [i], T [j] of T , we write
T [i] ≤T T [j] to mean i ≤ j, and T [i] <T T [j] to mean i < j. We will leave O implicit when
it can be derived from the context and say transaction T instead of transaction T over O.

When considering a set of transactions T , we will assume that every transaction has a
unique id i, and we write Ti to make this id explicit. For notational convenience we assume
that each transaction can read to each object at most once, and write to each object at most
once. This is an assumption commonly made in other literature [18, 19, 30, 31], and the
problems we consider become computationally more difficult if this is not the case. It also
allows us to refer to a specific operation o in Ti ∈ T , using the notation Ri[x] (resp., Wi[x]),
with x = obj(o) and type(o) = R (resp., type(o) = W).

As usual, we say that two operations o and p occurring in transactions in T are conflicting if
they are from different transactions in T , and with obj(o) = obj(p) and W ∈ {type(o), type(p)}.

We define schedules as functions assigning integers to the operations of transactions,
intuitively representing the timing of these operations.

▶ Definition 1. A schedule s for a set T of transactions is a function s : Os → N0 that
assigns a s(o) ∈ N0 to all the operations o ∈ Os of transactions in T .

For notational convenience, we will sometimes represent a schedule for T as a sequence
of sets of operations A1 A2 . . . Ak (with every operation of a transaction in T occurring in
precisely one of the sets Ai), which then should be interpreted as the schedule for T with
s(o) = i − 1 if o ∈ Ai. In other words, the set Ai represents all operations that are executed
at precisely time i.

Henceforth, we will only consider schedules having the next two additional properties:
1. for operations {o, p} ⊆ T with o <T p, we have s(o) < s(p);
2. for conflicting operations {o, p} ⊆ Os we have s(o) < s(p) or s(p) < s(o).
Property (1) expresses that s must preserve the order in which operations occur in the
transaction they belong to. Property (2) guarantees that conflicting operations are not
executed at precisely the same time.

We call a schedule s dense if for every operation o ∈ Os, either s(o) = 0 or there is an
operation p ∈ Os with s(o) = s(p) + 1 and either p conflicts with o or it is from the same
transaction as o. In other words, a schedule is dense if none of its operations can be moved
one time unit to the left without invalidating Property (1) or Property (2).

▶ Example 2. We define a set of transactions T = {T1, T2, T3, T4}, where

T1 = W1[a] R1[b]; T2 = W2[b] R2[d] W2[e]; T3 = W3[c] R3[d] W3[f ]; and T4 = W4[a] W4[b] W4[c].
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10:4 Bounding the Makespan of Transaction Schedules

We remark that usage of blind writes, or a write to an object without first reading to it
within the same transaction, is not common in real-world transaction workloads. However,
we use them to keep examples concise. One can always replace each write operation with a
read followed by a write.

A possible schedule s1 for T is:

s1(W4[a]) = 0 s1(W4[b]) = 1 s1(W4[c]) = 2 s1(W1[a]) = 1 s1(R1[b]) = 2 s1(W2[b]) = 3
s1(R2[d]) = 4 s1(W2[e]) = 5 s1(W3[c]) = 3 s1(R3[d]) = 4 s1(W3[f ]) = 5

We can represent schedules using a Gantt-chart, as seen in Figures 1a and 1b.

0 1 2 3 4 5 6
T1 W1[a] R1[b]
T2 W2[b] R2[d] W2[e]
T3 W3[c] R3[d] W3[f ]
T4 W4[a] W4[b] W4[c]

(a) A schedule s1 for T .

0 1 2 3 4 5 6
T1 W1[a] R1[b]
T2 W2[b] R2[d] W2[e]
T3 W3[c] R3[d] W3[f ]
T4 W4[a] W4[b] W4[c]

(b) A schedule s2 for T .

Figure 1 Two different schedules for the same transaction set T . Time advances from left to right
and is denoted at the top, and each row is a transaction. The operations oj within each transaction
Ti ∈ T are denoted by rectangles colored according to their object.

We remark that this definition of schedules differs from most literature1, e.g. [11, 18, 19,
30, 31], which typically defines schedules as total orders on operations. We deviate from this
because we need to reason about the specific length of a schedule s. Two operations o and p in
Os that execute in parallel, that is s(o) = s(p) in our model, are usually reduced to a freely
chosen order on {o, p} in the total order definition. Since the length of a schedule matters in
our setting, we make this parallelism more explicit.

We are interested in precisely those schedules that maximally execute operations in
parallel, while simultaneously exhibiting the same outcome as a schedule that executes each
transaction one by one. We first define the latter condition, and then discuss what it means
to maximally parallelize operations.

If a schedule s for T executes transactions one by one we say it is serial. Formally, a
schedule s is serial if it has no concurrent operations (i.e., for every pair of different operations
o, p in Os, we either have s(o) < s(p) or s(p) < s(o)) and it is non-interleaving (i.e., for
every pair of different transactions Ti, Tj in T , and every pair of different operations o, p in
Ti, with s(o) < s(p) there is no q ∈ Tj with s(o) < s(q) < s(p)).

If o conflicts with p and s(o) < s(p), then p depends on o in s, which is written as o →s p.
We now define conflict serializable schedules, which formalizes one notion of what it means
for a schedule to have the same outcome as a serial schedule.

▶ Definition 3 (Papadimitriou [23]). Let T be a set of transactions and let s1 and s2 be
schedules for T . Then, s1 is conflict equivalent to s2 if o →s1 p implies o →s2 p and vice
versa, for all conflicting operations o and p in T . Furthermore, s1 is conflict serializable if
there exists a serial schedule s3 for T such that s1 is conflict equivalent to s3.

1 [32] has a definition based on partial orders, but does not use them to reason about schedule efficiency.



T. Baccaert, B. Vandevoort, and B. Ketsman 10:5

We can test whether a schedule s is serializable by creating a conflict graph for s, which
is a directed graph CG(s) = (T , E), where (Ti, Tj) ∈ E if there exists o →s p with o ∈ Ti

and p ∈ Tj for distinct {Ti, Tj} ⊆ T . We can then apply the next textbook result to obtain
a decision procedure.

▶ Theorem 4 (Papadimitriou [23]). A schedule s is conflict serializable if, and only if, CG(s)
is a directed acyclic graph.

To be able to compare the efficiency of schedules, we associate every schedule with a cost
that equals its makespan. The makespan of a schedule s is defined as

span(s) = max {s(o) + 1 | o ∈ T, T ∈ T } .

Intuitively, span(s) can be thought of as the completion time of the final operation in the
given schedule.

