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Summary

DNA-hybridisation-based biosensing stands at the forefront of liquid biopsy development
and, consequently, the next generation of non-invasive tumour detection. These biosen-
sors are fundamentally limited by the thermodynamic challenge of discriminating trace
single-nucleotide variants (SNVs) from the large excess of wild-type DNA background. Re-
cent advances indicate that incorporating structural constraints in the design of molecular
beacon-based OWL sensors can significantly enhance their selectivity. However, the un-
derlying mechanism behind these constraints remains speculative. In this work, we test the
hypothesis that these constraints induce torsional strain within these probes and seek to
optimise their working regime by developing an analytically solvable coarse-grained model.
The sensor is modelled as a one-dimensional lattice system in which nodes are coupled
via harmonic interactions of exponentially decaying (Kac-Baker-like) strength. Through the
Schur complement of the twist coordinate of the cgDNA+ stiffness matrix, the model ef-
fectively accounts for the higher-dimensional degrees of freedom in the DNA duplex. In a
general framework, we aim to identify the non-additive free-energy interaction term AAF
that arises between two perturbations in the system, and then analyse its application to the
presence of a single-base mismatch and to global frustration in the system. This approach
allows us to analyse regimes in which the mismatch destabilises the duplex. Specifically,
we demonstrate that an optimisable destabilising regime exists for any softening mismatch
within this framework, consistent with the expected mechanical effect of a mismatch.

To validate the hypothesis that these constraints induce torsional frustration in the sen-
sor, we perform coarse-grained molecular dynamics simulations with the oxXDNA LAMMPS
module. We construct a closed-loop system resembling OWL sensors. This closed loop is
expected to impose significant structural strain because the 9-base-pair hybridising region
is incompatible with DNA’s natural helical periodicity (~ 10.4 bp). This structure is subse-
quently compared with its helically compatible 10-base-pair counterpart and an open-loop
variant. Using 3DNA analysis, we can extract physical degrees of freedom from the simu-
lated duplexes and find that bending of the hybridised region, rather than twist, imposes the
dominant contribution to strain.
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Popularising Summary

We can imagine DNA as a long chain of two complementary pairs. The order of these pairs
is incredibly important, as it contains all the information our cells need to work properly.
These cells have a complex regulatory mechanism to check for errors in this ordering, they
are very rare and often localised to one single pair. These are known as mutations. Some
mutations can have severe consequences, including the development of tumours.

To find these tumours early, patients often have to undergo physically draining surgeries. An
alternative to these surgeries is liquid biopsies, which require nothing more than some fluid
from the patient, for instance, blood. These are based on sensors which create matching
DNA pairs with mutated DNA. But since the mutations are particularly small and very rare,
these might be incredibly difficult to find. The sensor might bind to lookalike healthy DNA
strands. When this occurs, we get a mismatched pair that still looks a lot like a good binding,
but it is slightly weaker. The best way to describe it is like looking for a needle in a haystack;
We will not find the needle by just searching through the haystack. We need to use the one
difference between the needle and the hay. It is magnetic so that we can get it out with a
magnet.

The magnet to our needle is a strain in the sensors, which we can see as something literally
pulling on or twisting the DNA in the sensors. If we pull on the DNA with the mutation,
nothing happens because the pairs are strong enough to withstand it, and it will light up.
But if we pull on a strand with a mismatched pair, the sensor will break, and we will not see
any light.

Our goal is to understand why this happens and whether we can find ways to make this
pulling even more effective at finding mutations. We also want to know what causes the
pulling in the DNA sensors and whether this provides alternative techniques for making
other sensors.

To start with, we use simple physical models based on a long series of coupled springs. This
might seem too simple, but if we account correctly for the many complex interactions we
see in real DNA, it turns out to be a quite accurate model for the strain-mismatch interaction
in the sensor. The model proves that the interaction can optimise sensor design through an
elastic optimum. We also simulate the DNA to catch the strain in action in the sensor. This
allows us to identify what is causing this strain and the reason why. This could serve as an
inspiration for future sensor design.






Acronyms

Abbreviation Meaning

DNA Deoxyribonucleic acid

ctDNA Circulating tumour DNA

wtDNA Wild-type DNA

SNV Single-nucleotide variant

MM Mismatch

LoD Limit of detection

P Probe

bp Base pair

EGFR Epidermal Growth Factor Receptor
MMP Matched-Mode Perturbation

PBC Periodic boundary conditions
TWLC Twistable worm-like chain

MD Molecular dynamics

TacoxDNA Tools and Converters for oxDNA
PDB Protein Data Bank

SEM Standard error of the mean
LAMMPS Large-scale Atomic/Molecular Massively Parallel Simulator
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Symbols

Symbol Meaning Symbol Meaning

S Signal c Concentration

G Gibbs free energy LoD Limit of detection

F Helmholtz free energy Ko Unperturbed stiffness matrix

S Entropy Kt Structure matrix

E Energy K Full stiffness matrix

H Hamiltonian A Partition function

f =1/kgT Inverse temperature D Perturbation determinant
F,S5,E,H Thermally normalised quantities K q Eigenvalue of Ko

Al] Penalty lq) Eigenvector of K

AA[] Interaction term S Shift operator

N Number of bonds I1n) All-ones vector

u Position coordinate |n) Unit vector

lu)v| Outer product Smn Kronecker delta

a Interaction rest length 0K Mismatch stiffness perturbation
x Displacement coordinate oa Local rest-length perturbation
|z) Displacement vector L Base-system equilibrium length
K’ Closing stiffness oL Global rest-length perturbation
[]r Rigid-limit value Ky Fundamental self-coupling

A Characteristic coupling length (xnz,) Displacement correlation

T Torque []* Extremal value
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1 Introduction

1.1 Liquid Biopsies

Early tumour detection is pivotal for the prospects of cancer patients. Contemporary diag-
nostics relies on physical tissue biopsies. This involves removing tissue from patients and
analysing it for possible tumours. While effective, it is also a very invasive procedure for
the patient, making the search for a potentially life-changing condition even harder. It also
makes these procedures inconvenient for continuous modelling of tumour development. A
very promising alternative candidate is the liquid biopsy, which relies on the simple method
of collecting bodily fluids and searching for circulating tumour DNA (ctDNA), for example
[2]. The procedure is minimally invasive, as it requires only a small amount of the patient’s
fluid. This can even be performed at home, which is both more comfortable for the patient
and useful if hospitals are already under pressure, as during a global pandemic [3].

CtDNA is characterised by mutations specific to the tumour, compared with wild-type DNA
(WtDNA) found in the bloodstream. The majority of mutations are single-nucleotide variants
(SNVs), which account for around 80% of differences in DNA between two individuals. They
consist of the substitution of a single base pair in the DNA sequence and are thus relatively
easy to form, occurring at a rate of ~ 10~% mutations per base pair per generation [4].
Nevertheless, ctDNA is often present in only small background amounts compared with
wtDNA, ranging from O(1072)% — 90% depending on the tumour type [5]. This creates a
unique challenge in detecting trace amounts of ctDNA whilst ignoring the excess of wiDNA.

Tumour cells

Bloodstream

() (b)

Figure 1.1: (a) CtDNA is difficult to detect due to the excess of the wtDNA background in the
bloodstream [6] (ChatGPT 2026). (b) Single-nucleotide variants consist of the replacement of
a single base pair in the helix. (figure adapted from [7])



1.2 Hybridisation-Based Biosensors

Hybridisation-based biosensors are ideal for liquid biopsies. Their main working principle
relies on hybridising single-stranded DNA probes complementary to known ctDNA strands.
To detect SNVs, these sensors are immediately confronted with the previously described
problem of selectivity between the ctDNA and the wtDNA. Hybridisation with wtDNA is not
uncommon, even though it creates base mismatches (MMs). These do carry a different
free-energy penalty when bound as shown in figure 1.2.

AAGum = AGMmwiona — AGMatchetpna > 0 (1.1)
ctDNA
HEERIIEEER
SNV
robe
P AGMatch,ctDNA
[TTTHTTT
SNV
AG\M wtDNA
wtDNA

[TTTRITITT

MM

Figure 1.2: Probe hybridisation with a mismatch creates a different free-energy penalty than
hybridisation with the complementary SN'V.

For given concentrations c of wtDNA and ctDNA, we can directly relate the signal S a sensor
will report to the Boltzmann weight of this free-energy penalty [1].

S = log (1 4 CoDNA eMGMM/RT) (1.2)
CwiDNA T+ CetDNA

We can invert this relation to obtain the limit of detection (LoD), the smallest detectable
fraction of mutants.
LoD = Syue” SACw/RT (1.3)

To decrease this LoD, i.e., make the sensor more selective, we must increase the free-
energy penalty associated with a mismatch. There exist many ways to do this, including the
introduction of blocker strands [1], depletion-based techniques [8, 9] and the focus of this
thesis, the introduction of structural strain within the probe. A family of designs based on
this principle is the OWL design shown schematically in figure 1.3a.

The sensors form a rigid, structurally imperfect structure when they bind to a complemen-
tary analyte. However, when they attempt to hybridise with the mismatched wild-type, the
system is further perturbed, leading to the collapse of the entire complex and, consequently,
quenching the fluorescent universal molecular beacon. This allows effective differentiation
between fully complementary and mismatched analytes [10].

2



Dose-Response Curve
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Figure 1.3: (a) Schematic of the OWL design, the imperfectly locked end on the P strand
applies strain interacting with the SNV site. (b) The contribution of strain leads to a 1.5-fold
improvement in LoD. (Figures from [1])

The structural imperfection in the OWL design is based on the helical periodicity of 10.4
base pairs (bp) in DNA, the number of base pairs required for the helix to turn 360°. The
geometry of OWL sensors is such that the SNV-matching Probe (P) strand lacks a base pair
when closed. It is expected that this exerts significant torque on the structure, overtwisting
the helix along the entire P-strand. The circularised segment remains stable thanks to the
stacking interactions at both ends. Effectively creating a rigid, ’locked ends’ structure [11].
This places significant strain on the system, which interacts with the mismatch site and
disrupts the structure. We expect this strain-mismatch interaction to be elastic, yielding
an additive contribution to the overall free energy penalty. In this thesis, it is modelled by
a quadratic chain model without volume/pressure dependence; we therefore denote it as
AAFﬁStrain—MM-

AAG = AAGym + AA Fypainvm (1.4)

Stulens et al. [1] observed the existence of this free-energy interaction term shown in
figure 1.3b for the clinically relevant p.T790M mutation. Where an SNV is present in the
epidermal growth factor receptor (EGFR) gene, it is known to increase drug resistance in
lung cancer [12].

AA Fygainmm = 0.26 £ 0.08kcal /mol (1.5)

This interaction term yields a 1.5-fold improvement in selectivity over the non-strained case,
an OWL sensor with a flexible linker (see section 5.2), using equation (1.3).

The goal of this thesis is to provide a physical framework to model the strain-mismatch
interaction and to describe its qualitative and quantitative features. An important aspect
of this is the possible optimisation of the detection regime of strain-based sensors. We
also perform molecular dynamics simulations in oxDNA to test the hypothesis that torque is
indeed the primary source of strain in the system.



2 Mathematics of Chain Models

To model the free-energy interaction term for the strain-mismatch interaction, we first need
to define what it entails. We define it by subtracting the combined free-energy penalty of
the mismatch and the strain with their separate effects, as shown in figure 2.1.

To capture the interaction mathematically, we first develop a general formalism for one-
dimensional quadratic chain-like systems and then perturb them in ways equivalent to
applying strain or introducing a mismatch. The perturbations will consist of two parts: a
quadratic part that fundamentally alters the underlying structure, and a linear part that acts
as a force term on the chain. They will come with the special property of coupling to the
same spatial region in the system and will be denoted as matched-mode perturbations
(MMPs). We develop the free-energy interaction term for more general MMPs, making the
formalism useful beyond its present purposes. It is then applied consistently in the following
chapters to obtain qualitative and quantitative information about the interaction.

Unperturbed system
Fo

Mismatch (B,,,)

\
Fo —&—rr-@—— = AF, =F,—Fo

Global constraint (F,)

7, ARSI AFy=F,—Fo  p AAFuy=AFug— (AF, +AF,)

Combined (P, + F,)
J

Figure 2.1: Definition of the strain-mismatch free-energy interaction term.




2.1 The Decoupled Chain

The simplest model of a polymer is a one-dimensional decoupled harmonic chain. This
is a lattice of N + 1 nodes at discrete positions, connected by N springs. We denote the
position of the n-th node by wu,, and its connection to the n + 1-st node by a spring with
spring constant K, and rest length a.

K, K

. OO0000000000000000000000000 . OO000000000000000000000000 .

Up—1 Uy, Up+1

a i F a

Figure 2.2: The decoupled chain

Since all these interactions are harmonic, we can easily write down a Hamiltonian consisting
of N decoupled harmonic oscillators. For the purposes of this thesis, the kinetic energy of
each node is treated as an additional decoupled degree of freedom only, contributing a
normalisation constant. We therefore do not include it. We normalise the Hamiltonian by
the inverse temperature 5 = 1/kgT.

N-1

1
BH =H = §ZK”[(U”“ — Up) —a]2 (2.1)

n=0

It is more convenient to work in displacement coordinates compared to the rest length.
Ty = Upy1 — Uy — Q (2.2)

So that the Hamiltonian is a sum of the independent displacements.
1 N-1
— 2
H = 5 ngo Knxn (2.3)

In the decoupled case, the sum notation is intuitive and easy to use. However, when we
complicate the system by introducing couplings between oscillators or perturbations, the
sum notation quickly becomes cumbersome. It is thus often easier and more intuitive to
work in matrix notation.



We start by defining the n-th unit vector in the N-dimensional phase space.

0
0
In) = | 1| <> n-th index (2.4)
0
0
The set of unit vectors constitutes {|0) , ..., |N — 1)} an orthonormal basis of the N-dimensional
inner product space such that:
1 ifm=
mn) =6 =<4 " 2.5)
0 ifm#n

From this, we can define the displacement vector |x) and its dual (x| by summing over all
unit vectors with distinct displacements z,,.

Lo
N-1 -
@) = @nln) =
n=0
ITN-1
N-1
(x] = an (n]=(z0 1 ... an_1)
n=0

We can couple each displacement via the stiffness matrix K. Inthe decoupled chain, this is
particularly easy because the displacements are independent, yielding a diagonal stiffness
matrix.

Ky, 0 ... 0
N-—1 .
K=Y Kool = | O 0 0 (2.6)
n=0 . 0 :
0 ... ... Ky

We can now rewrite the decoupled chain (2.1) Hamiltonian in matrix notation.

H = % (z|K|z) (2.7)

2.2 The Stiffness Matrix

We can easily generalise this notation by allowing off-diagonal entries in the stiffness matrix;
this corresponds to general quadratic systems.

N—-1N-1

1 1 N
H=5> > Kuninom =5 (2|K]2) (2.8)

n=0 m=0



The (m, n)-th entry of the stiffness matrix now represents the coupling between the dis-
placements of the m-th and n-th oscillators.

As we are interested in the thermodynamic features of this system, we introduce the clas-
sical partition sum by integrating over the entire phase space, in which we denote the pre-
viously introduced vectors as x.

7 = / dxe ) — / dxe~3(2K2) 2.9)

By this definition, any physical stiffness matrix must satisfy two properties.

1. K must be real and symmetric such that K7 = K, such that all harmonic interactions
are symmetric.

2. K must be positive definite for the convergence of the partition sum. We refer to this
as the stability criterion, as any non-positive definite system is fundamentally unstable
to the application of any perturbation.

If all these are met, we can apply the Gaussian integral theorem B.2 to evaluate the partition
sum. This can be done using both the eigenvalues K, and the determinant of the stiffness
matrix.

N-1 —1/2
7 - / dxe— 3l _ [T (QW)W(H Kq) (2.10)
det K i

For the decoupled chain, identifying the eigenvalues is particularly easy; these are exactly
the spring constants of the individual springs, as can be identified from the diagonal stiffness
matrix (2.6). This will generally be a non-trivial exercise, though; we take care of this in
chapter 4. As we are interested in comparing systems, it is convenient to work with the
system’s free energy F' = E — T'S as it is an additive quantity. It also allows a clear
distinction between entropic and energetic contributions. We normalise the free energy
F = BF with respect to thermal fluctuations via the inverse temperature § = 1/kgT and
then relate it to the partition sum by:

N-1

1 ~
F=pF=—logZ=7 qgoloqu—Nlog(%r) (2.11)

This reveals the entropic nature of the unperturbed chain model. This is a general feature:
any harmonic degree of freedom in Gaussian systems can be treated as entropic, as we
will see for quadratic perturbations later.

2.3 Linear Terms

2.3.1 Force Application

Consider a local constant force application f = —% by some potential V on two adjacent
nodes in the decoupled chain as shown in figure 2.3.
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Figure 2.3: Local force application on the decoupled chain

The potential energy shifts based on the displacement of each node from its natural lattice
site. We define the equilibrium position of the n-th node as na. The displacement from
equilibrium is then:

Au, = u, —na (2.12)

There are two contributions to the potential energy, as the force acts on both the n-th and
the n 4 1-st nodes.

{v<un> = f(u, — na)

V(uns1) = = f(uns1 — (n+1))a ~ f(tnpr = un —a) = fu ( )

We thus observe a linear shift in the system relative to the base Hamiltonian H,.
H="Ho— f(n|z) (2.14)

Any linear term in the Hamiltonian can thus be associated with a constant force acting on
the system. We will now develop the formalism for handling linear terms of this type in the
Hamiltonian.

2.3.2 A General Linear Term

Suppose we have a Hamiltonian of the form:

H = %;;Knmxnxm—l—zn:bnxn—i—c (2.15)

We handle the quadratic term as before by incorporating it into the stiffness matrix. The
inclusion of a linear term complicates the evaluation of the partition sum. We use matrix
notation again, defining [b) = > b, |n).

