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The accurate modeling of plasma-based accelerators relies on costly numerical simulations due to the complexity
of laser-plasma and beam-plasma interactions. Several strategies can highly reduce the computational cost com-
pared to 3D first-principles particle-in-cell simulations, such as exploiting the near axial symmetry and quasistatic
nature of plasma wakefields in many practical cases. Here, we propose a quasistatic algorithm that enables the
modeling of axially symmetric plasma wakes without the need of a numerical grid. The gridless approach allows
extremely fine features to be resolved without a dramatic increase in computational cost. This is critical, e.g.,

for the design of future plasma-based colliders with nanometer emittance beams. The proposed model has been
implemented in the Wake-T code, where it is coupled to a laser envelope solver and a particle beam pusher to
enable the efficient simulation of laser- and beam-driven plasma accelerators.

1. Introduction

Plasma-based accelerator (PBA) technology has the potential of
shrinking the size of future particle accelerators thanks to its capability
of sustaining up to ~100GV m~! gradients. The promise of extreme gra-
dients and compactness has driven an increasing interest in the research
and development of this technology, with breakthroughs in the achieve-
ment of GeV energies [1], high beam quality [2-4], reproducibility [5],
and even free-electron lasing [6-8].

Critical to this progress and to its continuity is the use of numerical
simulation tools that enable testing new concepts, optimizing the accel-
erator performance, and improving the understanding of experimental
results. However, 3D full electromagnetic particle-in-cell (PIC) simula-
tions are computationally demanding. Due to the Courant-Friedrichs-
Lewy (CFL) condition, resolving the sub-micron features of the plasma
wake over centimeter to meter distances would result in ©O(10°) to @(107)
time steps, respectively, which can require in excess of thousands of
node-hours on a high-performance computing cluster [9]. This poses a
practical limit to such simulations, and therefore to the development
of new solutions to the current challenges of PBA technology. A par-
ticularly challenging example is the start-to-end modeling of plasma-
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based collider concepts [10], which would require the simulation of
tens to hundreds of accelerating stages with extreme resolution due to
the nanometer emittance of the accelerated beams.

Developing more efficient algorithms is therefore essential to en-
able large-scale studies and to agilize the progress of PBAs. Several
approaches have been developed that exploit the symmetries and
characteristic properties of plasma wakefield generation to achieve a
lower computational cost. These include the quasistatic approximation
(QSA) [11-14], the transformation into a Lorentz-boosted frame [15],
the use of a laser envelope model [11], and the use of algorithms with
cylindrical or quasi-cylindrical geometry [16]. A particularly efficient
example is the approach proposed by P. Baxevanis and G. Stupakov [17],
which makes use of the QSA and axial symmetry to develop a model
for the plasma response that does not require a numerical grid nor a
predictor-corrector loop [18]. However, this method was developed to
describe the blowout regime in uniform electron plasmas that are driven
by particle beams with analytic density profiles, and did not allow for
the modeling of more complex and realistic cases.

Here, we propose a generalization of the gridless algorithm that
enables the modeling of arbitrary density profiles, multiple plasma
species (including the motion of background plasma ions), as well as a
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non-uniform radial discretization of the plasma. The model has been im-
plemented in the Wake-T code [19], where it has been coupled with a
laser envelope solver [20] and a particle beam pusher to enable the full
simulation of laser- and beam-driven plasma accelerators [21]. While
the laser and particle beam solvers do need a numerical grid, the size
and resolution of each grid is independent of the others and of the grid-
less background plasma. This allows for great flexibility, with grids that
can dynamically adapt to the size of the particle beams and that are
therefore able to resolve arbitrarily small particle distributions without
increasing the number of grid points. This is critical, among others, for
the cost-effective simulation of collider concepts. Benchmarks of the pro-
posed algorithm against the quasi-3D full-PIC code FBPIC [22] and the
3D QSA code HiPACE++ [23] demonstrate the high fidelity and drastic
cost reduction of the proposed algorithm.

2. Gridless quasistatic model
2.1. Theoretical framework

The underlying model for the wakefield generation is based on the
gridless approach originally developed in Ref. [17], which describes the
non-linear, axially symmetric response of a uniform electron plasma
with a fixed ion background to the space-charge field of analytical
electron beam profiles. Our model generalizes this initial derivation to
non-uniform plasmas with an arbitrary number of mobile species (both
electrons and ions) which respond to the space-charge fields of beam
particle distributions as well as the ponderomotive force of a laser pulse.
The result is a numerical model of broad applicability that enables the
efficient simulation of laser- and beam-driven plasma accelerators when
the wakefield geometry can be assumed to be axisymmetric.

We introduce the model starting from Maxwell’s equations in ax-
ial symmetry under the QSA [11,14], using ¢ = k,(z —ct) and p = k,r
as the normalized longitudinal and radial coordinates, where k;l =
Vm,egc? /nye? is the plasma skin depth, n, is a reference plasma den-
sity, ¢ is time, and z and r are the longitudinal and radial dimensions.
This results in the following set of equations:

19 oF,
-—(pE)+ = Y ang+ Y, an, (1a)
P op % LSo ses®
J0E
a_z = Z qngUy s (1b)
, ses®
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where the right-hand side contains the contribution of all N, plasma

particle species S®) = {S?J )},-eu,NpJ and N, particle beam species S® =

{sgb) }ien,n,) to the charge density and current. Particle beam species are
assumed to be ultra-relativistic and to propagate with no radial motion,
ie,v, =1 and v, =0Vse SO All quantities in Egs. (1a)-(1d) and in
the following derivation are dimensionless: velocity v is normalized to
the speed of light ¢, momentum u to m,c, mass m to the electron mass
., charge ¢ to the elementary charge e, electric field E to m,cw,/e,
magnetic field B to m,w), /e, scalar potential ¢ to m,c? /e, vector potential
a to m,c/e, and particle density n to n,. For simplicity, we drop the ¢
and p dependencies from the notation of any field quantity 7, such that
F (¢, p) is written F whenever unambiguous.

Introducing the potential y = ¢ — a, allows the electric and magnetic
fields to be written as

m

9
E, = -%, (2a)

oy
B,—E, = P (2b)
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which, if introduced into Egs. (1a)-(1d), yields the following equations
for w and By:

10 < ay/> Z
(1 =v, )q,ny, (3a)
pp )
(p g)] =-—= qn (3b)
[p op YEZS;,,) s1st
+_|:qu315+2‘]53
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In principle, an additional equation for y can be obtained from Eq. (1b),
)

ie, » (’3—‘2’) X ses» dshsVr, but we will not be making use of it be-
cause integrating Eq. (3a) is already sufficient to find a solution for y.

The theoretical framework of the wakefield model is completed
with the continuity equation for the fluid quantities for each plasma
species [17]

J
om0, = 3= )] =0 @

oc
and the constant of motion for an initially cold and unperturbed
plasma [11,12]

q
Vs —Ugg+ m—sy/ =1. (5)

s
This constant of motion represents the conservation of energy in the co-
moving frame ¢. It dictates how the potential energy from the wakefield
generated by the incoming driver shall be translated into kinetic energy
in the background plasma and thereby limits the possible trajectories
that a plasma particle might follow, as we will see in the next section.

2.2. Discretization of plasma species into macroparticles

Solving Egs. (3a) and (3b) requires finding an appropriate expres-
sion for the plasma source terms on the right hand side. The beam
density distributions nﬁh) are instead assumed to be known and are
provided externally. They could be, e.g., an analytical expression or
a particle density deposited on a grid. Following the original deriva-
tion in Ref. [17], the plasma is discretized into a set of N, macropar-

ticles P, = {p},p5, ..., " v, } Vs € S®. Each macroparticle p; is described

as a delta function 5‘(p, &) =6[p— p; $(¢)] with a radial and longitudi-
nal position o 5(&) and C ¢, momenta u; ({ ) and u} ({ ), and a weight w?
that contains the radially integrated particle density represented by the
macroparticle. Similar to the fluid quantities, we will avoid writing the
explicit dependency of the macroparticle quantities except were needed.

