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1 Introduction
As large artificial DNA-based storage is rapidly becoming a reality [5, 10, 11, 14, 16, 19, 20], there
are significant efforts to equip this storage medium with efficient search capabilities [4, 15, 24, 30].
A natural next step is to increase the querying power from mere search (more precisely, selection
based on equality or similarity) to allow typical database queries involving, for example, joins and
projections. Of course, one way to accomplish this is by using one of the various Turing-complete
models of computation studied in the rich literature on DNA computing [2, 22, 33]. However,
database applications generally require much more modest computational power than Turing-
completeness. Indeed, the relational algebra, the yardstick of database systems forming the core of
the most popular database query language SQL, is equivalent to first-order definability and therefore
significantly less powerful than Turing-complete models [1, 12, 17]. Large computational power
comes with a cost, both with respect to feasibility of implementing the model and with respect to
the ability to analyze its behavior (e.g., for model checking or query optimization). In particular,
(unbounded) recursion, required for Turing-completeness, is very difficult to implement faithfully
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in DNA. Therefore, it is desirable to devise computing models specifically targeted for database
applications, in which the full relational algebra can be expressed (called relational completeness)
while at the same time allowing for faithful implementability in DNA.

TheDNA query language DNAQL [8, 9, 18] is specifically designed for database querying. DNAQL
consists of a graph-based abstraction of the DNA species, called sticker complexes, that are present
in a watery solution along with a number of operations on these sticker complexes that are inspired
by well-known DNA wetlab procedures. Sticker complexes represent a finite number of species in
a test tube, where we assume that DNA molecules of each of these species occur in arbitrary large
multiplicity. As a consequence, DNA hybridization (a process in which DNA molecules can bind
together) is not allowed to be recursive, as otherwise the result would violate the finiteness of the
number of species. Fortunately, the property of hybridization being recursive for sticker complexes
can be decided in polynomial time [7]. Apart from hybridization, DNAQL allows other well-known
DNA wetlab procedures like mixing of test tubes, ligation, and gel electrophoresis.

With DNAQL in place, it is natural to compare the expressivity of DNAQLwith the expressivity of
the relational algebra. The main result of this article is to show that DNAQL is relationally complete.
In fact, we show that this correspondence is computable by providing an explicit method translating
a relational algebra expression into an equivalent DNAQL expression. As we do not allow recursive
hybridization, the (proof of the) result carefully ensures that hybridization is kept in check.Themost
involved part of the construction, both theoretically and on the level of DNA, is expressing column
reorderings in DNAQL, which is accomplished using a novel technique we call double bridging (cf.
Section 5.8). While we are not aware of implementations of the double bridging technique in the
wetlab, we provide several figures that support implementability in DNA. An attractive feature of
the relational algebra is that its operators function independently of the specific data values in the
relations. As a consequence of the main result, the DNAQL programs that simulate these relational
algebra expressions are independent of the data values stored in the sticker complexes.

This article is organized as follows: In Section 2, we recall sticker complexes, its query language
DNAQL, and sticker complex types. In Section 3, we recall the relational algebra, and in Section 4,
we formulate the main result of this article: the simulation of the relational algebra by DNAQL.
The proof of this result is given in Section 6. Following software engineering best practises, the
proof uses helper functions with accompanying results, which are given in Section 5. Finally, a
discussion is provided in Section 7.

2 DNAQL
In this section, we recall DNAQL [8, 18]. We first need to recall the notions of DNA complementarity
and of a sticker complex and its operations.

2.1 DNA Complementarity and Hybridization
In this section, we recall DNA complementarity and related notions, see also [25].

Single strands of DNA are represented by strings over the alphabet {𝐴, 𝐶, 𝐺, 𝑇 } of (nucleotide)
bases. Bases 𝐴 and 𝑇 are complementary, as well as 𝐶 and 𝐺, which means that they can form bonds.
Due to complementarity, two single strands of DNA appearing in a watery solution can bond
together in a process called hybridization. For example, hybridization of 𝑇𝐴𝐴𝐴𝐺𝑇𝐶 and 𝑇𝐴𝐺𝐴𝐶𝑇𝑇
will obtain the following molecule (the bottom DNA strand should be read from right to left):

𝑇 𝐴 𝐴 𝐴 𝐺 𝑇 𝐶
⋮ ⋮ ⋮ ⋮ ⋮
𝑇 𝑇 𝐶 𝐴𝐺 𝐴 𝑇
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Here the two single DNA strands bond to each other in five base pairs (denoted by dotted lines).
The bonding can be undone by raising the temperature to melting temperature in a process called
denaturation.

We indicate complementarity by overlining, writing 𝐴̄ = 𝑇, ̄𝑇 = 𝐴, ̄𝐶 = 𝐺, and ̄𝐺 = 𝐶.
Complementarity is extended to strings by complementing each base, then reversing the string
(since the other should be read from right to left). Thus, 𝐴𝐴𝐺𝑇𝐶 = ̄𝐶 ̄𝑇 ̄𝐺𝐴̄𝐴̄ = 𝐺𝐴𝐶𝑇𝑇. Note
that for any string we have ̄̄𝑠 = 𝑠. Hybridization of two complementrary DNA molecules obtains
so-called double-stranded DNA.

The bases {𝐴, 𝐶, 𝐺, 𝑇 } should be seen as the basic building block for data representation, just like
bits (0 and 1) are in computer science. Since we often want to abstract from this low-level view,
in practice we work with a larger alphabet, where every letter is encoded by a single DNA string
called a codeword. The set of codewords should be well behaved, in that all codewords should have
the same length, have similar melting temperatures, and should stick only to their own complement.
Specifically, we do not want a codeword to stick to other codewords or their complements, or to
concatenations of those. The design of “well behaved” DNA codewords is well studied [23, 28, 29].
From now on, we will understand that all finite alphabets are coded in DNA. So, a string over such
a finite alphabet is to be understood as a concatenation of the DNA codewords corresponding to
the sequence of letters in the string.

2.2 Sticker Complexes
In this section, we concisely recall the notion of sticker complex, a data structure that can be
implemented in DNA [8, 9].

We assume a fixed finite alphabet Σ. The elements of Σ are called positive symbols and the
elements of Σ are called negative symbols. For the purpose of data formatting and manipulation Σ is
decomposed into three disjoint sets: the set Λ of atomic value symbols; the set Ω of attribute names;
and the set Θ = {#1, … , #6, #|a, #a|v, #v|} of tags. Tags represent DNA sequences reserved for special
purposes, such as binding sites for enzymes.

The DNA structures that we want to consider are abstracted by the notion of a sticker complex.
First we define the notion of a pre-complex. A pre-complex is a graph structure with nodes 𝑉
denoting DNA codewords, one type of edges 𝐿 encodes which DNA codewords corresponding
to the nodes are consecutive in a DNA strand, and another type of edges 𝜇 encodes which DNA
codewords are hybridized. Furthermore, nodes might be immobilized, meaning that they are affixed
to a physical substrate (e.g., a DNA microarray) as opposed to pure free-floating molecules [21].
Due to this physical separation, two molecules that are immobilized cannot together engage in
hybridization [3]. Finally, a substrand (that is, a contiguous subsequence of a strand) might be
blocked, which means it is hybridized to a complementary strand that we otherwise don’t want to
explicitly model [27].

Formally, a pre-complex is a 6-tuple 𝐶 = (𝑉 , 𝐿, 𝜆, 𝜇, 𝜄, 𝛽), where 𝑉 is a finite set of nodes; 𝐿 ⊆ 𝑉 ×𝑉
is a set of directed edges without self-loops; 𝜆 ∶ 𝑉 → Σ ∪ Σ is a function labeling each node with a
positive or negative alphabet symbol; 𝜇 ⊆ {{𝑢, 𝑣} ∣ 𝑢, 𝑣 ∈ 𝑉 and 𝑢 ≠ 𝑣} is a partial matching on the
nodes, i.e., the sets of 𝜇 are mutually disjoint; 𝜄 ⊆ 𝑉 is the set of immobilized nodes; and 𝛽 ⊆ 𝑉 is the
set of blocked nodes.

Let 𝐶 be a pre-complex. A strand of 𝐶 is a connected component of the directed graph (𝑉 , 𝐿)
(so ignoring 𝜇). A strand with only positive (negative, respectively) symbols is called a positive
(negative, respectively) strand. The length of a strand is its number of nodes. Two strands 𝑠 and 𝑠′
are bonded if there is a node 𝑣 in 𝑠 and some node 𝑣 ′ in 𝑠′ with {𝑣 , 𝑣 ′} ∈ 𝜇. A maximal set of bonded
strands, possibly indirectly bonded, is a component (i.e., a component is a connected component
taking both 𝐿 and 𝜇 into account).
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Fig. 1. A complex 𝐶.

Example 2.1. Let alphabet Σ contain the attribute names𝐴, 𝐵, and𝐷 and the atomic value symbols
0 and 1. Figure 1 shows a pre-complex 𝐶 = (𝑉 , 𝐿, 𝜆, 𝜇, 𝜄, 𝛽). Directed edges represent 𝐿, dashed
edges represent 𝜇, a double line under a node signifies that the node is blocked, and an immobilized
node is depicted as half a dot (instead of a full dot). Note that 𝐶 has four components: two positive
strands, each containing two 2-vectors, one component containing two strands (one positive strand
and one negative strand) connected by 𝜇, and one component consisting of an immobilized node.

An isomorphism from pre-complex 𝐶1 to pre-complex 𝐶2 is a one-to-one correspondence 𝛼 from
the set of nodes of 𝐶1 to the set of nodes of 𝐶2 which respects the edges, labels of the nodes,
the matching relation, immobilizations, and blockings. In this case, we say that 𝐶1 and 𝐶2 are
isomorphic.

In molecular computing, and DNA computing in particular, it is usual to assume that if a molecule
is present in a solution, then it is present in abundant quantity (indeed in chemistry molecule count
is by default expressed in terms of Avogadro’s number, which is about 6 ⋅ 1023). Therefore, we
consider pre-complexes equivalent when, roughly speaking, they are isomorphic up to isomorphic
copies of components. In other words, we are interested in DNA species as opposed to individual
DNA molecules of that species, and the DNA species that are present are represented by the
components. We now give a precise definition of equivalence. We say that 𝐶1 is subsumed by 𝐶2 if
for each component 𝐷1 in 𝐶1 there is an isomorphic component 𝐷2 in 𝐶2. Two pre-complexes are
equivalent if they subsume each other. So two pre-complexes are equivalent if they are isomorphic
after retaining for each of the two pre-complexes only one component for each equivalence class
of components that are mutually isomorphic. Since we are only interested in pre-complexes up to
equivalence, we allow definitions on pre-complexes to be well defined only up to equivalence (note
that graph-theoretical notions are typically well defined up to the stricter notion of isomorphism).

We now define the notion of a sticker complex, which is a pre-complex with some additional
constraints that either have an origin in biochemistry or form a convenient restriction of the type
of DNA structures we want to allow as input.

Definition 2.2. A sticker complex (or complex for short) is a pre-complex satisfying the following:
(1) Each node has at most one incoming and one outgoing edge (of 𝐿). Thus each strand has the

form of a chain or a cycle.
(2) Each strand is either positive or negative.
(3) Every negative strand has at most one edge.
(4) Matchings by 𝜇 only occur between nodes with complementary labels.
(5) Blocked nodes do not occur in 𝜇.
(6) A node can be immobilized only if it is the sole node of a negative strand.
(7) Each component can contain at most one immobilized node.

Negative strands of a sticker complex are called stickers. Note that a sticker has length one or
two, and if it has length two, then it cannot be a 2-cycle.

The requirements (1), (4), (5), and (7) in Definition 2.2 are biochemical restrictions and describe
that DNA strands are (possibly cyclic) strands (1), hybridization only occurs between comple-
mentary codewords (4), a codeword cannot bond with two strands at the same time (5), and any
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two immobilized nodes are physically separated far enough that no single molecule (i.e., com-
ponent) can bridge (7). The other requirements are convenient restrictions on the input and aim
at avoiding physically unrealistic states. Requirement (2) avoids hybridization of a strand with
itself, Requirement (3) avoids a sticker to hybridize on three of more (potentially distant) positions.
Requirement (6) models the fact that DNA microarrays consist of single strands of DNA, called
probes, each separately attached to a surface. Therefore, we call a negative, immobilized node a
probe. Note that the operations we will consider on sticker complexes (defined below) respect these
restrictions in that their output will always be a sticker complex if their input is.