M= %@mm (bl + (2.16)

The stability criterion ensures that the stiffness matrix is symmetric and positive definite. By
the spectral theorem B.1, this also means it is invertible, and its inverse is symmetric and
positive definite. We call this inverse K~1, the structure matrix of the system. To recover a
quadratic Hamiltonian, we shift to normal coordinates |y).

ly) = |z) + K~ |b) 2.17)
(yl = (x| + (| K (2.18)



The Hamiltonian in these normal coordinates is now given by:

H— %mm@ +(Blz) + o
=2 (- o frl)f%(—ff-l )+ 1)) + 0l (1) — K1) + e
H= 2 (lKly) — 5 (IR 0) + @.19)

The only extra calculation required, then, is the construction of the structure matrix K.
For the partition sum (2.9), this linear term leaves the Gaussian integral since dx = dy.

7 — 5K b)— /dye L (wIKly)

N ~1/2
— o3 (OIET b~ N/2<H ) (2.20)

In the free energy, this term returns as an additive contribution, using equation (2.11) we
find:

N-1
1
F = [§ log K, — Nlog(27r)] ——<b\K 1|b>+c (2.21)
O Vv
: ~ - Energetic
Entropic

The term has energetic units and consequently represents the energetic/enthalpic contri-
bution to the free energy. We can interpret it as the work performed by the linear force term
to shift the equilibrium coordinates |z) to the new coordinates |y). When comparing to the
base system without the linear term, the free energy differences are purely this energetic
term.

AF, = BAE, = AE = —% (K b) + ¢ (2.22)

2.3.3 Thermal Averages

For a general function f(x) of the displacement coordinates x, thermal averaging is per-
formed using the partition sum as a probability density.

1

(16 =

/ dx f(x)e2{7IKl) (2.23)
Where 7 is the unperturbed partition sum given by equation (2.9), we can now manipulate
the machinery we developed in the previous section to simplify this expression by the intro-
duction of a vanishing linear term to shift the term within the function itself as performed by
Osborn [13].

f(x) = f(=Vp) e® (2.24)




Where V), represents the gradient towards the components of the |b) vectors only. We fill
this into equation (2.23).

(f(x)) = Zlo /dx F(=Vy e 3lelRla)+0l) b
=0
Zy
A )ZO b=0

Comparing Z, and Z,, only the artificially introduced energetic term equation (2.20) sur-
vives, and all the |b) dependence will cancel as |b) — 0.

(f(x)) = f(=Vp)e 20D (2.25)

b=0

2.4 Single-Mode Perturbations

We now turn our attention to single-mode perturbations, i.e. perturbations to the system,
which perturb the Hamiltonian in such a way that the stiffness matrix only changes through
the addition of a single outer product term.

Ho — M suchthat K = Ky+ |u)v] (2.26)

We must note that these are not, by definition, local, as they can couple to larger regions in
the system and, consequently, to multiple entries of the stiffness matrix.

2.4.1 Quadratic Perturbations

Suppose we perturb the system quadratically:
1 . 1
H = 3 (x| Ko|z) + 5 (x|u) (v|x) (2.27)

As we saw in section 2.1, the entropic contribution to the system can be found through
both the eigenvalues and the determinant of the stiffness matrix. To find the entropic dif-
ferences present by these perturbations, we must thus find new expressions for these. For
these single-mode perturbations, the most efficient way to do this is through the matrix-
determinant lemma.

Lemma 2.1 (Matrix-determinant). For any square invertible matrix Ko and column vectors
|u) , |v) the determinant of the rank-one updated K = K + |u)v| is given by [14]:

det K = det (f(o + |u)<v|> = det K, {1 + (0| Ky ) (2.28)
The free energy difference conflicted by this quadratic perturbation can now be found
through equation (2.11)
AF, = -TAS
=-T(S — Sp)
kgT . .
= % [log det K — log det KO}

k‘ T " A
S [log(det Ko(1+ (v \Ko_l\u») — log det K

10



Thanks to the explicit temperature dependence in this equation, the entropic nature of the
free-energy difference becomes clear. Splitting the first logarithmic term, we find:

AF = —AS = %log(l + <u|f<gl\u)) (2.29)

2.4.2 Quadratic and Linear Perturbations

By treating both the quadratic and linear terms in the Hamiltonian as simultaneous pertur-
bations to the reference system, we reveal their coupled effects.

1 A 1
H =5 (@|Ko|z) + 5 (lu) (v]x) + (b]z) +c (2.30)
P 2 N2
Quadratic Linear

The quadratic perturbation fundamentally modifies the system’s stiffness matrix through a
rank-one update: A ) R
Ky — K = Ko+ |u)v| (2.31)

This also alters the structure matrix of the system f(o‘l — K~ and consequently the
energetic contribution to the free energy. We handle this through the Sherman-Morrison
formula.

Theorem 2.2 (Sherman-Morrison). For any square invertible matrix K, and column vectors
|u) , |v) the inverse of the rank-one updated K = K, + |u)v| is given by [15]:
Ky ! Ju)v] Kq !
L+ (ul Ky ' o)

N -1 N
(Ko + |u)<v|> — K1 (2.32)

Due to this alteration of the structure matrix, the linear perturbation now acts on a different
background. This introduces new cross-terms in the total energy, extending beyond the
linear effects seen in the previous section. By performing the appropriate coordinate trans-
formation as discussed in section 2.3 and using our newly obtained form of the structure
matrix, we find a new energetic shift in the system

1 ~

1 . 1 (b Kyt Ky'|b

= L+ 2 YR 10 WA 239
2 .2 1+ (u|Kj )
Linear shift Coupl?nrg shift

Since linear perturbation leaves the entropic free energy invariant, we can combine this
energetic shift with equation (2.29) to find the full expression of the free energy change for
a single mode perturbation.

L (bR Hu) (vl Ky o)
20 1+ (v Ky )

1 . 1. -
AF = 5log(1+ (0l KG Ju)) = 5 (bliG ' [B) + +e o 34

The cases of interest to us are single-mode perturbations in which the linear and quadratic
terms perturb the same spatial mode; we refer to these as Matched-Mode Perturbations

11



(MMPs). To avoid mixing the structure of the mode with its physical magnitude, we separate
its structure into a fixed vector |$) and two scaling parameters +/x and f.

[u) = |U>A = V) Matched-Mode-Perturbation (MMP) (2.35)
b) = f15)

Here, s represents the magnitude of the quadratic (stiffness) perturbation. We choose f to

represent the magnitude of the linear perturbation, since these are linked to the application

of forces in the system. Substituting these relations substantially simplifies the expression

for the perturbed free energy, as the physical magnitudes factor cleanly out of the inner

products:

1 (3K, (8)2
21 + k(8] K51 5)

1 . 1 .

AFyi = log (1 + li<§|K0_1|§>> — SIS + +Ac (2.36)

A shortened expression may be suitable when focusing solely on simple free energy differ-

ences. However, it is not advisable to use it in the next section, where the focus shifts to

interaction free energy, as it would make the expressions less explicit. By finding a common
denominator, it neatly combines the first and second terms in the energy

1 . 1 251K, 3

AFyu =5 log (1+w(3|K5713)) - 5 K 1)

= + Ac 2.37
21+ k(3|K;|3) (237)

2.5 Interaction Terms

One of the primary objectives of this thesis is to develop a framework for comparing the
relative impacts of perturbations on the system and assessing their interactions. The most
obvious way to do so is to compare their respective free energies. These will include both
additive and non-additive contributions arising from interactions between the perturbations.
To formalise this, we introduce the free-energy interaction term AAF as outlined below.

Unperturbed system

Fo
Perturbation s (P,)
. 0 S AF.=F.~F
Perturbation t (P})
F O = AF=F-F p AAF,; =AF,; — (AF, +AF)
Combined (P, + P,)
Fs,t {1 O :>A~Fs,t:fs,t_~F0

Y,

Figure 2.4: The definition of the free-energy interaction term
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At this point, we make no assumptions about the perturbations to the system, other than that
the individual perturbations are matched-mode. First, we must develop the mathematical
formalism to model a double perturbation in the system. We do this more abstractly than
before by applying a quadratic perturbation to the stiffness matrix again using MMPs.

Ko — K = Ko+ 1 [8)(8] + € |EX{] (2.38)

The perturbations are matched-mode, so they have an associated force term:
VE|8) < fs|8) (2.39)
VEE) « fi[E) (2.40)

This joint perturbation to the base stiffness matrix &7 is often referred to as a rank-2 update.
The most efficient way to handle these is to apply a second-order Woodbury update. The
Woodbury matrix identity generalises the Sherman-Morrison formula.

Theorem 2.3 (Woodbury matrix identity). Let K, € R™", U' € Rk, C € R¥k, and
V € R¥" be matrices and K = K, + U'CV then the inverse of the rank-k updated K is
given by[15]:

K= K;t — K'UHC + VR IUH WK (2.41)
and for the determinant:
det K = det<f(0> det(C) det (0—1 + Utf(O‘1V> (2.42)

Even for the rank-two case, the calculations to implement the two MMPs in the system are
quite involved and therefore restricted to appendix B.2. The resulting updated structure
matrix is given by:

. . 1 .
K*I:Kgl—ﬁ[f(lntf-@(émgl\ ) (
— wg (K5t [s)(i| A AO—1>}
While the new determinant of the system is given by:

det(f() = det(f(o> [(1 + K <§yf<0—1|§>) (1 +&(t

We see the appearance of a new perturbed determinant D, which is not a determinant of
an N x N system as before, but rather of the 2 x 2 perturbed subsystem.

D = (1 + K <§]K51]§)> (1

Entropic Contribution

1‘t>) |K 1

(2.43)

Bl - e (1RG0 @44

£y (2.45)

i ) — k€ (3] Ky

First, we look at the entropic contribution of the jointly perturbed system. For this, we require
the new determinant given by equation (2.44). In the perturbed determinant D, we see the
same terms as in equation (2.29) appearing separately (we refer to these as D, and D),

13



as well as a mixing term. This is the first sign that additivity across joint perturbations will
be broken. We use the entropic definition from before:

ASs1 =S5t — So
= —% [log (det f() — log (det f(o)]
- _% [log <D det f(o> — log (det Ko)}
1

= —élog(D)

= —tog (14w IR (1+€GIRT1D) — s GIE DY) @40

We are, of course, interested in the entropic interaction term for these joint perturbations.
Using the definition of the interaction term, this requires evaluating the quadratic perturba-
tions  |$)(s| and ¢ |¢)(t| separately and comparing their sum with the simultaneous appli-
cation of these perturbations via the rank-2 update.

We denote this as the interaction entropy AAS;:

AAS,; = AS,, — (AS, +S)
= —tog (14w 615 1) (14 € (RS 8)) — m (3
+ %log (1 + <§yf(0-1|§>) + %log (1 +¢ <£|f<0—1|£>)
K (5| K8’
(1 s <§|f<o_1|§>> (1 +¢ <g|f(0—1|£>>

This exact formula analytically captures the coupling between the two quadratic perturba-
tions, allowing us to compute the interaction directly rather than evaluating the systems
completely separately. This is useful for the coming sections.

—1
KO

£>2)

1
=3 log | 1— (2.47)

Energetic Contribution

The energetic contribution applied by the joint application of the MMPs is given by:

A&y =5 (Fo 8+ £ (DR (L13) + £ 18) 2.48)

We can find the inverse of the rank-2 updated matrix using the Woodbury matrix identity
B.5, as shown in appendix B.2.

i N N A e
K=Kyt - 5[5(1 + k(8K 1|s>>KO LIEYE

— wt (K i)
(2.49)

It is quite clear that this will initially lead to a very large term, particularly when we look at
the interaction energy:

Ryt (1 € IR B ) B )] i

S| Ky + Ry i

AAE,, = AE,, — (AE, + AE,) (2.50)

14



The calculation of this interaction energy is quite involved, due to the multitude of terms; it
is therefore presented in appendix B.2.2. The final resulting interaction energy is given by:
11\ 2 ~
0 t> N f_t2 K <s K

1 7§>2
0
2 14k (3|K518) 2 1+ (IR )

12 (K :

D

AAgst - - fsft <§

Kgl\z?)] (2.51)

Combining with the interaction entropy (2.47), this gives us the free-energy interaction term
between the application of both Matched-Mode-Perturbations separately and their joint ap-
plication.

£)*

K€ (3| Ky

1
AAF,, = -log | 1—

2 (1 p (§|f<0—1|§>) (1 +é <f\f<o‘1\5>> (2.52)
B P L onl D 2 C Lol MNP,

The analytical form of the free-energy interaction term is the most important result of the
MMP formalism, as it is a closed-form equation for a relatively complex manipulation of the
stiffness matrix.

In both the entropic and energetic interaction terms, we observe the emergence of the
individual MMP determinants, D, = 1+ (3|K;'[3) and D, = 1+¢ (£| K *|f). These factors
effectively represent the local compliance changes introduced by the individual MMPs into
the system, fundamentally modulating the interaction between the modes. Furthermore,
we note that these determinants are intimately linked to the propagators of the MMPs in a
continuous system [13].

The mathematical structure shows that, without a non-zero (5|Ky'[¢), the free-energy
interaction term vanishes entirely, providing a mathematical counterpart to the idea of per-
turbation interaction. The matrix element thus serves as the interaction propagator and can
therefore be regarded as the decisive variable of this framework.

The perfect symmetry between the MMPs in this expression is a natural consequence of
keeping the formalism entirely general. However, while it is mathematically convenient to
conceptualise them as local alterations, the matched-mode-perturbations we denote can
represent vastly different physical phenomena and are not necessarily localised. We will
see this principle in action later, when an MMP is shown to emerge directly from a system-
wide constraint and turns out to be a global rather than a local perturbation.
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2.6 Periodic Systems

2.6.1 Translational Invariance

In any finite system, the boundary nodes at sites ug and uy_, are special cases. They are
only coupled to the nodes farther inside the bulk system and thus experience boundary ef-
fects, whereas the other nodes are generally less influenced. In particularly small systems,
these boundary effects are significant compared to the matched-mode perturbations and
must be included. However, this makes calculations much more cumbersome, as trans-
lational invariance along the lattice is broken, complicating the calculation of the structure
matrix K; ! and the eigenvalues.

We can circumvent these problems while preserving most of the underlying physics by
using periodic boundary conditions (PBCs) in the system, as shown in figure 2.5. These
connect the first and last node in the system by imposing:

Uy = Ug (2.53)
So that the N-th displacement extends beyond the boundary of a bounded system:
TN_1=Uy— UN_1 — (2.54)

This construction restores translational invariance in the system: all nodes become equiva-
lent under a discrete lattice translation.

n—n+1 mod N (2.55)

Boundary effects in the unperturbed system disappear as the physical boundary simply
no longer exists. This still allows the formalism to capture the actual interaction effects of
interest while removing any finite-size corrections.

PBC

O UN-1 1;1 O

Figure 2.5: Periodic boundary conditions connect the final and first node of the system; this
effectively circularises the system to restore translational invariance
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To make this symmetry more formal, we introduce the lattice shift operators.

N-1

S=Y"|n—1)n| (2.56)
n=0
N-—1

St =N |n)n — 1 (2.57)
n=0

Such that they have the following effect on the basis vectors:

Skn) = |n—k mod (N)) (2.58)
S*|n)y = |n+k mod (N)) (2.59)
As matrices:
0 0 0 1 0 1 0 0
1 0 0 0 0 1 0
S=10 1 : St=|: : (2.60)
: . .0 0 0O --- 0 0 1
0O --- 0 10 1 0 0 0

The corner terms arise due to the periodic boundary conditions applied to the system. We
know that these matrices shift each term so that a product of k£ shift matrices moves the
elements of the matrix k£ times away from the diagonal. The same holds for the periodic
terms in the corners of the shift matrices; they fill up the terms £ times away from the

corners. The set of all shift matrices {]l, S,52 ... ,S’N‘l}, therefore, forms a basis for a

more general set of matrices, the circulant matrices [16, 17]. Such that each circulant matrix
can be written as a linear combination of the shift operator:

C = cpS* (2.61)

This gives a new meaning to the translational invariance in the system. Since every node
is now physically equivalent, the base stiffness matrix K, must be invariant under a cyclic
shift of indices and therefore commute with the shift operators:

[Ko, S} — 0 (2.62)
This consequently implies that & is a circulant matrix, i.e. it can be written as a linear

combination of powers of the shift operator:

N-1

Ky = Z cpSF (2.63)

k=0

We now briefly review the main properties of circulant matrices, which will play a central
role in the analysis that follows. We base this analysis on the standard work of Gray [18].
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2.6.2 Circulant Matrices

A symmetric circulant matrix Cis generally defined by:

Chp Ci Cp -+ Co
C = (2.64)
Co C3 . e . e Co C1
Cl 02 PR PR Cl CO
With the elements: A )
Crj = Ci-k) mod N = Cjx (2.65)

Note that these elements c;_;, are exactly the coefficients required in the linear combination
of shift matrices to construct a given circulant matrix. It is therefore extremely convenient to
express any circulant matrix using this notation. An important feature of circulant matrices
is that they diagonalise in Fourier space. We use the convention:

N—-1
1 27
—_ n ean (266)
) =75 2
where ¢ = 0,1,..., N — 1, these eigenvectors form a complete orthonormal basis.

N-1
a¥al =1 (2.67)

q=0

With the corresponding eigenvalues being discrete Fourier transformations of the shift-
coefficients ¢:

_ 27

Co=) cpenme (2.68)

3
Il
o

The circulant matrix thus admits the spectral decomposition:

=2

~ ~

¢ = o laXal (2.69)

=)
Il
o

Equivalently, in matrix notation: o
C=UvU! (2.70)

Where ¥ = diag(C,), and the unitary matrix U/ has the Fourier eigenvectors as its columns.