▶ Example 5. Both the schedule s1 for T from Example 2 and the schedule s2 for T defined
in Figure 1b are serializable. Namely, s1 is equivalent to a serial schedule which first executes
T4, then T1 and T2, and finally T3. For s2 a possible equivalent serial schedule, is T2 followed
by T3, then T4 and finally T1. The makespan of s1 is 6, while the makespan of s2 is 3. Hence,
the more efficient schedule is s2.

3 Precedence Graphs and Canonical Schedules

We define the precedence graph Ps of a schedule s for some set T of transactions as the
directed graph Ps = (V, E) with V = Os and

E = {(T [j], T [j + 1]) | T ∈ T , j ∈ [|T | − 1]} ∪ {(o, p) ∈ Os × Os | o →s p}.

Further on in this paper, we will refer to the precedence graph PΣ. This is notation for the
precedence graph of the unique dense serializable schedule for T originating from a total
order Σ = (T , ≤T ) on T . More formally one replaces {(o, p) ∈ Os × Os | o →s p} in the
above definition by all (o, p) such that o ∈ T , p ∈ T ′ with {T, T ′} ⊆ T , T ̸= T ′ and T ≤T T ′.

The following property follows directly from Theorem 4:

▶ Corollary 6. For a serializable schedule s for some set T of transactions, the precedence
graph Ps is acyclic and there is an order Σ = (T , ≤T ) such that Ps = PΣ.

Note that for schedules that are not serializable, the precedence graph must be cyclic.
Let us now denote for an acyclic directed graph G by max-path(G) the maximum number

of nodes occurring in any directed path of G. Then, max-path(PΣ) for a totally ordered set
of transactions Σ = (T , ≤T ) corresponds to the makespan of a particular schedule for T .

▶ Definition 7. The canonical schedule for Σ = (T , ≤T ) is defined as the schedule
canonical(Σ) = A1 A2 . . . Ak over T with k = max-path(PΣ), and

Ai = {p | (o, p) ∈ E, o ∈ Aj<i, p ̸∈ Aj<i} ,

where Aj<i =
⋃

j<i Aj, and E is the set of directed edges in PΣ.

It is straightforward to verify that canonical schedules are dense by construction.
Next we will show that a minimal cost schedule can be found among the canonical

schedules. For this, let cost(T ) = min {span(s) | s is a serializable schedule for T }. The
following corollary is immediate.
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10:6 Bounding the Makespan of Transaction Schedules

W1[a] R1[b]

W2[b] R2[d] W2[e]

W3[c] R3[d] W3[f ]

W4[a] W4[b] W4[c]

Figure 2 A visual depiction of a precedence graph defined in Example 9. Edges indicating the
relative order of operations of the same transaction are given by dashed arrows and those indicating
the order of conflicting operations are given by solid lines. A longest path is highlighted by a bold
outline.

▶ Proposition 8. Let T be a set of transactions.
For every serializable schedule s for T , we have that max-path(Ps) ≤ span(s). If s is
dense, then span(s) = max-path(Ps).
There exists a total order Σ = (T , ≤T ) such that max-path(PΣ) = cost(T ).
There exists a total order Σ = (T , ≤T ) such that span(canonical(Σ)) = cost(T ).

Notice that this implies cost(T ) = min{span(canonical(Σ)) | Σ is a total order for T }.

▶ Example 9. Let T be the set of transactions from Example 2. Then, PΣ with Σ =
(T , {(Ti, Tj) | i ≥ j}) is the precedence graph depicted in Figure 2. The longest path
consists of edges (W4[a], W4[b]) (W4[b], W4[c]) (W4[c], W3[c]) (W3[c], R3[d]) (R3[d], W3[f ]) and hence
max-path(PΣ) = 6. The canonical schedule for Σ equals schedule s1 from Example 2.

4 Time Complexity

Unfortunately, it is unlikely that there are tractable algorithms that find an optimal serializ-
ation order for arbitrary sets of transactions. In this section, we consider a decision variant2

of our scheduling problem asking for a set T of transactions and number k if a serializable
schedule s for T exists with span(s) ≤ k and show that it is NP-complete.

Schedulability
input: a set of transactions T and positive integer k ∈ N0.
output: true if a serializable schedule s for T with span(s) ≤ k exists; false otherwise.

By Proposition 8, we can also give a total order Σ for T with span(canonical(Σ)) ≤ k.

▶ Theorem 10. Schedulability is NP-complete.

First, we argue that Schedulability is straightforwardly in NP, because, if for T and
k a schedule s exists with span(s) ≤ k, then s trivially serves as polynomial-sized witness.

2 There exists an analog definition of NP-completeness for optimization problems called NPO-complete.
One possible way to show membership in this class is precisely by showing that the decision problem we
consider, often called the threshold problem, is an NP-complete decision problem [9, 15, 21].
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To show that Schedulability is NP-hard, we make a reduction from a simpler problem
called 2-Orientability . For its definition, let G = (V, E) be an undirected graph and
let ≤V be a total order on its nodes. Then by OG(G, ≤V ) we denote the orientation of
G based on ≤V , that is, the directed graph with nodes V and with the directed edges
{(u, v) | {u, v} ∈ E, u ≤V v}. Now, 2-Orientability asks for an undirected graph G if
there exists a total order ≤V on the nodes in G such that the length (number of edges) of
every directed path in OG(G, ≤V ) is at most 2.

2-Orientability
input: an undirected graph G = (V, E).
output: true if a total order ≤V on V exists such that the length of the longest path in
OG(G, ≤V ) is at most 2; false otherwise.

The next result follows from the Gallai-Roy-Vitaver Theorem [5].

▶ Proposition 11. 2-Orientability is NP-hard.

We now conclude the proof for Theorem 10 by showing there exists a polynomial-time
reduction from this problem to Schedulability.

▶ Proposition 12. 2-Orientability ≤P Schedulability.

Given some graph G = (V, E) as input for 2-Orientability , we will explain the
construction of a set T of transactions and will then argue that:

G ∈ 2-Orientability ⇐⇒ (T , 3|E| + 3) ∈ Schedulability.