Notice that the pre-complex of Figure 1 is a sticker complex. A node 𝑢 of 𝐶 is called free if
𝑢 occurs neither in 𝛽 nor in 𝜇, and is called closed if it is not free. Nodes 𝑢 and 𝑣 are called
mutually interacting if they are complementary labeled and both free, and do not belong to distinct
immobilized components (i.e., components containing an immobilized node).

Let ℓ ≥ 2 be an integer, and let 𝑠 = 𝑠0 … 𝑠ℓ+1 be a sequence of ℓ + 2 consecutive nodes of a strand
of a sticker complex 𝐶. Such a sequence is called an ℓ-vector of 𝐶 if 𝑠0 is labeled with tag #a|v, 𝑠ℓ+1 is
labeled with tag #v| and 𝑠1 … 𝑠ℓ are labeled with atomic value symbols. In this case, 𝑠′ = 𝑠1 … 𝑠ℓ is
called an ℓ-core of 𝐶. We say that 𝐶 has dimension ℓ, if all nodes labeled with an atomic value symbol
occur in an ℓ-vector. We then call 𝐶 an ℓ-complex. Notice that the sticker complex of Figure 1 is, in
fact, a 2-complex with two positive strands having two 2-vectors and one positive strand having
one 2-vector.

2.3 Operations on Sticker Complexes
We now recall the sticker complex operations from [8], and we recall that each of these operations
correspond to well-known wetlab operations.

Union. The union operation corresponds to mixing two watery solutions (in, for example, test
tubes) together to obtain a single solution. Mathematically, union simply takes the disjoint union of
the complexes. Let 𝐶1 = (𝑉1, 𝐿1, 𝜆1, 𝜇1, 𝜄1, 𝛽1) and 𝐶2 = (𝑉2, 𝐿2, 𝜆2, 𝜇2, 𝜄2, 𝛽2) be complexes. Without
loss of generality, we assume that 𝑉1 and 𝑉2 are disjoint. Then the union 𝐶1 ∪ 𝐶2 is the complex
(𝑉1 ∪ 𝑉2, 𝐿1 ∪ 𝐿2, 𝜆1 ∪ 𝜆2, 𝜇1 ∪ 𝜇2, 𝜄1 ∪ 𝜄2, 𝛽1 ∪ 𝛽2), where 𝜆1 ∪ 𝜆2 ∶ 𝑉1 ∪ 𝑉2 → Σ∪Σ is the function
that restricts to 𝜆1 on 𝑉1 and to 𝜆2 on 𝑉2.

Hybridize. In Section 2.1, we recalled the process of DNA hybridization. After defining some
auxiliary notions, we will formally define here hybridization as an operation on complexes. Let
𝐶 = (𝑉 , 𝐿, 𝜆, 𝜇, 𝜄, 𝛽) be a complex. Hybridization extends 𝜇. Therefore, a hybridization extension of
𝐶 is a complex 𝐶′ = (𝑉 , 𝐿, 𝜆, 𝜇′, 𝜄, 𝛽) with 𝜇 ⊆ 𝜇′. Note that the definition of a complex ensures all
pairs in 𝜇′ are between complementary nodes.

Recall that the components of a complex represents the species of DNA molecules that occur
in the watery solution. Since it may happen that several different molecules of the same species
end up in a common output molecule, we need to consider copies of each component of a complex
to faithfully represent hybridization. Let us call complex 𝐶′ a multiplying hybridization extension
(MHE for short) of 𝐶 if 𝐶′ is a hybridization extension of some complex 𝐶″ that is subsumed by
𝐶. Note that for each component 𝐷 of 𝐶, complex 𝐶″ has zero, one, or more isomorphic copies
of 𝐷.

While the number of DNA molecules in a test tube is typically very large, it is, of course, not
infinite. Therefore, we do not want to allow infinite chain reactions that occur, for example, if the
complex contains strands 𝑎𝑏 and 𝑏̄ ̄𝑎. In other words, we only want to allow complexes that have a
finite number of MHEs up to equivalence. If complex 𝐶 has finitely many nonequivalent MHEs,
then we say that 𝐶 is terminating. It turns out that termination of complexes can be efficiently
decided [7].
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Fig. 2. The hybridization of the complex of Figure 1.
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Fig. 3. A complex representing a double-stranded DNA molecule with a gap between the last nucleotide of 𝑐
and the first nucleotide of 𝑑.

Hybridization will bond all complementary substrands that appear in the test tube. This is
captured by the notion of finished we define now. A complex 𝐶′ is called unfinished with respect
to 𝐶 if there exists a node 𝑢 in 𝐶′ and a node 𝑣 in 𝐶 such that 𝑢 and 𝑣 are mutually interacting;
otherwise 𝐶′ is called finished with respect to 𝐶.

We are now ready to formally define the notion of hybridize. If 𝐶 is terminating, then
hybridize(𝐶) is defined as a finished MHE of 𝐶 that subsumes every finished MHE of 𝐶. In
this case, hybridize(𝐶) is uniquely defined up to equivalence, which we recall is sufficient for our
purposes. Of course, it is possible to alter the definition, avoiding isomorphic copies of compo-
nents, to obtain a notion that is well defined up to isomorphism [8]. If 𝐶 is not terminating, then
hybridize(𝐶) is undefined.

Finally, we sometimes need the following specialization of the notion of finished, and so we give
it a name. We say that 𝐶 is said to be saturated if 𝐶 is finished with respect to itself. In other words,
the only hybridization extension of 𝐶 is 𝐶 itself.

Example 2.3. Consider again the complex of Figure 1. During hybridization, (a copy of) the
component containing the sticker can match with (a copy of) one the two strands on the left in
Figure 1. Also, (a copy of) the component consisting of one immobilized node can match with (a
copy of) the strand on the top-left in Figure 1. The hybridization of this complex is shown in Figure 2.

Ligate. Consider the complex of Figure 3, and recall that each node represents a codeword and
that the directed edge represents concatenation. Therefore, this complex forms a double-stranded
DNA molecule representing 𝑐𝑑 up to a gap (also called nick) between the last nucleotide of 𝑐 and the
first nucleotide of 𝑑. The enzyme DNA ligase occurs in nature to repair such gaps in double-stranded
DNA, and can be used in a wetlab setting as well. In general, the ligate operator concatenates strands
that are held together by a sticker. Formally, define a gap 𝑔 of a complex 𝐶 as a set {𝑛1, 𝑛2, 𝑛3, 𝑛4} of
four nodes of 𝐶 such that, like in Figure 3, (1) {𝑛1, 𝑛4}, {𝑛2, 𝑛3} ∈ 𝜇, (2) 𝑛1 and 𝑛2 (in that order) are
consecutive nodes on a negative strand, (3) 𝑛3 is the last node on its strand, which must be positive,
and (4) 𝑛4 is the first node on its strand, which again must be positive. By filling the gap 𝑔 we mean
adding the directed edge (𝑛3, 𝑛4) to the complex. We define ligate(𝐶) as the complex obtained
from 𝐶 by filling all gaps of 𝐶.

Flush. We consider the wetlab operation of washing away all DNA complexes that are not bonded
to the DNA microarray, i.e., removing all free-flowing DNA complexes. So, for a complex 𝐶, we
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Table 1. The Split Points

label free place
#|a true before
#a|v true before
#v| true after
#3 false after
#5 false before

define flush(𝐶) to be the complex obtained from 𝐶 by removing all components that do not contain
an immobilized node.

Difference. Let 𝐶1 and 𝐶2 be complexes such that (1) all components of 𝐶1 and 𝐶2 are positive,
non-circular strands having the same length, and (2) each strand of 𝐶2 ends with #v| and does not
contain #2. Then the difference 𝐶1 − 𝐶2 equals the union of all strands in 𝐶1 that do not have an
isomorphic copy in 𝐶2. If 𝐶1 and 𝐶2 do not satisfy the above conditions then 𝐶1 − 𝐶2 is undefined.

The wetlab technique called subtractive hybridization [13] is able to accomplish the difference
operation. Using the DNA enzyme polymerase, complements of the strands in 𝐶2 can be created, to
which magnetic beads are attached (here we use the fact that the strands of 𝐶2 have a common
suffix and do not have a certain code word as a substrand). Hybridization will attach these strands
to the complementary strands in 𝐶1 when present. By applying a magnetic field, we can separate
the strands of 𝐶1 that did not engage in hybridization (without magnetic bead) from those that did
engage in hybridization (with magnetic bead). We discard the strands with magnetic beads. This last
part of the operation is similar to the flush operation in that both operations remove components
from a complex. Partial hybridization, leading to false removals, can be avoided by controlling the
temperate to just below the melting temperature of the strands (which we know have a common
length, so similar melting temperature).

Split. A class of natural enzymes called restriction enzymes are used to split complexes at desig-
nated points that occur before or after specific substrands, called recognition sites. These natural
enzymes have been successfully used in wetlab settings. Since the number of restriction enzymes
is quite limited, we assume a limited number of recognition sites. In fact, we assume only five
recognition sites.

The effect of restriction enzymes on complexes is captured by the following definition. Consider
a node 𝑛 of some complex 𝐶. By splitting before (resp. after ) 𝑛, we mean the following.

— If 𝑛 has a predecessor (resp. successor) 𝑚 in its strand, then (𝑚, 𝑛) (resp. (𝑛, 𝑚)) is removed
from 𝐿.

— Furthermore, if there exists a node 𝑛′ such that {𝑛, 𝑛′} ∈ 𝜇 and 𝑛′ has a successor (resp.
predecessor) 𝑚′ in its strand, then (𝑛′, 𝑚′) (resp. (𝑚′, 𝑛′)) is removed from 𝐿.

Now, consider the set of triples shown in Table 1. Each such triple is called a split point and has
the form (label, free, place). By splitting 𝐶 at such a split point, we mean splitting 𝐶 at all nodes
labeled label (be it before or after, based on the value of place), on the condition that the node is
free or closed, depending on the boolean value free. Here label represents a DNA codeword that
contains the recognition site. Since the split points are uniquely determined by their label, we (may)
denote the result by split(𝐶, label).

Block. We now describe three operations that block a substrand of complex, that is, adds the
nodes of the substrand to the set 𝛽 of blocked nodes. Recall from above that a blocked substrand
means that the substrand is hybridized to a complementary strand to form a double stand (for
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didactical reasons, we have an explicit 𝛽 instead of modelling this through adding substrands and
expanding 𝜇).

A substrand 𝑠 can be made double stranded by hybridizing with a single stranded DNA mole-
cule, called a primer, which is complementary to 𝑠. This translates to the following definition for
complexes.

Let 𝐶 be a saturated complex. The block operation on 𝐶 with respect to 𝜎 ∈ Ω ∪ Θ, denoted by
block(𝐶, 𝜎), is the complex obtained from 𝐶 by turning all free nodes labeled with 𝜎 into blocked
nodes (i.e., adding them to 𝛽).

Block-From. A primer (used in the block operation above) can form the starting point for an
DNA enzyme called polymerase to initiate a chain reaction that makes all nodes after that point
(with respect to 𝐿) double stranded. This process stops once a hybridized (not is, a closed) node is
encountered or until the end of the strand is reached.

A substrand 𝑠 can be made double stranded in the wetlab by adding a short single stranded DNA
molecule, called a primer, to the solution which is complementary to the target prefix of 𝑠. The
primer forms the starting point for the DNA enzyme polymerase for a chain reaction that makes the
rest of the substrand double standed. This translates to the following definition, called blockfrom,
for complexes.

Let 𝐶 be a saturated complex. Let again 𝜎 ∈ Σ, and consider any contiguous substrand 𝑠 of 𝐶.
We call 𝑠 a 𝜎-blocking range if (1) all nodes of 𝑠 are free, and (2) the last node of 𝑠 is labeled with 𝜎.
We define blockfrom(𝐶, 𝜎) to be the complex obtained from 𝐶 by turning all nodes appearing in
some 𝜎-blocking range into blocked nodes (i.e., adding them to 𝛽). Note that this operation is called
blockfrom instead of blockto because polymerase operates from 𝜎 in opposite direction [8].