]. 27
Unq = ﬁefwnq (271)

The matrix U is universal: it does not depend on the particular circulant matrix C, but
only on the system size N. Different circulant matrices are distinguished solely by their
eigenvalues Cj,.
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Theorem 2.4. IfC is symmetric, positive definite and circulant, then C~" is also symmetric,
positive definite and circulant. The inverse matrix satisfies:

C' =0yt (2.72)

Proofs for all three statements follow directly from the Fourier diagonalisation of circulant
matrices and are given in appendix B.1. The spectral decomposition has another conse-
quence that is especially useful in this work. Any perturbation coupling uniformly to the
entire system can be written in terms of the all-ones vector

N-—1 1
=Y m=|.] (2.73)

n=0 )

1

This vector is proportional to the zero-mode Fourier-space eigenvector:
l1x) = VN|g=0). (2.74)

The special role of |1) can be understood from what it measures. If we look specifically at
the displacement coordinates applied by this all-ones vector, we get:

(1n]z) = Z Tn (2.75)

It thus captures the global response of the system, whereas other Fourier modes describe
more localised variations in the lattice. Translational invariance averages out these localised
variations, so they cancel each other out.

(1n|q) = Zewnq—o for ¢ # 0 (2.76)

Any global perturbation will therefore only couple to this ¢ = 0 mode. Consequently, for any
circulant matrix C: R 3
Clln) = Colln) (2.77)

Where:

N-1
T = Z Cn (2.78)

n=0
The sum of the shift coefficients used to construct this circulant matrix. Comparing with the

matrix representation in equation (2.64), we see that this is exactly the row sum of C. This
leads us to a nice corollary.

Corollary 2.4.1. Let C be an invertible circulant matrix. Then the row sum of C—L is the
inverse of the row sum of C'. Equivalently, using the all-ones vector notation.

~—1
(n|C 1N) N (2.79)
N (In|C1N)
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Proof. Since |1y) is proportional to the zero-mode Fourier eigenvector, it is an eigenvector of
any circulant matrix:

Cliy) = Coly) (2.80)
The corresponding eigenvalue is:
N—1
Co=> cn (2.81)
n=0

which is the row sum of C'. The eigenvalues of the inverse matrix CL are given by 1/ C~'q, also

in Fourier space.

R 1
CHiy) = & ) (2.82)

0

Therefore, the row sum of C1is1 / C’O, the inverse of the row sum of C. Finally, using
(In|1x) = N, we get:

A N
(Ax|C71N) = = (2.83)

Co
(In|Cy) = NCo (2.84)

Such that: .-
UnlC ) _ __ N (2.85)
N (In[C[1n)

[

An alternative proof based on algebraic manipulation of the indices is presented in sec-
tion B.1.
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3 Mismatches and Strain

In the previous chapter, we developed the MMP formalism for the general introduction to
matched-mode perturbations. But we have not yet specified what these MMPs might be or
how we can relate them to the physical alterations we observe in DNA or in strain-based
sensors in general. We develop their intuition by introducing them to the decoupled chain
before applying them to more general models later.

3.1 Mismatches as Localised Perturbations

As described in the introduction, hybridisation-based DNA probes are designed to match
circulating tumour DNA, particularly single-nucleotide variants. This produces single-base-
pair mismatches when the probes bind to the excess wild-type DNA background, resulting in
a free-energy penalty. The structural defect caused by these mismatches is highly localised
[19, 20] even if the elastic response in the system can yield long-distance interactions.

To describe this process, we turn to the formalism of the previous chapter and introduce the
mismatch as a matched-mode perturbation. To do this, we first consider these local pertur-
bations in the decoupled chain. We then generalise them as local MMPs in the formalism.
We propose two local alterations to a single spring in the decoupled chain model.

* A local perturbation in stiffness: In principle, this can be either a stiffening or a soft-
ening of the local MM site. We expect this to be a weakening in the local stability of
the helix and therefore model it as a softening of the system.

K — K+ 0K (3.1)

* A local perturbation in rest length: The structural distortion of the local equilibrium
geometry caused by the presence of the MM is represented by this parameter.

a— a+da (3.2)

In the decoupled chain, the effect of these perturbations is intuitive. One spring in the
system is replaced by another spring with an altered coupling constant and rest length.

K K+ 0K K

a a+da a

Figure 3.1: A mismatch in the decoupled chain is modelled by replacing a spring in the system
with another with a perturbed coupling constant and perturbed rest length.
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This is reflected in the perturbed Hamiltonian of the system as well:

K K+0K
H:Ho——(un+1—un—a)2++—

5 5 (s =y = (a + 0a))’ (3.3)

We immediately recognise the displacement variables again.

K
H=Hy — gxi + #(xn _ 5@)2
0K
= Ho + %Kﬁ — (K +6K)z,da + K%M -4)

To generalise from the decoupled chain to a general model, we now shift to the vector
notation.

K+ 0K

5 da’? (3.5)

1 .

H= 3 <x|(K0 + 0K |n>(n|> |z) — (K + 0K)da (n|x) +

Indeed, we see the mismatch return as a matched-mode perturbation, allowing us to intro-

duce the general formalism we used before. The quadratic part is given through comparison
with equation (2.35): A ) R

Ky — K = Ko+ 6K |n)(n| (3.6)

Where |n) denotes a localised mode acting on the n-th displacement in the system. The
local softening of the system thus appears as a rank-one update to the system’s stiffness
matrix. It modifies the self-coupling diagonal element as an entirely local effect. Meanwhile,
the force term returns linearly in the Hamiltonian such that:

fm|ny = —(K 4+ 0K)da|n) (3.7)

This immediately allows us to write down the free energy contribution of a mismatch in the
system using equation (2.34). Since we have both a quadratic and a linear perturbation,
the result includes both an energetic and an entropic component.

1 . (K +6K)26a2  (n|K;'n) K+0K _
AF,, = —log(1+ 6K (n|K;tn)) — - da

2 d WL 2 1+ 6K (n|Ky ' |n) 2

(3.8)
This allows for a further simplification by combining the two energetic terms:
252 —1
AE, — (K +0K)%6a (n| K, |An>1 N K+ 5K(5a2
2 1+ 6K (n|K;'|n) 2
K+ 0K

- 2(1 + §K <n|f(0—1|n>)5a2 [_(K + (5K> <n’K61’n> + 1 —+ (SK <n|K§ |n>]

_KA4OK L[ 1K (n|K;n)
2 1+ 0K (n|K;'n)

(3.9)

We note that for the decoupled chain, the energetic contribution to the free energy cancels
exactly because the structure matrix K, ' is diagonal with the elements of the inverse base
stiffness.

. 1
K;' = diag <E) (decoupled chain only) (3.10)
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Such that: A
1— K (n|K;'ln) =0  (decoupled chain only) (3.11)

So that the bracketed energetic term vanishes, the absence of longer-range interactions
therefore allows the rest-length perturbation to be fully relaxed, eliminating the energetic
contribution associated with the mismatch geometry.

For the general model, the free energy penalty by a mismatch is then given by:

. 1— K (n|K;!
A}g::%kg(1+5KKMK$Hn»—%§;E¥2&3< inlKq m>) (3.12)

2 1+ 0K (n|K; ' n)

The effect of the mismatch depends on a single matrix element of the base system’s struc-
ture matrix: the n-th diagonal element. To evaluate the element, we make use of the
completeness of the system’s Fourier basis (2.67) and expand in terms of the momentum
eigenvectors.

(n| Ky n) = ZZ (nlg) (al K51’} (d'In)
—ZZ nlq ) (ald’) {d'In)
:Z% (3.13)

Expanding the eigenvectors as the discrete Fourier transform of the real space unit vectors,
we get:

> e R (nfm) = \/—New'q" (3.14)

Such that any phase dependence vanishes in the local term, eliminating any dependence

on the position of the site.
N—-1

(n|K;n) = (3.15)

q:O
The absence of site dependence has a deeper origin than the explicit cancellation of the
Fourier phases. It follows from the translational symmetry of the base system. Since Ky is
circulant, it commutes with the lattice shift operator S; therefore, its inverse has the same
symmetry.
[f(o—l, S] —0 (3.16)

This means that translating the perturbation from site n to site n + 1 cannot change this
response, because the underlying system is unchanged under such translations. Explicitly,

(n+ 1K n+1) (n|S'K;1Sn) = (n|Ky ' n). (3.17)
All diagonal elements of the structure matrix Kgl are therefore identical. Equation (3.15) is

a manifestation of this symmetry as all modes are delocalised over the entire system and
weigh equally on all sites.
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3.2 Strain as a Global Perturbation

To capture the global strain imposed on the P strand in OWL sensors, we must translate
this effect into a chain model. We have already seen such global coupling in section 2.6.
Indeed, this means that such couplings will have the special property of being described by
the |1y) = v/N |g = 0) eigenvector of the system. This simplifies calculations considerably.
Intuitively, it is straightforward to impose a global strain on a chain system. We physically
couple the first and last nodes in the system with a new spring spanning the full chain
length. We do so in such a way that the system’s equilibrium length:

Lo = Na (3.18)
does not match the spring’s equilibrium length by an extra extension or shortening ¢ L.
L=Ly+0L (3.19)

For reasons we discuss later, we expect the stiffness K’ of this closing spring to be an order
of magnitude greater than that of the couplings in the main chain.

L+46L

/580008000680008

K’

O - OO - O

a

Figure 3.2: Global strain is introduced by adding a closing spring with equilibrium length
Na+ §L. This spring couples to the entire system, introducing a uniform shift across all bonds.

It must be noted that this closing spring works differently from the periodic boundary con-
ditions we introduced before, as is evident from figures 2.5 and 3.2. The PBCs close the
system onto itself, enforcing translational invariance without imposing any other constraint.
The closing spring, on the contrary, does exert an influence over the entire system as we
as will be evident in the Hamiltonian.

We introduce the perturbation in the same way as we did for the mismatch: we apply the
closing spring to the decoupled chain, then generalise. The Hamiltonian for the closing
chain in the decoupled chain is given by:

N-1 ,

K
H= ; (Ups1 — Uy — a)® + — (un =g — (Na + 5L))? (3.20)
Switching to displacement coordinates, we find:
N-1
uy =g+ Y _a,+ Na (3.21)

n=0
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So that the Hamiltonian in displacement coordinates is given by:

2

-1

% , K N—1
== - E — L
H 5 x;, + > (& Ty — 0

1% [ /N1 2 N-1
:B?1 + o> (Z azn) —20L Z z, + 0 L> (3.22)
n=0

n=0

3
o

=

vo|

[e=]

n=

As before, the base Hamiltonian is still evident in the first term, and we see quadratic and
linear terms appear as expected for a matched-mode perturbation. The quadratic term
includes both diagonal and correlation terms.

N-1 2 N1 ~1N-1
(Z xn) =) a2+ Z >z, (3.23)
n=0 n=0 n=0 m#n

In vector notation, this becomes:

N-1 2 ~1N-1
n=0 n= Om;aén

-1 N-1
= @(Z In) n\+ZZ|n my) |z) (3.24)

n=0 m#n

Such that the new Hamiltonian in vector notation is given by:

—1N-1

H= ’Ho—l-— [Z|n n]—l—zzm (m|

n=0 m#n

|z) +K’5LZ (n|x) +—5L2 (3.25)

The perturbation takes the form of a matched-mode perturbation; to emphasise this point,
we write down the rank-one update in matrix notation.

1 11 1
N_ _1N-1 1 11 1
Z n| + Z Z n{m|=[1 1 1 1 (3.26)
n= n=0 m#n S S

111 -1

Which is the outer product |1y)1x] of the all-ones vector. Using equation (2.73), we see
that the linear term can be written using |1x) too.

!/

K K’

This allows us to identify the MMP components by comparing to equation (2.35), the
quadratic update is given by:

25



While the force term is:
folln) = —K'0L|1y) (3.29)

This indeed shows that we have found the correct matched-mode perturbation to describe
a frustration applied to the entire system. The formalism we developed earlier will now do
the heavy lifting again to find the free energy penalty.

(K50 (IlRy'y) | K

- §L?  (3.30)
2 1+ K (Iy|Ki' ) 2

1 :
AF, = 5 log(1+ K (vl Ky '[1x)) -

Again, we can simplify this by combining the energetic terms:

(K'6L)?  (In|Ky'|1n) LB e

AE, = — =
g 2 14+ K (y|K;Y 1y 2

K’ ) .
_ — 6L2<—K’ Ay KN + 1+ K <1Nngly1N>)
21+ K (1x| K5 [1)
K’ ,

= 4L (3.31)
2(1+ K’ (1v] Ky ' [1n))

The free energy penalty then yields:
K/
2(1+ K’ (In| Ky 1))

1 .
AF, =3 1og(1 LK <1N|K51|1N>> + SL* (3.32)
This is a nice result, as we see that the determinant of the rank-one update applied by the
MMP appears twice: once in the logarithm and once as a normalisation of the energetic
term. The simplest closing spring has the same quadratic form:

K’
gClosing spring — 76-[/2 (333)

The internal structure of the chain now distributes this energy over the chain, effectively al-
tering the effective stiffness of the closing spring by the MMP determinant. This is the same
suppression seen in the entropic part. The result closely resembles the global response
observed in the general free-energy interaction term (2.52), in which both the rank-one and
rank-two determinants appear. This further supports the interpretation of the determinant
factor as a measure of the system’s effective stiffness response.

The advantage of introducing periodic boundary conditions into the system becomes clear
here, as the |1y) vector is an eigenvector of the stiffness matrix /&, and consequently of its
inverse f(o‘l as covered in section 2.6. It concerns the ¢ = 0 eigenvalue in Fourier space,
which is exactly the global mode of the system.

- 1
Kyt in) = —|1 3.34
o |1n) 7 1n) (3.34)
The norm of |1x) is given by:
N—-1N-1
(Inin) =D (njm) =N (3.35)
n=0 m=0



Such that the free energy penalty from the global constraint in a circulant system depends
both on the size of the system N and the ratio of the stiffness of the closing spring and the
global stiffness.
1 K’ K’
AF, =- log(l + N~—) + 0L (3.36)
2 Ko/ 2 (1 + N%)

3.2.1 Rigid limit

As will become evident later, it is worth it to consider the limit of an infinitely strong closing
spring.

K' — oo (3.37)
The closing spring now no longer acts as a spring; instead, it fixes the end-to-end extension
of the systemto L + d L.

L+0L

{)Jmm%mw(} 3
| a | :

7
2
oLY”

Figure 3.3: The rigid limit of the system fixes the ends of the system while applying strain by
extending the system by 0 L. This places a holonomic constraint on the system, which requires
extra consideration.

The energetic response of the system reduces simply to:

Ky
AE, = —20L* 3.38
But the entropic response in equation (3.36) seems to diverge when naively applying the
rigid limit KX/ — oo. Because the formalism relies on Hamiltonian mechanics, we must
carefully consider the rigid limit as a holonomic constraint [21]. We consider this again for
the decoupled chain:

N—-1
> = (lylz) = 0L (3.39)
n=0

This alters the partition sum, as the Gaussian generated by this constraint approaches a
Dirac-0 function as K’ — oo. This eliminates a degree of freedom when integrating over
phase space, defining the partition sum.

Z = /deeXp(—H(:vo, ooy n-1))0({1n|z) —OL)
(3.40)

= / dNi ! Yy exp ( - Hconstrained (y) )

Using the Fourier basis of the circulant stiffness matrix, it becomes clear that the |¢ = 0)
mode is constrained. This removes the zero mode from the partition sum, leaving the
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system diagonal in the remaining N — 1 unconstrained modes. These describe internal
fluctuations within the chain and, consequently, do not influence the overall deformation of
the system. For the details of this calculation, we refer the reader to appendix B.3. We note
the finite result.

1 . Ko .,
AF, = =3 log (Ko) )’ (3.41)

The system’s zero mode is naturally linked to its collective deformation imposed by the
global constraint. Over sufficiently long length scales, the effective stiffness approaches the
eigenvalue K,, as shown by Skoruppa et al. [22] in a circulant model with next-nearest-
neighbour couplings.

3.3 The Strain-Mismatch Interaction

As we have established, both strain and mismatch in strain-based sensors can be described
using the matched-mode perturbation formalism. Thanks to the formalism developed in
chapter 2, we can therefore conclude that, given a suitable choice of base, i.e. the stiffness
matrix K, an interaction between the two perturbations exists. We recall the definition of
the interaction free energy:

Unperturbed system
Fo

Mismatch (P,,,)

\
Fo —@—r@—— = AF,=F,—F

Global constraint (/)

7, [ AFy=F,—Fo  » AAFuy=AFu, — (AF, +AF,)

Combined (P, + F,)

J

Figure 3.4: Definition of the free-energy interaction term for the strain-mismatch interaction.

The MMP formalism compares the perturbations separately before combining them using
a rank-two update. Using the notation of equation (2.38), the rank-two update is given by:

Ko — K = Ko+ 0K |n)n| + K’ |1x)X1y| (3.42)
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The MMP formalism now provides us with the new structure matrix of the doubly perturbed
system (2.43):

~ ~ 1 N A ~

K™ = Kyt =— [ K (14 0K (n|R5n) ) K5 [Lw)(1a] K7
+ 5K(1 + K <1N|K51|1N>)k51 n)n| Ky (3.43)
—9K'SK (f(gl n)1y] f(glﬂ

The last term picks up a factor of 2 because the structure matrix is symmetric. The deter-
minant of the 2 x 2 update matrix is an important quantity, as it appears in both the entropic
and energetic contributions.

D = (140K (] K5 ') ) (1+ K (IR ) ) = KK (]G y)* (344)

We also see the rank-one update matrices appear.
D,, =1+ 0K (n|K;'n) (3.45)
D, =1+ K' (15]K5 1x) (3.46)

3.3.1 Stability

Before analysing the explicit form of the interaction free energy, several important properties
of the system follow straight from the requirement of mechanical stability. These can be
used to make qualitative remarks about the system independent of the base system, i.e.
choice of KO.

The interaction free energy in the system is only defined if all systems we compare are sta-
ble. This implies that the corresponding stiffness matrices are positive definite and that all
determinant factors appearing in the formalism are strictly positive. We start by demanding
a positive-definite base system.

det <K0> >0 andK,>0 Vg (3.47)

This consequently means that the matrix elements we construct are all positive, since they
depend only on the system’s eigenvalues.

N-1
S 1
Kyt n) = — > () 3.48
(IR ') = > 7 (3.48)
q=0 q
r-—1 r-—1 N
0

The determinants of the perturbed systems consist of the determinant of the base system
multiplied by their perturbing determinants; this means all these must also be positive.