For the construction, we first fix an arbitrarily chosen order on the edges of E, which
allows referring to them as e1, e2, . . . , e|E|. We also associate to every edge ei three different
and unique objects xi, yi, and zi. Then, the set T that we construct, will consist of precisely
|V | transactions, such that there is one transaction for each node in V . We write Tv to
denote the transaction associated to node v ∈ V . Every transaction Tv consists of precisely
3|E| operations, namely

W[χ1] · · · W[χ|E|] W[γ1] · · · W[γ|E|] W[ζ1] · · · W[ζ|E|]

The objects these operations interact with are chosen as follows: if v ∈ ei, then χi, γi and ζi

are the earlier defined objects xi, yi, and zi, respectively. Otherwise, if v ̸∈ ei, then χi, γi

and ζi are (all different) unique objects not occurring anywhere else in our construction.
We remark that this construction is indeed polynomial. To conclude the proof of

Proposition 12, we make use of Proposition 8 and the next result.

▶ Lemma 13. For any total order ≤V on V , the longest path in OG(G, ≤V ) counts at most
two edges if and only if max-path(PΣ) ≤ 3|E| + 3, with Σ = (T , {(Tu, Tv) | u ≤V v}).

Some visual intuition for this lemma, in particular the construction of these longest paths
through PΣ, can be seen in Figure 3.

5 Instance Optimal Scheduling

We now turn our attention to instance optimal scheduling algorithms. That is, we will
identify a restriction on transaction sets that will enable us to compute schedules with a
minimal makespan, for any set adhering to this restriction, in polynomial time.

ICDT 2026
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...

Th

...

Ti

...

Tj

...

χh
1 χh

2 χh
|E| γh

1 γh
2 γh

|E| ζh
1 ζh

2 ζh
|E|

χi
1 χi

2 χi
|E| γi

1 γi
2 γi

|E| ζi
1 ζi

2 ζi
|E|

χj
1 χj

2 χj

|E| γj
1 γj

2 γj

|E| ζj
1 ζj

2 ζj

|E|

Figure 3 A visualization of a longest path (marked bold) in an arbitrary PΣ, where the order Σ
is defined as per Lemma 13. Each row represents a single transaction Th, Ti or Tj , sorted top-down
consistent with ≤V . Some cross-transaction edges are omitted for clarity of presentation. Waved
lines denote one or more intermediate operations. We write χg

j , γg
j , and ζg

j to denote Wg[χj ], Wg[γj ],
and Wg[ζj ], where g is the transaction identifier.

To this extent, we define the contention points of T as a set of objects C(T ) ⊆ O such
that if o and p are conflicting operations in T , then obj(o) ∈ C(T ). The converse does not
necessarily have to hold, not every contention point must appear in a conflicting operation.
We will refer to an element of C(T ) as a contention point, and say that a T ∈ T contends if
T contains an operation on a contention point.

We now define Tℓ,m,n as a set of transaction sets with T ∈ Tℓ,m,n if |T | ≤ ℓ for all T ∈ T ,
| C(T )| ≤ m, and |T | ≤ n. Exclusively in this section, we write Tm instead of Tℓ,m,n, as all
results can be phrased such that ℓ is the length of the longest transaction in our set, and we
can let n = |T |. We also define T+

m with T ∈ T+
m if T ∈ Tm and T contends for all T ∈ T .

Given T ∈ T+
1 , we can see each T ∈ T as a sequence:

o1 o2 . . . or−1︸ ︷︷ ︸
prefix

W[a] or+1 . . . oℓ−1 oℓ︸ ︷︷ ︸
suffix

where r is the position in T such that T [r] = W[a], and T consists of a (potentially empty)
subsequence of operations, followed by a conflicting operation to the contention point a, and
another (potentially empty) subsequence of operations. In the above sequence we can also
replace W[a] by R[a] as long as it is a conflicting operation, we typically use W[a] throughout
this section, this does not impact the generality of our results. We call the former subsequence
the prefix of T ; the latter is the suffix of T . We define pre(T ) and suf(T ) to be the number
of operations before the first (respectively, after the last) contention point.

▶ Definition 14. Let k ∈ N0. An allocation of T ∈ T+
1 to [0, k] is an injective function

αk, which maps transactions T ∈ T to a αk(T ) ∈ [0, k] such that pre(T ) ≤ αk(T ) and
suf(T ) ≤ k − αk(T ). We call αk(T ) the bin of T .

We will also denote the inverse of αk by α−1
k . Notice that, [0, k] means there are k + 1 bins

in total, as we start counting from 0.
For any allocation of a T ∈ T+

1 to [0, k], we can use the allocation as an ordering on
the transactions. Indeed, if αk(Ti) ≤ αk(Tj) for {Ti, Tj} ⊆ T , then we define an order
ord(αk) = (T , ≤αk

) such that Ti ≤αk
Tj . Conversely, we can define an allocation alloc(Σ, k)
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to [0, k] based on a total order Σ with span(canonical(Σ)) ≤ k + 1. Let this total order
be T1, T2, . . . , Tn. Then for each Ti, with i ∈ [n], we define alloc(Σ, k)(Ti) = j such that
j ∈ [0, k] is the minimal bin with pre(Ti) ≤ j, suf(Ti) ≤ k − j, and alloc(Σ, k)(Th) < j for all
h < i. We then have the following result.

▶ Proposition 15. There exists an allocation αk of T ∈ T+
1 to [0, k], if, and only if, there

exists a total order Σ of T such that span(canonical(Σ)) ≤ k + 1. Moreover, if αk exists then
Σ = ord(αk). And, if Σ exists then αk = alloc(Σ, k).

The former characterization gives us a tool for constructing an optimal order, provided
we have an algorithm for allocations. To that end, we define an algorithm Allocate(T , k).

Algorithm Allocate(transaction set T ∈ T+
1 , threshold k ∈ N0) : αk or ⊥.

1 fn SuffixLesserThan(Ti, Tj)
2 if suf(Ti) ̸= suf(Tj) then return suf(Ti) < suf(Tj)
3 return pre(Ti) > pre(Tj)
4 if T = ∅ then return ⊥
5 foreach T ∈ SortedBy(T , SuffixLesserThan) do
6 foreach i ∈ [0, k + 1] do
7 if (pre(T ) ≤ i) ∧ (suf(T ) ≤ k − i)∧ ̸ ∃Th ∈ T : αk(Th) = i then αk(T ) = i
8 if αk(T ) is undefined then return ⊥
9 return αk

It is clear that Allocate(T , k) is sound by construction. That is, if it does not terminate
with ⊥, it terminates with a valid allocation of T to [0, k]. Showing completeness, that is,
termination with ⊥ implies there exists no valid allocation from T to [0, k], requires slightly
more argumentation. The following lemma is a useful tool.

▶ Lemma 16. Let T ∈ T+
1 . For every T ′ ⊆ T , and every allocation of T on [0, k], we have

that |T ′| + i + j − 1 ≤ k.