Block-Except. Let 𝑛 ≥ 1 be a natural number and let 𝐶 be a complex satisfying the following
conditions:

(1) 𝐶 is an ℓ-complex with 𝑛 ≤ ℓ;
(2) in every ℓ-vector in 𝐶, either all nodes are free or all nodes are closed; and
(3) 𝐶 is saturated.

Then blockexcept(𝐶, 𝑛) equals the complex obtained from 𝐶 by blocking, within each ℓ-vector (𝑒0,
𝑒1, … , 𝑒ℓ, 𝑒ℓ+1) that is not yet blocked, all nodes except 𝑒𝑛. If (𝐶, 𝑛) does not satisfy the conditions
above, then blockexcept(𝐶, 𝑛) is undefined.

The block-except operation can be accomplished in the wetlab by implementing ℓ-vectors
#a|v𝑣1 …𝑣ℓ#v| using ℓ additional codewords 𝜙𝑖 to obtain #a|v𝜙1𝑣1 …𝜙ℓ𝑣ℓ#v|. These ℓ additional code-
words should be seen as part of the set of codewords. We can then implement blockexcept(𝐶, 𝑛) as
blockfrom(block(blockfrom(block(𝐶, #a|v), 𝜙𝑛−1), 𝜙𝑛+1), #v|). For all other purposes the 𝜙𝑖 code-
words can be treated transparently, so for notational convenience we consider blockexcept𝑖 to be
a primitive operation rather than an abbreviation.

Cleanup. The cleanup operator undoes matchings and blockings and retains only the longest
positive strands. If the input complex does not contain positive strands, then cleanup obtains the
empty complex.

This operation can be accomplished in the wetlab as follows: First by raising the temperature
denaturation occurs in which hybridization bonds are undone. The biotechnology called gel elec-
trophoresis is able to separate DNA strands according to their length. In this way, the largest strands
can be separated from the other strands. Since negative strands consist of two nodes, they rarely
are the longest. To cover this cornercase, we can immobilize all negative strands by using a DNA
microarray that contains all positive alphabet symbols and then keep the free-flowing (necessarily
positive) strands.
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2.4 DNAQL
The DNA query language (DNAQL) [8] is an applicative programming language for expressing
transformations of ℓ-complexes, independent of ℓ. The main features of DNAQL are the operations
of Section 2.3, a (limited) for-loop construct to iterate over the elements of ℓ-cores, and an emptiness
test (if-then-else).

The syntax of DNAQL expressions is given below.

⟨expression⟩ ∶∶= ⟨complexvar⟩ | ⟨foreach⟩ | ⟨if⟩ | ⟨let⟩ | ⟨operator⟩ | ⟨constant⟩
⟨foreach⟩ ∶∶= for ⟨complexvar⟩ ∶= ⟨expression⟩ iter ⟨counter⟩ do ⟨expression⟩

⟨if⟩ ∶∶= if empty(⟨complexvar⟩) then ⟨expression⟩ else ⟨expression⟩
⟨let⟩ ∶∶= let 𝑥 ∶= ⟨expression⟩ in ⟨expression⟩

⟨operator⟩ ∶∶= ((⟨expression⟩) ∪ (⟨expression⟩)) | ((⟨expression⟩) − (⟨expression⟩))
| hybridize(⟨expression⟩) | ligate(⟨expression⟩)
| flush(⟨expression⟩) | split(⟨expression⟩, ⟨splitpoint⟩)
| block(⟨expression⟩, Σ ∖ Λ) | blockfrom(⟨expression⟩, Σ ∖ Λ)
| blockexcept(⟨expression⟩, ⟨counter⟩) | cleanup(⟨expression⟩)

⟨constant⟩ ∶∶= Σ+ | (Σ ∖ Λ) (Σ ∖ Λ) | immob(Σ) | empty
⟨splitpoint⟩ ∶∶= #|a | #a|v | #v| | #3 | #5

The constant expressions represent specific complexes defined (up to isomorphism) as follows: A
string 𝑤 ∈ Σ+ represents a linear (positive) strand 𝑠 where 𝑤 = 𝜆(𝑣1)⋯ 𝜆(𝑣𝑛) and (𝑣1, … , 𝑣𝑛) is the
unique path of 𝑠 containing all nodes of 𝑠. A two-letter string ̄𝑎𝑏̄, for 𝑎, 𝑏 ∈ Σ∖Λ, represents a sticker
of the form 1 → 2 with 𝜆(1) = 𝑏̄ and 𝜆(2) = ̄𝑎. The expression immob( ̄𝑎), for 𝑎 ∈ Σ, represents a
probe labeled ̄𝑎. The expression empty represents the empty complex.

Note that expressions can contain two kinds of variables: complex variables (⟨complexvar⟩), and
counters (⟨counter⟩). Complex variables can be bound by let-constructs (⟨let⟩), and counters can
be bound by for-constructs (⟨foreach⟩). The set of free (unbound) complex variables of a DNAQL
expression 𝑒 is denoted by FV (𝑒). A DNAQL program is a DNAQL expression without free counters.
So, in a program, all counters are bound by for-loops.

Let ℓ ≥ 2 be an integer. An ℓ-complex assignment 𝜈 is a mapping from a finite set of complex
variables, dom(𝜈), to ℓ-complexes, and an ℓ-counter assignment 𝛾 is a mapping from a finite set of
counters, dom(𝛾 ), to {1, … , ℓ}. For a DNAQL expression 𝑒, we say that 𝜈 is an ℓ-complex assignment
on 𝑒 if dom(𝜈) ⊇ 𝐹𝑉 (𝑒), and we say that 𝛾 is an ℓ-counter assignment on 𝑒 if the free counters of 𝑒
form a subset of dom(𝛾 ).

For a given integer ℓ ≥ 2, a DNAQL expression 𝑒 may evaluate to an ℓ-complex, with respect
to an ℓ-complex assignment 𝜈 on 𝑒 and an ℓ-counter assignment 𝛾 on 𝑒, denoted by [[𝑒]]ℓ(𝜈, 𝛾 ). The
semantic rules that define this evaluation are shown in Figure 4, except for the obvious semantics
rules of the operations defined in Section 2.3. The superscript ℓ has been omitted in the figure to
reduce clutter. The rules for let and for use the oft-used notation 𝑓 [𝑥 ∶= 𝑢] to denote the function
obtained from 𝑓 by mapping 𝑥 to 𝑢.

Because the operations on complexes are not always defined, the evaluation may fail, so [[𝑒]]ℓ(𝜈, 𝛾 )
may be undefined. When 𝑒 is a DNAQL program, we denote [[𝑒]]ℓ(𝜈, ∅) simply by [[𝑒]]ℓ(𝜈).

When ℓ is clear from the context, we omit the superscript ℓ and refer to an ℓ-complex assignment
and an ℓ-counter assignment simply as a complex assignment and counter assignment, respectively.

2.5 Sticker Complex Types
We now recall from [6, 8] the notion of sticker complex types. Intuitively, a type is a complex where
all data entries have been replaced by wildcards. In this way, the dimension and the actual values
of the data entries are hidden.

ACM Trans. Datab. Syst., Vol. 51, No. 4, Article 20. Publication date: April 2026.



20:10 R. Brijder et al.

𝑥 is a complex variable
[[𝑥]](𝜈, 𝛾 ) = 𝜈(𝑥)

[[𝑒1]](𝜈, 𝛾 ) = 𝐶1 [[𝑒2]](𝜈[𝑥 ∶= 𝐶1], 𝛾 ) = 𝐶2
[[let 𝑥 ∶= 𝑒1 in 𝑒2]](𝜈, 𝛾 ) = 𝐶2

[[𝑒1]](𝜈, 𝛾 ) = 𝐶0 [[𝑒2]](𝜈[𝑥 ∶= 𝐶𝑛−1], 𝛾 [𝑖 ∶= 𝑛]) = 𝐶𝑛 for 𝑛 = 1,… , ℓ
[[for 𝑥 ∶= 𝑒1 iter 𝑖 do 𝑒2]](𝜈, 𝛾 ) = 𝐶ℓ

[[𝑒1]](𝜈, 𝛾 ) = 𝐶1 𝜈(𝑥) is the empty complex
[[if empty(𝑥) then 𝑒1 else 𝑒2]](𝜈, 𝛾 ) = 𝐶1

[[𝑒2]](𝜈, 𝛾 ) = 𝐶2 𝜈(𝑥) is not the empty complex
[[if empty(𝑥) then 𝑒1 else 𝑒2]](𝜈, 𝛾 ) = 𝐶2

Fig. 4. The semantic rules for DNAQL .

Let 𝑁 = {∗, ∗, ∗̂} be a set of three symbols disjoint from Σ ∪ Σ. We let Σ𝑁 = Ω ∪ Θ ∪ 𝑁
represent the positive alphabet of types. Note that Σ𝑁 does not contain atomic value symbols. We
let Σ𝑁 = Ω ∪ Θ ∪ {?}, where ? is again a new symbol, represent the negative alphabet of types.

We extend the complementarity relation for types, by defining ∗ = ∗̂ = ? and having ? undefined.
Note that ∗ has no complementary symbol.

A sticker complex type (or type for short) is very similar to a sticker complex: it is a structure
𝑆 = (𝑉 , 𝐿, 𝜆, 𝜇, 𝜄, 𝛽) that satisfies the same definition as that of a sticker complex, but with the
following exceptions: (1) the range of the node labeling function 𝜆 is now Σ𝑁 ∪Σ𝑁 instead of Σ∪ Σ,
and (2) 𝛽 ⊆ 𝑉 is not allowed to contain nodes labeled with a symbol from 𝑁. Of course, notation
and terminology concerning complexes (such as component, isomorphism, subsumes, etc.) carry
over to types.

Consider an ℓ-core 𝑟 of ℓ-complex 𝐶. We say that 𝑟 is of type (1) ∗ if every node of 𝑟 is free, (2)
∗ if every node of 𝑟 is blocked, and (3) ∗̂ if all but one node of 𝑟 is blocked. Now we call 𝐶 well
typed if every ℓ-core occurring in 𝐶 is of type ∗, ∗, or ∗̂. An immobilized node 𝑛 labeled with the
complement of an atomic value symbol is called an atomic value probe. We say that an atomic value
probe is of type ?.

If complex 𝐶 is well typed, then we define the stype (short for “smallest type”) of 𝐶, denoted by
stype(𝐶), as the type obtained from 𝐶 by:

— contracting every ℓ-core 𝑟 occurring in 𝐶 to a node 𝑣 labeled with the type of 𝑟 (matchings are
respected, i.e., 𝑣 is matched to a node 𝑢 if and only if there is a node in 𝑟 matched to 𝑢), and

— replacing the label of a node labeled with an immobilized negative atomic value by ?.
Note that the stype of a complex is defined up to isomorphism.

A well-typed complex 𝐶 is said to be of type 𝑆 if 𝑆 subsumes the stype of 𝐶. Equivalently, 𝐶 is of
type 𝑆 if and only if for each component 𝑐 of 𝐶 there is a component of 𝑆 that is an stype of 𝑐.

Note that if 𝐶 is of type 𝑆, and 𝑆 is subsumed by 𝑆′, then 𝐶 is also of type 𝑆′.

Example 2.4. In Figure 5 a sticker complex type 𝑆 is depicted. The reader is invited to verify that
𝑆 is the stype of the complex 𝐶 of Figure 1.

Remark 2.5. The notion of type as defined here is called “weak type” in a companion article [8].
That article also considers a stronger version of types and develops type checking for DNAQL
programs.
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#|a #|a #|a
#a|v #a|v #a|v

#v| #v| #v|

2

2 D

Fig. 5. A sticker complex type 𝑆. The complex 𝐶 in Figure 1 is of type 𝑆.

3 Relational Algebra
In this section, we briefly recall the relational algebra, mainly to fix notation and terminology. See,
e.g., the monographs [1, 17] for a detailed account.

We assume a set 𝑈 of data elements, a set 𝒜 of attributes, and a set 𝒩 of relation variables. A
relation schema 𝑅 is a finite subset of 𝒜. A tuple 𝑡 over 𝑅 is a function from 𝑅 to 𝑈. A relation
instance 𝑟 over 𝑅 is a set of tuples over 𝑅. A database schema 𝒟 is a mapping from a finite subset
𝑋 of 𝒩 to relation schemas. We denote by 𝒩(𝒟) the domain 𝑋 of 𝒟. A database instance 𝐼 over
𝒟, has domain 𝒩(𝒟) and maps each relation variable 𝑥 ∈ 𝒩(𝒟) to a relation instance 𝐼 (𝑥) over
relation schema 𝒟(𝑥).