D>0 (3.50)
Dy >0 (3.51)
D, >0 (3.52)

The main restriction from this requirement arises from the introduction of the mismatch, as
mismatches generally soften the system (6 K < 0), restricting the choice of circulant K in
the later sections.
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3.3.2 Entropic contribution

Since we have the determinant of the system, we can write down the entropic interaction
term using equation (2.47):

/ —1 2
AAS = —L1og[1— lff:K(”’KO 1x) — (3.53)
2 (140K (n|Ky n)) (1 + K’ (In[Ky [1n))

A first qualitative look at the most general system will consist of determining the signs of
the contributions. This is particularly easy to do for the entropic interaction term, since the
terms in the denominator are the determinants of the mismatch and global perturbation,
respectively, and inequality (3.49), its sign only depends on the relative sign of K’ and /K.

sign(AAS) = sign(K'0K) (3.54)

AAS K>0 6K <0

K >0 + —
K <0 - +

Table 3.1: Sign structure of the entropic interaction term AAS.

As the free energy increases with decreasing entropy, a positive relative sign indicates
entropic stabilisation of the system. In contrast, a negative relative sign destabilises the
system. We expect a mismatch in the system to be softening and therefore a negative 6 K.
While a positive K’ seems like the only physically relevant case for the global constraint if
it is to be modelled by a closing spring. We thus expect strain-based sensors to be further
entropically destabilised by the interaction of the mismatch and the global constraint.

3.3.3 Energetic interaction term

For the energetic interaction term, we also require the force terms from the MMPs.

VOK |n) ¢ (K + 6K)da |n) (3.55)
VE'|1x) < K'6L[1y) (3.56)

Equation (2.51) now gives the energetic interaction term:

AA&’Z%[

K'6L? K'6K (n|KyY1n)? (K +0K)%6a® K' (n|K;t1y)”
2 1+ K/ (In| Kyt iy) 2 1+ 6K (n|Ky'n)  (3.57)
— K'6L(K 4 0K)da (n| K5 1)

As before, we see all the determinants appear as normalising factors for the relevant per-
turbations. The relative strength of each term consequently depends on how close each
determinant is to zero. We expect a relatively large global update determinant due to its
size dependence, while the normalisation of the mismatch O(da?) term will generally be
between zero and one, owing to the relative softening of the local stiffness (§K < 0). This
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leads to a significant amplification of the mismatch-related term compared with the impact
of the global constraint.

All terms are multiplied by the matrix element (n|K;'|1x), so the interaction term is rel-
evant only if this is sufficiently large. Using equation (3.49), we know this is exactly the
inverse of the system’s zero-stiffness mode f(o‘ ! Physically, this means that local mis-
matches interact most strongly with the global constraint when the underlying system is
easily deformed over long length scales, as we would intuitively expect, because it allows
each node to undergo a larger displacement. Because the local perturbation is independent
of its lattice location and the translational invariance of the global constraint, the coupling
between the two is larger.

3.3.4 A Qualitative Consideration

For a circulant system, we can already work out some of the matrix elements, but we refrain
from doing so because it does not add any extra clarity at this point. We do, however, use:

(In| K5 1N) = N (n| K5t 1y) (3.58)

This makes the size dependence of the global determinant terms more explicit. Combining
equations (3.53) and (3.57), we recover the full free-energy interaction.

K'6K (n|K;' 1y)?
(140K (n|Kq ' |n))(1+ K'N <n|f(01|1N>))
1 [K’cSLZ K'§K <n|f<€1|1N>2 N (K 4+ 6K)%a? K’ <n|f(0_1A|1N>2 (3.59)
DL 2 14+ NK'(n|K;'1y) 2 1+ 0K (n|Ky ' n)

~ K'SL(K + 0K)da <n|f<0—1|1N>]

AAF :% log (1 —

In principle, the mismatch parameters 6 K' and da are fixed by the particular kind of mis-
match present in the system. While the length L. = Na and inherent structure of the
system, i.e. the eigenvalues of the system, are model dependent. This leaves us with
two parameters associated with the geometry of the given strain-based sensor: the global
stiffness K’ and the global deformation 0 L. Explicitly solving for K’ does not reveal much
qualitative structure, so instead we focus on §L. Keeping the other parameters fixed, the
free-energy interaction term is a parabola as a function of the imposed global deformation.

AAF(SL) = ASL* + BSL + C (3.60)
Where:
1K' K'SK (n|Ky'1x)? K K'0K (n|Ky'|1y)? (3.61)
D2 1+ NK' (n|K;1y) 2 DD, '
1 . K'f.
B = —EK’(K + 6K)da (n| Ky 1y) = — J (n| Kyt 1n) (3.62)

1 (K +6K)%a® K' (n|K;'1y)? K'f2

D 2 1+ 0K (n|Ky 'n) 2DD,,
The constant term C' includes both an energetic term that depends only on the mismatch
structure and the entropic contribution. The existence of this term means that, even without

additional global deformation, an interaction between the mismatch and the global closing
structure is present.

(n| K1) — AAS (3.63)
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Extremum

First, it is useful to find the parabola’s extremum, as it directly influences the optimal sensor
performance. The sign of A determines whether the parabola is concave or convex. We
know that for stability in the system, all determinants are positive, so that this sign is only
dependent on the sign of /K.

* 0K > 0= AAF(0L) is a convex parabola. This means that for large L the interac-
tion term will always be positive and thus destabilising. A stabilising regime may exist
in the intermediate deformation range.

* 0K = 0= AAF(JL) is a purely geometric linear function of the global deformation
interacting with the local structural deformation da.

* 0K < 0 = AAF(JL) is a concave parabola. This means that for large JL the
interaction term will always be negative and thus stabilising. A destabilising regime
for an intermediate deformation may exist, enabling optimal sensor performance.

The extremum is given by:

A UL P SR
0K K" {n[ Ky [1n)

_ Ko+ K)o (ﬁ n N) (3.64)

0K K’

The sign of this expression is non-trivial and depends on the signs of K, da. Since a
physical closing spring requires K’ > 0, this means that the factor in the parentheses is
strictly positive. This leaves the sign of ) L* dependent on the relative signs of d K and da.

oL 0K >0 0K <0

da >0 + -

da <0 - +

Table 3.2: Sign table for §L* if K/ > 0

This means that a softening mismatch interacts optimally with the system when the global
and local deformation have opposite signs. This is what we would intuitively expect, since
the forces arising from these effects counteract each other in that case, increasing the
energetic cost. The optimal deformation scales linearly with the system size N, reflecting
the greater deformation required to create global frustration in larger systems.
We now consider the extremum value itself, for this we have d . = § L* so that:

2
BQ
AAF(SL*) = AAF* = A(—E) + B(—E) +0=0- 1
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Which we now fill in:

ApF — U fw)? (] K1) DD, LS NN
D? K?25K (n|K;Y1y)?  2DDn,
_ f2 [ =D.D,, + K'6K (n| Ky '|1y)?
~ 2D K D,, —ARS

But the big factor in the numerator is just the determinant again, we also fill in the entropic-
interaction term again:

/ —1 2
AAF* :%10g<1 - KOK (nKy 1x) )

(146K (n|K; ' n))(1 + NK' (n|K; ' 1x))
B (K + 6K)%*6a*
20K (14 0K (n|K; ' |n))

(3.65)

The energetic part of this extremum value is particularly interesting as it closely resembles
the energy stored by a mismatch and is again normalised by the local compliance. This
simplifies the nature of the extremum such that it only depends on the sign of 6 K.

0K >0 0K <0
AAF* Maximum (+)

Table 3.3: Sign and type of the extremum in the interaction free energy for 6L = §L*

Existence of regimes

Since the extremal deformation §L* has been identified, it is natural to symmetrise the
parabola around this extremum. If the interaction free energy possesses two zero crossings,
corresponding to the coexistence of stabilising and destabilising regimes, they are located

at
/ C

LV =60 +4/6L° — =

) ) ) 1

Ky |DD,[(K +8K)26a2 AA
:5L*if(j\/Dt[( + 0K)*0a? | S] (3.66)

0K? 0K

To determine the existence of multiple regimes, we must solve for AAF* = 0 for a critical
value of the global stiffness K. for which this occurs. This calculation is performed in

crit
appendix B.4, the critical K/, is given by:

D, (1 —exp ( (4350200 ) )

SK (K+6K)26a2

;o
Kcrit - KU

(3.67)

We consider the sign of this critical value. Stability demands that both the zero mode
eigenvalue K, and the rank-one mismatch update D,, are positive, such that the prefactors
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in the numerator are positive. The sign is therefore dependent on the exponential terms
whose signs depend only on ) K.

2 2
SK >0 = 1—exp((K ;}gg) oa ) <0 (3.68)
K + §K)25a2
5K<O:>1—exp(( :;KD) a ) >0 (3.69)

The denominator, too, depends only on the sign of K, but in the opposite way. This leads
to the conclusion that K, must be negative. The significance of this result must not be

understated. In any physically feasible system, we will have:

>0> K/

crit

!/
K phys

(3.70)

This means, in principle, that the interaction between the mismatch and the system’s global
frustration will always have both stabilising and destabilising regions. Combining all this, we
can write full qualitative sign tables for all cases.

Case1: K/ >0and 6K <0

This is the physically expected case: a concave free-energy interaction parabola. The mis-
match softens the system locally while the global deformation is approximated harmonically
with a positive stiffness K’. In the ideal case, it allows us to tune the global deformation
0L to the value of maximal destabilisation. Given its physical relevance, we present a qual-
itative plot in figure 3.5. We note that the sign table of the non-physical case 6 K > 0 and
0> K’ > K/ will look similar.

crit

SL= OL* OLT
AAF 0 + + 0

Table 3.4: Sign table for AAF if K < 0and K’ > 0

Qualitative sensor optimisation

AAF (a.u.)

1
Stabilising region
Destabilising region
~1.04 @ Optimal sensor performance
|

—1‘.0 —(3.5 0?0 0?5 1?0 1?5 2?0
Deformation 6L (a.u.)

Figure 3.5: Qualitative plot of the interaction term in the physical case K’ > 0,0K < 0, the
sensor has a destabilising regime with an optimum at § L*.
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Case 2: K > 0and K’ > 0
The free-energy interaction term is a convex parabola; the interaction is destabilising for
large global deformation, but there is a region around the minimum where it is stabilising.

OL~ oOL* OLT
AAF + 0 0 +

Table 3.5: Sign table for AAF if K > 0and K’ > 0

For completeness, we also add two other non-physical cases.

Case 3a: K’ = K/,

In the critical case, only one regime can persist, while the extremum of the interaction term
cancels the interaction entirely.

AAF OL*
0K >0 0
K<0 + 0 +

Table 3.6: Sign table for AAF in the critical case K’ = K

crit

Case 3b: K’ < K’

crit

Beyond the critical case there would only exist one regime.

| AAF ||
[ 0K >0 |
‘5K<0‘+‘

Table 3.7: Sign table for AAF for K’ < K

crit
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4 The Kac-Baker Model

Up until this point, we have worked within the general framework of the matched-mode per-
turbation formalism. Other than including periodic boundary conditions and consequently
generating a circulant base system, all qualitative results thus far are general to any pos-
itive definite chain-like system. We now choose a specific base model to work with. This
will be based on a quadratic coarse-grained description of DNA, namely the cgDNA model.
By further coarse-graining, this yields a spatially decaying model reminiscent of the one
introduced by Baker in 1961 [23] for Ising-like systems.

4.1 CgDNA

The formalism we introduced is intended to describe real DNA sensors. It is therefore im-
portant that the underlying base system is correctly coarse-grained. This means choosing
the base stiffness matrix f(g, which captures effects arising from the combination of the
many degrees of freedom present in real DNA.

We therefore base our model on a sequence-dependent coarse-grained DNA model, cgDNA
[24, 25, 26]. This model is based upon two base assumptions:

1. Each nucleotide can be represented by a rigid body, neglecting any interactions
within. All degrees of freedom consist of interactions between these rigid bodies.
This generates 6 intra-base-pair degrees of freedom and 6 other inter-base-pair de-
grees of freedom. The cgDNA+ model also incorporates phosphate group positions,
yielding a total of 24 degrees of freedom.

2. The local energy associated with each interaction is assumed to be quadratic in the
relevant degrees of freedom.
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4.1.1 Degrees of Freedom

v 3.

Buckle Propeller Opening Tilt Roll Twist
Z F4
X Y g X h i
Shear Stretch Stagger Shift Slide Rise

Figure 4.1: The degrees of freedom in the cgDNA model, for the cgDNA+ model, 12 additional
degrees of freedom exist by the explicit addition of phosphate groups to the model. (Figure
taken from cgNA+ website [24])

CgDNA describes the configuration of the DNA helix in terms of the relative positions of the
rigid nucleotides. This introduces 12 degrees of freedom per base pair.

Intra-bp degrees of freedom : (Buckle, Propeller, Opening, Shear, Stretch, Stagger)
Inter-bp degrees of freedom : (Tilt, Roll, Twist, Shift, Slide, Rise)

These degrees of freedom are then combined into a vector for each base pair. Since we
use the cgDNA+ model, 12 additional degrees of freedom must be accounted for due to
its explicit inclusion of phosphate groups, which improves the model's performance when
assessing the ¢-stiffness of the system [27], a property of particular importance to us for
the coupling to the global constraint.

Ln,buckle

L', buckle,phosphate

L, twist

| X)) = <+ Twist is the eleventh coefficient for each bp-step 4.1)

L'n, twist,phosphate

T rise

L, rise,phosphate

4.1.2 Quadratic Model

The key assumption that makes the cgDNA model interesting to us is that it is also quadratic
in the local energy conformation for each of the 24 degrees of freedom.
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This allows us to write the Hamiltonian in the same way as we treat it in our formalism.

1
5
Where the state vector | X) takes into account all degrees of freedom of all base pairs. The
mathematical treatment is identical to what we introduced in chapter 2, the main difference
being the number of coordinates. In an N-base-pair system, the cgDNA+ stiffness matrix
is a positive-definite matrix satisfying:

chDNA+ c R(24N_12)X(24N_12) (43)

Hegonar = = (X[ Kegonas|X) (4.2)

This stiffness matrix is constructed using only interactions that reach no further than each
rigid nucleotide’s five nearest-neighbours, limiting the number of local building blocks. This
makes it a banded matrix with overlapping block structures as shown in figure 4.2.

228

240

252

264 +—

276

288

300

312

324

288
300 +-«
312
324

© o [ < ©
N < n © ~
~ ~ ~ ~ ~

Figure 4.2: Zoom-in image on a cgDNA+ stiffness matrix corresponding to a central base-pair
in a strand. The green squares correspond to interactions between rigid bodies, including intra-
base-pair and neighbouring base-pair coordinates. (Figure taken from cgNA+ website [24])

It is nearly block-diagonal, meaning that even though the underlying interactions are local,
non-local sequence-dependent terms still appear. These arise because each rigid base
belongs to multiple neighbouring junctions whose equilibrium geometries are generally in-
compatible. This results in frustration, forcing the local base-pairs to adopt a compromised
configuration that leads to non-local interactions.

4.1.3 Schur Complement

The chain model we use has only one degree of freedom, so we must further coarse-grain
the cgDNA+ model. It is known that local microscopic interactions will be retained through
the introduction of nonlocal interactions by applying a coarse-graining procedure [28].

For OWL-like sensors, it is observed that the helical periodicity is particularly important for
their performance [10]. We therefore postulate that this degree of freedom will be the inter-
base-pair twist as shown in figure 4.1. The coarse-graining procedure we use consists of
splitting all degrees of freedom and then integrating the additional ones.
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We rewrite |.X,,) by singling out the twist coordinate:

L, twist
X,) = ’ (4.4)
| > ( ’ xn,dropped> >
The Hamiltonian for the whole system initially includes all 24 entries for all base-pairs.
1 .
HegpNar = 3 (X[ Kcgpnas| X) (4.5)

Splitting this up into the twist coordinate of interest and the 23 other dropped coordinates.

B l ktt [A(td ’fL’t>
'HchNA+ 9 (<xt| <xd’) (Kdt Kdd) (|xd>

1 . 1 N 1 N 1 .
=3 (2] Kyt |e) + 3 (wa| Kaa|za) + 5 (wa| Kag|2e) + 3 (74| K|zq) (4.6)

But we know, of course, that the stiffness matrix is symmetric, so that Ky = f(tTd.

1 - 1 N R
Hegpnas = §iﬂtht9€t + 3 (q| Kaalza) + (4] Kia |2q) 4.7)

To isolate the system’s pure twist coordinates, we must project the full cgDNA+ model onto
the chain model used here. It is not possible to neglect these dropped coordinates, as
they do interact with the twist in the 24 x 24 blocks of kchNA+- We can do this by literally
integrating them away and working with the marginal distribution. This is possible since the
marginal distributions of Gaussian distributions are also Gaussian.

P(|z;)) o / dxqe ™ H0xexa) (4.8)

Physically, this integral computes the effective energy of a specific twist configuration by
allowing the remaining 23 degrees of freedom to thermally equilibrate.

Performing the integration is easily done using the machinery of section 2.3, in terms of the
language used there, this gives:

* The quadratic term in the dropped coordinates Hamiltonian #, is %<xd|f(dd|l’d> =
Ko = K.

« The linear term in Hyis (x| Kyglzg) = (b] = (4| Kig

* The twist contribution to the Hamiltonian is only an additive constant for H, = ¢ =
% (e| Kot )

And now we use the complete-the-square trick to integrate away all these degrees of free-
dom. For the twist Hamiltonian, all of these add an additive constant, which we can neglect.
We get an effective twist Hamiltonian.

1 .
Hy=c— 5 (b] K5 |b)

1 L
=5 (e Kye|w) — 5 (24| Kia K 3 Kat|we)

1 ~ ~ ~ N
=3 (4] (Ktt — thKd_dlet) |z¢) 4.9)
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Using symmetry again:

1
2
Which means we get an effective twist stiffness matrix with scalar elements generated from

the twist self-interactions and the interactions between the twist and the 23 other degrees
of freedom:

Howise = = (4] (Ktt - thf(;dl-f(gi) |z¢) (4.10)

Kist = Ky — Kﬂ@lf(tﬂ 4.11)

This resulting matrix, Kwist, is known as the Schur complement of the dropped coordinates
block. Crucially, because the original full cgDNA+ stiffness matrix is positive definite, its
Schur complement is mathematically guaranteed also to be positive definite [29, 30], pre-
serving the physical stability of the system.