Completeness follows from assuming a smaller allocation exists despite the algorithm
yielding ⊥, and then showing it contradicts Lemma 16. Proposition 15 ensures no order
exists either.

▶ Theorem 17. For any T ∈ T+
1 and k ∈ N0, the algorithm Allocate(T , k) runs in

O(kn log(n)) time and returns an allocation of T to [0, k] if it exists and ⊥ otherwise.

We can repeat the algorithm with a k that starts at the length of the largest transaction,
incrementing whenever it yields ⊥. We terminate when the first allocation is returned. We
remark that k is at most

∑
T ∈T |T |, hence k depends entirely on the transaction set, and

therefore its time complexity is polynomial and entirely dependent on T .
Until now, we have considered transactions from T+

1 , but this restriction can be easily
relaxed to any T ∈ T1 by only considering the transactions in T which contend. To obtain
an ordering for the full T we can append the remaining transactions arbitrarily onto the
allocation order. The corollary then readily follows from Proposition 15 and Theorem 17.

▶ Corollary 18. If T ∈ T1 and k ∈ N0, then (T , k) ∈ Schedulability is decidable in
O(kn log(n)) time.

The algorithm in this section resembles an instance optimal algorithm for the Job Shop
Scheduling problem called Johnson’s Rule [16]. We illustrate it is subtly different.
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10:10 Bounding the Makespan of Transaction Schedules

▶ Example 19. Job shop problem inputs consist of jobs (analogous to our transactions),
containing a sequence of operations lasting a duration x ∈ {1, 2, . . .} on machines (analogous
to our objects). Johnson’s rule is applicable when all jobs have two operations on two
machines in a single order, hence we represent jobs as pairs (x, y) where x and y are the
durations spent on the first and second operation.

Consider the job shop instance J = {A = (1, 3), B = (1, 2), C = (2, 1)}. Johnson’s
rule repeatedly picks the operation with the shortest duration and places it in the first free
position starting from the front of the schedule if that duration is for the first machine, and
places it in the first free position starting from the end of the schedule if it is for the last
machine, while breaking ties arbitrarily. A valid schedule would be B, A, C.

If we now create transactions TJ ∈ T for each job (x, y) ∈ J such that pre(TJ) = x

and suf(Tj) = y, then the allocation for T matching the order B, A, C is α5(TB) = 1,
α5(TA) = 2, and α5(TC) = 3. However, an allocation α4 for T is given by our algorithm,
namely, α4(TA) = 1, α4(TB) = 2, α4(TC) = 3. Hence, Johnson’s rule does not give an
optimal schedule for the transaction scheduling problem.

6 Worst-Case Optimal Scheduling

We now look at the transaction scheduling problem from the perspective of worst-case analysis.
More specifically, we derive a worst-case optimal bound on the makespan for any transaction
set, and in doing so, construct algorithms for any transaction set which yield schedules with
a makespan that never exceeds this bound. Additionally, on the worst-behaving transaction
sets, the resulting schedules must be optimal.

We define the worst-case optimal cost for Tℓ,m,n as

wco-cost(Tℓ,m,n) = max {cost(T ) | T ∈ Tℓ,m,n} .

Since we are concerned with a worst-case scenario, we will consider transactions to be long
enough for them to contain operations on each contention point, that is, ℓ ≥ m. Alongside
this, we always have n ≥ 1 and m ≥ 0.

For Tℓ,m,1, Tℓ,0,n, and Tℓ,1,n, this cost is trivial to determine. Indeed, if n = 1 the
makespan of all schedules is simply ℓ. Similarly, if m = 0 we can always execute all
transactions entirely in parallel, hence wco-cost(Tℓ,0,n) = wco-cost(Tℓ,m,1) = ℓ. Lastly, if
m = 1, the lone operation on the contention point occurs in the same position in every
transaction T in all instances T for which cost(T ) is maximal. An optimal schedule will
shift each operation in each consecutive transaction forwards by one time unit, hence
wco-cost(Tℓ,1,n) = ℓ + n − 1 given n ≥ 2. Determining the worst-case optimal makespan for
m ≥ 2 and n ≥ 2 is non-trivial, and concerns the rest of this section.

6.1 Extra Notation
We first introduce some notation. Let x = x1 x2 . . . xk be a finite sequence of distinct objects.
We will write x(i) to denote the ith object in x. For a transaction T in a transaction set T ,
we will let T⃗ represent the sequence of contention points ordered in the way T accesses them.
We write cpos(T, i) ∈ [|T |] to refer to the position of the operation on the contention point
T⃗ (i) in some transaction T . Lastly, we define T⟨x⟩ as {T | T ∈ T , T⃗ = x}.

Next, let x and y be two length m sequences of distinct objects. We define the maximal
overlap between x and y, denoted max-ovl(x, y), as the maximal number k ∈ [1, m − 1] such
that for all j ∈ [k] and all i ∈ [j + m − k, m] we have x(i) ≠ y(j); if no such k exists, then
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W1[b] W2[b] W [b]n-1 Wn[b]

W1[a]

W2[a]

W [a]
n-1

Wn[a]

. . .

. . .

. . .

. . .

Figure 4 A longest path (bold line) in PΣ2 . Waved lines represent one or multiple intermediate
operations.

max-ovl(x, y) = 0. Given a totally ordered finite set of same-length distinct object sequences
(K, ≤K), its total overlap tot-ovl(K, ≤K) is defined as the sum

∑
i∈[|K|−1] max-ovl(xi, xi+1),

where all x1, x2, . . . , x|K| are ordered as per Σ. The maximal total overlap for K is
max-tot-ovl(K) = max{tot-ovl(K, ≤K) | with (K, ≤K) a total order on K}.

Finally, for any two disjoint ordered sets (T1, ≤1) and (T2, ≤2), we define the concatenation
of T1 and T2 as T1 ∥ T2 = (T1 ∪T2, ≤cat) where Ti ≤cat Tj is either Ti ≤1 Tj with {Ti, Tj} ⊆ T1,
or Ti ≤2 Tj with {Ti, Tj} ⊆ T2, or Ti ∈ T1 and Tj ∈ T2. Notice that this operation is
associative, so we will write T1 ∥ T2 ∥ T3 for (T1 ∥ T2) ∥ T3.

6.2 Two Contention Points or Transactions
Transaction sets containing two transactions or two points of contention (or both) have the
following worst-case optimal bound on their makespan.

▶ Theorem 20. We have that wco-cost(Tℓ,m,2) = 2ℓ where m ≥ 2 and ℓ ≥ m, and
wco-cost(Tℓ,2,n) = 2ℓ + n − 2 where n ≥ 3 and ℓ ≥ 2.