The macroparticles are initialized at the front of the simulation do-
main (¢ = 0, ahead of all laser and particle beams, where the plasma is
unperturbed) with a radial position p;o = pj. C=0=Y,. ;Apy + Apjﬁ /2,
where Apj. is the radial extent of plasma represented by the p; macropar-
ticle. In the case of uniform macroparticle spacing (i.e., Ap; = Ap*),
as considered in Ref. [17], the initial radial distribution simplifies to
pjo = (1/2 + j)Ap. Here, however, we make use of the general expres-
sion. This enables a strategy for refining the plasma discretization trans-
versely only where needed (e.g., close to the axis) and therefore min-
imizing the computational cost of the algorithm. This is discussed in
detail in Section 4. The macroparticle weights depend on the initial ra-
dial distribution, and are given by:

plo+he;/2
w; = / . 150, p)pdp n0P A0 (6)
080}/2
where we have assumed that the initial particle density profiles of all
plasma species are identical (i.e., n,(0, p) = n(0, p) Vs € SP) and that the
density is uniform (i.e., n(0, p) = n(0, p;o) = njﬁo) within the bounds of the
integral, i.e., within the immediate surroundings of the macroparticle.
Egs. (4)-(6) allow the fluid quantities in the right-hand side of
Egs. (3a)—(3b) to be obtained for each species s € S* by summing over
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all macroparticles p; € P;:
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2.3. Equations of motion for plasma macroparticles

After initialization, the distribution of plasma macroparticles can be
perturbed by the space-charge field of particle beams, the ponderomo-
tive force of a laser pulse, as well as the resulting fields generated by the
plasma response. To simplify the notation and avoid the superindex s in
the macroparticle quantities, we will use in the following a single index
i to identify each plasma macroparticle independently of its correspond-
ing species. This index is defined such that macroparticles are sorted by
increasing radius, i.e., p;,; > p; Vi always. Assuming that Eq. (5) holds,
the evolution of each plasma macroparticle is given by the equations of
motion

du.; q (v o V,laP?
o= 4ap‘l/i —By; - A L_ - ). (8a)
¢ m\ v 4m; W
@ =t (8b)
d¢ 7N
2 Sy
1 tu -+ Ilall
uz,i = 2',_1 : . (8C)
1
1 +u Tt u/ t o |a|2
= , 8d
Vi 20, (8d)

where we define y; = 1 — 1// and include the ponderomotive force of
a linearly polarized laser pulse with a transverse normalized vector po-
tential a, (¢, p, 1) = RI[A(¢, p, 1) exp(—iky&)]. In Egs. (5)-(8d) and in the fol-
lowing, we adopt the notation 7, = F({;, p;) and o, F; = %(g’i, PV €
{¢, p} for the field quantities and their derivatives evaluated at the po-
sition of the macroparticles.

2.4. Numerical integration of wakefields

Egs. (8a)—(8d) can be integrated numerically by discretizing the lon-
gitudinal direction with a finite step A¢. Then, by recovering the plasma
fluid quantities with Egs. (7a)-(7d), a numerical solution of Egs. (3a)
and (3b) can be obtained. Starting with Eq. (3b), the magnetic field can
be first separated into two components By = Bg’) + B;" ) that represent
the contribution from the current of the particle beams Bg’) and the
plasma species B;p) . In this way, the magnetic field from the beams can
be obtained from a given charge distribution (either an analytical profile
or a discretized density deposited on a grid) as

9 B®
ap[p 5, >] Y, an ©

SES(b)
while B;”) is given by

0 [1 9, o
=[=Z(pB)| = ) q
0p pﬂp ses®

anS UZ,S ans Ur,s (10)
dp ¢

Computer Physics Communications 328 (2026) 110308

The radial derivative of the longitudinal plasma current is found us-
ing Eqs. (5) and (7d)

Z qs ngUz s _Zqz 1<7l. — )095[, (11)

ses®

while the longitudinal derivative of the radial current can be obtained
from Egs. (5), (7c), (8a) and (8b) as [17]
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2
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12)

i
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This expression is equivalent to the explicit form described in [24], and
therefore allows for a numerical solution of the plasma evolution with-
out the need of a predictor-corrector loop [25,26].

Following our assumption that p;,; > p;, the magnetic field between
macroparticles i and i + 1 can be expressed as

b,
B;p)=a,-p+;’, 13

which follows from the fact that there are no plasma currents in the
space between the two plasma macroparticles (delta functions), i.e.,

a,[a,(ng’))/r] =0 . The g; and b; coefficients are obtained by solving
the recursive system
A;j p‘ A;
a; I+ 2p; a1
b, _Af_/’? 1 A \b,,
2 2 (14)
1B +A,C)
*1
Zpi(4ci —2Bip; — A;C;p;)

with boundary conditions b, =0 and ay =0 [17]. The coefficients

_[ 2B (p) ]
Y, %(A,.é,.Bé”)+ B;5; +C;0,6;) after substituting Eqs. (11) and (12).
Thus, they are given by

A;, B; and C; result from rewriting Eq. (10) as

_w lI
L (15a)
pl m; WI
(b)
w; 47 1w w; a4} By
Bi=-——L -4+ (15b)
pi My pi m; V/:
39 0A 2
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2
ﬁi “,,,-ap'lfi _ ﬂq_,z U, ;O Y
pi m; u'/[.3 pi m; 117,-2 '
q;w; (7, q;w uy
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IRN 7 P P

Details about how to solve this recursive system of equations can be
found in Appendix A.

A numerical solution for y and dy /dp can be found by substituting
Eq. (7b) into Eq. (3a), which, after integration from the axis to p, yields

oy 1

£ -_Z W . 16

Py P Z‘_ q;w; (16)
pi<p

By integrating again Eq. (16) with boundary condition y(p - o) =0
and assuming that the plasma is initially neutral (}; ¢;w; = 0) it is found
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Fig. 1. Plasma response to (a) an electron and (b) laser beam as calculated with
the gridless quasistatic model. The trajectory of each plasma electron macropar-
ticle is shown in blue. These trajectories can be used to calculate the resulting
electromagnetic fields at any location using Eqs. (13)—(18). In this case, the E,
and E, fields are shown for both the beam- and laser-driven cases in panels
(c)-(f). (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

that

w:—Zqiwiln(pi)— Z qiwiln(§>. a7
- - i
' n<r

Finally, taking the longitudinal derivative of Eq. (17) results in

dy qw; Uy q;w; Uy

o ,Zl’i V_/i+Z b W (e
pi<p

where Eq. (8b) has been used.

Egs. (13)-(18) allow the calculation of Bg’), v, oy /dp, oy /d¢ (and
therefore of E, and E.) at any location p within the radial plasma col-
umn if the position and momentum of the macroparticles, as well the
source terms Bg"l?, |Ez|[2 and 0,,|13|,-2 are known. Thus, they can be used to
determine the fields experienced by the plasma macroparticles and to
calculate their motion according to Eqgs. (8a) and (8b), which can be
solved numerically to obtain the response of the plasma to particle and
laser beams, as illustrated in Fig. 1. Numerical algorithms for this task
include the Runge-Kutta (used in Ref [17]) or Adams-Bashforth meth-
ods [27], where the latter can be more computationally efficient by not
requiring the calculation of intermediate steps.

Note that Egs. (15a)-(18) reduce to those in Ref. [17] in the case of
an electron plasma (¢; = —1, m; = 1) with no laser source terms (14> =0)
and changing to the longitudinal variable & = —¢.

A remarkable property of this numerical model is that Egs. (13)—(18)
allow the plasma fields to be sampled with arbitrary radial resolution.
Compared to a typical PIC algorithm, the plasma macroparticles do not
interact with each other through a numerical grid. Instead, the fields
are calculated directly at the location of each macroparticle, so that the
resolution is only limited by the inter-macroparticle distance and the
longitudinal step A¢ of the numerical integrator. Thus, the presented
method can resolve extremely fine features in regions of high macropar-
ticle concentration without the need of a high-resolution grid, and there-
fore without increasing the computational cost of the algorithm. This is
useful, for example, for modeling the blowout sheath, which is a narrow
region where the plasma electrons expelled by the driver accumulate
and that features a sharp spike in density and current whose shape is
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important for determining the blowout fields [28]. In these cases, the
gridless method is therefore expected to reach convergence at a fraction
of the computational cost, compared to an equivalent gridded algorithm.

While the gridless method is fully kinetic, it inherits the limitations of
the quasistatic approximation: wavebreaking is not properly captured,
and the results of a strong blowout regime should be taken with care
behind the back of the first bubble.

2.5. Key algorithmic adjustments

Special care should be taken when evaluating the fields at the exact
location of the plasma macroparticles. This is due to their shape being a
delta function, which results in two main issues that should be handled.