While the original pure-twist sub-block K, contains only highly localised interactions, it still
relies on the nearly block-diagonal structure shown in figure 4.2. The subtraction of the
thfg;kgi term introduces non-local couplings. These appear as off-diagonal couplings
representing the effective interactions mediated by the 23 degrees of freedom we integrated
out.

We now employ this method on a randomly generated DNA strand, where each letter rep-
resents a base pair:

AGTCCGATTTGACCGTACGATGCTTAGCGGATCCATGGTAC
CTTACGGTAGCTAACGTTCGATGGCATTAACCGTGGATCTAG (4.12)
CTTACCGGATGATCGTACCGTTAGGCTAACGTTAGCTACGAT

This consists of 120 base pairs to neglect any boundary effects. We plot both the original
stiffness matrix for this system as well as the new twist stiffness matrix in figure 4.3

2
0
o cgDNA+ random sequence stiffness matrix (2982x2982) 10910 (|Ktwist|) random sequence
0
: -2
500 20
-2 ( :
40
, 1000 r
o)
€ = -4
a
4
e x
= © 60
1500 4 £
o
s k
g
80 3 —
2000 6
-6
100 -
2500
-8
-8
120
-10

Degree of Freedom Ind
Log10 [Stiffness|
Log10 [Stiffness|

0 500 1000 1500 2000 2500
Degree of Freedom Index

-10

(a) (b)

Figure 4.3: (a) cgDNA+ stiffness matrix for the randomly generated DNA strand 4.12. (b)
Reduced twist stiffness matrix obtained through the Schur complement of the same cgDNA+
stiffness matrix.
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Although the cgDNA+ model is sequence-dependent, the effective stiffness of the reduced
system in figure 4.3b is not very sensitive to this, with only minor fluctuations, which lie
mostly in the off-diagonal regions, i.e. longer-range couplings, of the matrix.
The reduced stiffness couplings clearly decay from the diagonal, as we would intuitively
expect. Longer-range couplings should be inherently weaker, as they are generated only
through couplings to other degrees of freedom, and these couplings are, of course, less
strong over this longer range. To capture this, we propose a base stiffness matrix Ky in
which the non-local couplings decay exponentially with distance away from the diagonal [
as:

(n|Ko|n + 1) = Koe 172 (4.13)

We can interpret A\ as the length scale of the characteristic interaction in the system, while
K, is the coupling strength of the self-coupling, i.e. nearest neighbour, in the chain.
We can extract this coupling length by taking the logarithm of the off-diagonal magnitudes
and fitting the linear decay:

log |(n| Kuis|n + 1)| = —’i>\| + ct. 4.14)
To discard boundary effects and smooth out local sequence-dependent variations, we aver-
age the coupling strengths across the bulk of a sufficiently large and variable twist stiffness
matrix. This is why we chose the randomly generated strand 4.12. For this strand, we show
the linear fit in figure 4.4. For this particular strand, the decay length is A = 1.052 bp. Ap-
plying this method to several strands, we always find a coupling length of A ~ 1 bp, with the
biggest outlier being a G strand giving A = 1.6271 bp. Evidence for increased stiffness in
G-rich strands [31, 32] could explain this minor discrepancy. Even though the exact decay
length depends weakly on the underlying DNA sequence, the overall exponential form is a
general feature. Across all sequences we surveyed, the fitted interaction length remains on
the order of one base pair. We thus choose that value for simplicity.

A= 1bp (4.15)

This means that the coupling strength decays by one e-fold for each additional bp step,
reducing it to about 1/e ~ 0.37 of its previous value. Indicating a relatively fast decay in
coupling strength.

The diagonal element of the reduced stiffness matrix defines the fundamental self-coupling
Ky of the system. To align with contemporary convention, we express it in nanometres.
Extracting it from the random sequence of equation (4.12) yields:

Ko ~ 38nm (4.16)

The most relevant model describing DNA twist is the twistable worm-like-chain (TWLC),
a purely quadratic chain model that incorporates both the bending (tilt and roll) and twist
modes present in the helix [33]. This is based on the twist persistence length of the system,
the typical correlation length. Due to the addition of long-range couplings to the system,
the response is determined not only by the local self-coupling but also by the effective long-
range interactions. For the periodic system, we can capture the long-wavelength response
by incorporating these effects through the global stiffness eigenvalue K, of the stiffness
matrix. In the following section, we will derive its dependence on the fundamental coupling
Ky and coupling length A explicitly.
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Decay of effective long-range couplings for a random sequence
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Figure 4.4: Decay fit of the random sequence equation (4.12) versus the distance away from the
diagonal coupling.

The intrinsic torsional stiffness of DNA in the TWLC model is commonly taken to be:
C ~ 110nm (4.17)

When the twist-bend coupling is included, though, this value is renormalised to a value of
[34]:
K¢ = 7Hnm (4.18)

Because the Schur complement of the cgDNA+ matrix preserves the effective couplings
between twist and the eliminated bending degrees of freedom, the renormalised value x;
provides the most appropriate reference for comparison.

4.2 Kac-Baker Couplings

The exponentially decaying coupling we imposed in the previous section has been studied
before in lattices. Kac showed that a potential of this kind has a solvable partition sum [35],
while Baker applied it two years later to a generalised Ising system with a similar setup to the
one we have here [23]. Because of their foundational work, these models are sometimes
referred to as Kac-Baker couplings in quadratic models [36, 37].

4.2.1 A Banded Circulant Matrix

We initially consider a general Hamiltonian that includes interactions between displace-
ments at the n-th and /-th sites, mediated by K,_;, with the possibility of couplings to
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m neighbours. In this model, these couplings no longer directly correspond to physical
springs, as that would create a more complex circulant model. Instead, the couplings can
be interpreted as harmonic interactions spanning long distances.

N—-1 m

Ho = % >N Kpyzam (4.19)

n=0 [=1
We reorder the sum by defining j = n — [ it now runs from —m to m:

m

1 N-1
Ho =3 > D Kyt

n=0 j=—m

Z%@I [Z > Kjjjn)n + |

n=0 j=—m

|z)

We recognise that the coupling can be written using the discrete translational shift operators
(2.59):

. t .
(n+ 3l = (n+3)) = (87 1m) = (n] & (4.20)
Such that the base Hamiltonian becomes:
1 i 5
Ho = 5 (7] L_Z K|,Sl] ) (4.21)
And our base K, matrix is thus given by:
Ko=) KyS (4.22)
l=—m

This is a canonical form of a circulant matrix as written in equation (2.63), only limited by
the range of the couplings m. A particularly nice form, as we have already developed a
theoretical description for it in section 2.6. The result is a banded matrix:

K, K, - K, 0 - 0 K, - K
K K, K, - K, 0 - 0 °
K, Ky, . . - K,,
) | T |
iy — 0o K, - . Ky, Ki - K, ' (4.23)
o0 . . K Ky Ky e .0
0 : . : : K,
K, 0 K,, K, Ky K :
: - 0 K, -+ K Ky K
K - K, 0 - 0 K, - K K

Notice the effect of the periodic boundary conditions, as the corners fill up from K; —
K,, as the off-diagonal terms do. These arise from the sequential application of the shift
matrices, which have corner terms (2.60).
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From equations (2.63) and (2.68) we know immediately what the coefficients for the discrete
Fourier transformed eigenvalues will be. These are the coefficients next to the shift matrices
themselves.

K,= Y Kyer (4.24)

To identify the fundamental self-coupling K explicitly, we split up the sum into the negative
and positive [ parts.

—1 m
~ 27 27
Kq: E K,lequ—i—Ko—i— E Klequ
=1

l=—m
These negative and positive parts are nearly identical under [ — —[ conversion, such that:

K,= Ko+ ZKl (e%ql + e_%ql>

=1
" 2w
= Ky +2 ; K cos (qu) (4.25)

The ¢ = 0 global eigenmode of the system is now also revealed. As discussed in detail in
section 2.6, it is equal to the row sum of the matrix, as confirmed by inspection of the matrix
(4.23).

Row sum(Ky) = (n|Ko|ly) = Ko = Ko +2> K, (4.26)

=1

4.2.2 Circulant Kac-Baker

At this point, we move our attention to the Kac-Baker couplings we defined earlier:

N 71— 1 o
Ky = Ko exp (—' ~ |) = Kor | (4.27)

Where r is a number greater than 1 defined by the coupling length A:
r=el/A (4.28)
The Hamiltonian in displacement coordinates is then given by:

K N—-1 m |l‘
0
Ho = =5 E E TpTpi €XP <_X) (4.29)

n=0 l=—m

This is the simplest way to interpret the spatial decay in the chain model, as it physically
links displacements in the system via a decaying harmonic coupling. The stiffness matrix
of the system is now given by:

Ky=Ko Y _ Sexp (—ﬂ) (4.30)



To determine the eigenvalues of the stiffness matrix, we must now fill in the sum in equa-
tion (4.25)

- m 9
K,=Ky+2 Z K, cos(%ql)
=Kyl|l+ QZ COS(—QZ)]

~ K _1 + TcOs(WJ) — 1+ 7" (cos(5rma) — cos(F(m + 1)q)) (4.31)
0 r2 —2rcos(3q) +1 |

For the zero mode eigenvalue, this simplifies to:

-Tr

- 1—pm
Ky, =K, [1 + 2 1 } (4.32)

For the matrix elements (n|K;'|n), we need to sum over all eigenvalues, though, which is
not analytically viable for the m-coupling chain.

Short range limit

Given that the characteristic coupling length A we found from the reduced cgDNA+ matrix is
only 1 base pair, it is reasonable to consider the short-range limit of the Kac-Baker coupling.
As shown in figure 4.4, couplings beyond the first few base pairs do not contribute appre-
ciably to the geometric sums in equation (4.25) and (4.26). Since the coupling length is
an order of magnitude smaller than the system size (an additional requirement for periodic
systems), it is therefore justified and analytically favourable to take the limit m — oo in our
system, as the geometric sums, due to their exponentially decaying nature, converge and
simplify significantly.

K — i1 4 9 TCOS( )
a0 —27“COS(2 q)+1
r?—1
=K 4.33
0(7“2—27“008(%”(1) —1—1) (4.33)
and | .
Ko = KO( ) - K0<T i ) (4.34)
r—1 r—1
Which reveals an elegant result if we use r = e!/*:
Ky = KO Y

el/2X 4 o—1/2
el/2X _ o—1/2X

1
= Kjcoth .
0 CO (2/\) (4.35)
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This establishes the link between the long-wavelength behaviour of our system, the funda-
mental coupling K, and the characteristic decay length of the couplings. As we required
to compare the result of the coarse-graining procedure we applied with the renormalised
stiffness of the twistable worm-like-chain (4.18). For the given decay length of 1 base pair
and fundamental coupling of 38nm, the resulting value is given by:

- 1
Ky ~ 38nm coth(i) ~ 83nm (4.36)

Which is remarkably close, given that we coarse-grained 23 relevant degrees of freedom of
the cgDNA+ model into a single twist degree of freedom. While at the same time choosing
to work with a translationally invariant system, a feature not present in these TWLC models.

Matrix elements

As discussed in chapter 3, we require three matrix elements of the system’s structure matrix
K, ! to quantify the relevant free energy landscapes. We already have the row sum:

. 1 1 1

n|Ki1y) = — = — tanh| — 4.37
(n1R3 1) = = = 7 tonh (55 @37
This immediately yields the global constraint matrix element as well.

N N 1
-1 .
<1N|K0 |]-N> = —0 tanh(—”\) (438)

For the final matrix element, we need to consider the sum of all eigenvalues (3.15), using
the short-range limit eigenvalues equation (4.33), this sum yields:

N-1

A 1 2T 1 r2+1

q=0

We can neglect the cosine-dependent term, as it will cancel after the summation over all ¢
modes. Reverting back to A\, we recover another elegant form:

. 1 1
K;'n) = — coth | ~ .
(n|Ky " |n) e cot ()\) (4.40)

Due to their particular importance, it is useful to list these matrix elements:

(n|K;n) = Kicothu/A) (4.41)

0
(n|K;Y1y) = Kiotanha /2)) (4.42)
(In| K51y = %mm@ /2)) (4.43)

To get a feeling for the magnitude of the terms, we plot them for a range of characteristic
lengths in figure 4.5.
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Comparison of matrix elements for N =20 and Ko =38 nm
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Figure 4.5: A plot of the relevant matrix elements in the Kac-Baker model.

We see, of course, that the global interaction (1y|Kj!|1x) is always an order of magnitude
greater than the mixing term (n|K;'|1x) due to the factor N = 20bp. The interesting
part of this graph lies in the comparison between the global term and the local mismatch
term. For A = 1 bp, their respective magnitudes switch in relative importance. Since we
have already determined A = 1bp, we are in a regime in which these contributions are
consequently of a similar order.

For sufficiently short decay lengths (A < 0.1bp) the matrix elements are nearly independent
of it as:

lim coth(1/)\) = iir% tanh(1/2)) =1 (4.44)
—

A—0

This is the regime in which the Kac-Baker model reduces to the decoupled chain model.
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4.2.3 Correlations

To cross-check the value of ), it is physically interesting to examine correlations between
distant displacements. To find these correlations, we can use equation (2.23) by filling in

f(X) = zpzp,.

0 0 1
i §<b\K b
) = g
_ 10 o—1 %<b\f<*1\b>
ﬁm[m'f{o DES ]|b>_o
= (n|Ky'|m) (4.45)

These correlations are thus directly related to the off-diagonal elements of the structure
matrix K. It is therefore often referred to as the covariance/correlation matrix in the
literature [27]. This is a general feature of any Gaussian theory, where these correlations
yield the propagator of the theory [13].

Structure matrix

To find these off-diagonal elements, it is once again useful to switch to Fourier space.

N-1

(n| Ky m)y => %@W (4.46)

Using the discrete Fourier expansion of the eigenvectors in real space (2.66) and the eigen-
values we found for the Kac-Baker couplings(4.33), this yields.

r2 41

r2 1% omi o N omi o
R (; exp (Wq(n — m)) e qz; exp (qu — m)) cos(ﬁq)]

Using Euler’s formula, we can write the cosine as the sum of two exponentials.

2 eNq—l—e Fa
g\ = - = 4.47
COS(NQ> 2 ( )

2 r?2 — 2rcos(%q) — 1
(nl 5 m) = Zew(ﬂqn— m) ()

1
- NK,

And now use the orthonormality of the Fourier modes:

N-1

Zexp(Qm - 1)> — S (4.48)

This has profound consequences. The Kac-Baker couplings in the circulant model do not al-
low correlations beyond the next-nearest-neighbours. This is no coincidence, as this model
is the dual of the next-nearest-neighbour coupling chain (see Skoruppa et al. [22]), where
we see the more conventional picture of exponentially decaying correlations. This expo-
nential decay of spatial correlations is also observed for all three degrees of freedom in the
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twistable worm-like-chain and has been reported extensively [38, 39, 40, 41]. The absence
of these longer-range, decaying correlations in this theory suggests to us that translational
invariance in chain models must be broken to capture this effect and apply the relevant
Schur-complement coarse-graining procedure. This interpretation is supported by an ap-
parent connection between Kac-Baker-like couplings and field-theoretic descriptions of the
Markovian Ornstein-Uhlenbeck process, where exponentially decaying interactions corre-
spond to screened correlations [42].
We recognise the diagonal element of the structure matrix from before. For the off-diagonal
elements, the prefactor is given by:
r el/A 1 1
R Ry e Rl s wpe vy dh §CSCh(1/)\) (4.49)

So finally, the matrix elements are given by:

(n| K m) = Kio coth(1/A) (nfm) — 2%(0 esch(1/N)((nfm + 1) + (nfm — 1)) (4.50)

We can use the shift matrices to simplify this:

) h(1/A 1/
Kpl= % {cosh(l/)\) = (S + St>] 1 4.51)

0

4.3 Strain-Mismatch in the Kac-Baker Model

Now that we have established the key features of the Kac-Baker coupling circulant chain
model, we move on to its application within our matched-mode perturbations formalism,
which describes the interaction between mismatches and the system’s global strain. The
qualitative description in chapter 3 provided us with a first glimpse of how this interaction
works within the general formalism. But to obtain quantitative information, we require the
fully developed Kac-Baker model.

4.3.1 Stability

As we discussed in section 3.3.1, for any meaningful comparison among the several per-
turbed systems, we must first ensure that all are stable, which imposes several demands
on the system. We can now impose these constraints quantitatively.

Base eigenvalues
For the base system, the eigenvalues are given by equation (4.33). These must be positive,
which imposes:
r?—1 -
r2 — 27‘003(%7r ) +1
Since the denominator has no real roots, we can assume it is positive, which shifts the
requirement to the numerator. It is useful to recast this in terms of the decay length .

{KO >0 (4.53)

0 vge{0,...,.N—1} (4.52)

A>0

This indicates that the couplings can only decay over distance, as is physically reasonable.
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Global constraint term

The determinant condition for the global constraint update is given by:

K (1y|Kyt 1) > —1 (4.54)
Using equation (4.42), we can then write down a condition on the global constraint spring
constant K. K« X
K'> —2coth( — :
> N co (2)\> (4.55)

A negative closing spring is therefore permitted, and notably, it can become progressively
stronger as the coupling length increases, as shown in figure 4.6.

As ) increases, the long-range couplings add collective stiffness to the system, raising the
lowest eigenvalue and improving overall stability. This means a more negative quadratic
coupling K" is required to destabilise the uniform &, eigenmode response, so the system
can tolerate increasingly negative K’ as interactions become more nonlocal.

Stability breaking K’ vs A for N =20

—— Stability breaking value of K’
Unstable region
=== A=1bp

K'/Ko

—-10 1

1072 1071 10° 10! 102
A [bp]

Figure 4.6: Stability curve for K’ for global constraint.