We recall now the standard operations of the relational algebra: union, difference, cartesian
product, projection, renaming, and selection. For convenience, the version of projection presented
here is slightly nonstandard as it projects away some given attribute instead of on some given
finite subset of attributes. Obviously, this difference is not essential as the expressive power of this
version of the relation algebra is equal to the usual version of the relational algebra. Let 𝑟 and 𝑠 be
relation instances over relation schemas 𝑅 and 𝑆, respectively.

— If 𝑅 = 𝑆, then the union and difference of 𝑟 and 𝑠 are defined and equal to the usual set-
theoretical union and difference, respectively: 𝑟 ∪ 𝑠 = {𝑡 ∣ 𝑡 ∈ 𝑟 ∨ 𝑡 ∈ 𝑠} and 𝑟 − 𝑠 = {𝑡 ∣ 𝑡 ∈
𝑟 ∧ 𝑡 ∉ 𝑠}.

— If 𝑅∩𝑆 = ∅, then the cartesian product of 𝑟 and 𝑠 is defined as 𝑟 × 𝑠 = {𝑡𝑟 ∪ 𝑡𝑠 ∣ 𝑡𝑟 ∈ 𝑟 and 𝑡𝑠 ∈ 𝑠},
where 𝑡𝑟 ∪ 𝑡𝑠 denotes the tuple over 𝑅 ∪ 𝑆 with (𝑡𝑟 ∪ 𝑡𝑠)(𝐴) equal to 𝑡𝑟(𝐴) if 𝐴 ∈ 𝑅 and to 𝑡𝑠(𝐴)
if 𝐴 ∈ 𝑆.

—The projection of 𝑟 outside 𝐴 ∈ 𝑅 is defined as 𝜋̂𝐴(𝑟) = {𝑡|𝑅∖{𝐴} ∣ 𝑡 ∈ 𝑟}, where 𝑡 |𝑅∖{𝐴} is the
restriction of 𝑡 to 𝑅 ∖ {𝐴}.

—The renaming of 𝑟 from 𝐴 ∈ 𝑅 to 𝐵 ∈ 𝒜∖𝑅 is the relation instance over 𝑅′ = (𝑅 ∖ {𝐴}) ∪ {𝐵}
defined as 𝜌𝐴/𝐵(𝑟) = {𝑡 ∘ 𝜙 ∣ 𝑡 ∈ 𝑟}, where the function 𝜙 ∶ 𝑅′ → 𝑅 maps 𝐵 to 𝐴 and is the
identity on 𝑅 ∖ {𝐴}.

—The selection of 𝑟 on 𝐴, 𝐵 ∈ 𝑅 is defined as 𝜎𝐴=𝐵(𝑟) = {𝑡 ∈ 𝑟 ∣ 𝑡(𝐴) = 𝑡(𝐵)}.
The syntax of relational algebra expressions is generated by the following grammar:

𝑒 ∶∶= 𝑥 ∣ 𝑒 ∪ 𝑒 ∣ 𝑒 − 𝑒 ∣ 𝑒 × 𝑒 ∣ 𝜎𝐴=𝐵(𝑒) ∣ 𝜋̂𝐴(𝑒) ∣ 𝜌𝐴/𝐵(𝑒) ,

where 𝑥 ∈ 𝒩, and 𝐴, 𝐵 ∈ 𝒜.
Let us recall the semantics of the relational algebra. Let 𝑒 be a relational algebra expression, and

let FV (𝑒) be the set of relation variables in 𝑒. Let 𝐼 be a database instance over 𝒟 with 𝒩(𝒟) ⊇
FV (𝑒). Then the evaluation of 𝑒 on 𝐼, denoted by [[𝑒]](𝐼 ), is defined inductively in the natural way:
[[𝑥]](𝐼 ) = 𝐼 (𝑥) and [[𝑒1∪𝑒2]](𝐼 ) = [[𝑒1]](𝐼 )∪[[𝑒2]](𝐼 ). The definition is similar for the other relational
algebra operations.

The relational algebra operators are only defined under certain conditions on the schemes of
their input relation instances. Thus, the evaluation of a relational algebra expression 𝑒 on a database
instance 𝐼 may not always succeed. To guarantee well-definedness, we employ the following
simple typing rules for the relational algebra [31, 32]. Let 𝒟 be again a database schema such that
FV (𝑒) ⊆ 𝒩(𝒟), and let 𝑅 be a relation schema. The rules for when 𝑒 has type 𝑅 given 𝒟, denoted
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𝒟 ⊢ 𝑒 ∶ 𝑅, are as follows:
𝒟(𝑥) = 𝑅
𝒟 ⊢ 𝑥 ∶ 𝑅

𝒟 ⊢ 𝑒1 ∶ 𝑅 𝒟 ⊢ 𝑒2 ∶ 𝑅
𝒟 ⊢ 𝑒1 ∪ 𝑒2 ∶ 𝑅

𝒟 ⊢ 𝑒1 ∶ 𝑅 𝒟 ⊢ 𝑒2 ∶ 𝑅
𝒟 ⊢ 𝑒1 − 𝑒2 ∶ 𝑅

𝒟 ⊢ 𝑒1 ∶ 𝑅1 𝒟 ⊢ 𝑒2 ∶ 𝑅2 𝑅1 ∩ 𝑅2 = ∅
𝒟 ⊢ 𝑒1 × 𝑒2 ∶ 𝑅1 ∪ 𝑅2

𝒟 ⊢ 𝑒 ∶ 𝑅 𝐴, 𝐵 ∈ 𝑅
𝒟 ⊢ 𝜎𝐴=𝐵(𝑒) ∶ 𝑅

𝒟 ⊢ 𝑒 ∶ 𝑅 𝐴 ∈ 𝑅
𝒟 ⊢ 𝜋̂𝐴(𝑒) ∶ 𝑅 ∖ {𝐴}

𝒟 ⊢ 𝑒 ∶ 𝑅 𝐴 ∈ 𝑅 𝐵 ∉ 𝑅
𝒟 ⊢ 𝜌𝐴/𝐵(𝑒) ∶ (𝑅 ∖ {𝐴}) ∪ {𝐵}

.

The obtained type system has the property that if 𝐼 is a database instance over 𝒟 and 𝒟 ⊢ 𝑒 ∶ 𝑅,
then [[𝑒]](𝐼 ) is a relation instance over 𝑅. If 𝒟 ⊢ 𝑒 ∶ 𝑅 for some 𝑅, then we say that 𝑒 is well-typed
over 𝒟.

4 Relational Algebra Simulation
We represent now relations by complexes. We store data elements as ℓ-vectors of atomic value
symbols. So formally, we use Λ∗, the set of string over Λ, as universe 𝑈. Then a tuple 𝑡 (relation 𝑟,
instance 𝐼) is said to be of dimension ℓ if all data elements appearing in 𝑡 (𝑟, 𝐼) are strings of length
ℓ. Let 𝑡 be a tuple of dimension ℓ over relation schema 𝑅. Let < be a linear order of the set 𝒜 of
attributes. Let 𝐴1, … , 𝐴𝑘 be the order of the elements of 𝑅 under <.

We now represent 𝑡 by an ℓ-complex that consists of a single strand, as follows:

complex(𝑡)< ∶= #|a𝐴1#a|v𝑡(𝐴1)#v| ⋯#|a𝐴𝑘#a|v𝑡(𝐴𝑘)#v|.

This notation carries over to relations 𝑟: we denote by complex(𝑟)< the ℓ-complex⋃{complex(𝑡)< ∣
𝑡 ∈ 𝑟}. Here ⋃ denotes the union operation on complexes.

Example 4.1. Let 𝑅 = {𝐴, 𝐵, 𝐸} be a relation schema with three attributes ordered as 𝐴 < 𝐵 < 𝐸.
Let ℓ = 3 and let Λ = {0, 1}. Consider the tuple 𝑡 over 𝑅with 𝑡(𝐴) = 000, 𝑡(𝐵) = 010, and 𝑡(𝐸) = 111.
Then

complex(𝑡)< = #|a𝐴#a|v000#v|#|a𝐵#a|v010#v|#|a𝐸#a|v111#v| .

Remark 4.2. We remark that the corner case where 𝑅 = ∅ is not directly supported in the above
defined representation of a relation by a complex. Indeed, the two possible relations over 𝑅 = ∅ are
both represented by the same complex, namely the empty complex. In order to faithfully cover this
corner case, we can do a “preprocessing step” by extending 𝑅 by a distinguished “dummy” attribute
𝐷 ∉ 𝑅 that is not used in any relational algebra expression 𝑒 under consideration. Each tuple 𝑡 over
𝑅 is then represented by tuple 𝑡′ over 𝑅′ = 𝑅 ∪ {𝐷} where 𝑡′|𝑅 = 𝑡 and 𝑡′(𝐷) is some fixed constant.
For clarity of exposition we implicitly assume this preprocessing step was done, and so we assume
that if 𝒟 ⊢ 𝑒 ∶ 𝑅, then 𝑅 is nonempty.

Let us call the type with string representation #|a𝐴1#a|v∗#v| ⋯#|a𝐴𝑘#a|v∗#v| the relation-schema
type of 𝑅, denoted by 𝑆<𝑅 . Note that complex(𝑟)< is of type 𝑆<𝑅 when 𝑟 is a relation over 𝑅. Also
note that by Remark 4.2 we assume without loss of generality that 𝑆<𝑅 is not empty. A substrand
of the form #|a𝐴#a|v∗#v| consists of an attribute and a wildcard for a value, whence it is called an
attribute-value block.

In a final step, we can represent database instances over some database schema 𝒟 as complex
assignments. Any database instance 𝐼 over 𝒟 can be represented by the complex assignment
complex(𝐼 )< that assigns complex(𝐼 (𝑥))< to each 𝑥 ∈ 𝒩(𝒟). Note that complex(𝐼 (𝑥))< is of type
𝑆<𝒟(𝑥) for each 𝑥 ∈ 𝒩(𝒟).
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We are now ready to state the main result of this article.
Theorem 4.3. Let 𝑒 be a well-typed relational algebra expression over a database schema 𝒟. Then

there exists a DNAQL program 𝑒DNA that simulates 𝑒 uniformly over all dimensions ℓ. In other words,
for each integer ℓ ≥ 2 and for any ℓ-dimensional database instance 𝐼 over 𝒟 we have

[[𝑒DNA]](complex(𝐼 )<) ≡ complex([[𝑒]](𝐼 ))<.
Moreover, such a DNAQL program 𝑒DNA is effectively computable from 𝑒 and 𝒟. Finally, the length
of 𝑒DNA (i.e., the number of operations in 𝑒DNA) can be chosen to be 𝑂(|𝑒| + 𝑘𝑛 log 𝑛), where |𝑒| is the
length of 𝑒, 𝑘 is the number of cartesian product operations in 𝑒, and 𝑛 is the maximum cardinality
among the schemas of subexpressions 𝑒′ of 𝑒 in which the final operation is the cartesian product (i.e.,
𝑒′ = 𝑒1 × 𝑒2 for some expressions 𝑒1 and 𝑒2). In particular, if 𝑒 does not use cartesian product, then the
length of 𝑒DNA can be chosen to be linear in the length of 𝑒.

In Sections 5 and 6, we provide a proof of this result. If the order < is clear from the context,
then < is often omitted from the notation.

5 Helper Functions
In order to prove Theorem 4.3 in Section 6, we define in this section some helper functions (that is,
DNAQL expression fragments) and prove properties about them.

5.1 Some Auxiliary Definitions
Schemas and Types. A pseudo-relation-schema type of 𝑅, resembles the relation-schema type of

𝑅, except that a limited number of additional tags outside {#|a, #a|v, #v|} may be present between
attribute-value blocks. More precisely, a pseudo-relation-schema-type 𝑆 is of the form

#|a𝐴1#a|v∗#v|𝐼1#|a𝐴2#a|v∗#v|𝐼2 ⋯ 𝐼𝑘−1#|a𝐴𝑘#a|v∗#v|,
where 𝐴1, … , 𝐴𝑘 are attributes and 𝐼1, … , 𝐼𝑘−1 are (possibly empty) sequences of tags of length at
most 3, not containing the tags #|a, #a|v, and #v|, called intermediate tag sequences of 𝑆. Hence, a
relation-schema type is a special case of a pseudo-relation schema type, where the intermediate tag
sequences are all empty.