The first one is that the radial sums in Egs. (13)-(18) present a dis-
continuity at p = p;, i.e., where they need to be evaluated to obtain the
field values at the location of each plasma macroparticle. Reference [17]
addresses this issue by taking the average of the two neighboring val-
ues, but we have found this approach to still introduce significant error,
particularly for the macroparticles closest to the axis. Instead, we pro-
pose to compute the fields as described by the equations above, but
using the modified weight i, = /ﬂ‘x".i(;()_A/’i/z n(0, p)pdp = w;/2 — Ap? /8 in-
stead of Eq. (6) for the macroparticle at which the field is being calcu-
lated. The modified weight i0;, compared to wj;, takes into account only
the charge of the macroparticle below p;, which is the charge that would
actually be contributing to the radial integral being computed.

The second issue comes from having to consider multiple plasma
species of opposite charge. This is in contrast to Ref. [17], where only
the plasma electrons were discretized and a uniform ion background
was assumed. The challenge here is to achieve a field that is radially
smooth even though the underlying plasma is a non-smooth distribu-
tion of delta functions. For example, assuming that the same num-
ber of electron and ion macroparticles are initialized at exactly the
same positions, Eq. (16) would correctly result in 9,y (p) = 0. How-
ever, the tiniest displacement between an electron an its correspond-
ing ion would lead to large, nonphysical gradients between them. The
solution we have adopted to this issue is to solve Eqgs. (13)-(18) sep-
arately for each plasma species, and afterwards to gather the fields of
a species s, into another species s using linear interpolation. More
specifically, this means that the field 7, (any of v, d,y, d,y or B;}"))
of species s, at the position p;  of a macroparticle from species s is

given by Fu(p; p) = Fa,; + %(pw — p;.4)» where j is the index of
the last macroparticle fromj A wi{h ;.4 < p; p- This method allows for
smoother interpolation without resorting to a grid. Another assumption
we make to simplify the algorithm is to compute B;”) in Eq. (13) by tak-
ing only the electrons into account, since the ion currents are negligible
in comparison to those of the electrons due to their much bigger mass
(Uion/ue & me/mion < 1073)'

3. Integration into wake-T

Wake-T (Wakefield particle Tracker) is an open-source simulation
code for charged particle beams that is specialized in the modeling
of PBAs [19]. It aims to provide a fast and inexpensive alternative to
general-purpose PIC codes by making use of reduced physical models for
the plasma wake. The approach followed by Wake-T is similar to that of
other tools used for the modeling of conventional accelerators, such as
ASTRA [29], whose focus is on the numerical integration of the motion
of beams of charged particles in the presence of electromagnetic fields.
The fields experienced by the beam particles can be given as analytical
expressions or as multidimensional grids whose value is interpolated
to the location of the beam particles. The motion of the beam parti-
cles in these fields is integrated using either the Boris method [30,31]
or a classical fourth order Runge-Kutta method. Both of them are par-
allelized using multi-threading to take advantage of multi-core CPUs
with shared memory (i.e., in a single node). The code is written in pure
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Fig. 2. Simplified view of the main Wake-T particle tracking loop (left) and the implementation of the gridless model (right). The main loop evolves each of the

elements in the simulation from their initial state up to a maximum final time ¢
determining the next element to evolve by comparing the current simulation time ¢,

max*

Since each element can have a different time step, every iteration begins by
with the current time ¢, and time step Az, of each element. When updating

sim

the plasma fields with the gridless model, the loop shown on the right is executed. The plasma macroparticles are initialized at the right boundary ¢ =0 and

are iteratively evolved until the left boundary ¢

min

with a step A{. Every iteration over longitudinal slices involves sorting the macroparticles radially, computing

the required quantities at the location of the macroparticles, and evolving their radial motion. A grid is used to communicate between the plasma and the laser
and macroparticle beams, as explained in the main text. The steps that involve communication with a grid are highlighted with a blue gridded background. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

PYTHON and uses NUMBA [32] to compile the most compute-intensive
functions into fast machine code using LLVM [33]. Being part of the
BLAST toolkit [34], Wake-T is fully compliant with the openPMD data
standard [35] for both input and output of the simulations.

The particle tracking loop in Wake-T evolves the simulation by ad-
vancing the beams, the fields, and the output diagnostics in time. Each
of these elements can advance with a different time step, and this time
step can be fixed or vary throughout the simulation. This is done in
an iterative process where, at each step, the next element to advance is
determined based on the current simulation time, the time step of the el-
ements, and the last time they were advanced. In this context, element
is one of beam, field and diagnostics. This is illustrated in the left
diagram of Fig. 2 (Main Wake-T loop).

Several reduced wakefield models were previously implemented in
Wake-T, including the original gridless [17] model generalized to sup-
port parabolic plasma profiles and a laser envelope solver [20], which
allowed for fast optimization of laser-plasma accelerators (LPAs) [36] or
multistage accelerators [21]. Key features enabled by the present work
include the use of multiple plasma species (and thus the modeling of
ion motion) and arbitrary density profiles. Furthermore, adaptive grids
(see Section 4) and non-uniform plasma macroparticles spacing enable
the modeling of arbitrarily thin beams at constant computational cost.
These features are key, for example, to enable the simulation of future
plasma-based collider concepts, such as HAHLF [37].

A high-level overview of how the new gridless algorithm was imple-
mented in Wake-T is shown in Fig. 2. At a given time step, the plasma

column is iteratively evolved from the front to the back of the domain
with a longitudinal step A{. Each iteration starts by sorting the plasma
macroparticles radially and gathering the beam and laser source terms
at each macroparticle. This information is then used to calculate the
wakefield potential and its derivatives with Egs. (16)—(18). Knowing y;
and the source terms then allows u, ; and y; to be updated using Egs. (8c)
and (8d), and to calculate B;‘_”.) using Egs. (13)-(15c). Finally, the plasma
macroparticles are evolved to the next longitudinal slice (i.e., by —A¢{)
using an Adams-Bashforth algorithm of second order. Once this itera-
tive process is completed (¢ = ¢,;,), the plasma response is known in
the whole domain at this time step. Its effect on the laser pulses (refrac-
tion) and particle beams (electromagnetic force) can then be accounted
for when advancing these by one time step Ar.

As indicated in Fig. 2, it should be noted that while the algorithm
to evolve the plasma macroparticles is gridless, it still needs to be able
to communicate with an external grid to handle the laser-plasma and
beam-plasma interaction. The use of a laser grid is required by the en-
velope solver, which implies that the laser source terms need to be in-
terpolated from the grid onto the plasma macroparticles, and that the
macroparticles need to deposit the plasma susceptibility y = n/y into the
laser grid. The use of a regular grid for the beam-plasma communication
is not strictly required, but it allows for a simpler and potentially more
efficient algorithm by using well-established interpolation methods and
avoiding the need to sort the beam macroparticles radially and longi-
tudinally at every step. With this approach, Eqgs. (13)—(18) are used to
calculate the plasma fields at the grid nodes, and their value at the beam
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macroparticles is later found through interpolation. An implementation
with direct beam-plasma interaction (i.e., without an intermediate grid)
could be explored in the future. The laser and beam grids are indepen-
dent from each other and can have different extents and resolutions. The
time step of the laser envelope solver can also be set to be an integer
fraction of the time step for updating the fields At) ;.. = Atfio1as/ Noup bY
performing N, subcycles using the same y. All of this allows for great
flexibility when choosing which parameters to refine in a given simula-
tion. The longitudinal spacing of the beam grid is always set to match
that of the plasma macroparticle solver.

4. Adaptive grids for particle beams

A potential downside of using an intermediate grid for the beam-
plasma communication is that the resolution of the fields seen by the
beams is limited by that of the grid. This would be especially problem-
atic for beams with narrow transverse size o,, as it would require a grid
with radial resolution Ar < ¢, and therefore a large number of radial
grid points N, that would increase the cost of the simulation. This is,
for example, one of the main challenges for electromagnetic PIC codes
to simulate beams with collider-relevant parameters. Due to the nm-
range normalized emittance and TeV-range energy, ¢, would be orders
of magnitude smaller than the transverse size of the wake, resulting in
an extremely high resolution and, therefore, computational cost. Fortu-
nately, the gridless method can overcome this issue because the radial
extent and resolution of the beam grid is independent of the background
plasma. This allows us to introduce adaptive grids (AGs), i.e., grids with a
fixed N, but whose radial and longitudinal extent dynamically adapts to
the size of the particle beams. The number of points per beam width can
therefore remain constant, without increasing the simulation cost. This
could in principle be implemented per slice. In order for the fields in the
AGs to be accurate, there needs to be sufficient plasma macroparticles
in the domain of the AG. As a general rule, the macroparticle spacing
should be smaller than that of the AG, so that the field resolution is not
limited by the AG. Here, we take advantage of a non-uniform initializa-
tion of plasma macroparticles enabled by the gridless method presented
in Section 2: the number of plasma macroparticles can be increased only
where needed to keep the computational cost low. For example, in a sim-
ulation with collider-relevant parameters (¢, ~ O(1 nm)) only the region
close to the axis would require a higher macroparticle density.