Interpreting what a negative spring implies is counterintuitive, as it would exert a force that
strengthens as we move away from its equilibrium length (with increasing |0 L|). Alone, such
a coupling would be unstable. However, it could be used to approximate a locally repulsive
interaction; this idea is not explored further here.
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Local perturbation

Now we move on to the condition on the mismatch for which we alter the local coupling at
the n-th displacement Ky — Ky + 0K.

0K (n|Kjtn) > —1 (4.56)

For the Kac-Baker chain, then:

0K > —K, tanh(%) (4.57)

We expect mismatches to be locally softening so that ) X' < 0. This condition thus places a
strict limit on how destabilising the mismatch can be in this model. In particular, we see that
if the coupling length increases, mismatches quickly become destabilising enough so that
the whole system is no longer positive definite and thus no longer stable. For the present
model, in which X is chosen as 1 base pair, the critical value breaking stability is:

5Kcrit
Ky

~ —0.76 (4.58)

In the limit of A — 0, the criticality curve converges to -1. Intuitively, we can interpret this as
physically removing the spring from the decoupled chain.

Stability breaking 6K vs A for N =20
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Figure 4.7: Stability curve for § K for both a mismatch term.

51



Interaction term

Finally, we can also consider the system’s stability when both the mismatch and the global
strain are present. For a rank-two update, we had: We require D (3.44), the determinant of
the 2 x 2 update matrix, to be positive. We see the determinants of the individual pertur-
bations appearing separately, and we have already required them to be positive so that we
can write:

K'SK (n| Ky 1y)? < (1 + K <1N|f(0‘1\1N>> (1 VoK <nyk0—1;n>) (4.59)
For the Kac-Baker model, this becomes:
K'6K tanh(1/2))* < (Ko + NK'tanh(1/2)))(K, + 0K coth(1/))) (4.60)

Since the physically relevant case for a closing spring has K’ positive, which preserves
stability, we do not consider K’ a relevant parameter here. Instead, we solve for K as
the softening mismatch can break stability. This stability curve for this demand is plotted in
figure 4.8.

Ko(Ko + NK' tanh(1/2)))

§K > . (4.61)
K'tanh(1/2)\)" — NK’coth(1/\) tanh(1/2\) — Ky coth(1/))
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Figure 4.8: Stability curve for ) K for the interaction term.
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It is a less restrictive condition than the pure mismatch stability condition. This observation
is nearly independent of the strength or sign of the closing spring. In theory, this means that
there exist systems in which the presence of the closing spring is stabilising enough that
what would normally be unstable becomes stable. In particular, in the decoupled chain,
a "negative" spring in the mismatched chain can interact with the global strain, ensuring
that the overall system remains positive definite. Since we care about the existence of the
mismatch-only system, we are not considering that case at this time.

4.3.2 Strain

Because we have already developed the entire formalism to describe global frustration in
the system, it is now simply a case of filling in the relevant zero-mode eigenvalue Kj in
equation (3.36).

1 K 1 KoK’
AF, = -log| 1+ N—tanh| — SL? 4.6
Fa=3 °g< LA (2>\>) T 2Ky + NK' tanh(1/20) (462)

Or in the rigid limit:

AF, = —% log (Ko coth<i)) 4 Kocoth1/2) 5/, (4.63)

2\ 2N

Torque

There is a fundamental limit to the torsional strain a DNA molecule can withstand [43].
Over long enough distances (i.e. beyond the persistence length), it behaves approximately
as an isotropic flexible rod. As twist turns are added through the application of torsion,
the extension of the molecule remains nearly constant. That is, until a critical torque 7.+
is reached, after which the molecule buckles and forms interwinding structures. Beyond
Taitt» adding turns decreases the spatial extension of the molecule, since twist is converted
into writhe. Undergoing the supercoiling phase transition. Schematically, we can see this
as the DNA strand climbing the free energy hill (which we approximated harmonically in
equation (4.62)) by applying the torque to the system before it reaches the top of this climb
and starts to loop to release the strain, as shown in figure 4.9.

Free
energy

“Reaction
coordinate™

Figure 4.9: The free energy landscape of the straight and supercoiled states (taken from [44]).
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There also exists a limit on how much negative torque we can apply 7..;;—. Negative torque
underwinds the helix and can promote local strand separation or denaturation at relatively
small torques compared to the positive critical value [45]. Bryant et al.(2003) [43] deter-
mined the values for 7.+ using relaxation curves of a bead applying torque on a 14.8 kbp
long molecule as shown in figure 4.10.

Terity = 34pNnm = 8.3kpT /rad (4.64)
Terit— = —9.6pNnm ~ —2.3kgT /rad (4.65)
40 A
Tcrit, +
301 ©
s
o 4
2
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2
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Figure 4.10: Averaged twist elasticity data obtained by Bryant et al. (2003) [43], with clear
indications of 7T.t.

The system’s closure is regulated by the closing strength K’. Due to the tight nature of this
closing, we predict a relatively strong K’ compared to the fundamental K, coupling. But as
we will see, neither the qualitative nor the quantitative prediction of the MMP formalism is
very sensitive to the strength of K’; it therefore suffices to take K’ 2> 2K,. The global twist
is stored between this closing spring and all other nodes in the system.
The global under/overwinding J L is limited by the global torque through an effective closing
strength.
[ KoK’
T Ko+ NK’tanh(1/2))

Ideally, we decouple K’ and dL entirely. The most obvious way would be to work in the
rigid limit and to take K’ — oo in every equation we have come across. This is, however,
unnecessary as the VK’ tanh(1/2)\) term in the denominator will be of a greater order of

(4.66)
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magnitude for any sensible choice of K’, i.e. not a very soft closing spring. This is shown
explicitly in figure 4.11.

Ky
Ka=—"~411 4.67
= N tanh(1/2\) nm (4.67)
Which can now be used to impose limits on the global twist.
8 Lerits. = 7['(,; ~ 2.0rad ~ 0.32 Helical turns (4.68)
O Lerit— = Tcr,it_ ~ —0.57rad ~ —0.091 Helical turns (4.69)
Kiry

Normalised effective global stiffness for N =20
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Figure 4.11: Comparison of the effective global closing spring.

4.3.3 Mismatches

We now consider the mismatching case in the Kac-Baker model, we fill in the free-energy
penalty (3.12):

1 K 1 Ko+ 0K 1 — coth(1/X)
AF,, = =log( 1+ — coth( — da? 4.70
2 Og( T, (A)) LI <1+%coth(1/A) (+70)

The matched-mode perturbation formalism cannot fully capture the free-energy penalty
arising from a softening mismatch, as it predicts that the mismatch has a stabilising effect
on the helix. Contradicting its definition.
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An increase in entropy is natural to the model. The local softening increases the available
states in phase space. It is therefore a natural choice to extract the softening parameter ) K
straight from this contribution. We invert the entropic contribution in equation (4.70).

0K 1

e = (exp(—2AS8) — 1)tanh<x> 4.71)
In the original OWL sensor, the inhT mismatch is considered [10], which consists of a G-T
mismatch flanked by matching T-A pairs. We fit this using the nearest-neighbour model,
considering the mismatching AGC/TTC case from table 5 of Allawi and Santalucia [46]. To
get the full value of our model's AS, though, we must compare it with the matching case,

which is found in Table 1 of the same paper and in [47].
ASy = ASgr — (ASac/re + AScejca) = 35.2 + 5.6eu 4.72)

We convert these entropy units back to the dimensionless value by dividing by R = 1.987calmol ' K™,
which gives:
AS,, =17.7+28 (4.73)

For any value within the confidence interval, however, the contribution of the exponential
term is tiny compared to the order 1 term. This means that we can neglect this term, which

yields:
oK 1
— &~ —tanh( — 4.74
e an ()\) ( )

Exactly the stability condition for the local mismatch insertion (4.57). As this would make the
model unstable, we deem this method insufficient to fit the parameter. Since we cannot infer
them from the nearest-neighbour model, there is no direct determination of the mismatch
parameters {0 K, da}, as both influence the overall free energy landscape.
Literature [48, 49, 20] suggests that the effect of the G-T mismatch on helical parameters
or local twist is relatively minor compared with its destabilising effect on local pairing within
the stacking environment. This is further supported by the sequence dependence of the
thermodynamic effect of the mismatch [48].
In the matched-mode-perturbation formalism, this suggests treating the elastic response to
the mismatch as a local softening effect in the system. We therefore expect the stiffness
perturbation § K to be the leading coarse-grained parameter. To ensure we are working in
the regime where the harmonic approximation holds and remains relevant, we choose its
value to be in the range:

—0.6 < oK < -0.4 (4.75)

=T S

The geometry-altering perturbation da is interpreted as a smaller correction term that is
important for coupling to the global deformation §L in the interaction term. Due to its local
nature, we expect it to be significantly smaller. The interaction between the global strain
and the mismatch is optimised if the effects present competing contributions, as we can
infer from the extremum 6 L* in equation (3.64). This suggests that for a twist-based sensor,
the da parameter is a small local underwinding of the helix.

da ~ —10726 Ly (4.76)

There exists some evidence from molecular dynamics simulations supporting this claim in
the context of G-T mismatches [50].
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Heuristic argument

The formalism clearly omits some of the fundamental interactions of the DNA mismatch.
We see this mainly in the stabilising energetic response independent of the sign of the
local stiffness perturbation § K. To address this shortcoming, we must therefore include
another additive effect in the local interaction potential, effectively modelling many factors
not captured by this elastic approximation [51, 52].

K
V=-&+ 7%:2 4.77)
To this end, we present a heuristic argument based on the rigid-body description of DNA
shown in figure 4.12.

Matching case o Mismatch case
¢ Interaction sites

(a) (b)

Figure 4.12: A heuristic argument for why a mismatch has a stabilising effect in the MMP
formalism.

We presume each interaction site between the bases carries some effective energy back-
ground &, plus the quadratic energy that our model captures. For the matching case, then:

3
Vhateh = —3E& + 5Ko(u —a)? 4.78)

While the mismatch has only two interaction sites.
2
WMismaech = —2&0 + §(K0 + 5K) (U —a— 5&)2 4.79)

This interaction-site-based model thus indeed features a lower elastic energy component for
the mismatch case than for the matching case. But due to the presence of the extra effective
interaction, the matching case will have a lower overall potential-energy equilibrium, as
shown explicitly in figure 4.13.
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Figure 4.13: The potential energy of the matching case is lower in the equilibrium state due to
the presence of an additional stabilising interaction site.

The free-energy-interaction term is the fundamental quantity of this thesis and is only con-
nected to the global strain through the MMP formalism. The additive energetic contributions,
which capture the other effective parameters, will consequently not influence this. We can
therefore safely ignore these effects.

4.3.4 The Interaction Term

The lack of certainty about the mismatch-dependent parameters introduces some ambiguity
into the model, but this does not prevent us from establishing a quantitative free-energy
interaction term. It is given by:

(Ko + NEK' tanh(1/20))(Ko + 0K coth(1/)))
K’ tanh(1/2)) [K’(SLQ SK tanh(1/2))

/ 2
AAF :%log<1— K'§K tanh(1/2)) )

K, D 2 Ko+ NK'tanh(1/2)\) (4.80)
N (Ko + 0K)%*5a? tanh(1/2))
2 Ko+ 0K coth(1/X)
(Ko + 5K)5a5L}

Rigid limit

Another source of ambiguity is the strength of the global strain K’. However, as shown in
figure 4.14, the interaction term quickly converges to its rigid limit value. A derivation of
the general rigid-free-energy-interaction term is found in appendix B.5. For the Kac-Baker
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couplings, it is given by:

AAF, — %10g(1 B dK tanh(1/2)) >

N(Ko+ 0K coth(1/X))

Ko 0K
N(Ko+ 0K coth(1/X)) — 6 K tanh(1/2)) [QN(SL (4.81)
Ko+ 0K)%6a®>  tanh(1/2)) }

2 Ko+ 6K coth(1/\)

_|_

— (Ko + 5K)(5CL(5L + (

Interaction free energy versus closing stiffness K’
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Figure 4.14: Convergence of the free-energy-interaction term to the rigid limit.

The motivation of this rigid limit lies in the architecture of the OWL sensor itself [10]. As
explained in detail in the introduction, a large part of the improved mismatch selectivity is
attributed to the nearly circular geometry of the SNV-matching probe (P) strand. Its 3’ and 5’
ends are stabilised by stacking interactions, creating what is described as a structural lock
[11]. The resulting global constraint in our model must therefore act as a mechanically sig-
nificant closing spring with an effective stiffness expected to exceed the intrinsic stiffness of
the linear branch. For the relevant parameter set, choosing K’ 2 2K is sufficient to remain
within 5% of the exact result as shown in figure 4.15. Due to the model's coarse-grained
nature, this approximation error is minor compared to the inherent uncertainty linked to the
effective parameters. This makes the rigid limit a natural approximation of the system’s
global constraint.
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Figure 4.15: Relative error of the rigid limit interaction free energy.

Quantitative analysis

We can now consider a quantitative analysis of the interaction term. The amount of defor-
mation theoretically maximising the free-energy interaction term in the rigid limit is indepen-
dent of the model as the 1/ K’ term in equation (3.64) drops.

Ko
0L* = Néa| 1+ — 4.82
a( + 5K) (4.82)
Dependent on the mismatch parameters, this yields two cases which we plot for da =
—0.12rad in figure 4.16:

OL* > 0L, (Limited case) (4.83)
0L* < 0Lnax (Optimal case) (4.84)

We first consider a limiting case in which the optimal interaction term is constrained by
the allowed range of §L, as shown in figure 4.16. This yields a monotonic increase in
destabilisation from the interaction term. The sensor thus operates in a regime where
achievable selectivity is limited by the maximum torque that can be imposed globally before
supercoiling, rather than by the intrinsic optimum of the interaction term. Optimising sensor
performance is therefore impossible, as it would require driving the system close to the
supercoiling phase transition, which proceeds via an unstable equilibrium state [44], as
shown in figure 4.9.
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Free energy interaction term vs global twist deformation 6L for 6K/Ky = -0.4
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Figure 4.16: Limited case of interaction: The mismatch is not softening enough for the mani-
festation of a maximum in the free-energy interaction term

Free energy interaction term vs global twist deformation 6L for 6K/Ky = -0.6
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Figure 4.17: Optimal case of interaction: The mismatch is softening enough for the manifestation
of a maximum in the free-energy interaction term

More interesting is the optimal case, which, in principle, allows us to optimise sensor per-
formance within the allowed deformation range. Physically, the maximum arises due to the
switch from a competing to a cooperative effect. While initially, the increase in global de-
formation increases the coupling between the mismatch and the imposed strain, this is no
longer the case beyond §L*. The over-application of the global strain starts to compensate
for any mismatch-related effects at the local site, leading to a decrease in the interaction
term. In the rigid limit approximation, the optimal interaction term depends only on the
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mismatch-related parameters.

(4.85)

1 OK tanh(1/2)) (Ko + 0K)?4a?
AAF: = =1 1— -
rT 3 0g< N( ) 2K

Ko+ 0K coth(1/X)) (1+ % coth(1/X))

Dependent on the exact combination of the mismatch parameters, this optimum lies within
the ballpark of the interaction term reported by Stulens et al. of around 0.26 kcal/mol.
The accessible region allows for higher values than this, though, as shown in figure 4.18.
As we currently do not fully capture the effect of a mismatch in the model, this result can
help us further narrow the parameter space. It suggests that we should explore the regime
of significant softening, where a mismatch yields a local coupling strength around 40% of
that in the matching case. Whilst also limiting the local structural perturbation da to values
slightly stricter than the originally proposed —10725 L.
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Figure 4.18: Optimal interaction term in the approximate accessible parameter space of the
mismatch.

Figure 4.18 shows that the parameter space slightly shifts the optimal working regime.
The value of the optimal interaction term varies less with the softening effect than with the
local geometric perturbation. This is also evident in equation (4.85). The entropic term is
strongly suppressed by the system size N = 20 compared with the O(1) terms that remain
after cancellation of the Ky-dependent terms by the choice 6K « —K,. We therefore
expect the optimal working regime to be dominated by the energetic interaction term. This
scales quadratically with the da parameter, making it relatively more important than the
local softening. We must note, though, that the accessibility of the optimum, i.e. its position
(4.82), is determined equally by both.

Finally, we note the dependence of the interaction term on the system size N. For twist-
based sensors, this is not a suitable reference, as it immediately alters the system’s helical
periodicity. For OWL sensors, the interaction term disappears unless the probe size is finely
tuned to 9 base pairs [10]. However, single-molecule force spectroscopy has revealed that
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mismatches alter the force-extension response, which leads to changes in the free-energy
landscape of hairpin formation [53], for example, suggesting that, after the appropriate
coarse-graining, other inter-base-pair step coordinates can be modelled by the present
formalism. This could present opportunities to develop even smaller sensors.
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5 Source of Strain

The previous chapters provide an overview of the analytical model we developed for the
strain-mismatch interaction in DNA. As we have established, though, the formalism needn’t
be limited to torque-based sensors. For OWL sensors, there are strong indications that this
is indeed the case, but no guarantee. In this chapter, we identify the source of strain in an
OWL-like sensor using a combination of molecular dynamics simulations with the LAMMPS
oxDNA2 module and base-pair step analysis in 3DNA.

5.1 OxDNA

Contemporary simulations of DNA consist of two main classes. Monte Carlo-based simu-
lations (e.g., the cgDNA model we described earlier [25]) sample states according to the
Boltzmann distribution and subsequently yield parameters after analysis. And molecular dy-
namics (MD) simulations. This method involves numerically integrating the classical equa-
tions of motion. This can be combined with stochastic dynamics via a Langevin integrator
[54]. For complex systems involving multiple bound DNA strands, this is often preferred
because these systems must access states that are difficult to reach with equilibrium sam-
pling. The computational power required to integrate all translational and rotational de-
grees of freedom of all atoms grows quickly with system size, however. To this end, the
coarse-grained molecular dynamics oxDNA model was developed [55], capturing all es-
sential physics while remaining computationally efficient. It achieves this by approximating
DNA as rigid nucleotide structures, coarse-graining the underlying atomic structure.