Remark 5.1. We remark that the upper bound of 3 on the length of each intermediate tag sequence
is sufficient for our purposes, but can be relaxed up to 2(ℓ + 4) − 1 = 2ℓ + 7 without changing
any results or proofs. We will see that we cannot go beyond this value (at least not in the current
setup) because the proof of Lemma 5.4 uses the assumption that the length of each intermediate
tag sequence is less than the length of two attribute-value blocks, which is 2(ℓ + 4).

We introduce now a few useful abbreviations.

Blockfromto. For 𝑎, 𝑏 ∈ Σ and 𝑒 a DNAQL expression, we use blockFromTo(𝑒, 𝑎, 𝑏) to abbreviate

blockfrom(block(𝑒, 𝑏), 𝑎).
We remark that this operation is called blockFromTo(𝑒, 𝑎, 𝑏) instead of blockFromTo(𝑒, 𝑏, 𝑎) to be in
line with the definition of blockfrom (which in turn is in line with how blocking is accomplished
in DNA).

Connect. A frequently reoccurring pattern in DNAQL programs is adding several complexes
together, by means of unions, and then applying hybridize, ligate and cleanup consecutively. We
abbreviate the last part of this pattern

cleanup(ligate(hybridize(𝑒)))
by connect(𝑒).
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#|a
𝐴

#a|v
∗

#v|#|a

𝐵

#a|v

∗
#v|

#|a#v|

◖

#a|v

#|a 𝐴 #a|v ∗ #v| #|a 𝐵
#a|v ∗ #v|

#|a#v| #|a#v|

◖

#a|v

Fig. 6. The state after hybridize(𝑓2 ∪ #|a#v|) during circularization.

5.2 Circularization
Let 𝑒 be a DNAQL expression and let 𝐴 and 𝐵 be attributes. We use circularize(𝑒, 𝐴, 𝐵) to abbreviate

let 𝑓2 ∶= hybridize(blockFromTo(𝑒, 𝐵, 𝐴) ∪ immob(#a|v)) in
let 𝑓1 ∶= connect(𝑓2 ∪ #|a#v|) in
cleanup(split(blockfrom(𝑓1, 𝐴), #a|v)).

A circularization [3, 26], or circular version, 𝑠′ of a linear strand 𝑠 is a complex isomorphic to the
complex obtained from 𝑠 by adding a directed edge from the last node of 𝑠 to the first node of 𝑠.

Since DNAQL operations do not modify the ℓ-cores, we (may) for notational convenience often
focus on types. In particular, in figures we will stick from now on to types.

Lemma 5.2. Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter assignment,
and 𝐶 = [[𝑒]](𝜈, 𝛾 ) be of a pseudo-relation-schema type 𝑆. Let 𝐴 and 𝐵 be the first and last at-
tributes of 𝑆, respectively. Then [[circularize(𝑒, 𝐴, 𝐵)]](𝜈, 𝛾 ) consists of the circularizations of all strands
of 𝐶.

Proof. It is straightforward to verify that the type of the complex [[hybridize(𝑓2 ∪
#|a#v|)]](𝜈, 𝛾 ) is as shown in Figure 6. Consequently, we observe that the type of the complex
[[blockfrom(𝑓1, 𝐴)]](𝜈, 𝛾 ) is as shown in Figure 7. Indeed, the top (bottom, resp.) component of
Figure 7 corresponds to the top (bottom, resp.) component of Figure 6. To keep only (the unblocked
version of) the top component, we cut the bottom component into smaller pieces by applying split
on #a|v. The positions where the bottom component is cut are indicated by scissor symbols. Note
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#|a
𝐴

#a|v
∗

#v|#|a

𝐵

#a|v

∗
#v|

#|a 𝐴 #a|v ∗ #v| #|a 𝐵
#a|v ∗ #v|

" " "

Fig. 7. The state after blockfrom(𝑓1, 𝐴) during circularization and the positions where split on #a|v will
remove edges are indicated.

that the top component is unaffected by split. Since cleanup retains the largest component and
removes blocking, we obtain the desired result. Note that, as required, cleanup obtains the empty
complex when 𝐶 is empty, since circularize does not introduce positive strands. �

5.3 Inserting Into a Circle
Let 𝑒 be a DNAQL expression and let𝐴 and 𝐵 be attributes. We use insertCirc(𝑒, 𝐴, 𝐵, 𝑠) to abbreviate

let 𝑦1 ∶= split(blockFromTo(𝑒, 𝐴, 𝐵), #v|) in
let 𝑦2 ∶= hybridize(hybridize(𝑦1 ∪ immob(#a|v)) ∪ #v|𝜎1 ∪ 𝑠) ∪ 𝜎2#|a in
cleanup(split(blockfrom(connect(𝑦2), 𝐵), #a|v)).

Lemma 5.3. Let 𝑆 be a pseudo-relation-schema type with an intermediate tag sequence 𝐼𝑖 of length
at least two such that the first and the last symbol of 𝐼𝑖 are unique in 𝑆, and let 𝑆′ be obtained from 𝑆
by omitting 𝐼𝑖. Let 𝑆𝑐 and 𝑆′𝑐 be the circularizations of 𝑆 and 𝑆′, respectively.
Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter assignment, and

𝐶 = [[𝑒]](𝜈, 𝛾 ) be nonempty and of type 𝑆′𝑐 . Let 𝐴𝑖 and 𝐴𝑖+1 be consecutive attributes of 𝑆′. Then
[[insertCirc(𝑒, 𝐴𝑖, 𝐴𝑖+1, 𝐼𝑖)]](𝜈, 𝛾 ) is of type 𝑆𝑐 and obtained from 𝐶 by inserting, in each component,
the intermediate tag sequence 𝐼𝑖 between the consecutive attributes 𝐴𝑖 and 𝐴𝑖+1.

Proof. It is straightforward to verify that the complex [[blockFromTo(𝑒, 𝐴𝑖, 𝐴𝑖+1)]](𝜈, 𝛾 ) is of
type as shown in Figure 8. By the scissor symbol the location is depicted where split on #v| will
remove an edge. We next observe that the type of the complex [[hybridize(𝑦2)]](𝜈, 𝛾 ) is as shown
in Figure 9. Note that the only difference between the top and bottom component is whether one
or two copies of 𝜎2#|a attach to the immobilized component. Notice that the subsequent ligate
and cleanup operations will retain both a circular and linear strand since (1) they are of equal size
and (2) strands of these forms appear in the input before applying cleanup because 𝐶 is nonempty.
Similar as for the circularization operation, we apply a blockfrom followed by a split, followed
by a cleanup to get rid of the linear component, and consequently obtain the desired result. �
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#|a
𝐴𝑖+1

#a|v
∗

#v|#|a

𝐴𝑖

#a|v

∗
#v|

"
Fig. 8. The state after blockFromTo(𝑒, 𝐴𝑖, 𝐴𝑖+1) during insertion into a circle and the position where split on
#v| will remove an edge.
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#|a
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∗
#v|#|a

𝐴𝑖
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#v|
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𝐼𝑖

◖

#a|v

#|a

𝜎2𝜎1

#v|

#|a 𝐴𝑖+1 #a|v ∗ #v| #|a 𝐴𝑖
#a|v ∗ #v| 𝜎1 𝜎2

#|a𝜎2 𝜎1#v| 𝜎2 #|a

◖

#a|v

Fig. 9. The state after hybridize(𝑦2) during insertion into a circle.

5.4 Removing Substrands
Let 𝑆 be the circularization of a pseudo-relation-schema type. Given a complex of type 𝑆, we would
like to be able to remove substrands, for example to remove an intermediate tag sequence between
two particular consecutive attribute-value blocks (and thereby also linearizing the strands). We
now define the operation removeBetweenCirc to do exactly that.
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𝜎2
"

#|a
𝐵
#a|v

∗
#v|#|a

𝐴

#a|v

∗
#v|

" 𝜎1

" "

Fig. 10. The state after blockFromTo(𝑒, 𝐵, 𝐴) during the computation of removeBetweenCirc(𝑒, 𝐴, 𝐵) that
removes the string 𝜎1 ⋯𝜎2. The positions where split on #|a and #v| will removes edges are indicated.

Let 𝑒 be a DNAQL expression and 𝐴 and 𝐵 attributes. We abbreviate

cleanup(split(split(blockFromTo(𝑒, 𝐴, 𝐵), #v|), #|a))

by removeBetweenCirc(𝑒, 𝐴, 𝐵).
We now show that removeBetweenCirc can remove substrands between attribute-value blocks.

Lemma 5.4. Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter assignment,
and 𝑆 be the circularization of a pseudo-relation-schema type having distinct attributes 𝐴 and 𝐵.
If 𝐶 = [[𝑒]](𝜈, 𝛾 ) is of type 𝑆, then [[removeBetweenCirc(𝑒, 𝐴, 𝐵)]](𝜈, 𝛾 ) is of pseudo-relation-schema
type and is obtained from 𝐶 by removing the substrands from directly after the attribute-value block
of 𝐴 until (and excluding) the attribute-value block of 𝐵. In other words, the substrands from the
attribute-value block of 𝐵 until (and including) the attribute-value block of 𝐴 are retained.

Proof. Figure 10 depicts the type of [[blockFromTo(𝑒, 𝐵, 𝐴)]](𝜈, 𝛾 ) and the positions where split
removes edges when splitting on #|a and #v|. Since 𝐴 ≠ 𝐵 and by the length restriction on interme-
diate tag sequences, the blocked component is largest, and so only components of this form are
retained (in unblocked fashion) by cleanup. In the corner case where nothing is removed (and so 𝜎1
and 𝜎2 in Figure 10 do not exist), merely the edge is removed between the free nodes labelled #v|
and #|a. �

By Lemma 5.4, removeBetweenCirc is able to remove intermediate tag sequences. Indeed, if 𝐼𝑖
is an intermediate tag sequence right after the attribute-value block of 𝐴 and right before the
attribute-value block of 𝐵, then removeBetweenCirc(𝑒, 𝐴, 𝐵) removes 𝐼𝑖.

Let 𝑒 be a DNAQL expression and let 𝐴, 𝑍, 𝐷, and 𝐸 be attributes. We abbreviate

removeBetweenCirc(circularize(𝑒, 𝐴, 𝑍), 𝐷, 𝐸)

by removeBetweenShift(𝑒, 𝐴, 𝑍 ; (𝐷, 𝐸)).
We observe that if 𝐴 and 𝑍 are the first and last attribute-value blocks of a pseudo-relation-

schema type 𝑆, respectively, and the attribute-value block of 𝐷 precedes that of 𝐸 in 𝑆, then each
strand of removeBetweenShift(𝑒, 𝐴, 𝑍 ; (𝐷, 𝐸)) is obtained from 𝐶 (of type 𝑆) by concatening two
substrands of a strand 𝑠 of 𝐶: the substrand of 𝑠 from the attribute-value block of 𝐸 until the end of
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𝑠 with the substrand of 𝑠 from the start of 𝑠 until (and including) the attribute-value block of 𝐷. This
explains the name removeBetweenShift: it removes a substrand and concatenates the remaining two
substrands in a way that it is a cyclic shift compared to the original ordering of the attributes.