An example of using AGs is shown in Fig. 3, which corresponds to
a case with two electron beams (one driver, one witness) in a uniform
hydrogen plasma with a density of 10'® cm=3. Both beams have an ini-
tial energy of 1 GeV and a relative energy spread of 1 %. The driver has
a charge of 1nC, an RMS duration of 100fs, a normalized emittance of
10 um and a transverse size of 10 um, resulting in a peak particle den-
sity of ~1.3x 107 cm™3. The witness beam is centered 200 um behind
the center of the driver and has a charge of 0.5nC, an RMS duration of
50fs, a normalized emittance of 1 um and a transverse size of 3 um. The
peak particle density is ~1.5 x 10'® cm™3. The transverse phase space is
mismatched to the focusing fields in the plasma, causing its transverse
size — and therefore the extent of its AG - to oscillate throughout the
simulation, as observed in Fig. 3(a) and (b). The plasma macroparticles
have a non-uniform initial distribution, with 8 macroparticles per mi-
cron for r < 10pm and 2 macroparticles per micron in the rest of the
domain. This makes sure that the ion motion arising close to the axis
when the witness beam contracts is accurately modeled.

By default, the extent of the AGs is such that all macroparticles in
the beam are within the grid. Optionally, a maximum or a fixed radial
extent can be set to prevent them from getting too large if, e.g, a few
beam macroparticles escape from the plasma wake. Macroparticles that
escape the AGs will gather the fields from a lower-resolution base grid
covering the full domain of the simulation, just as they would if AGs
were not used.

The space charge field of the beams B;b) is also contained within
their respective AGs, and can be extended beyond them. If a plasma
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Fig. 3. Use of adaptive grids (AGs) for gathering the plasma fields into the beam
macroparticles. The grids dynamically adapt to the size of the macroparticle
beams at (a) z = 0 and (b) z = 1.5 cm. For improved visibility, the grids in (a) and
(b) show only a fraction of the grid resolution used in the simulation. The AGs
allow for high-resolution field sampling only where needed (i.e., in the region
the macroparticle beams), as seen in (c) and (d). The trajectories of the plasma
electrons and ions are shown in blue and red, respectively. There, plasma is
initialized with more macroparticles close to the axis to capture more accurately
the ion motion due to the witness beam. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this
article.)

macroparticle with a radius larger than the extent of the AG needs to
gather Béb), the beam field at the macroparticle will be given by Bébi) =

(b)
0.N,

and value of the Bg’) at the last grid node.

Bg,);v,’Nr /r;, where ry and B are, respectively, the radial position

5. Validation benchmarks

The accuracy, performance and applicability of the gridless model
implemented in Wake-T has been assessed with a laser-driven and
a beam-driven benchmarks that are also simulated with the quasi-
cylindrical electromagnetic PIC code FBPIC and the 3D quasistatic PIC
code HiPACE++, respectively.

The laser-driven setup consists of a plasma stage with a longitudinal
density profile given by a 10 cm plateau with an on-axis density n, = 2 x
10'7 cm~3 and a Gaussian up- and downramp with a decay length o_ z =
0.3 mm and a total length of 1 mm. The radial profile is parabolic, with a
density given by n(r) = ng[1 + 4% /(k2w})]. The laser driver has an energy
of 10J, a wavelength A, = 800nm, a peak normalized vector potential
ag = 2.65, a duration gy = 25fs and a focal spot size wy =40 ym at
the entrance to the plateau. The electron beam is externally injected and
has a trapezoidal current profile with a total charge of 114.6 pC that has
been optimized for beam loading [38]. It has a current of 4.26 kA (head)
and 3.50kA (tail), a head-to-tail duration of 21.2fs, and a time delay
between the head and the laser centroid of 184.0 fs. The beam profile is
smoothed with a 1 um Gaussian ramp both at the head and the tail. It
has an initial energy of 200 MeV with an RMS relative energy spread of
0.1 %, a normalized emittance of 1 um in both planes and a transverse
size of 0.92 um that is matched [39] to the focusing fields in the plateau.

The Wake-T simulations are performed using a simulation box with
length L, =120 um, where the plasma wakefield and the laser en-
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velope are updated with a time step ¢ Afgiq = Lpox /2. The plasma ex-
tends radially up to 2.5w, and the base grid used both for the electron
beam and the laser envelope extends up to 4w,. No adaptive grid is
needed for the electron beam in this case. The larger extent of the grid
is needed due to the reflective boundary conditions of the envelope
solver. The numerical convergence of the algorithm is tested by varying
the radial and longitudinal resolutions. In the radial direction, the res-
olutions k;l /Ar =10, 20, 40 and 80 are tested while making sure that
the underlying gridless plasma features the equivalent of 2 macropar-
ticles per cell. The longitudinal direction is discretized using the res-
olutions czpyy/Az = 10, 20, 40, 80 and 160, which also determine
the longitudinal step of the plasma particle pusher. In the FBPIC case,
the simulations are performed in the Lorentz boosted frame [15] us-
ing ype0st = 21, which makes the full plasma stage fit within the boosted
simulation window. The dimensions of the simulation box, the reflec-
tive boundary conditions, and the radial resolutions tested are the same
as in Wake-T. In the longitudinal direction, the resolutions used are in-
stead Ay/Az = 10, 20, 40, 80, 160 and 320 due to the need to capture the
laser wavelength. In all cases, the time step in the non-boosted frame is
given by Az/c, and the number of macroparticles per cell is 1, 2 and
4 in the longitudinal, radial and azimuthal direction, respectively. Due
to the different algorithms used by FBPIC and Wake-T, there is a slight
difference in how the laser and particle beam are initialized in the sim-
ulations. In Wake-T, due to the quasistatic approximation, the laser and
witness beam are initialized inside the plasma, at the very beginning of
the entrance ramp. In FBPIC, they are both initialized before the plasma
such that the simulation box in the non-boosted frame has its right edge
(in the direction of propagation) at the beginning of the entrance ramp.
The laser is injected using a virtual antenna, and the witness beam is
propagated ballistically until the entrance of the plasma. The smooth
1 mm-long upramp helps mitigate any potential differences in beam evo-
lution between these two initialization strategies.

An overview of the simulation results is shown in Fig. 4. The sim-
ulations converge to a final witness beam energy and energy spread of
2.91GeV and 0.37 % in Wake-T, and of 2.91 GeV and 0.40% in FBPIC.
The laser evolves considerably in this long plasma stage (the electron
beam is accelerated by 2.7 GeV), which is well captured by Wake-T.
Wake-T reaches convergence with a longitudinal resolution that is at
least a factor 20 lower than in FBPIC. The radial convergence is also
faster in Wake-T, as indicated by the final beam parameters and by
the shape of the blowout sheath highlighted in Fig. 4 (a). While the
sheath at the back of the wake appears identical in all Wake-T simula-
tions, its shape changes in FBPIC unless the resolution is increased above
k;l /Ar = 80. The faster radial convergence is likely a feature of the grid-
less model, which can naturally resolve regions of high radial macropar-
ticle density. As a result of the faster convergence and simpler physi-
cal model, the converged Wake-T simulations (using k;l /Ar =40 and
cTpwpam/Az =80 = k;‘/Az ~ 127) can be performed in only 7 min on
a single CPU core, while an FBPIC simulation of comparable conver-
gence level (using k;'/Ar =80 and 4y/Az =160 = k,'/Az ~2376)
would require 9.8 h making full use of an NVIDIA A100 GPU.