5.1.1 OxView

One of the major challenges of simulating DNA nanostructures is their construction. For
setting up oxDNA simulations, the web-based structure builder and editor oxView was de-
veloped by the Sulc group [56, 57]. This allows the construction of sequence-dependent
many-strand systems and the modification of their backbone structure. This structure can
subsequently be exported as native oxDNA topology and configuration files. The topol-
ogy file contains all sequence-dependent information and backbone connections, while the
configuration file records the initial positions and orientations of all rigid nucleotides. Initial
pre-equilibration, the relaxation of highly constrained systems, is also possible on oxView
via base-cluster formation and rigid-body dynamics of the backbone. Our interpretation of
an OWL sensor before equilibration in oxView is shown in figure 5.1, where the bottom-left
bound strand represents the SNV-matching probe region.
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Figure 5.1: Initial oxView representation of the unequilibrated OWL-like sensor. The SNV-
containing target is bound in the bottom-left region. (Figure created with OxView [56, 57])

OxView also provides a visual interpretation of the system’s dynamics: all simulated timesteps
in the trajectory can be played sequentially as a video, which is useful for debugging un-
physical phenomena and for generating visuals.

5.1.2 Underlying Physics

We base our discussion on an introductory paper by Sengar et al. [58].

The version we use, oxDNA2, is a sequence-dependent model that treats nucleotides as
rigid building blocks and accounts for groove asymmetry in DNA [59]. The differences be-
tween the several versions of oxDNA are relatively minor for the purposes of this thesis,
so we refer to it as oxDNA from here. The oxDNA model consists of bonded interactions
between nearest-neighbour backbone nucleotides and non-bonded interactions between
nucleotides on the same or different backbones, as shown in figure 5.2. These depend only
on the relative orientation between the relevant rigid bases. Each nucleotide is modelled
using an internal reference frame defined by two orthogonal vectors that modulate these
interactions: the n vector, along the helical direction, captures backbone and stacking inter-
actions, while the b vector represents the hydrogen-bonding plane. These combine to give
the following potential energy, a sum of pairwise contributions:

% - Z (Vi)ackbone + V;tack + V;/xc) + Z (VH—Bond + ‘/;ross stack + ‘/exc + V;:oax) + VDH (5 1)
(ig) 0,5 ¢ (ij)
Where the first sum runs over neighbours (ij) along the same single strand, while the

second sum goes beyond single-stranded interactions. The potentials have the following
interpretations:
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* Vhackbone: Connectivity between neighbouring bases via the backbone. This poten-
tial is modelled by Finite-Extensible-Nonlinear-Elastic (FENE) springs that mimic the
covalent bonds along the strand. It is the only potential that is independent of the
orientation of the nucleotides.

* Viaek: Stacking interactions between adjacent bases on the same strand. The equi-
librium length of this stacking interaction is deliberately chosen to be shorter than the
backbone equilibrium length, such that helical stacked structures form naturally.

» V. and V.: Excluded volume interactions between adjacent bases and non-adjacent

bases, respectively.

* ViBond: Hydrogen bonding between opposing bases. Non-complementary base pair-
ing results in weaker hydrogen bonding, allowing mismatches to be modelled [60].

* Vs stack: Stacking interactions between bases on other strands.

* V.oax: Coaxial stacking interactions between bases across strand ends. This interac-
tion is important in our context as it generates the locked ends in the OWL structure.

* Vpu: Debye-Hickel electrostatic interaction, representing screened electrostatic re-
pulsion between DNA backbones in solution. Only present in the OxDNA2 model.

For exact forms of these potentials, we refer the reader to Ouldridge et al. [61].

Figure 5.2: OxDNA interactions are orientation-based between nearest neighbours (figure
adapted from [62])

5.1.3 Pipeline
LAMMPS

OxDNA also has the advantage of being available as a Large-scale Atomic/Molecular Mas-
sively Parallel Simulator (LAMMPS) package [63, 64]. Albeit with some minor modifica-
tions to the parametrisation of the quaternion coordinates used by oxDNA to the three-
dimensional coordinates used by the LAMMPS rigid body integrator. To convert any oxDNA/OxView-
related files to LAMMPS-related files and back, we used the helpful tacoxDNA software [65].
Most significantly, it allows us to convert the complex geometry we build in OxView (see fig-
ure 5.1) to a LAMMPS configuration file describing initial conditions of all particles/bonds
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in the system. For the input file required by LAMMPS, we based ourselves on a file by
Matthies et al. [55]. This utilises an oxDNA2 NVE-type rigid-body integrator with Langevin
thermostat to include stochastic dynamics.

3DNA

Since oxDNA is a coarse-grained model, the full atomistic structure of the helix is not con-
sidered by either oxDNA or LAMMPS. For further analysis, we use the TacoxDNA con-
verter to generate a Protein Data Bank (PDB) file. This conversion retains the position
and orientation of each coarse-grained nucleotide and constructs an approximate atomistic
representation of the corresponding base and backbone geometry. This also allows us to
construct the rigid-block structure we saw in cgDNA (see e.g. figure 4.1). We visualise,
using ChimeraX [66], both the full-atomistic model and the rigid-block-nucleotide structure
in figure 5.3. We note the atomistic representation of the ends of the strands in figure 5.3a.
This particularly highlights the coaxial stacking interactions that give rise to the locked-ends
OWL structure.

e, .
l;\'.‘( [ 4 /\Lﬁ "‘r‘ s‘ ,’CI\.Z I I '
A i\ i \ g
( 4 (»1 )
7 LR [ A
\ ;

| 'y . Q*\ ~ % ;':
N o ) i T A ARRAY
VRN LV, hA ! W :1 Wiy I 4y

(a) (b)

Figure 5.3: A comparison of the rigid-block-nucleotide structure and full atomistic resolution of
the same OWL structure created in oxView in figure 5.1. (Figures made with ChimeraX [66])
(a): Rigid-block nucleotide structure of the OWL sensor, the colour coding is as follows: A =
red, T=blue, G= , C=yellow. (b): Full atomistic model of the OWL sensor. Note that this
is an approximation made by the converter, and the atomistic model is not used in simulations.

We analysed the rigid-body structure in the PDB file using 3DNA [67]. Software specifically
designed to identify and analyse base interactions in PDB files of nucleic acids by con-
structing an internal reference frame for each base. For residues in close contact, i.e., base
pairs, it builds a similar quadratic matrix-based approach to cgDNA to determine a set of
rigid-body parameters, which are shown in figure 5.4.

67



z
x X X
Shift (Dx) Tilt (r)

Shear (Sx) Buckle (k)
2 z
X x x x
Stretch (Sy) Propeller (r) Slide (Dy) Roll (p)
2z

x
y y *

Stagger (Sz) Opening (o)

Rise (Dz) Twist ()

z
x x
2 J Y.
> z 5
x|
¥

" x-displacement (dx) Inclination (1)
| Il Coordinate frame
4
x
5 y ¥

: @% =<

y-displacement (dy) Tip (6)

Figure 5.4: 3DNA rigid-body base parameters, 6 intra base-pair (Shear, Buckle, Stretch, Pro-
peller, Stagger, Opening), 6 inter base-pair (Shift, Tilt, Slide, Roll, Rise, Twist) and 4 helical
parameters (x-, y-displacement, Inclination, Tip). (Figure from [67])

To determine the source of strain in OWL sensors, we construct several OWL-like geome-
tries and compare the relative values of the inter-base-pair SDNA parameters for the SNV-
matching probe strand. To do this, we developed the pipeline shown in figure 5.5. The
structures are first designed in oxView and then exported as oxDNA topology and configu-
ration files. These are subsequently converted using tacoxDNA into a LAMMPS configura-
tion file, combined with a universal input file. In LAMMPS, the system is first equilibrated,
after which trajectory steps are sampled. Since the saved LAMMPS coordinates may wrap
around the periodic simulation box, the selected frames are unwrapped before being con-
verted back to oxDNA files, which are then immediately converted to PDB files. 3DNA then
identifies all base pairs, constructs the base-pair reference frame, and finally analyses the
inter-base-pair-step coordinates.
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Figure 5.5: The pipeline to investigate inter-bp-step 3DNA parameters from a structure initially
built in oxView.
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5.2 Structural Comparison of OWL Geometries

5.2.1 Investigated geometries

)

\
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(m= -
Target SNV Site Target SNV Site

(a) (b)

Figure 5.6: Schematic of strained OWL sensors (a) and OWL sensors closed by a flexible linker
relieving strain. (Figures from [1])

Multiple designs were considered when OWL was first conceived by Karadeema et al. [10].
The main difference between the designs is the number of nucleotides hybridising to the
target strand in both the P and R strands, as shown in figure 5.6a. The most stable design
was the R;o/Pyo design, in which both strands hybridise with 10 nucleotides to the target
strand. However, this structure is stable enough to accommodate a mismatch and thus is
not selective towards the SNV-binding analyte. The best design appears to be the Ryy/Py
design, which consistently distinguishes SNVs from the wild-type DNA background. This
is why the twist parameter was considered responsible for the strain in the complex, as 9
nucleotides create an imperfect helical structure compared with the 10-nucleotide counter-
part. This provides the first useful comparison between the 9-bp-binding OWL9 and the
10-bp-binding OWL10.

Another way to relieve the strain in the sensor is the introduction of a flexible linker, as
shown in figure 5.6b [1]. We cannot model this exactly in oxView, so we simulate it by
cutting the backbone connecting the lower and upper parts of the P strand of the OWLS9.
We refer to this as OWL9-cut. All three designs are shown after equilibration in figure 5.7.
Once again, we place the SNV on the lower left double strand.
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Figure 5.7: Comparison of the three OWL designs, strain should be relieved in (b) and (c).
(Figures made with ChimeraX [66])
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For each geometry we compare, we sampled 107 timesteps to obtain precise results, re-
ducing uncertainty in almost all cases to a level small enough for qualitative statements.
An easy way to see this is that the Standard Error of the Mean (SEM) error bars are not
distinguishable in most plots, even though they are present. We then compare the three
structures to each other and to expected values in B-DNA as listed in Olson et al. [68].

5.2.2 Twist

As we expect the helical imperfection in OWL9 to be the primary source of strain in the
system, we first consider the twist parameter of the SNV-matching strand. Plots of the
relative twist between the rigid-base-pair steps are given in figure 5.8 in units of degrees.

OWL_9. bpstep_analysis: twist across bp-steps, efror bars = SEM OWL_10_bpstep_analysis: twist across bp-steps, error bars = SEM OWL_Cut_bpstep_analysis: twist across bp-steps, error bars = SEM

(a) OWL9 (b) OWL10 (c) OWLO-cut

Figure 5.8: Comparison of twist between the three designs from figure 5.7.

All three structures exhibit nearly identical twist distributions along the probe strand as the
twist fluctuates around the B-DNA equilibrium value of approximately 36°. No significant
difference is observed between the strained OWL9 and its less strained counterparts. This
suggests that twist is not the primary source of strain in the OWL9 sensor, as we expect it
to yield a global deformation, yet none is observed.

We observe strong oscillations in the twist parameter between base-pair steps in all cases.
This is unlikely to be due to global strain, as such strain should be relieved in OWL9-cut
and, to a lesser extent, in OWL10. This is supported by the fact that the oscillations aver-
age around the canonical B-DNA value. Given the small error bars, the pattern is repro-
duced across many timesteps, ruling out thermal fluctuations. A possible explanation is
sequence-dependent local geometry: the same sequence is analysed in all three designs,
and neighbouring base-pair steps can have distinct preferred twist values due to their local
stacking interactions. Similar sequence-dependent variations have been observed in other
sequence-dependent simulations before [69, 70].

5.2.3 Bending

The largest differences between OWL9, OWL10, and OWL9-cut are observed for the two
bending parameters, tilt and roll.

Tilt

For the tilt parameter, shown in figure 5.9, we observe a significantly different distribution
for OWL9-cut compared with the closed-loop OWL9 and OWL10. As tilt represents bending
transverse to the helical axis, this can be interpreted as the upper part of the sensor’s P
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strand pulling the lower strand towards it. This is even visible in figure 5.7 for both the
equilibrated OWL9 and OWL10 designs. The equilibrium tilt of B-DNA is around 0°, so
any significant deviation from zero indicates bending strain on the local geometry. This
suggests that the imposed strain is expressed as a deformation of the local tilt parameter.
The deformation is somewhat larger in OWL9 than in OWL10, while it is nearly absent in
OWL9-cut.

OWL_10_bpstep_analysis: tilt across bp-steps, OWL_Cut_bpstep_analysis: tilt across bp-steps, error bars = SEM

OWL_9_bpstep_analysis: tilt across bp-steps, error bars = SEM
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(a) OWL9 (b) OWL10 (c) OWL9-cut

Figure 5.9: Comparison of tilts between the three designs from figure 5.7.

Roll

Roll represents bending of the local helical axis in the groove direction and is expected to
be close to 0° as well. As shown in figure 5.10, the roll profiles display a similar qualitative
behaviour to the Tilt profiles. OWL9 and OWL10 both show a broad positive Roll deforma-
tion along the probe strand, with the deformation appearing stronger in OWL9 and again,
providing evidence that the closed-loop structure provides a contribution. The OWL9-cut
structure also exhibits a nonzero bending profile, suggesting that loop-closing cannot be
the sole contribution.

OWL_9_bpstep_analysis: roll across bp-steps, OWL_10_bpstep_analysis: roll across bp-steps, error bars = SEM OWL_Cut_bpstep_analysis: roll across bp-steps, error bars = SEM
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Figure 5.10: Comparison of rolls between the three designs from figure 5.7.

The larger deviation from the equilibrium values in OWL9 compared with OWL10 suggests
that the same amount of bending is imposed on the shorter hybridised strand. The missing
base pair in OWL9 does not appear to introduce a qualitatively different deformation, as
suggested by the proposed helical imperfection, but rather concentrates the imposed de-
formation over a shorter bound strand. This could explain why the OWL9 design is more
sensitive to mismatches than the OWL10 design.

The other parameters do not exhibit any significant deviation between the geometries. Plots
for these are therefore redacted to the appendix C.1.
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6 Conclusions

6.1 Analytical Model

The matched-mode perturbation formalism from which we built our analytical model pro-
vides promising insights into DNA mechanics. Since it is entirely general to systems with
quadratic degrees of freedom, it can be used to describe a multitude of perturbations to
DNA or other elastic systems. It gives an intuitive explanation of how an interaction term
arises between the MMP and how a non-zero mixing term (3| K, !|¢) is a signature of in-
teraction. The quadratic form of the free-energy interaction term with respect to the force
terms also makes it relatively easy to analyse and interpret results.

The correct coarse-graining procedure is important for this, as it determines the matrix ele-
ments that govern the exact effect of the perturbations on the system. The fact that coarse-
graining generates long-range couplings, together with its mathematical elegance, makes
the Kac-Baker model a natural candidate for a one-dimensional base model of DNA. lts
current circulant form somewhat limits its use for purely local effects, as it lacks correlations
beyond next-nearest neighbours. This limitation can be addressed by abandoning the idea
of translational invariance, albeit at the cost of losing some general results for the circulant
MMP formalism and making it harder to find a closed-form expression for the eigenvalues.

6.2 The Strain-Mismatch Interaction

The MMP formalism offers a consistent explanation of the strain-mismatch interaction in
strain-based biosensors and produces significant results. The interaction is guaranteed to
have a destabilising regime under a positive harmonic strain, independent of the underlying
base couplings. These sensors precisely require this to enhance their ability to distinguish
mutations from wild-type DNA. Additionally, it allows us to identify a maximum in the free-
energy interaction term, corresponding to the optimal working regime of the sensors, limited
only by the mismatch-dependent parameters. For twist-based strain, quantitative analysis
shows that this optimal working regime is accessible under certain assumptions about the
elastic effect of the mismatch. This optimal working regime lies within a range that signifi-
cantly stretches the limits of mutation detection.
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6.3 Outlook

Molecular dynamics simulations of OWL-type sensors reveal a rather surprising result:
strain is mainly manifested in local bending parameters. Fortunately, the model’s gener-
ality also allows us to describe this after refitting the strain- and mismatch-dependent pa-
rameters. It also shows that there are several ways to induce strain due to DNA’s unique
geometric features. The main result of the thesis is thus best shown by figure 6.1, which
is an arbitrary representation of an optimisable interaction term for an arbitrary quadratic
degree of freedom in DNA. Optimisable designs for strain-based biosensors are not limited
to twist alone, which opens the door to more efficient mutation detection.

Qualitative sensor optimisation
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Figure 6.1: Qualitative plot of the interaction term. The analytical model shows that any suitable
quadratic degree of freedom yields a significant destabilising region that allows for optimisation.
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A Statement on the use of GenAl

The following table shows where GenAl was used during this thesis. It was converted from
the KU Leuven Word template to IATEX. Coincidentally, this conversion of a Word table was

performed with ChatGPT.

For more information, see: https://www.kuleuven.be/english/education/student/
educational-tools/responsible-use-of-generative-artificial-intelligence#

Transparency.

Table A.1: Use of generative Al tools during the thesis.

GenALl assistance for Used Tool(s) Purpose
Language assistance for re- Yes  Grammarly Spelling, grammar, and text improve-
viewing or improving self- ment suggestions.
written text
Paraphrasing tool Yes  Grammarly Rewording and improving phrasing.
Search engine for informa- Yes Gemini Pro, Finding relevant information and un-
tion or existing research Elicit, ChatGPT derstanding papers.

Premium
Literature search Yes Gemini Pro, Gathering papers to read.

Elicit, ChatGPT

Premium
Generating  programming Yes  Gemini Pro, Generating plots, handling simula-
code ChatGPT  Pre- tion input/output files, and analysing

Generating new research
ideas

Generating synthetic data

Generating visuals, video, or
audio

Yes

Yes

Yes

mium
Gemini Pro

Gemini Pro
Gemini Pro,

ChatGPT  Pre-
mium

output files.