Let 𝑒 be a DNAQL expression, let𝐴,𝐴′, 𝑍, and 𝑍 ′ be attributes, and let 𝜎 = ((𝐷1, 𝐸1), ⋯ , (𝐷𝑛, 𝐸𝑛))
be a sequence of pairs of attributes. We abbreviate

let 𝑓1 ∶= removeBetweenShift(𝑒, 𝐴, 𝑍 ; (𝐷1, 𝐸1))) in
let 𝑓2 ∶= removeBetweenShift(𝑓1, 𝐸1, 𝐷1; (𝐷2, 𝐸2)) in
⋯
let 𝑓𝑛 ∶= removeBetweenShift(𝑓𝑛−1, 𝐸𝑛−1, 𝐷𝑛−1; (𝐷𝑛, 𝐸𝑛)) in
removeBetweenShift(𝑓𝑛, 𝐸𝑛, 𝐷𝑛; (𝑍 ′, 𝐴′)),

by removeBetweenIntervals(𝑒, 𝐴, 𝑍 , 𝐴′, 𝑍 ′, 𝜎).
To state the next result, we first define the notion of intervals. Let us define for distinct attributes

𝐴, 𝐵, and 𝐷, the predicate between<(𝐴, 𝐷, 𝐵) that is true if and only if 𝐴 < 𝐷 < 𝐵 or (𝐵 < 𝐴 and
not 𝐵 < 𝐷 < 𝐴). So, roughly speaking, 𝐷 is between 𝐴 and 𝐵 after turning the linear ordering <
into a directed circle. We now define the interval of a pair of distinct attributes (𝐴, 𝐵) as the set
of attributes {𝐷 ∣ between<(𝐴, 𝐷, 𝐵)}. If the interval of (𝐴, 𝐵) is empty, then we say that 𝐴 is the
cyclic predecessor of 𝐵 and that 𝐵 is the cyclic successor of 𝐴. The closed interval of (𝐴, 𝐵) is 𝐼 ∪ {𝐴},
where 𝐼 is the interval of (𝐴, 𝐵).

The following corollary says that removeBetweenIntervals removes all substrands between the
attribute-value blocks of each pair in 𝜎.

Corollary 5.5. Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter
assignment, and 𝑆 be of pseudo-relation-schema type. Let 𝐴 and 𝑍 be the first and last attribute of
𝑆, respectively. Let 𝛼 be a set of pairs of attributes appearing in 𝑆 such that their closed intervals are
mutually disjoint, and let 𝜎 be any linear ordering of 𝛼. Let 𝐴′ and 𝑍 ′ be the first and last attribute of
𝑆, respectively, that is not in any interval of a pair in 𝛼.
If 𝐶 = [[𝑒]](𝜈, 𝛾 ) is of type 𝑆, then removeBetweenIntervals(𝑒, 𝐴, 𝑍 , 𝐴′, 𝑍 ′, 𝜎) is of pseudo-relation-

schema type and is obtained from 𝐶 by removing all substrands between (in the cyclic sense) the
attribute-value blocks of 𝐷 and 𝐸 for all (𝐷, 𝐸) ∈ 𝛼 and gluing the remaining strands back together in
the same order as for 𝑆.

For example, let 𝑆 be of the form

#|a𝐴#a|v∗#v|𝐼1#|a𝐷#a|v∗#v|𝐼2#|a𝐸#a|v∗#v|𝐼3#|a𝐹#a|v∗#v|𝐼4#|a𝐺#a|v∗#v|𝐼5#|a𝑍#a|v∗#v|.

If 𝜎 = ((𝐴, 𝐸), (𝐸, 𝑍)), then removeBetweenIntervals(𝑒, 𝐴, 𝑍 , 𝐴, 𝑍 , 𝜎) is of type
#|a𝐴#a|v∗#v|𝐼1#|a𝐸#a|v∗#v|𝐼3#|a𝑍#a|v∗#v|,

and if 𝜎 = ((𝐺, 𝐷), (𝐸, 𝐹 )), then removeBetweenIntervals(𝑒, 𝐴, 𝑍 , 𝐷, 𝐺, 𝜎) is of type
#|a𝐷#a|v∗#v|𝐼2#|a𝐸#a|v∗#v|𝐼3#|a𝐹#a|v∗#v|𝐼4#|a𝐺#a|v∗#v|𝐼5.

Proof. We first verify that the attribute-value blocks of 𝐷 and 𝐸 always exist for all (𝐷, 𝐸) ∈ 𝛼
during removeBetweenIntervals (for any linear ordering 𝜎 of 𝛼). Since the closed intervals are
mutually disjoint, it suffices to show that 𝐸 is not removed by any removeBetweenShift in
removeBetweenIntervals. Assume to the contrary that the attribute-value blocks of 𝐸 is removed.
Then 𝐸 is in the interval of some (𝐷′, 𝐸′) ∈ 𝛼. Let 𝐹 be the cyclic predecessor of 𝐸. Then 𝐹 is in the
closed interval of (𝐷′, 𝐸′). Also, since 𝐷 ≠ 𝐸, 𝐹 is either equal to 𝐷 or in the interval of (𝐷, 𝐸). So,
𝐹 is also in the closed interval of (𝐷, 𝐸), which is a contradiction of the mutual disjointness of the
closed intervals.
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The result now follows from Lemma 5.2 and Lemma 5.4. Notice that the last line in the definition
of removeBetweenIntervals is only there to retain the original ordering of the attributes (as opposed
to some cyclic shift of this ordering) and does not remove anything. �

We remark that since removeBetweenShift(𝑓𝑛, 𝐸𝑛, 𝐷𝑛; (𝑍 ′, 𝐴′)) in the definition of
removeBetweenIntervals(𝑒, 𝐴, 𝐵, 𝐴′, 𝐵′, 𝜎) does not remove anything, in this situation split-
ting on #|a is a no-op and can be removed. Since the goal is about expressivity of DNAQL, we do
not introduce additional terminology to avoid the no-op.

5.5 Concatenation
Let 𝑒1 and 𝑒2 be DNAQL expressions and let 𝐴1, 𝑍1, 𝐴2, and 𝑍2 be attributes. We use
concatenate(𝑒1, 𝑒2, (𝐴1, 𝑍1), (𝐴2, 𝑍2)) to abbreviate

if empty(𝑒1) then empty else

if empty(𝑒2) then empty else

let 𝑙 ∶= connect(𝑒2 ∪ #v|#2 ∪ #2) in
let 𝑟 ∶= connect(𝑒1 ∪ #1#|a ∪ #1) in
let 𝑓 ∶= connect(𝑙 ∪ 𝑟 ∪ #2#1) in
removeBetweenShift(𝑓 , 𝐴2, 𝑍1; (𝑍2, 𝐴1)).

For strands 𝑠1 and 𝑠2 with disjoint sets of nodes, we denote by 𝑠1 ⋅ 𝑠2 the strand obtained from 𝑠1
and 𝑠2 by adding an edge from the last node of 𝑠1 to the first node of 𝑠2. We extend the ⋅ operator in
a natural way to complexes 𝐶1 and 𝐶2 where each component is a strand. Then 𝐶1 ⋅ 𝐶2 denotes the
complex (defined up to equivalence) consisting of 𝑠1 ⋅ 𝑠2 for (disjoint) copies 𝑠1 and 𝑠2 of strands of
𝐶1 and 𝐶2, respectively.

The next result shows that concatenate expresses the ⋅ operator if the inputs are of relation-schema
type.

Lemma 5.6. Let 𝑒1 and 𝑒2 be DNAQL expressions, 𝜈 be a complex assignment, and 𝛾 be a counter
assignment, and 𝑆1 and 𝑆2 both be of relation-schema type with mutually distinct attributes. Let 𝐴1
and 𝑍1 be the first and last attribute of 𝑆1, respectively, and 𝐴2 and 𝑍2 be the first and last attribute of
𝑆2, respectively.
If 𝐶1 = [[𝑒1]](𝜈, 𝛾 ) is of type 𝑆1 and 𝐶2 = [[𝑒2]](𝜈, 𝛾 ) is of type 𝑆2, then complex 𝐶 =

[[concatenate(𝑒1, 𝑒2, (𝐴1, 𝑍1), (𝐴2, 𝑍2))]](𝜈, 𝛾 ) ≡ 𝐶1 ⋅ 𝐶2. Consequently, 𝐶 is of the relation-schema
type that has as string respresentation the concatenation of the string representations of 𝑆1 and 𝑆2 (in
this order).

Proof. Note that if 𝐶1 or 𝐶2 are empty, then 𝐶 is the empty complex, as required. We now assume
both 𝐶1 and 𝐶2 are nonempty.

Since 𝐶1 and 𝐶2 are nonempty, 𝐶𝑙 = [[𝑙]](𝜈, 𝛾 ) is obtained from 𝐶2 by appending a node labelled
#2 to each strand, and 𝐶𝑟 = [[𝑟]](𝜈, 𝛾 ) is obtained from 𝐶1 by prepending a node labelled #1 to
each strand. Consequently, 𝐶𝑓 = [[𝑓 ]](𝜈, 𝛾 ) concatenates the strands of 𝐶𝑙 with the strands of
𝐶𝑟. Note that the first attribute of 𝐶𝑓 is 𝐴2, the last attribute of 𝐶𝑓 is 𝑍1, and there is a “junk”
sequence #2#1 between the attribute-value blocks of 𝑍2 and 𝐴1. From Section 5.4 we observe that
removeBetweenShift(𝑓 , 𝐴2, 𝑍1; (𝑍2, 𝐴1)) removes the junk and does a cyclic shift of the attribute-
value blocks such that each strand of 𝐶 consists of two substrands, the first being a strand of 𝐶1
and the other a strand of 𝐶2. �

ACM Trans. Datab. Syst., Vol. 51, No. 4, Article 20. Publication date: April 2026.



20:20 R. Brijder et al.

#|a
𝐸

#a|v
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#v|#|a

𝐷

#a|v

∗
#v|

"

Fig. 11. The state after expression blockFromTo(𝑓1, 𝐷, 𝐸) during attribute replacement replaceAttribute and
the position where split on #a|v will remove an edge.

5.6 Replacing an Attribute
Let 𝑒 be a DNAQL expression and let 𝐴, 𝐵, 𝐷, 𝐷′, 𝐸, and 𝑍 be attributes. We abbreviate

if empty(𝑒) then empty else

let 𝑓1 ∶= circularize(𝑒, 𝐴, 𝑍) in
let 𝑓2 ∶= split(blockFromTo(𝑓1, 𝐷, 𝐸), #a|v) in

let 𝑓3 ∶= connect(𝑓2 ∪ #|a𝐷′ ∪ 𝐷′#a|v) in
let 𝑓4 ∶= cleanup(split(blockfrom(𝑓3, 𝐵), #|a)) in
removeBetweenShift(𝑓4, 𝐷′, 𝐵; (𝑍 , 𝐴)),

by replaceAttribute(𝑒, 𝐴, 𝑍 ; (𝐵, 𝐷, 𝐸), 𝐷′).

Lemma 5.7. Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter assignment,
and 𝑆 be of relation-schema type with at least two attributes. Let 𝐴 and 𝑍 be the first and last attribute
of 𝑆, respectively. Let 𝐷 be an attribute of 𝑆, and 𝐷′ be an attribute not in 𝑆. Let 𝐵 be the cyclic
predecessor of 𝐷 and 𝐸 be the cyclic successor of 𝐷 with respect to the linear ordering of the attributes
of 𝑆.
If 𝐶 = [[𝑒]](𝜈, 𝛾 ) is of type 𝑆, then [[replaceAttribute(𝑒, 𝐴, 𝑍 ; (𝐵, 𝐷, 𝐸), 𝐷′)]](𝜈, 𝛾 ) is obtained from

𝐶 by replacing every occurrence of attribute 𝐷 by attribute 𝐷′ in every component of 𝐶.

Proof. For similar reasons as in the proof of Lemma 5.6, we need to consider the case where 𝐶
is the empty complex separately. If 𝐶 is empty, then replaceAttribute obtains the empty complex, as
required. We now assume 𝐶 is nonempty.

The computation of expression 𝑓2 after circularization is almost identical to the computation
of expression 𝑦1 in the definition of insertCirc. Indeed, the only difference is the tag on which
split takes place. Figure 11 depicts the type of the complex. We next observe that the type of the
complex of hybridize(𝑓2 ∪ #|a𝐷′ ∪ 𝐷′#a|v) is as given in Figure 12. Ligate adds an edge from the
node labelled 𝐷′ to the unblocked node labelled #a|v, and cleanup removes the negative strands of
the form 𝐷′#a|v. Therefore, the type of blockfrom(𝑓3, 𝐵) is as given in Figure 13. In the figure the
position where split removes an edge is indicated. After splitting and cleanup where the strands
of the form #|a𝐷 are removed, we are done modulo a cyclic shift of the attribute-value blocks. This
cyclic shift is accomplished by removeBetweenShift(𝑓4, 𝐷′, 𝐵; (𝑍 , 𝐴)). �
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#a|v ∗ #v| #|a 𝐸 𝐵
#a|v ∗ #v| #|a 𝐷

#a|v𝐷′

#|a 𝐷′

Fig. 12. The state after hybridize(𝑓2 ∪ #|a𝐷′ ∪ 𝐷′#a|v) during replaceAttribute.