If n = 2 and m ≥ 2, then a trivial upper bound is 2ℓ as there are maximally that many
operations in T . A matching lower bound can be constructed by taking the set {T, T ′} where
T = {W[a], . . . , W[z]} and T ′ = {W[z], . . . , W[a]}, where the dots “. . .” represent read operations
on unique objects, and with both transactions of length ℓ ≥ m. Intuitively, T ′ flips the first
and last operations in T . Indeed, both total orders on {T, T ′} lead to a schedule with an
optimal makespan of 2ℓ as it is impossible for the transactions to be concurrently scheduled,
that is, max-ovl(T⃗ , T⃗ ′) = 0.

For the upper bound when n ≥ 3 and m = 2, we give the construction of an order for
T ∈ Tℓ,2,n. Let T ∈ T . We have either T⃗ = a b or T⃗ = b a. In the former case, we will
define ≤⟨a b⟩ on T⟨a b⟩ such that transactions T with the largest distance between the first
and second contention point, that is (cpos(T, 2) − cpos(T, 1)), appear first. And, in the latter
case, let ≤⟨b a⟩ on T⟨b a⟩ such that transactions T with the smallest (cpos(T, 2) − cpos(T, 1))
appear first. Lastly, we get an order Σ2 = T⟨a b⟩ ∥ T⟨b a⟩. We give a visualization of PΣ2 in
Figure 4, which gives intuition for the next result.

▶ Proposition 21. For T ∈ Tℓ,2,n with n ≥ 3 and ℓ ≥ 2: span(canonical(Σ2)) ≤ 2ℓ + n − 2.

Lastly, for the lower bound, we construct a transaction set T↑2 ∈ Tℓ,2,n with n > 2 and
ℓ ≥ 2. We will populate the set T↑2 to reach n transactions by adding k1 copies of the
transaction Ti = Wi[a] o1 o2 . . . oℓ−2 Wi[b], and k2 copies of Tj = Wj [b] p1 p2 . . . pℓ−2 Wj [a],
such that n = k1 + k2. A precedence graph for any order on T↑2, along with a longest path
in this graph, is given in Figure 5.
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W1[b] W2[b] Wn[b]

W1[a] W2[a]

Wn[a]

Figure 5 A longest path (bold line) in a precedence graph PΣ for any total order Σ = (T↑2, ≤T↑2 ).
Waved lines denote one or more intermediate operations.

▶ Proposition 22. cost(T↑2) = 2ℓ + n − 2.

Proof. Let Σ = (T↑2, ≤T↑2) be a total order, and refer to T↑2’s elements by T1, T2, . . . , Tn,
reflecting this order. Because PΣ must respect each transaction’s order of operations,
there exists a path of ℓ nodes between each Wi[a] and Wi[b] for i ∈ [n]. And, because
the directed edges in PΣ must respect Σ for conflicting operations, there exists a path
W1[a] W2[a] . . . Wn[a] and a path W1[b] W2[b] . . . Wn[b] in PΣ that both have n nodes. Since there
are k1 transactions T with T⃗ = a b and k2 transactions T with T⃗ = b a, there exists a path
Wi[a] . . . Wi[b] Wi+1[b] . . . Wi+1[a] in PΣ of length 2ℓ for some i ∈ [n]. If we outline these paths
such as in Figure 5, we see a grid-like pattern with 2ℓ columns and n rows.

Clearly, the longest path starts in W1[a], passes through Wi[b] for all 1 ≤ i ≤ n, and ends
in Wn[a]. Hence, max-path(PΣ) = 2ℓ + n − 2. The desired result follows by Proposition 8. ◀

Theorem 20 follows as a corollary of Proposition 21 and Proposition 22. Additionally, we
remark that canonical(Σ2) can be trivially computed in polynomial time.

6.3 Three Contention Points
First, we concern ourselves with the case where 2 < n ≤ 6. The following insight is key.

▶ Proposition 23. Every K ⊆ {a b c, a c b, b a c, b c a, c a b, c b a} with |K| ≥ 3 satisfies
max-tot-ovl(K) = |K| − 1.

We can use the above result for all T⃗ in each transaction T ∈ T to obtain a transaction
order in which the total overlap between transactions is n − 1. This results in an upper
bound of nℓ − (n − 1) = nℓ − n + 1. For the lower bound, T consists of n transactions T

of the shape {W[T⃗ (1)], . . . , W[T⃗ (2)], W[T⃗ (3)]}, where each T⃗ is unique in T ordered as per the
above result, and with “. . .” being reads on unique objects.

▶ Theorem 24. Let ℓ ≥ 3 and 2 < n ≤ 6, then wco-cost(Tℓ,3,n) = nℓ − n + 1.

Once we allow n ≥ 7, the new subproblem that arises is one of optimally scheduling all
T⟨x⟩, since |T⟨x⟩| ≥ 2 for some x = T⃗ and T ∈ T . Notice that each T ∈ T⟨x⟩ is of the form:

T =
δ1︷︸︸︷. . . W[x(1)]

δ2︷︸︸︷. . . W[x(2)]
δ3︷︸︸︷. . . W[x(3)]

δ4︷︸︸︷. . . ;

where, for all j ∈ [4], the dots “. . .” represent δj ∈ [0, ℓ − 3] read operations on unique objects,
such that δ1 + δ2 + δ3 + δ4 = ℓ − 3. We write these transactions as tuples (δ1, δ2, δ3, δ4) if
the x is irrelevant. To find a lower bound, we need assignments for all δj in all T ∈ T⟨x⟩,



T. Baccaert, B. Vandevoort, and B. Ketsman 10:13

W[x(1)] W[x(2)] ℓ − 3 W[x(3)]

W[x(1)] ℓ − 3 W[x(2)] W[x(3)]

(a) Schedule for T2.

W[x(1)] W[x(2)] ℓ − 3 W[x(3)]

W[x(1)] ℓ − 3 W[x(2)] W[x(3)]

W[x(1)]
⌊

ℓ−3
2

⌋
W[x(2)] W[x(3)]

⌊
ℓ−3

2

⌋
(b) Schedule for T3.

W[x(1)] W[x(2)] ℓ − 3 W[x(3)]

W[x(1)] ℓ − 3 W[x(2)] W[x(3)]

W[x(1)] ℓ − 4 W[x(2)] 1 W[x(3)]

W[x(1)] 1 W[x(2)] ℓ − 4 W[x(3)]

(c) Schedule for T4.