Exploring how to coarse-grain the
cgDNA+ matrix.

Generating a random DNA strand for
Chapter 4.

Creating the liquid biopsy figure in
the introduction, figures 1.2, 2.2
to 2.5, 3.1to 3.4, 4.12, 4.13 and 5.5
were drawn by hand and then con-
verted to TikZ using GenAl.

Al
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B Mathematical Derivations

B.1 Theorems

Theorem B.1 (Spectral Theorem for Stability). Let A € R™" be a symmetric matrix. Ais
positive definite (A - 0) if and only if there exists an orthogonal matrix () such that:
A=QAQ", with\; >0 Vi

This ensures det (A> =[] \i > 0, guaranteeing the existence of A~! and a stable quadratic
form [71].

Theorem B.2 (Gaussian integrals). Suppose Ais a symmetric positive definite N x N

matrix, then:
/dxeé@lﬁlm _ (zﬂ)iv _ [ em)f (B.1)
det A 1, M

where {)\,} are the eigenvalues of A.

Theorem B.3 (Sherman-Morrison). For any square invertible matrix A and column vectors
|u) , [v) the inverse of A + |u)(v| is given by [15]:

A~ u){o] A7

(A ufo)™ = A7 = Ty

(B.2)

and a consequence of said theorem, the matrix-determinant lemma.

Lemma B.4 (Matrix-determinant). For any square invertible matrix A and column vector

|u) ; [v) [14]:
det(A + [u)v]) = det A[1 + (v]A"|u)] (B.3)

Theorem B.5 (Woodbury matrix identity). Let Ay, U,C,V have the right dimensions and
A= Ay + U'CV then [15]:

ATV = Agt = AJTUNCTT + VASIUY) TV ALY (B.4)
and for the determinant:
det A = det(Ag) det(C) det(C~" + U A;'V) (B.5)

Theorem B.6. IfC is symmetric, positive definite and circulant, then C~'is also symmetric
(a), positive definite (b) and circulant. Moreover (c),

C=Uu Ut (B.6)

A2



Proof a.

cct=1
(cch' =1
(cH'ct=1
(cHo=1

() =

Proof b. Let |u) = C'|v) then:
(u|C~Hu) = (v|CCT'C) = (v|Clv) >0
since C' > 0
Proof c.
CUuv Ut =Uuwutve 'yt
= Uvy 'yt

=UUt
-1

Corollary B.6.1. Let C be an invertible circulant matrix. Then the row sum of C'~

inverse of the row sum of C. Equivalently, using the all-ones vector notation.

<1N|é_l’1N> _ N
N (In|Cl1N)
Proof.

cot=1

N-1
1ka]1 -

k=0

N—-1N-1

CZka_JI = z_: 5ij

N-—
k) Ch =

kj

k=0

ZQ.
,_. o

Il
AN

0

]

L js the

B.7)

Now we use the fact that C~! is also a circulant matrix, so that the sum over any row will be the

same:
N-1 N-1
-1 _ -1
> Gy =2 G5
j=0 j=0

A3



We get:

Cin » Cil=1
k=0 7=0
N-1
1
Cl=-__-
ij N—1
j=0 k=0 &
Row sum(C_l) = ;
Row sum(C)

B.2 Perturbing Twice

B.2.1 Woodbury for Rank-2 Update

For the presence of two matched-mode perturbations, we use the Woodbury matrix identity
B.5 for a rank-2 update.

A= A+ |u)fu| + |v)v] (B.8)
_ (ul
= Ao + VVt
The new inverse is then given by:
AT = A7 - ATV (13 + VIATTY) TVIADY (B.9)

It might not be immediately obvious, but we can treat this as a 2 x 2 block matrix problem.
We first compute the term within the brackets:

vy = (6 0)+ (0 4t )

_ <1+ (ul Agtu) - (ulAg o) )
(WlAg ) 1+ (v]Ag|)

So that its inverse is given by:

-t L1 WA ) = (] A )
(Lo + VIAS'V) ™ = 5( _<U|Aa%’u> L+ <u]1?151|u> (B.10)

Where D is the determinant of this 2 x 2 matrix:

D= (1+ (ol 45 o)) (1 + (ul A5 ")) — (ulA5"]0)” (B.11)

A4



So that:
—1 _g-1 i —1 L+ (w|Agt ) — (u[Ag'v) (ul —1
A —AO DAO (’u> |U>) —<U|A61’u> 1+ (u]Aal|u> <U| AO
Ay _ _ _ _
= Ag" = 5 [+ (] Ag o)) [u)(ul + (1 + (ulAg"|w) [v)v] = (ulAg" o) (Juv] + [v)ul)] A
_ 1 _ _ _ _ _ _
= Ag" = S0+ (Wl Ag o) A [u)ul Ag™ + (1 + (u|Ag u) Ag™ [o)(v] A
— (ulAg v} (A" [o)ul Ag* + A [u)v] Ag')] (B.12)
For the determinant of the updated matrix, we follow a similar procedure to find:
det A = det(Ag) det (15" + VFAG'V) = det(Ay) D (B.13)
B.2.2 Energetic Interaction Term

To find the energetic contribution resulting from the joint application of the MMPs, we eval-
uate the shift in the quadratic form using the perturbed inverse:

A& =g (1w 61T 19) (£ IR ) + 5 G i)
+m(1+§<t{K 1|t>)<fs $|1K53) +ft<s\K 1|t>>
— 26 (3B 8 (o (81RSM18) + £ IR DY) (£ GIES ) + 1 (LR D)]

- %(F IR 18 + f2 (IR + 20, (3K |8)) + e (B.14)

Note that the second and third lines still lie within the big square brackets, and we used the
fact that K, ' is symmetric. We can simplify this by expanding each term:

() = € (14w (3155 18)) (F2 (B K5 ) + 2/ <§\f<—1|£> ARG ) + f2 (il
(id) = (1 + € CELRG1) ) (2 GIKG 1) + 2 e (5] rfrlré )+ f2 (31K
(i) = 26 (3| K[ [ff (5IKTY8) (3] Ky >+fsft< SISV 8) (E|KG R + (3| Ky 1\t>2)
1j; }
We first simplify the O(f?) terms:

O(f2) -

§(1 4w (1R 118) ) GBIRG M) + (1 + € ARG D) ) (515 1s)

— 5(1 - ﬁ<§|KO*1|§>> (3| K18 + m(1 +§<t\Kgl\t>) (8K 8)> (B.15)

+ 17 GBIRG )

1‘t> |K 1‘

The O(f?) terms follow by symmetry (s <+ ¢t and k < £):

O(f2) k(1 - (i

K3 )) (IR + € (1+ v (315511)) (A D ®B.16)
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While the O(f,f:) terms are given by:

O(fsfe) :
25(1+m §|KY3) ) 1’t>+2fa< 1\t>)< (3|K:Y)3)
— 206 (|5 B (81K 13) (P75 ) + (3R E))

~

<§\K51\§>+K5 (3] K,718) £y — k€ (8| Ky

t<§tK

While the single MMP terms outside the bracket will cancel in the interaction term, the

same does not hold for the (5|Ky"|£) term, we thus bring it inside the bracket as well by
78Y’]

1£2>

B.17)

multiplying by the 2 x 2 update determinant.

K3'E) = 2 (3| K5t |f) [(1 + m<§|f(0_1|§>><

2D (s

K5 '[i)

:2<§]f<*1]£> (1+/<;<§\f<51\ + & (I KoM E) + K€ (3] Ko3) < e
— k€ (3|51 [0)°) (B.18)
We see that almost all terms at O( f; f;) thus cancel out and we are left with:
O(fsfr) = =2 (3| K |) (B.19)
Order by order, then the rank-2 energy penalty is given by:
1
A&, = 52 (¢(1—n (51K 13) )<s ( ) 3IK516)°)
f(s(1-ed —1\t>)< iy +f<1+ff S1R3 18 ) o0)') =255 GG 1)
2
L (\K H8) - < < |E) (B.20)

For the interaction term, we still need to subtract the two separate rank-1 energies given by
equation (2.36) from this:

AAE, = AE, — (AE, + AE)
IR G Lol M AR UL U N
2D 2 1k (3K 2 1+ (KR

This means we get two more O(f2) and O(f?) terms. We bring these into the big bracket
term by multiplying with the determinant D, for the O(f?) term, this yields:

K (8| Ky ts)°
1+ k(8] K5 15)

= (1 + € Gl D) (1 + #6155 19))

(B.21)

Al r—112\2
1|7 2) K (8| Ky 1|5>
1+ k(8] K1 8)
N OMGCLNE,
1+ k(8] K5 15)

(B.22)

_ ﬁ(1 : <£yf<0—1|£>) (Blk; 182 — 2
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So that the O( f2) within the bracket becomes:
(’)(fsz) :
§(1 = w (IR ) GRS D + (1 + ¢ <£|f(—1|£>) (3] K5 15)2
K2 (81K 1) (31K, 18)?
1+f<a< K5 13)

R GSIRT S
(- 253
-1
_ i ’t> (B.23)
1+ 5 (3 \Kol‘ °)

= w1+ € (HEG D) I3 +

_§<3

The calculation for the O(f?) terms is identical. The final expression for the interaction
energy of a rank-2 update is then:

2GR g IR
2 145 (3|5, 3)

1\t>
Ky'[t)

AAE, = D

- fsft <3

1yt>] (B.24)

B.3 Constrained Coordinates

Consider a general translationally invariant system described by a symmetric positive def-
inite circulant stiffness matrix K. In the presence of the closing spring, the Hamiltonian

takes the form )

H = % (z|K|x) + %((mm — L)’ (B.25)

In the rigid limit X’ — oo, the additional term in the Hamiltonian yields a Dirac J-function in

the partition sum.
/

exp l—%((lﬂx) —6L)*| x §({1y|x) +dL) (B.26)

This constrains the system to an (N — 1)-dimensional subspace of the non-rigid system.
The partition sum retains only the constrained Hamiltonian:

7z /deeXp(—H(xo, e ))6(nle) — OL)
= /ley exp(_%constrained) (B27)

To isolate the constrained mode, we use the orthonormal Fourier basis {|¢)} starting from
the zero mode.

1) = VN|g=0) (B.28)

Expanding the displacement vector in this basis:
N—
T) = y,lq) (B.29)
q=0
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The constraint becomes:
such that
oL
Yo \/N
The zeroth Fourier mode thus completely absorbs the rigid constraint, while the remaining

N — 1 Fourier modes remain unconstrained. Since the K is circulant, the Fourier modes
diagonalise the system and:

(B.30)

K |ly) = Ko |1n) (B.31)

This decomposes the Hamiltonian into a constraint term and a sum over the remaining
eigenmodes.

1 -
= 0L+ 5> Ku! (B.32)

The constrained partition sum is then given by integrating over the N — 1-dimensional sub-
space, with the addition of the extra term.

) wr
zzexp<_f_]3w> / vy exp[—5 qu§] (B.33)

Since the Hamiltonian is diagonal in this subspace, the eigenvalues fully determine the
Gaussian integral.

N-—1 —1/2 K—
Z=(2n)"7 (H Kq> exp (-ﬁ&ﬁ) (B.34)
q=1

Such that the free energy of the constrained chain is given by:

N-1
B 1 ~ KO 2
Fi=3 L; log (K,) — (N = 1)log(2m) | + S-0oL (B.35)

Which yields a free energy penalty compared to the free circulant model of:

1. o\ K
AF, = —5log <K0> + S0L% + additive term (B.36)

B.4 Critical Global Constraint Stiffness

For the existence of zero points for the free energy interaction parabola, we must solve:

Ky + 6K)%6a? 1 K'6K (n|K1x)>
_ 0

= og| 1— - =
26K(1+5K<n|K§1|n>) 2 g( (1—|—5K<n|K§1\n>)(1—l—NK’(n]KO’lHN))

(B.37)
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for the global closing stiffness K

crit*

We first define the reduced mismatch energy:

(Ko + (5K)2(5a2
20K (1 + 0K (n|Ky'|n))

Em =

(B.38)

K! 0K (n|Ky1y)?
log 1_ Crllt <n| | N> - :2A€m
(14 6K (n|Ky ' n)) (1 + NK.y (n| Ky ' |1y))
B K! 0K (n|Ky ' |1y)?
(14 6K (n|Ky ' n)) (1 + NKl; (n| Kyt [1y))

K!. 6K (n|K; 15 = Dp(1+ NK' (n| K5 1x)) (1 — exp(2Ac,,))
K, (5K (| K3 1n)? + ND,, (n| K3 |1x) (exp(2Ae,,) — 1)) = Dp(1 — exp(2A¢,))
/ 1 D, (1 — exp(2Ae,,))

N (n| K7 1n) 0K (n|Kytn) — NDp(1 — exp(2Ae,,))

= exp(2Ae,,)

crit —

We can simplify this some more by using

. 1
n|K 1y) = — B.39
(|3 |1w) = & (8B.39)

So that we can link back to the zero-mode eigenvalue:

. D,, (1 — exp (—<K°§£§f = ) )

K., = Ko
_ND,, (1 _ eXp((Ko+5K)26a2 ))

crit

(B.40)

Ko 6K D,

B.S The rigid Limit Interaction Term
One of the physically relevant cases is the rigid limit of an infinitely strong closing spring.

Since we are looking for the interaction free energy of the system, all divergences arising
from K’ — oo cancel out.

B.5.1 Entropy

For the entropy, the rigid limit is found very easily by inspection of equation (2.47):

/ r-—1 2
AAS, = — lim —log KA(SII( (nlfo |1n) o
K'—c0 2 (L K (Il By Y Ia))(1 + 0K (] Ky ' n))
1 K (n| K1y
— _Zlog|1-— A_f (Ko [Lw) — (B.41)
2 (In| Ky 1) (1+ 6K (n|Kytn))

Slnce |1y) is the ¢ = 0 eigenvector in momentum space for both K, and consequently for
K we can simplify this somewhat by using:

(In| Ky 1) = N (n| Ky 1y) (B.42)
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Which we will use in all calculations from here on. The rigid interaction entropy is now given
by:

1 SK (n| K71
AAS, = —=log| 1 — (nlfy | N1> (B.43)
2 N(1+4 0K (n|Ky'|n))
B.5.2 Energy
First, we consider the determinant in the denominator:
1 1
D (1 + K <1N|K5111N>) (1 oK <n|f<0—1|n>) ~ K'0K (n| K71y
— L (B.44)

K nl R ') (N(1+ K (0] n)) = 6K (nl R [1x))
We should thus first isolate all K’ terms from the terms inside the brackets in equation (2.51):

K' K'0K (n|KyY1y)?

1) — =
W= NK'(n|Kq*[1n)

e 6K
= K' (n|K; ' 1y) (Wéﬁ) (B.45)

. L K+ 6K)%a?  (n|K;'|1n)

K'(n|K 1 ( 0__ B.46
(11) = K’ (n| Ky | N>< 5 15 0K K- n) (B.46)
(iii) = K" (n| K7 |1n) (6L(K + 6K)da) (B.47)

All these terms, along with the determinant, come with a K’ (n|K;"'|1y) term and thus
cancel any divergences we might have been worried about.

AAE, = S— - [5—K§L2—(K+5K)5a5L
N(1+ 0K (n|Ky'|n)) — 6K (n| Ky '[1y) 12N
. (K +6K)%a®>  (n|K5' 1) ]

2 1+ 6K (n|K; Y n)

(B.48)

The full rigid interaction free energy is:

-1
AAF, = %log (1 _ K (nlfq_|Ln) >

N1+ 6K (n|Ky'n))
" — [
N(1+ 0K (n|Ky'|n)) = 0K (n| Ky [1y) L2V
+(K+5K)26a2 (n| Ky 1) ]
2 1+ 6K (n|K; ' n)

§L* — (K + §K)dasL  (B.49)
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C Supplemental Data

C.1 Other 3DNA parameters

Rise represents the physical rest distance between base pairs, lying around 3.32 A, and
all three geometries lie close to this value. Similarly, the Shift and Slide profiles display
only small variations along the probe region. Although local differences between the three
structures are present, they do not show the same clear separation between closed-loop
and cut geometries observed for the bending parameters Tilt and Roll. We therefore do not
identify these translational base-pair-step parameters as the dominant structural signature
of strain in the OWL sensor.

OWL_9_bpstep_analysis: rise across bp-steps, error bars = SEM OWL_10_bpstep_analysis: rise across bp-steps, error bars = SEM OWL_Cut_bpstep_analysis: rise across bp-steps, error bars = SEM
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3DNA bp-step index 3DNA bp-step index 3DNA bp-step index
(a) OWL9 (b) OWL10 (c) OWL9-cut

Figure C.1: Comparison of rise between the three designs from figure 5.7.

Shift measures the relative displacement of neighbouring base pairs along one transverse
axis of the bp reference frame. The expected value for this is around 0 A, and all strands
lie within a close range of this value.

OWL_9_bpstep._analysis: shit across bp-steps, error bars = SEM OWL_10_bpstep_analysis: shift across bp-steps, error bars = SEM OWL_Cut_bpstep_analysis: shift across bp-steps, error bars = SEM

snift
o
shift
/
<
\
pd
shift
.
\
s

3 A E E2 35 4 5
3DNA bp-step index 3DNA bp-step index 3DNA bp-step index

(a) OWL9 (b) OWL10 (c) OWLO9-cut

Figure C.2: Comparison of shift between the three designs from figure 5.7.

Finally, the slide is the relative displacement along the other transverse axis, approximately
describing whether neighbouring base pairs are displaced along the long-axis direction of
the base pair. Here we expect slightly positive values around 0.23 A. We see the same

All



pattern as for twist: relatively large fluctuations over the base pairs that average out to
approximately the values we expect for each strand.

OWL_9_bpstep_analysis: slide across bp-steps, error bars = SEM

A
/\ f \\

/

OWL_10_bpstep_analysis: slide across bp-steps, error bars = SEM

OWL_Cut_bpstep_analysis: slide across bp-steps, error bars = SEM
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(a) OWL9 (b) OWL10 (c) OWL9-cut

Figure C.3: Comparison of slide between the three designs from figure 5.7.
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