Besides the quasistatic gridless model, the faster longitudinal conver-
gence of Wake-T can mostly be attributed to the use of laser envelope
solver, as expected from Ref. [40]. Using 80 points per laser period is
typical to resolve the laser dynamics with high accuracy. This corre-
sponds to k;l /Az = 1200, which is where FBPIC reaches few-percent-
level convergence. Isolating the specific speedup due to laser envelope
solver is out of the scope of this work as it also impacts the boosted
frame method [41].

Finally, FBPIC assumes quasi-cylindrical symmetry: comparison with
a 3D PIC code would yield a larger speedup and is out of scope of the
present work. This considerable reduction in computational cost and
runtime enables, e.g., fast prototyping of LPA design, simulation of long
multi-stage setups [21], large-scale optimization, and stability and jitter
studies.
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Fig. 4. Simulation results of the laser-driven study. (a) Side-by-side comparison
of the highest-resolution results obtained from FBPIC (top) and Wake-T (bottom)
at the same propagation distance in the simulation. The colored lines at the
back to the wake indicate the shape of the blowout sheath for different radial
resolutions. The inset shows the final longitudinal phase space of the witness as
obtained from both simulation codes. The bottom axes show the convergence
of the final beam energy spread, measured as the median absolute deviation
(MAD), in terms of (b) radial and (c) longitudinal resolution.

The beam-driven benchmark consists of a 4-meter-long lithium stage
with a uniform density of 10'® cm™ preionized to the first level. The
choice of lithium is motivated by the large energy difference between
the first and second ionization levels, which prevents a narrow, high-
intensity witness beam with collider-like parameters from further ion-
izing the plasma. The driver beam is initially Gaussian in all directions
and has an energy of 20 GeV, an energy spread of 1 %, a charge of 2nC,
an RMS duration ¢, = co;l ~ 177.3fs, a normalized emittance of 10 um
and a matched transverse size of 1.95um. The peak particle density is
~3.9 x 10" cm~3. The witness has a longitudinal trapezoidal profile that,
as in the laser-driven case, has been optimized for beam loading. It has
a total charge of 833 pC, a head-to-tail duration of 217.3 fs, a current ra-
tio of 0.32 between the tail and the head, and a time delay between the
head and the driver centroid of 694.9 fs. The initial energy is 175 GeV
with an energy spread of 0.35%. The normalized emittance is 135nm
in both planes, with a matched transverse size of 132nm, resulting in
a peak particle density of ~1.1 x 102! cm~3. These parameters are in the
range of what could be expected from an acceleration stage identified in
the European Strategy for Particle Physics roadmap [42], or a plasma-
based Higgs factory, such as the HALHF proposal [37] if round beams
were used [43].

Due to the small transverse size of the witness, extreme scale discrep-
ancies make this scenario very challenging even with the most advanced
quasi-cylindrical electromagnetic PIC codes like FBPIC, and the use of
AGs in Wake-T and of mesh refinement (MR) in HiPACE++ [44,45]
is required to improve the efficiency and reduce the run time. In or-
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Fig. 5. (a) Simulation of a beam-driven plasma stage with collider-relevant pa-
rameters performed with Wake-T. The use of adaptive grids (AGs) is advanta-
geous here due to the small transverse size of the witness beam. The insets in
(a) show a detailed view of the witness beam and its AG. The fields in the AG
feature a much higher resolution than in the rest of the domain, and are able to
resolve the ion motion cone. A transverse lineout of W, = E, — B, in the base
grid and the AG is shown in the top right inset. (b) Final emittance growth for
different effective radial resolution as obtained from Wake-T (with and without
AGs) and HiPACE++ (with and without MR), including a case where ion motion
is disabled. (c) Comparison of the total runtime of the Wake-T simulations with
and without AGs.

der to assess the advantages of AGs, the Wake-T simulations are per-
formed with and without AGs. Similarly, ion motion is expected to play a
significant role due to the high intensity of the witness. Thus, simula-
tions with and without mobile ions are included in the study. The simu-
lation box in Wake-T has a length L, =650 ym and a plasma column
that extends up to r,,, = 300 ym. The longitudinal resolution of all grids
and of the plasma pusher is L, /Az = 600, while the radial resolution
is varied to perform a convergence study. The time step for updating the
plasma wakefields is cAt;;q = 2mm. When not using AGs, both driver
and witness share the same base grid, which has the same radial extent
as the plasma. The radial resolutions tested for this case are r,, /Ar =
256, 512, 1024, 2048, 4096, 8192, 16 384 and 32 768. When making use of
AGs, each beam gets an associated grid with a radial extent r,,, , = 1 um
for the witness and ry,, ; = 20 um for the driver. The radial resolutions
tested for the witness AG are ry,,, ,/Ar,, =4, 8, 16, 32, 64, 128 and 256;
and r, 4/Ary = 161, ./ Ar,, for the driver. The radial size of both AGs
is fixed throughout the computation to keep Ar,, and Ar, constant and
therefore simplify the analysis of the convergence study. The macropar-
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ticle distributions of both beams are also identical in all simulations,
having 8 x 10° and 4 x 10° macroparticles for the driver and witness, re-
spectively. Although this number highly exceeds the requirements of the
lower resolution simulations (which could therefore be proportionally
less expensive), using the exact same distribution allows the conver-
gence scan to exhibit much smoother behavior. Otherwise, the behavior
of the beam parameters would be hindered by differently random beam
distributions.

The 3D simulations carried out with HIPACE++ use the same box
length and longitudinal resolution as those from Wake-T, while the ra-
dial extent is 300 um. The transverse resolution when not using MR is
varied between r,. /Ar =256, 512, 1024, 2048 and 4096. The cases
with MR use a base grid with r_ . /Ary = 4096 and an on-axis refined
patch extending 7 radial cells of the base grid with a resolution of
Fmax/Arp = 4096, 8192, 16384, 32768, 65536 and 131072. Note that
HiPACE++ resolutions are discussed in terms of radius for direct com-
parison with Wake-T: for the same resolution, HIPACE++ uses twice as
many points in x and y as Wake-T does in r. One macroparticle per cell
is used in all dimensions, both in the base grid and in the refined patch.
As in Wake-T, the same driver and witness beams are used across all
simulations, both with 108 macroparticles.

In terms of computational resources, the HIPACE++ simulations used
16 nodes on the JUWELS Booster supercomputer, each equipped with
AMD EPYC 7402 CPU sockets and 4 NVIDIA A100 GPUs. The Wake-T
simulations ran on a single core of an AMD EPYC 7552 CPU.

The results of the simulation study are summarized in Fig. 5. The
witness beam experiences an energy gain of 17.1 GeV and an emittance
growth of 25 %, where the latter occurs due to the strong ion motion
caused by the witness beam itself. Both Wake-T and HiPACE++ con-
verge at the same rate and to the same result. This confirms that the ion
motion is correctly modeled in Wake-T, and therefore the validity of the
multi-species implementation in the presented gridless model. Another
highlight is that the use of AGs in Wake-T and of MR in HiPACE++
allows for convergence to the same results while allowing for strong re-
duction of the computational cost. The use of AGs allows the electron
beams to experience the fields with high resolution (see Fig. 5(a)), reach-
ing convergence with simulations that are an order of magnitude faster
(25 min vs 2.8 h) for the same equivalent resolution. It should be noted
that the cost of the Wake-T simulations is artificially dominated by the
beam particle pusher, due to the large number of beam macroparticles.
Since convergence is already reached with r,,, /Ar ~ 20000, which is 4
times smaller than the highest resolution tested, the number of beam
macroparticles could also be safely reduced by the same factor. Thus,
when adjusting the number of beam macroparticles accordingly, a con-
verged simulation can be performed in 10min on a single CPU core.
The high efficiency demonstrated by the gridless model therefore en-
ables the study of future plasma-based collider concepts with accurate,
axisymmetric simulations of the plasma wake.

Despite the differences in computing architecture (CPU vs GPU), we
can obtain a crude comparison between the performance of both codes
by calculating the time required to compute a longitudinal slice per time
step on 1 compute unit (a single AMD EPYC 7552 CPU core for Wake-
T; one NVIDIA A100 GPU for HiPACE++). For the challenging simu-
lation with 8192 radial cells and no AG/MR, we estimate that Wake-T
required ~2 ms per longitudinal slice per time step, while HIPACE++ re-
quired ~100 ms per slice per timestep. This difference is expected from
the added dimension in HiPACE++, which requires much more oper-
ations using a more potent processing unit. Incidentally, the number
of cells computed per second, normalized to the peak performance of
the hardware used (0.05/19.5 TFLOPS for the EPYC/A100) is approxi-
mately 0.1 cell per nanosecond per peak TFLOPS for both codes.