Figure 6 Schedules for T⟨x⟩ such that cost(T⟨x⟩) is maximized, for |T⟨x⟩| ∈ {2, 3, 4}. Gray boxes
with numbers denote there are that amount of read operations on unique objects.

such that cost(T⟨x⟩) is maximal. We now give our best estimates. If |T⟨x⟩| = 2, then T2 =
{(0, 0, ℓ−3, 0), (0, ℓ−3, 0, 0)}. If |T⟨x⟩| = 3, then this is T3 = {(0, ⌊ℓ−3/2⌋, 0, ⌊ℓ−3/2⌋)}∪T2.
And finally, when |T⟨x⟩| = 4 then T4 = {(0, ℓ − 4, 1, 0), (0, 1, ℓ − 4, 0)} ∪ T2. To go beyond this,
we can repeat any T ∈ T4 until |T⟨x⟩| = n. Figure 6 shows the worst optimal schedules we
could find for these sets.

The above T⟨x⟩ are concatenated with a maximal total overlap of n − 1 (c.f., Theorem 24).
Hence, the first 5 orders x each add ℓ − 2 + |T⟨x⟩| to the makespan, the final order y adds
cost(T⟨y⟩). This leads to the following lower bound.

▶ Proposition 25. There exist T ∈ Tℓ,3,n with ℓ ≥ 3, such that

cost(T ) =


6ℓ + n − 11 7 ≤ n ≤ 17
6ℓ +

⌊
ℓ−3

2
⌋

+ n − 11 18 ≤ n ≤ 23
7ℓ + n − 15 24 ≤ n.

For the upper bound, we construct an order for T ∈ Tℓ,3,n with n ≥ 7. First, define a
total order (T⟨a b c⟩, ≤⟨a b c⟩) such that the T with the greatest (cpos(T, 2) − cpos(T, 1)) are
placed first. And, we define another total order (T⟨c a b⟩, ≤⟨c a b⟩) such that the T with the
smallest (cpos(T, 3) − cpos(T, 2)) are placed first. For all remaining T⟨x⟩ with x ̸= a b c and
x ̸= c a b we choose any total order (T⟨x⟩, ≤⟨x⟩). We then define a total order Σ3 = T⟨a b c⟩ ∥
T⟨b c a⟩ ∥ T⟨c b a⟩ ∥ T⟨b a c⟩ ∥ T⟨a c b⟩ ∥ T⟨c a b⟩ for T . PΣ3 is illustrated in Figure 7.

▶ Proposition 26. For T ∈ Tℓ,3,n with ℓ ≥ 3 and n ≥ 7: span(canonical(Σ3)) ≤ 7ℓ + n − 14.

6.4 Any Number of Contention Points
First, we notice that the upper bound for three contention points also holds for more than
three contention points.

▶ Proposition 27. If m ≥ 4, ℓ ≥ m, and 3 ≤ n < m!, then for all T ∈ Tℓ,m,n it is the case
that cost(T ) ≤ nℓ − n + 1.

This is not a worst-case optimal bound, and it is not constructive. A better upper or lower
bound requires a generalization of Proposition 23 for arbitrary m. It is possible to reduce
the hamiltonian path problem–known to be NP-complete–to this problem, and it is therefore
difficult to prove constructive results for.
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W1[a]
Wh[a]

W1[b] Wh[b] W [b]h+1 Wi[b]

W1[c]
Wh[c] W [c]h+1 Wi[c]

W [a]h+1 Wi[a]

. . .

. . . Wu[c]

Wn[c]

Wu[a] Wn[a]

Wu[b]

Wn[b]

Figure 7 A longest path (bold line) in PΣ3 . Waved lines represent one or multiple intermediate
operations. Edges between conflicting operations that do not contribute to the longest path are
omitted for clarity.

Whenever we have m! transactions or more, we can make use of an interesting observation
relating to object sequences. To this extent, we define the following concept.

▶ Definition 28. Let x and y be equal-length sequences of z ≥ 1 unique objects, then y is an
adjacent transposition of x if y = x(1) x(2) . . . x(i+1) x(i) . . . x(z) for i ∈ [z − 1].

The notation x ↶ y denotes that y is an adjacent transposition of x. Intuitively, y swaps
precisely two adjacent elements in x. We will write x ↶ y ↶ z to mean that both x ↶ y and
y ↶ z. Additionally, we call seq(m) = x1, x2, . . . , xm! where each sequence has m operations
an adjacent transposition sequence for m if x1 ↶ x2 ↶ . . . ↶ xm!. Adjacent transpositions
have the following property.

▶ Lemma 29. If x and y are equal-length sequences of m ≥ 3 unique objects, and x ↶ y,
then max-ovl(x, y) = m − 2.

The next insight follows from the above lemma and the Steinhaus-Johnson-Trotter
algorithm, which for a permutation of m objects, generates an adjacent transposition
sequence for m [17, 28, 29]. This algorithm does not run in polynomial time, as it generates
all possible sequences of m objects.

▶ Lemma 30. If m ≥ 4, ℓ ≥ m, n ≥ m!, and T ∈ Tℓ,m,n with K = {T⃗ | T ∈ T } containing
all equal-length sequences of m distinct objects, then max-tot-ovl(K) = (n − 1)(m − 2).

The above results imply we can construct a transposition sequence seq(m) =
x1, x2, . . . , xm! such that T⟨x1⟩ ∪T⟨x2⟩ ∪ . . .∪T⟨xm!⟩ = T . From this, we construct a total order
for any T ∈ Tℓ,m,n, with n > m! and ℓ ≥ m. For T⟨x1⟩ we define the total order (T⟨x1⟩, ≤⟨x1⟩)
such that a transaction T ∈ T⟨x1⟩ appears earlier in ≤⟨x1⟩ if (cpos(T, 2) − cpos(T, 1)) is
larger. And, for T⟨xm!⟩ we define the total order (T⟨xm!⟩, ≤⟨xm!⟩) such that that T ∈ T⟨xm!⟩
appears earlier in ≤⟨xm!⟩ if (cpos(T, m) − cpos(T, m − 1)) is smaller. For all other T⟨xi⟩
with i ∈ [2, m! − 1], we choose an arbitrary total order (T⟨xi⟩, ≤⟨xi⟩). Lastly, we define
Σm = T⟨x1⟩ ∥ T⟨x2⟩ ∥ . . . ∥ T⟨xm!⟩ to be a total order on T . This then gives the next bounds.

▶ Theorem 31. If m ≥ 4, ℓ ≥ m, and n = m!, then wco-cost(Tℓ,m,n) = nℓ − (n − 1)(m − 2).

If n > m! then the above scheduling method gives us the following upper bound.