#|a 𝐷′ #a|v ∗ #v| #|a 𝐸 𝐵
#a|v ∗ #v| #|a 𝐷

"

Fig. 13. The state after blockfrom(𝑓3, 𝐵) during replaceAttribute, with the position where splitting on #|a takes
place.

Note that Lemma 5.7 does not cover the case where 𝑆 has one attribute. To this end, let us, for a
DNAQL expression 𝑒 and attribute 𝐷′, abbreviate

if empty(𝑒) then empty else

connect(split(𝑒, #a|v) ∪ #|a𝐷′ ∪ 𝐷′#a|v),

by replaceAttributeUnary(𝑒, 𝐷′). We observe that if 𝑆 is a relation-schema type with exactly one
attribute and 𝐶 = [[𝑒]](𝜈, 𝛾 ), then [[replaceAttributeUnary(𝑒, 𝐷′)]](𝜈, 𝛾 ) is obtained from 𝐶 by replac-
ing every occurrence of attribute 𝐷 by attribute 𝐷′ in every component of 𝐶. Indeed, split(𝑒, #a|v)
obtains two types of strands: #|a𝐷 and #a|v∗#v|. Similar as in the proof of Lemma 5.7, the rest of the
replaceAttributeUnary operation prepends #|a𝐷′ to the strands of type #a|v∗#v| and cleanup only
retains strand of type #|a𝐷′#a|v∗#v|, as required.

5.7 Block Selecting
Let 𝑒 be a DNAQL expression and let 𝐴 and 𝐵 be attributes. Let 𝑎 be an atomic value symbol and let
𝑖 be a counter variable. We use blockSelect(𝑒, 𝐴, 𝐵, 𝑎, 𝑖) to abbreviate

let 𝑦 ∶= blockexcept(blockFromTo(𝑒, 𝐴, 𝐵), 𝑖) ∪ immob(𝑎) in
cleanup(flush(hybridize(𝑦))).

The next result shows that blockSelect functions as a filter for specific atomic value symbols in
ℓ-cores, when the input complex is a circularization of a complex of pseudo-relation-schema type.

Lemma 5.8. Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter assignment,
and 𝑆 be a circularization of a pseudo-relation-schema type. Let 𝐴 and 𝐵 be two consecutive attributes
of 𝑆 (i.e., the attribute-value block of 𝐵 directly follows the attribute-value block of 𝐴), let 𝑎 be an
atomic value symbol, and let 𝑖 be a counter variable.

If 𝐶 = [[𝑒]](𝜈, 𝛾 ) is of type 𝑆, then 𝐶′ = [[blockSelect(𝑒, 𝐴, 𝐵, 𝑎, 𝑖)]](𝜈, 𝛾 ) is also of type 𝑆 and consists
of those components of 𝐶 such that the label of the 𝛾 (𝑖)𝑡ℎ node of the ℓ-core of the attribute-value block
of attribute 𝐴 is equal to 𝑎. In particular, 𝐶 subsumes 𝐶′.

Proof. Figure 14 depicts the form of each component of the complex obtained just before
cleanup is executed. Notice that the unblocked and unmatched nodes in the top-right of the
circle are tags (they form an intermediate tag sequence together with a #|a symbol), and therefore
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#|a

𝐵

#a|v

#|a

𝐴

#a|v

𝑎1

𝑎𝛾 (𝑖)

𝑎ℓ #v|◖

𝑎

Fig. 14. The form of each component of the obtained complex just before cleanup is executed during the
computation of blockSelect(𝑥, 𝐴, 𝐵, 𝑎, 𝑖).

could not have been matched by 𝑎 when hybridize was executed. Consequently, exactly those
components of 𝐶 are selected where the label of the 𝛾 (𝑖)𝑡ℎ node of the ℓ-core of the attribute-value
block of attribute 𝐴 is equal to 𝑎. In the final step cleanup retains only the circular strand without
blocking, as desired. �

We can use blockSelect to filter out components for which two specific ℓ-cores are equal. First
we define notation for expressions containing variables 𝑎 for atomic value symbols. More pre-
cisely, consider expressions 𝑒𝑎 that are DNAQL expressions except for the fact that it contains an
indeterminate 𝑎 in the position where a constant from Λ can reside. Then we let ⋃𝑎∈Λ 𝑒𝑎 denote
𝑒𝑎1 ∪𝑒𝑎2 ∪⋯∪𝑒𝑎𝑛 , where Λ = {𝑎1, … , 𝑎𝑛}. Since Λ is fixed and union is commutative and associative,
⋃𝑎∈Λ 𝑒𝑎 is a well-defined DNAQL expression.

Let 𝑒 be a DNAQL expression and let 𝐴, 𝐵, 𝐷, 𝐸, 𝐹, and 𝑍 be attributes. Let 𝑖 be a counter variable.
We abbreviate

let 𝑓 ∶=
for 𝑥𝑐 ∶= circularize(𝑒, 𝐴, 𝑍) iter 𝑖 do

⋃
𝑎∈Λ

blockSelect(blockSelect(𝑥𝑐, 𝐵, 𝐷, 𝑎, 𝑖), 𝐸, 𝐹 , 𝑎, 𝑖)

in

removeBetweenCirc(𝑓 , 𝑍 , 𝐴)

by coreEquality(𝑒, 𝐴, 𝑍 ; (𝐵, 𝐷), (𝐸, 𝐹 ), 𝑖).

Lemma 5.9. Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter assignment,
and 𝑆 be of relation-schema type having at least two attributes. Let, with respect to the linear order of
the attributes of 𝑆, 𝐷 be the cyclic successor of 𝐵 and 𝐹 be the cyclic successor of 𝐸. Let 𝐴 and 𝑍 be the
first and last attribute of 𝑆, respectively. Let 𝑖 be a counter variable.

If 𝐶 = [[𝑒]](𝜈, 𝛾 ) is of type 𝑆, then 𝐶′ = [[coreEquality(𝑒, 𝐴, 𝑍 ; (𝐵, 𝐷), (𝐸, 𝐹 ), 𝑖)]](𝜈, 𝛾 ) is also of type
𝑆 and consists of those components of 𝐶 such that the ℓ-cores of the attribute-value blocks of attributes
𝐵 and 𝐸 are equal. In particular, 𝐶 subsumes 𝐶′.
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Proof. Note that by Lemma 5.8, for 𝑎 ∈ Λ, 𝑒𝑎 = blockSelect(blockSelect(𝑥𝑐, 𝐵, 𝐷, 𝑎, 𝑖), 𝐸, 𝐹 , 𝑎, 𝑖)
obtains those components where the 𝛾 (𝑖)𝑡ℎ nodes of the ℓ-cores of 𝐵 and 𝐸 are both equal to 𝑎.
Therefore, the union of the 𝑒𝑎’s with 𝑎 ∈ Λ obtains exactly the components where the 𝛾 (𝑖)𝑡ℎ nodes
of the ℓ-cores of 𝐵 and 𝐸 are equal. The expression 𝑓 iterates over all 𝛾 (𝑖) over all nodes of the
ℓ-cores and so 𝑓 obtains those components where the ℓ-cores of 𝐵 and 𝐸 are equal. The final step
removeBetweenCirc(𝑓 , 𝑍 , 𝐴) is only there to make the strand linear again (nothing is removed). �

5.8 Shuffling Attribute-value Blocks
For the simulation of some relational algebra operations, we will need to reorder attribute-value
blocks of complexes of relation-schema type. Any reordering can be performed by repeated moving
of a specific attribute-value block to the end. Indeed, one first moves the first attribute-value block
in the intended ordering to the end, then the second in the intended ordering, and so on. We now
define moveToEnd which does this movement to the end.

Let 𝑒 be a DNAQL expression. We use moveToEnd(𝑒, 𝐴, 𝑍 ; (𝐵, 𝐷, 𝐸)) to denote

if empty(𝑒) then empty else

let 𝑓0 ∶= circularize(𝑒, 𝐴, 𝑍) in
let 𝑓1 ∶= insertCirc(𝑓0, 𝐵, 𝐷, #3#4) in
let 𝑓2 ∶= insertCirc(𝑓1, 𝐷, 𝐸, #5#6) in
let 𝑓3 ∶= split(blockFromTo(𝑓2, 𝑍 , 𝐴), #v|) in
let 𝑓4 ∶= connect(𝑓3 ∪ #6#1 ∪ #v|#6) in

let 𝑓5 ∶= hybridize(𝑓4 ∪ immob(𝐴)) in
let 𝑓6 ∶= hybridize(𝑓5 ∪ #3#5 ∪ #1#4) in
let 𝑓7 ∶= cleanup(ligate(split(split(𝑓6, #3), #5))) in
removeBetweenIntervals(𝑓7, 𝐴, 𝐷, 𝐴, 𝐷, ((𝐵, 𝐸), (𝑍 , 𝐷))).

Lemma 5.10. Let 𝑒 be a DNAQL expression, 𝜈 be a complex assignment, and 𝛾 be a counter assignment,
and 𝑆 be a relation-schema type. Let 𝐴 be the first attribute of 𝑆, let 𝑍 be the last attribute of 𝑆, and let
𝐵 be the cyclic predecessor of 𝐷 and 𝐸 be the cyclic successor of 𝐷 with respect to the linear order of the
attributes of 𝑆. We assume 𝐷 ≠ 𝑍.

If 𝐶 = [[𝑒]](𝜈, 𝛾 ) is of type 𝑆, then 𝐶′ = [[moveToEnd(𝑒, 𝐴, 𝑍 ; (𝐵, 𝐷, 𝐸)]](𝜈, 𝛾 ) consists of the strands
obtained from 𝐶 by moving the attribute-value block of 𝐷 to the end. In particular, 𝐶′ is of relation-
schema type.

The proof of this result serves two purposes: in addition to proving the result, we also illustrate
how certain non-trivial steps within the moveToEnd operation would occur on the level of DNA.
In particular, the moveToEnd operation implements a novel technique we call double bridging.
Instead of using a single sticky bridge, two sticky bridges are hybridized onto one strand. A careful
placement of the bridges allows cutting the strand twice whilst keeping it connected. Moreover,
the two bridges guide the strand into its new conformation.

Proof. If 𝐶 is the empty complex, then 𝐶′ is the empty complex, as required. We now assume 𝐶
is nonempty.

We observe that 𝑓3 in the definition of moveToEnd inserts #3#4 between attributes 𝐵 and 𝐷 and
inserts #5#6 between attributes 𝐷 and 𝐸. Next, 𝑓4 inserts #6#1 at the end of each strand (since 𝐶
is nonempty, no “junk” component #6#1 remains). Then 𝑓5 immobilizes the strand by hybridizing
on attribute 𝐴 (the choice of 𝐴 is not essential). The type of the resulting complex [[𝑓5]](𝜈, 𝛾 ) is
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Fig. 15. Linear structure.
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Fig. 16. Some configuration of the linear structure of Figure 15.
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# 1
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Fig. 17. Stickers added to Figure 16.

depicted in Figure 15. Since the locations of the markers #1, #3, #4, and #5 are most important, the
figure indicates them with colors. While this figure, and the other figures referred to in this proof,
depict the case where 𝐴 ≠ 𝐷 and 𝐸 ≠ 𝑍, it is straightforward to see that nothing essential changes
for the corner cases where 𝐴 = 𝐷 or 𝐸 = 𝑍. Figure 16 is a more high-level version of Figure 15
where only the locations of the markers #1, #3, #4, #5 in the linear strand are shown.

Next, 𝑓5 ∪ #3#5 ∪ #1#4 is obtained from 𝑓5 by adding the stickers/bridges #3#5 and #1#4, see
Figure 17. Then 𝑓6 is obtained through hybridization, which is shown in Figure 18. Notice that
the immobilization of the positive strands is essential to avoid them hybridizing with themselves
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Fig. 18. The state after hybridization of Figure 17.

indirectly via these stickers. In fact, without immobilization, this hybridization would be not be
terminating.

We will see that only components of the form depicted on the top-left of Figure 18 will influ-
ence the output complex; the other forms are undesirable side-effects and will be removed as a
consequence of splitting and cleanup.