Finally, Wake-T can also be compared with QPAD [46], another
quasistatic code that makes use of reduced geometry. While Wake-T
assumes full cylindrical symmetry, QPAD - like FBPIC — makes use of an
azimuthal mode decomposition to capture slight deviations from cylin-
drical symmetry at the cost of solving additional 2D grids (one per az-
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imuthal mode). While care should be taken when comparing different
codes on different platforms and use cases, data from Li et al. [47] (cf.
Table 1) suggests that QPAD demands more computational resources
than Wake-T, albeit using fewer radial cells (256 vs. 8192). This can be
attributed to the azimuthal decomposition, which provides added accu-
racy at the cost of more computation.

6. Conclusion

The presented gridless quasistatic model makes it possible to sim-
ulate axially symmetric plasma wakes with high fidelity at a reduced
cost. Our implementation of the model in the Wake-T code is coupled to
a laser envelope solver and a particle beam pusher, and proves to be an
accurate and cost-effective alternative to typical PIC codes. In a laser-
driven case, it converges to equivalent results with a resolution that is at
least a factor ~ 40 lower (factor ~ 20 in longitudinal direction and fac-
tor ~ 2 in radial direction) than with the cutting-edge quasi-cylindrical
electromagnetic PIC code (FBPIC), which uses the most advanced nu-
merical schemes. The faster convergence of the gridless model coupled
with the laser envelope solver reduces the computation runtime from
9.8h on an NVIDIA A100 GPU (FBPIC) to 7min on a single CPU core
(Wake-T). Another advantage of the gridless algorithm is that it allows
for a straightforward implementation of local refinement of the field
resolution by initializing more plasma macroparticles in the region of
interest (e.g., close to the axis), and is devoid of numerical artifacts on
the refined grid boundaries. This keeps the computational cost down
while allowing for a high effective resolution.

Although the plasma solver is in itself gridless, the current imple-
mentation makes use of an intermediate regular grid for the communi-
cation between the plasma and the laser and particle beams. With this
approach, the plasma fields are first precomputed in the regular grid
and then interpolated onto the beam macroparticles. In order to keep
the advantages of local field refinement with this approach, the concept
of adaptive grids has been introduced. These grids dynamically adapt to
the size of the beams so that the fields are only sampled where needed
while keeping a constant resolution relative to the beam size.

Simulations with and without adaptive grids demonstrate conver-
gence to the same solution, and are in full agreement with the results
obtained with the 3D quasistatic PIC code HiPACE++. Furthermore, the
use of adaptive grids together with on-axis refinement yields signifi-
cant savings in computational time (factor ~ 10 in the presented study)
when simulating extremely narrow beams, such as those needed for col-
lider applications (nm-level emittance). As an example, a ~20 GeV, 4 m-
long plasma stage with collider-relevant parameters can be simulated in
10 min on a single CPU core. This enables simulation studies that would
otherwise be prohibitively expensive with current tools, and which are
critically needed to solve the challenges of plasma acceleration towards
becoming a viable technology for future high-energy colliders.
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Appendix A. Solve recursive system

The recursive system in Eq. (14) cannot be solved directly, as we
would need to know the values of both 4, and ay (or, alternatively, of
by and by ). Instead, we have the conditions ay = 0 and b, = 0, which are
at opposite ends of the iteration. To solve this, Eq. (14) can be rewritten
so that ¢; and b; are linear functions of q

(A.1a)
(A.1b)

where the coefficients K, U;, T}, P; are determined by solving the recur-
sive systems

a; = Kjag +T;,
b =Uay + P,

Aipi A
K; I+ W |/ Kia
=l (A2)
and
Aipi A
(T,-) I+ T (T,-_.>
= 3
| (A.3)
1@B +4,C)

%pi(4ci —2Bip; — A;Cip))
which, in this case, do have a set of initial conditions K, =1, U, =0,
T,=0,Pp=0allati=0.
Once the system of equations has been solved iteratively to obtain
the value of K and Ty, we have that ay = Kyay+ Ty. Since ay =0,
this implies that

ag=——-, (A.4)

which allows a; and b; to be obtained from Egs. (A.1a) and (A.1b), and
therefore to calculate Bg’ ) according to Eq. (13).

This approach is equivalent to using a linear shooting method [49]:
if Eq. (14) is the recursive system arising from the boundary value

I (1o (p) i ) : )
problem 2 [;d—p(pB; )] = 3, “A5BY + Bb, + C0,6) with BY'(0) =

0 and Bép)(oo) =0, then Eq. (A.3) is the recursive system stemming from

the initial value problem a% [%;—p(pyl)] =Y, %(Ai5iY1 + B;6; + C;0,6;)
with y,(0) = 0 and % y:(0) = 0 and Eq. (A.2) is that from the initial value
af10 ) - P
problem £ [; d—p(pyz)] = 3, % 4,6,y ith 5(0) = 0and £ y,(0) = 1. The
solution can then be expressed as Bé,p ) » =y ) — ;—N ¥,(p), which stems
N

from lim,,_, o ;‘—EZ; = T—N, and which is equivalent to Eq. (13) combined
2 N

with Egs. (A.1a), (A.1b) and (A.4).
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$a_\perp (\zeta , \rho , t) = \Re [{\hat {a}(\zeta , \rho , t) \, \mathrm {exp}(-ik_0\zeta )]}$


$\mathcal {F}_i=\mathcal {F}(\zeta _i, \rho _i)$


$\partial _\nu \mathcal {F}_i=\frac {\partial \mathcal {F}}{\partial \nu }(\zeta _i, \rho _i) \, \forall \nu \in \{\zeta , \rho \}$


$\Delta \zeta $


$B_{\theta } = \bThetaBeamSpecies + \bThetaPlasmaSpecies $


$\bThetaBeamSpecies $


$\bThetaPlasmaSpecies $


\begin {equation}\frac {\partial }{\partial \rho } \left [ \frac {1}{\rho } \frac {\partial }{\partial \rho }(\rho \bThetaBeamSpecies ) \right ] = \frac {\partial }{\partial \rho } \sum _{s\in S^{(b)}} q_s n_s ,\end {equation}


$\bThetaPlasmaSpecies $


\begin {equation}\label {eq:b_theta_plasma0} \frac {\partial }{\partial \rho } \left [ \frac {1}{\rho } \frac {\partial }{\partial \rho }(\rho \bThetaPlasmaSpecies ) \right ] = \sum _{s\in S^{(p)}} q_{s}\left [ \frac {\partial n_{s} v_{z, s}}{\partial \rho }- \frac {\partial n_{s} v_{r, s} }{\partial \zeta } \right ].\end {equation}


\begin {equation}\label {eq:dr_jz} \sum _{s\in S^{(p)}} q_{s}\frac {\partial n_s v_{z,s}}{\partial \rho } = \sum _{i} \frac {q_i w_i}{\rho _i} \left (\frac {\gamma _i}{\bar {\psi }_i} - 1\right ) \partial _\rho \delta _i ,\end {equation}


\begin {equation}\label {eq:dz_jr} \begin {split} \sum _{s\in S^{(p)}} &q_{s}\frac {\partial n_s v_{r,s}}{\partial \zeta } = \sum _{i} \frac {q_i w_i}{\rho _i} \Bigg [ \\ &\frac {q_i}{m_i}\frac {\delta _i}{\bar {\psi }_i} \left ( \frac {\gamma _i\partial _\rho \psi _i}{\bar {\psi }_i} - B_{\theta ,i}^{(p)} - \frac {q_i}{m_i}\frac {\partial _\rho |a|^2_i}{\bar {\psi }_i} \right ) \\ &+ \frac {q_i}{m_i}\frac {u_{r,i}\delta _i}{\bar {\psi }_i^2} \left ( - \frac {u_{r,i}\partial _\rho \psi _i}{\bar {\psi }_i} + \partial _\zeta \psi _i \right ) \\ &+ \frac {u_{r,i}^2\partial _\rho \delta _i}{\bar {\psi }_i^2} + \frac {u_{r,i}^2\delta _i}{\rho _i\bar {\psi }_i^2} \Bigg ] . \end {split}\end {equation}