▶ Theorem 32. If m ≥ 4, ℓ ≥ m, and n > m!, then for all T ∈ Tℓ,m,n we have that
span(canonical(Σm)) ≤ (m! + m − 2)ℓ + n − (m − 1)(m! + m − 2).

Table 1 summarizes the results given in this section.
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7 Related Work

For years, serializability has been the gold standard for ensuring data consistency. In brief,
a transaction schedule is serializable if it is equivalent (for some notion of equivalence)
to some serial execution of these transactions. One straightforward notion of equivalence
is view equivalence, which states that two schedules are equivalent if all read operations
observe the same values and the final database state is the same for both schedules. A
famous result by Papadimitriou [24] states that view serializability is NP-complete. Although
view serializability is a natural notion of serializability, this negative result has led to the
adoption of conflict serializability as the de facto standard for serializability in practice, and
is frequently simply referred to as “serializability”. Contrasting view equivalence, conflict
equivalence puts a more direct restriction on the order of operations. In particular, all pairs
of conflicting operations must be ordered the same in both schedules. It is well known that
conflict serializability of a schedule can be decided in polynomial time, and that every conflict
serializable schedule is view serializable as well [23]. The serializability problem is orthogonal
to the scheduling problem, as the former is concerned with deciding serializability for a given
schedule, while the latter is concerned with finding the most efficient serializable schedule for
a given set of transactions.

To the best of our knowledge, the only prior results on scheduling are also from Papadi-
mitriou [24], who established that a scheduler which allows precisely all view serializable
schedules will likely be inefficient unless P = NP. This result is to be expected, given the
NP-completeness of deciding view serializability. Contrasting these results by Papadimitriou,
we restrict the search space of schedules to those that are conflict serializable, a property
which can be tested in polynomial time. Our NP-completeness result therefore strengthens
this earlier work, and shows that a tractable notion of serializability does not necessarily lead
to tractable scheduling algorithms.

Orthogonal to finding more efficient schedules that guarantee (conflict) serializability,
database systems frequently offer lower levels of isolation, such as read committed or snapshot
isolation. In fact, many commercial database systems offer these lower isolation levels by
default, and some do not even support conflict serializability [3]. The relaxed consistency
guarantees of these lower isolation levels allow for more concurrency, and therefore higher
throughput. This performance increase comes at a cost, however, as these lower isolation
levels no longer guarantee serializability. Recent work from the database theory community
has looked into the transactional robustness problem [11, 18, 19, 30]. The robustness problem
is concerned with the following question: given a set of transactions and a specific isolation
level, is every allowed schedule (i.e., consistent with the isolation level) a serializable schedule?
This robustness property guarantees that the set of transactions can be safely executed under
the lower isolation level, thereby increasing performance, while still ensuring serializability.
The allocation problem [11, 31] extends upon this problem by considering a setting where
isolation levels can be mixed (i.e., different transactions are allocated to different isolation
levels), and tries to identify the optimal allocation that still guarantees serializability for
the given workload. We emphasize that this line of work relies on an existing scheduler. A
key assumption is that, although this scheduler is guaranteed to produce a schedule in line
with the chosen isolation levels, the produced output schedule cannot be chosen. Instead,
robustness involves verifying serializability of every possible output schedule. The robustness
and allocation problems are orthogonal to the scheduling problem, as they rely on an existing
scheduler to execute transactions, rather than directly constructing an efficient serializable
schedule over the provided workload.
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Outside of the database literature, the job shop scheduling problem [4, 25] is the closest
relative to the transaction scheduling problem. Indeed, one can see objects as machines,
transactions as jobs, and operations as always lasting a single unit of time. The associated
decision problem is similarly known to be NP-complete, even when limited to 3 machines [27],
known to be approximable only if the operations are unit-time [20, 22], and has a polynomial
time approximation scheme (PTAS) if the maximal job length and the number of machines
is fixed [13]. However, the results do not carry over. The job shop scheduling problem is
distinct because its resulting schedules are not conflict serializable.

The only systems doing explicit scheduling based on makespan in practice, to the best of
our knowledge, are the system from Cheng et al. [6] and a prototype system discussed in a
workshop article [2]. The former system [6] relies on a heuristic that clusters transactions
based on the most frequently occuring contention point, and has seen promising performance.
This demonstrates the viability of scheduling algorithms for transactions, and of utilizing
contention points to perform workload analysis.

8 Discussion

We return to our central questions. First, “What is the complexity of finding a conflict
serializable schedule of minimal makespan?”. We have shown there is a factorial time
algorithm for this problem; that the decision variant is NP-complete; and lastly, that there is
an instance optimal algorithm for single contention point transaction sets.

Secondly, “Is there a bound on the optimal makespan?”. Our bounds in Table 1 indicate
that if the number of transactions is low, then worst-case optimal schedules are close to serial.
This gets progressively better once n ≥ m!, as the increased number of transactions enables
more parallellism. Moreover, the most sensitive parameter is m. Hence, workloads with
many contention points are likely to make all transaction scheduling approaches struggle.

Open Problems

Many interesting problems remain open. There is still a gap between the number of contention
points needed in the construction used for Theorem 10, and those needed for the algorithm
in Section 5. A possibility would be extending techniques for job shop scheduling’s proofs.
Given that the problem is known to be NP-hard for 3 machines, it may lead to similar results.

Furthermore, there are missing worst-case optimal bounds for the sets Tℓ,3,n with 7 ≤ n,
and Tℓ,m,n in case n ̸= m! and 3 ≤ n. We suspect that the upper bounds can be lower
than the ones provided. Moreover, the upper bound provided in the case of 3 ≤ n < m! for
arbitrary m is not constructive.

The work around bounds is necessary to investigate the approximation complexity of
transaction scheduling. This domain has many interesting results for job shop scheduling (c.f.,
Mastrolilli et al. [22] and Fishkin et al. [12, 13]). It involves constructing approximation-
preserving reductions (e.g., L-reductions [9, 15]) from existing problems in discrete optim-
ization, which enable us to decide membership in the class of approximable optimization
problems (APX), or the class that admits a polynomial time approximation scheme (PTAS).
The former would show there are tractable algorithms for which the output schedule has a
makespan within a constant factor of its optimal makespan. The latter implies that we can
find a tractable algorithm that gets arbitrarily close to the optimal makespan.

Lastly, the algorithms provided in this work require knowledge of the transaction set
before execution. To bridge this gap, queuing theory may be an inspiration [14]. This means
entry of transactions into the system becomes a stochastic process, increasing complexity.
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A Enumeration Scheduling

To construct an optimal serializable schedule, we can enumerate all possible linear orders
Σ = (T , ≤T ) for T and pick one such order with a minimal max-path(PΣ). This is precisely
the idea behind the enumerative scheduling algorithm EnumSchedule.

Algorithm EnumSchedule(transaction set T ) : schedule for T .

1 if T = ∅ then
2 return empty schedule
3 let Σ = (T , ≤T ) a linear order
4 let m = max-path(PΣ)
5 foreach linear order (T , ≤T ) do
6 let k = max-path(PΣ)
7 if k < m then
8 let m = k

9 let Σ = (T , ≤T )
10 return canonical(Σ)

▶ Proposition 33. Let T be a set of transactions, then EnumSchedule(T ) computes a
serializable schedule of minimal makespan in O(|T |! + (

∑
T ∈T |T |)2) time.

Proof. First, observe that EnumSchedule(T ) is trivially serializable due to Proposition 8.
Furthermore, span(EnumSchedule(T )) is minimal. Indeed, we consider all possible linear

orders Σ = (T , ≤T ), hence, by Proposition 8 the order Σ for which span(Σ) = cost(T ) will
be considered by the algorithm.

Finally, the time complexity follows from the fact that we consider all total orders on
T , of which there are precisely |T |!. For each order Σ, we compute the longest vertex path
in its accompanying precedence graph PΣ = (V, E). Since PΣ is acyclic, we can compute
this by doing a depth-first post-order traversal which has a time complexity of O(|V | + |E|).
However, we know |E| ≤ |V | · (|V | − 1) hence this is equivalent to O(|V |2). Furthermore, |V |
is equal to

∑
T ∈T |T |, which gives an overall bound of O(|T |! + (

∑
T ∈T |T |)2). ◀

B Missing Proofs for Section 3

B.1 Proof for Proposition 8
▶ Proposition 34. Let T be a set of transactions. For every serializable schedule s for T ,
we have that max-path(Ps) ≤ span(s). If s is dense, then span(s) = max-path(Ps).

Proof. Let s = A1, . . . , Ak be some serializable schedule. By definition, span(s) = k. The
equality span(s) ≥ max-path(Ps) follows from a simple inductive argument showing that for
the longest directed path v1, . . . vm in Ps, the set Ai cannot contain an operation vj with
i < j, thus implying max-path(Ps) = m ≤ k = span(s).

By definition of dense schedule, for every o ∈ Ai, with i > 1, there is a p ∈ Ai−1 such
that (p, o) is an edge in the precedence graph. The latter immediately implies that there is a
directed path with k nodes in Ps, which means span(s) ≤ max-path(Ps). ◀

▶ Proposition 35. Let T be a set of transactions. There exists an ordering ≤T over T such
that max-path(PΣ) = cost(T ), with Σ = (T , ≤T ).
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Proof. Let s be some serializable schedule for T with span(s) = cost(T ). We assume that
s is dense. The latter is w.l.o.g., because otherwise we can repeatably pick a problematic
operation and move it one step to the left, until the resulting schedule is dense. Clearly,
the resulting schedule s′ is equivalent to s and thus remains conflict-serializable. We have
span(s′) ≤ span(s) and thus span(s′) = span(s) by choice of s.

It now follows from Proposition 34 that cost(T ) = span(s) = max-path(Ps) and from
Proposition 6 that max-path(Ps) = max-path(PΣ) for some Σ = (T , ≤T ). ◀

C Missing Proofs for Section 4

C.1 Proof for Lemma 13
▶ Lemma 36. For any total order ≤V on V , the longest path in OG(G, ≤V ) counts at most
two edges if and only if max-path(PΣ) ≤ 3|E| + 3, with Σ = (T , {(Tu, Tv) | u ≤V v}).

Proof. To follow along with the proof, it will be helpful to have some visual intuition about
the structure of PΣ. Therefore, we recall that the nodes of PΣ coincide with the operations of
transactions in T and that an edge (o, p) in PΣ either means that p is the direct successor of
o in some transaction, or that o and p are conflicting operations from different transactions.
More precisely, in the latter case it follows from the construction of Σ that o ∈ Tv and p ∈ Tu

with v ≤V u and with o = Tv[i] and p = Tu[i] for some integer i. We call the latter edge a
cross transaction edge from Tv to Tu.
(If.) The proof is by contraposition, i.e., we show that if max-path(PΣ) > 3|E|+3 than there
is a path p in OG(G, ≤V ) with three edges. For this, first recall that max-path(PΣ) ≥ 3|E|+3
implies existence of a directed path q in PΣ with 3|E| + 3 nodes, and hence with a length
of 3|E| + 2. Now, making use of the earlier developed intuition about PΣ, we observe that
every path q of length k contains at least k − 3.|E| − 1 cross transaction edges (since every
individual transaction is represented in PΣ by precisely 3|E| − 1 edges, and by the fact that
cross transaction edges are always from transactions Tv to Tu with v ≤V u.). Since in our
case k ≥ 3|E| + 2 it follows that there are at least three cross transaction edges. Hence,
we can assume that there is an edge (o1, o2), (p1, p2) and (q1, q2) with o1 ∈ Tv, o2, p1 ∈ Tu,
p2, q1 ∈ Tw and q2 ∈ Ts, which implies that a directed path (u, v) (v, w) (w, s) in G exists,
which is clearly of length three.
(Only-if.) This direction is by contraposition as well, hence, we show that if there exists a
directed path in OG(G, ≤V ) of length ≥ 3 then there exists a directed path in PΣ of length
≥ 3|E| + 2. For this, let p = (u, v) (v, w) (w, s) be such a path of precisely length three, with
ej1 = {u, v}, ej2 = {v, w}, and ej3 = {w, s}. Then, we construct a directed path q in PΣ as
follows: first traverse the consecutive operations of transaction Tu up to (and including) its
operation Wu[xj1 ]. Then traverse the cross transaction edge (Wu[xj1 ], Wv[xj1 ]), followed by the
consecutive operations of transaction Tv consecutive to Wv[xj1 ] till (and including) operation
Wv[yj2 ]. Then analogously as before, traverse the cross transaction edge (Wv[yj2 ], Ww[yj2 ])
followed by consecutive operations of Ww[yj2 ] in Tw till (and including) Ww[zj3 ] after which
yet another cross transaction edge (Ww[zj3 ], Ws[zj3 ]) is traversed, followed by the remaining
operations of Ts consecutive to Ws[zj3 ]. It can be verified that the constructed path has a
length of precisely 3|E| + 2, which concludes the proof. ◀