$\rho _{i+1} > \rho _i$


$i$


$i+1$


\begin {equation}\label {eq:b_theta_plasma} \bThetaPlasmaSpecies = a_i \rho + \frac {b_i}{\rho } ,\end {equation}


$\partial _r[\partial _r(r \bThetaPlasmaSpecies )/r]=0$


$a_i$


$b_i$


\begin {equation}\label {eq:ai_bi} \begin {split} \begin {pmatrix} a_i \\[6pt] b_i \end {pmatrix} =& \begin {pmatrix} 1 + \frac {A_i \rho _i}{2} & \frac {A_i}{2 \rho _i} \\[6pt] -\frac {A_i \rho _i^3}{2} & 1 - \frac {A_i \rho _i}{2} \end {pmatrix} \begin {pmatrix} a_{i-1} \\[6pt] b_{i-1} \end {pmatrix}\\ &+ \begin {pmatrix} \frac {1}{4}(2B_i + A_i C_i) \\[6pt] \frac {1}{4}\rho _i(4C_i - 2B_i \rho _i - A_i C_i \rho _i) \end {pmatrix} \end {split}\end {equation}


$b_0=0$


$a_N=0$


$A_i$


$B_i$


$C_i$


$\frac {\partial }{\partial \rho } \left [ \frac {1}{\rho } \frac {\partial }{\partial \rho }(\rho \bThetaPlasmaSpecies ) \right ] = \sum _i\frac {w_i}{\rho _i}(A_i \delta _i \bThetaPlasmaSpecies + B_i\delta _i + C_i \partial _\rho \delta _i)$


\begin {align}A_i =& \frac {w_i}{\rho _i}\frac {q_i^2}{m_i}\frac {1}{\bar {\psi }_i} , \label {eq:b_coeffs_1} \\ B_i =& - \frac {w_i}{\rho _i} \frac {q_i^2}{m_i} \frac {\gamma _i\partial _\rho \psi _i}{\bar {\psi }_i^2} + \frac {w_i}{\rho _i} \frac {q_i^2}{m_i} \frac {B_{\theta ,i}^{(b)}}{\bar {\psi }_i} \label {eq:b_coeffs_2} \\ &+ \frac {w_i}{\rho _i} \frac {q_i^3}{m_i^2} \frac {\partial _\rho |\hat {a}|^2_i}{\bar {\psi }_i^2} - \frac {q_i w_i}{\rho _i^2} \frac {u_{r,i}^2}{\bar {\psi }_i^2} \nonumber \\ &+ \frac {w_i}{\rho _i} \frac {q_i^2}{m_i} \frac {u_{r,i}^2\partial _\rho \psi _i}{\bar {\psi }_i^3} - \frac {w_i}{\rho _i} \frac {q_i^2}{m_i} \frac {u_{r,i}\partial _\zeta \psi _i}{\bar {\psi }_i^2} , \nonumber \\ C_i =& \frac {q_i w_i}{\rho _i} \left (\frac {\gamma _i}{\bar {\psi }_i}-1\right ) - \frac {q_i w_i}{\rho _i}\frac {u_{r,i}^2}{\bar {\psi }_i^2} . \label {eq:b_coeffs_3}\end {align}


$\psi $


$\partial \psi /\partial \rho $


$\rho $


\begin {equation}\label {eq:dpsi_dr} \frac {\partial \psi }{\partial \rho } = - \frac {1}{\rho }\sum _{\substack {i \\ \rho _i < \rho }} q_i w_i \, .\end {equation}


$\psi (\rho \to \infty )=0$


$\sum _{i} q_{i} w_{i}=0$


\begin {equation}\label {eq:psi} \psi = -\sum _{i} q_i w_i \ln (\rho _i) - \sum _{\substack {i \\ \rho _i < \rho }} q_i w_i \ln \left (\frac {\rho }{\rho _i}\right ) .\end {equation}


\begin {equation}\label {eq:dpsi_dzeta} \frac {\partial \psi }{\partial \zeta } = - \sum _{i} \frac {q_i w_i}{\rho _i}\frac {u_{r,i}}{\bar {\psi }_i} + \sum _{\substack {i \\ \rho _i < \rho }} \frac {q_i w_i}{\rho _i}\frac {u_{r,i}}{\bar {\psi }_i} ,\end {equation}


$\bThetaPlasmaSpecies $


$\psi $


$\partial \psi /\partial \rho $


$\partial \psi /\partial \zeta $


$E_r$


$E_z$


$\rho $


$B^{(b)}_{\theta ,i}$


$|\hat {a}|^2_{i}$


$\partial _\rho |\hat {a}|^2_{i}$


$E_x$


$E_z$


$q_i=-1$


$m_i=1$


$|\hat {a}|^2 = 0$


$\xi = -\zeta $


$\Delta \zeta $


$\rho =\rho _i$


$\hat {w}_i = \int ^{\rho _{i,0}}_{\rho _{i,0} - \Delta \rho _i/2} n(0,\rho _i) \rho d\rho = w_i/2 - \Delta \rho _i^2/8$


$\hat {w}_i$


$w_i$


$\rho _i$


$\partial _\rho \psi (\rho )=0$


$s_A$


$s_B$


$\mathcal {F}_{A}$


$\psi $


$\partial _\rho \psi $


$\partial _\zeta \psi $


$\bThetaPlasmaSpecies $


$s_A$


$\rho _{i,B}$


$s_B$


$\mathcal {F}_{A}(\rho _{i,B}) = \mathcal {F}_{A,j} + \frac {\mathcal {F}_{A,j+1} - \mathcal {F}_{A,j}}{\rho _{j+1,A} - \rho _{j,A}} (\rho _{i,B} - \rho _{j,A})$


$j$


$A$


$\rho _{j,A}<\rho _{i,B}$


$\bThetaPlasmaSpecies $


$v_\mathrm {ion} / v_e \propto m_e/m_\mathrm {ion} < 10^{-3}$


$t_\mathrm {max}$


$t_\mathrm {sim}$


$t_e$


$\Delta t_e$


$\zeta =0$


$\zeta _\mathrm {min}$


$\Delta \zeta $


$\Delta \zeta $


$\psi _i$


$u_{z,i}$


$\gamma _i$


$B_{\theta ,i}^{(p)}$


$-\Delta \zeta $


$\zeta = \zeta _{\min }$


$\Delta t$


$\chi =n/\gamma $


$\Delta t_\mathrm {laser}=\Delta t_\mathrm {fields}/N_{\mathrm {sub}}$


$N_{\mathrm {sub}}$


$\chi $


$\sigma _r$


$\Delta r \ll \sigma _r$


$N_r$


$\mathrm {nm}$


$\mathrm {TeV}$


$\sigma _x$


$N_r$


$\sigma _x\sim \mathcal {O}(\SI {1}{\nano \metre })$


$z=0$


$z=\SI {1.5}{\centi \metre }$


$\SI {e16}{\per \cubic \centi \metre }$


$1$


$\mathrm {GeV}$


$1$


$\mathrm {%}$


$1$


$\mathrm {nC}$


$100$


$\mathrm {fs}$


$10$


$\mathrm {\text {µ}m}$


$10$


$\mathrm {\text {µ}m}$


$\SI {\sim 1.3e17}{\per \cubic \centi \metre }$


$200$


$\mathrm {\text {µ}m}$


$0.5$


$\mathrm {nC}$


$50$


$\mathrm {fs}$


$1$


$\mathrm {\text {µ}m}$


$3$


$\mathrm {\text {µ}m}$


$\SI {\sim 1.5e18}{\per \cubic \centi \metre }$


$r<\SI {10}{\micro \metre }$


$\bThetaBeamSpecies $


$\bThetaBeamSpecies $


$B^{(b)}_{\theta , i} = B^{(b)}_{\theta , N_r} r_{N_r} / r_i$


$r_{N_r}$


$B^{(b)}_{\theta , N_r}$


$\bThetaBeamSpecies $


$++$


$10$


$\mathrm {cm}$


$n_0=\SI {2e17}{\per \cubic \centi \metre }$


$\sigma _{z,R} = \SI {0.3}{\milli \metre }$


$\SI {1}{\milli \metre }$


$n(r) = n_0 [ 1 + 4 r^2/(k_p ^2w_0^4)]$


$10$


$\mathrm {J}$


$\lambda _0=\SI {800}{\nano \metre }$


$a_0=2.65$


$\tau _\mathrm {FWHM}=\SI {25}{\femto \second }$


$w_0=40\ \mu \mathrm {m}$


$114.6$


$\mathrm {pC}$


$4.26$


$\mathrm {kA}$


$3.50$


$\mathrm {kA}$


$21.2$


$\mathrm {fs}$


$184.0$


$\mathrm {fs}$


$1$


$\mathrm {\text {µ}m}$


$200$


$\mathrm {MeV}$


$0.1$


$\mathrm {\%}$


$1$


$\mathrm {\text {µ}m}$


$0.92$


$\mathrm {\text {µ}m}$


$L_\mathrm {box}=120\ \mu \mathrm {m}$


$c \, \Delta t_\mathrm {field}=L_\mathrm {box}/2$


$2.5w_0$


$4w_0$


$k_p^{-1}/ \Delta r=\SIlist {10;20;40;80}{}$


$c\tau _\mathrm {FWHM}/\Delta z=\SIlist {10;20;40;80;160}{}$


$\gamma _\mathrm {boost}=21$


$\lambda _0/\Delta z=\SIlist {10;20;40;80;160;320}{}$


$\Delta z/c$


$\SI {1}{\milli \metre }$


$2.91$


$\mathrm {GeV}$


$0.37$


$\mathrm {\%}$


$2.91$


$\mathrm {GeV}$


$0.40$


$\mathrm {\%}$


$2.7$


$\mathrm {GeV}$


$k_p^{-1}/\Delta r=80$


$k_p^{-1}/\Delta r=40$


$c\tau _\mathrm {FWHM}/\Delta z=80 \implies k_p^{-1}/\Delta z \sim 127$


$7$


$\mathrm {min}$


$k_p^{-1}/\Delta r=80$


$\lambda _0/\Delta z=160 \implies k_p^{-1}/\Delta z \sim 2376$


$9.8$


$\mathrm {h}$


$k_p^{-1}/\Delta z=1200$


$10^{16}$


$\mathrm {cm}^{-3}$


$20$


$\mathrm {GeV}$


$1$


$\mathrm {\%}$


$2$


$\mathrm {nC}$


$\sigma _t=\omega _p^{-1}\simeq \SI {177.3}{\femto \second }$


$10$


$\mathrm {\text {µ}m}$


$1.95$


$\mathrm {\text {µ}m}$


$\SI {\sim 3.9e18}{\per \cubic \centi \metre }$


$833$


$\mathrm {pC}$


$217.3$


$\mathrm {fs}$


$0.32$


$694.9$


$\mathrm {fs}$


$175$


$\mathrm {GeV}$


$0.35$


$\mathrm {\%}$


$135$


$\mathrm {nm}$


$132$


$\mathrm {nm}$


$\SI {\sim 1.1e21}{\per \cubic \centi \metre }$


$++$


$L_\mathrm {box}=650\ \mu \mathrm {m}$


$r_\mathrm {max}=300\ \mu \mathrm {m}$


$L_\mathrm {box} / \Delta z = 600$


$c \Delta t_\mathrm {field}=\SI {2}{\milli \metre }$


$r_\mathrm {max}/\Delta r=\SIlist {256;512;1024;2048;4096;8192;16384;32768}{}$


$r_{\mathrm {max},w}=1\ \mu \mathrm {m}$


$r_{\mathrm {max},d}=20\ \mu \mathrm {m}$


$r_{\mathrm {max},w}/\Delta r_w=\SIlist {4;8;16;32;64;128;256}{}$


$r_{\mathrm {max},d}/\Delta r_d= 16 r_{\mathrm {max},w}/\Delta r_w$


$\Delta r_w$


$\Delta r_d$


$8\times 10^{5}$


$4\times 10^{5}$


$++$


$300$


$\mathrm {\text {µ}m}$


$r_\mathrm {max}/\Delta r=\SIlist {256;512;1024;2048;4096}{}$


$r_\mathrm {max}/\Delta r_0=\SIlist {4096}{}$


$r_\mathrm {max}/\Delta r_1=\SIlist {4096;8192;16384;32768;65536;131072}{}$


$++$


$++$


$x$


$y$


$r$


$10^{8}$


$++$


$W_x = E_x - B_y$


$++$


$17.1$


$\mathrm {GeV}$


$25$


$\mathrm {\%}$


$++$


$++$


$25$


$\mathrm {min}$


$2.8$


$\mathrm {h}$


$r_\mathrm {max}/\Delta r\sim \num {20000}$


$10$


$\mathrm {min}$


$++$


$8192$


$\mathord {\sim }2$


$\mathrm {ms}$


$++$


$\mathord {\sim }100$


$\mathrm {ms}$


$++$


$\sim 40$


$\sim 20$


$\sim 2$


$9.8$


$\mathrm {h}$


$7$


$\mathrm {min}$


$++$


$\sim 10$


$\mathrm {nm}$


$\SI {\sim 20}{\giga \electronvolt }$


$\SI {4}{\metre }$


$10$


$\mathrm {min}$


$a_0$


$a_N$


$b_0$


$b_N$


$a_N=0$


$b_0=0$


$a_i$


$b_i$


$a_0$


\begin {align}a_i &= K_i a_0 + T_i , \label {eq:app1_ai}\\ b_i &= U_i a_0 + P_i , \label {eq:app1_bi}\end {align}


$K_i$


$U_i$


$T_i$


$P_i$


\begin {equation}\label {eq:app_rec_1} \begin {pmatrix} K_i \\[6pt] U_i \end {pmatrix} = \begin {pmatrix} 1 + \frac {A_i \rho _i}{2} & \frac {A_i}{2 \rho _i} \\[6pt] -\frac {A_i \rho _i^3}{2} & 1 - \frac {A_i \rho _i}{2} \end {pmatrix} \begin {pmatrix} K_{i-1} \\[6pt] U_{i-1} \end {pmatrix}\end {equation}


\begin {equation}\label {eq:app_rec_2} \begin {split} \begin {pmatrix} T_i \\[6pt] P_i \end {pmatrix} =& \begin {pmatrix} 1 + \frac {A_i \rho _i}{2} & \frac {A_i}{2 \rho _i} \\[6pt] -\frac {A_i \rho _i^3}{2} & 1 - \frac {A_i \rho _i}{2} \end {pmatrix} \begin {pmatrix} T_{i-1} \\[6pt] P_{i-1} \end {pmatrix}\\ &+ \begin {pmatrix} \frac {1}{4}(2B_i + A_i C_i) \\[6pt] \frac {1}{4}\rho _i(4C_i - 2B_i \rho _i - A_i C_i \rho _i) \end {pmatrix} \end {split}\end {equation}


$K_0=1$


$U_0=0$


$T_0=0$


$P_0=0$


$i=0$


$K_N$


$T_N$


$a_N = K_N a_0 + T_N$


$a_N=0$


\begin {equation}a_0 = -\frac {T_N}{K_N} , \label {eq:app1_a0}\end {equation}


$a_i$


$b_i$


$\bThetaPlasmaSpecies $


$\frac {\partial }{\partial \rho } \left [ \frac {1}{\rho } \frac {\partial }{\partial \rho }(\rho \bThetaPlasmaSpecies ) \right ] = \sum _i\frac {w_i}{\rho _i}(A_i \delta _i \bThetaPlasmaSpecies + B_i\delta _i + C_i \partial _\rho \delta _i)$


$\bThetaPlasmaSpecies (0)=0$


$\bThetaPlasmaSpecies (\infty )=0$


$\frac {\partial }{\partial \rho } \left [ \frac {1}{\rho } \frac {\partial }{\partial \rho }(\rho y_1) \right ] = \sum _i\frac {w_i}{\rho _i}(A_i \delta _i y_1 + B_i\delta _i + C_i \partial _\rho \delta _i)$


$y_1(0)=0$


$\frac {\partial }{\partial \rho }y_1(0)=0$


$\frac {\partial }{\partial \rho } \left [ \frac {1}{\rho } \frac {\partial }{\partial \rho }(\rho y_2) \right ] = \sum _i\frac {w_i}{\rho _i}A_i \delta _i y_2$


$y_2(0)=0$


$\frac {\partial }{\partial \rho }y_2(0)=1$


$\bThetaPlasmaSpecies (\rho ) = y_1(\rho ) - \frac {T_N}{K_N}y_2(\rho )$


$\lim _{\rho \to \infty } \frac {y_1(\rho )}{y_2(\rho )}=\frac {T_N}{K_N}$