Next, the types of the largest components of split(𝑓6, #3) are depicted in Figure 19. Notice
that according to Table 1 split splits after tag #3. These two types result from splitting the
two components on the left-hand side of Figure 18. Split after #3 for each component on the
right-hand side of Figure 18 results in smaller pieces. The form of the largest components of
split(split(𝑓6, #3), #5)) is depicted in Figure 20 and originates from the type of component on
the left-hand side of Figure 19. Indeed, the type of component on the right-hand side is split in two.
Also notice that according to Table 1 split indeed splits before tag #5.

Figure 21 then corresponds to the type of the largest components of ligate(split
(split(𝑓6, #3), #5)). Finally, cleanup retains only the large linear strand (more precisely, the linear
strands with this type), and we are done modulo the intermediate tag sequences #3#5#6 and #6#1#4
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Fig. 19. The state of the largest type of components after applying splitting after #3 to Figure 18.
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Fig. 20. The state of the largest type of components after applying splitting before #5 to Figure 19.
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Fig. 21. The state of the largest type of components after applying ligation to Figure 20.
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between the attribute-value blocks of 𝐵 and 𝐸 and between the attribute-value blocks of 𝑍 and 𝐷,
respectively. According to Corollary 5.5 these can be removed by removeBetweenIntervals. �

By iteration of Lemma 5.10, we obtain the following result.

Theorem 5.11. Any reordering of attribute-value blocks of all strands of a complex of relation-
schema type is expressible in DNAQL.

6 Proof of Theorem 4.3
The proof of Theorem 4.3 is by induction on the structure of expression 𝑒.

Variable. Suppose 𝑒 is a relation variable 𝑥 and 𝒟 ∶ 𝑥 ⊢ 𝑅. In other words, 𝒟(𝑥) = 𝑅. We have
complex([[𝑥]](𝐼 ))< = complex(𝐼 (𝑥))< = [[𝑥]](complex(𝐼 )<). Therefore, 𝑒DNA ∶= 𝑥 simulates 𝑒.

Union. Suppose 𝑒 = 𝑒1 ∪ 𝑒2 with 𝒟 ∶ 𝑒 ⊢ 𝑅. By the induction hypothesis, there are DNAQL
programs 𝑒DNA1 and 𝑒DNA2 that simulate 𝑒1 and 𝑒2, respectively, uniformly over all dimensions
ℓ. Since 𝒟 ∶ 𝑒 ⊢ 𝑅, the expressions 𝑒1 and 𝑒2 are also over the relation schema 𝑅. We have
complex([[𝑒1 ∪ 𝑒2]](𝐼 ))< = complex([[𝑒1]](𝐼 ) ∪ [[𝑒2]](𝐼 ))<. Recall that the definition of complex()
is defined as the union of complexes of its tuples, and thus complex([[𝑒1]](𝐼 ) ∪ [[𝑒2]](𝐼 ))< ≡
complex([[𝑒1]](𝐼 ))< ∪ complex([[𝑒2]](𝐼 ))<. By the induction hypothesis, this is in turn equiva-
lent to [[𝑒DNA1 ]](complex(𝐼 )<) ∪ [[𝑒DNA2 ]](complex(𝐼 )<) = [[𝑒DNA1 ∪ 𝑒DNA2 ]](complex(𝐼 )<). Therefore,
𝑒DNA ∶= 𝑒DNA1 ∪ 𝑒DNA2 simulates 𝑒.

Difference. The case of difference is completely analogous to that of union. Indeed, if 𝑒 = 𝑒1 − 𝑒2
with 𝒟 ∶ 𝑒 ⊢ 𝑅, then 𝑒1 and 𝑒2 are also over the relation schema 𝑅. We observe that
complex([[𝑒1]](𝐼 )− [[𝑒2]](𝐼 ))< ≡ complex([[𝑒1]](𝐼 ))< − complex([[𝑒2]](𝐼 ))< and similarly as for union
we conclude that 𝑒DNA ∶= 𝑒DNA1 − 𝑒DNA2 simulates 𝑒.

Cartesian product. Suppose 𝑒 = 𝑒1 × 𝑒2 with 𝒟 ∶ 𝑒 ⊢ 𝑅. By the induction hypothesis, there
are DNAQL programs 𝑒DNA1 and 𝑒DNA2 that simulate 𝑒1 and 𝑒2, respectively, uniformly over all
dimensions ℓ. Since 𝒟 ∶ 𝑒 ⊢ 𝑅, the expressions 𝑒1 and 𝑒2 are over disjoint relation schemas
𝑅1 and 𝑅2, respectively. We have complex([[𝑒1 × 𝑒2]](𝐼 ))< = complex([[𝑒1]](𝐼 ) × [[𝑒2]](𝐼 ))<. By the
definition of complex() and cartesian product, we observe that complex([[𝑒1]](𝐼 ) × [[𝑒2]](𝐼 ))< is
equivalent to complex([[𝑒1]](𝐼 ))< ⋅ complex([[𝑒2]](𝐼 ))< up to reordering of the attribute-value blocks
(recall the definition of the ⋅ operator in Section 5.5). By the induction hypothesis, this is in turn
equivalent to [[𝑒DNA1 ]](complex(𝐼 )<) ⋅ [[𝑒DNA2 ]](complex(𝐼 )<). By Lemma 5.6 this is equivalent to
[[concatenate(𝑒1, 𝑒2, (𝐴1, 𝑍1), (𝐴2, 𝑍2))]](complex(𝐼 )<) for some attributes 𝐴1, 𝑍1, 𝐴2, and 𝑍2. By
Theorem 5.11 any reordering of attribute-value blocks is expressible in DNAQL and so there is a
DNAQL program 𝑒DNA that simulates 𝑒.

Projection. Suppose 𝑒 = 𝜋̂𝐷(𝑒1) with 𝒟 ∶ 𝑒 ⊢ 𝑅. By the induction hypothesis, there is a DNAQL
program 𝑒DNA1 that simulates 𝑒1 uniformly over all dimensions ℓ. In other words, complex([[𝑒1]](𝐼 ))<
is equivalent to [[𝑒DNA1 ]](complex(𝐼 )<) for all ℓ-dimensional database instances 𝐼 over𝒟. Observe that
complex([[𝜋̂𝐷(𝑒1)]](𝐼 ))< is obtained from complex([[𝑒1]](𝐼 ))< ≡ [[𝑒DNA1 ]](complex(𝐼 )<) by removing,
for each component, the attribute-value block of 𝐷.

Let 𝐴 and 𝐵 be the first and last attributes of 𝑅 ∪ {𝐷}, respectively, 𝐴′ and 𝐵′ be the first and last
attributes of 𝑅, respectively, with respect to <, and, with respect to the linear order on 𝑅 ∪ {𝐷}, 𝑋
be the cyclic predecessor of 𝐷 and 𝑌 be the cyclic successor of 𝐷. Note that by Remark 4.2, |𝑅| ≥ 1
and so |𝑅 ∪ {𝐷}| ≥ 2. Therefore, these attributes are all well defined.
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If |𝑅 ∪ {𝐷}| ≥ 3, then 𝑋 and 𝑌 are distinct and therefore, by Corollary 5.5, we obtain that
complex([[𝜋̂𝐷(𝑒1)]](𝐼 ))< is equivalent to

[[removeBetweenIntervals(𝑒DNA1 , 𝐴, 𝐵, 𝐴′, 𝐵′, ((𝑋 , 𝑌 )))]](complex(𝐼 )<).
Finally, if |𝑅 ∪ {𝐷}| = 2, then it is straightforward to verify that

[[cleanup(flush(hybridize(split(𝑒DNA1 , #v|) ∪ immob(𝐴))))]](complex(𝐼 )<),

with 𝑅 = {𝐴} retains exactly the attribute-value blocks of 𝐴, as required.
So, in both cases there is a DNAQL program 𝑒DNA that simulates 𝑒.

Renaming. Suppose 𝑒 = 𝜌𝐷/𝐷′(𝑒1) with 𝒟 ∶ 𝑒 ⊢ 𝑅. By the induction hypothesis, there
is a DNAQL program 𝑒DNA1 that simulates 𝑒1 uniformly over all dimensions ℓ. Observe that
complex([[𝜌𝐷/𝐷′(𝑒1)]](𝐼 ))< is obtained from complex([[𝑒1]](𝐼 ))< ≡ [[𝑒DNA1 ]](complex(𝐼 )<) by re-
placing attribute 𝐷 by attribute 𝐷′ and then moving the attribute-value blocks of 𝐷′ in the proper
position according to the linear ordering <. By Remark 4.2, we have again |𝑅| ≥ 1.

If |𝑅| = 1, then by the paragraph below the proof of Lemma 5.7, complex([[𝜌𝐷/𝐷′(𝑒1)]](𝐼 ))< is
equivalent to replaceAttributeUnary(𝑒DNA1 , 𝐷′).

If |𝑅| ≥ 2, then, by Lemma 5.7, complex([[𝜌𝐷/𝐷′(𝑒1)]](𝐼 ))< is equivalent to

[[replaceAttribute(𝑒DNA1 , 𝐴, 𝑍 ; (𝐵, 𝐷, 𝐸), 𝐷′)]](complex(𝐼 )<).
up to moving the attribute-value blocks of 𝐷′ (the attributes 𝐴, 𝐵, 𝐸, and 𝑍 are as in Lemma 5.7).
By Theorem 5.11, the movement of the attribute-value blocks of 𝐷′ is expressible in DNAQL and so
in both cases there is an program 𝑒DNA that simulates 𝑒.

Selection. Suppose 𝑒 = 𝜎𝐵=𝐸(𝑒1) with 𝒟 ∶ 𝑒 ⊢ 𝑅. By the induction hypothesis, there is
a DNAQL program 𝑒DNA1 that simulates 𝑒1 uniformly over all dimensions ℓ. If 𝐵 = 𝐸, then
𝑒DNA ∶= 𝑒DNA1 simulates 𝑒 and we are done. Assume now that 𝐵 ≠ 𝐸. In particular, |𝑅| = 2.
Note that complex([[𝜎𝐵=𝐸(𝑒1)]](𝐼 ))< is obtained from complex([[𝑒1]](𝐼 ))< ≡ [[𝑒DNA1 ]](complex(𝐼 )<)
by retaining exactly those components where the ℓ-cores corresponding to 𝐵 and 𝐸 are equal. By
Lemma 5.9, complex([[𝜎𝐵=𝐸(𝑒1)]](𝐼 ))< is equivalent to

[[coreEquality(𝑒DNA1 , 𝐴, 𝑍 ; (𝐵, 𝐷), (𝐸, 𝐹 ), 𝑖)]](complex(𝐼 )<).

Therefore, there is a DNAQL program 𝑒DNA that simulates 𝑒.
Note that 𝑒DNA is effectively computable from 𝑒 and 𝒟 since in each of the above cases, we have

either given 𝑒DNA explicitly or described an effective method to obtain 𝑒DNA.
We now establish the given length upperbound for 𝑒DNA. Without cartesian product, 𝑒DNA can

be chosen to be linear in the length of 𝑒. Indeed, (1) we can avoid the duplication of expression
𝑒 in operators like replaceAttribute by introducing a let construct, and (2) the use of ⋃𝑎∈Λ 𝑒𝑎 in
coreEquality merely increases the expression length by a constant since Λ is assumed fixed. For
the general case, let 𝑘 be the number of cartesian product operations in 𝑒. Each cartesian product
involves a final step in which the attributes are sorted. Since sorting is of complexity 𝑂(𝑛 log 𝑛), we
obtain that the length of 𝑒DNA is 𝑂(|𝑒| + 𝑘𝑛 log 𝑛), where 𝑛 is the maximum cardinality among the
schemas of subexpressions 𝑒′ of 𝑒 in which the final operation is the cartesian product.

7 Discussion
We have shown the relational completeness of DNAQL. We remark that a straightforward but
rather long-winded verification shows that all results in this article can in fact be strengthened to
well-typed DNAQL expressions/programs with respect to the type system for DNAQL as defined in
[8]. Therefore, relational completeness also holds for the subclass of well-typed DNAQL programs.
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By showing relational completeness we obtain a natural lower bound on the expressivity of
DNAQL. We conjecture that well-typed DNAQL and the relational algebra have, in fact, equal
expressivity.

Since there are well-known results connecting the relational algebra with other query languages
(like Datalog, see, e.g., [1]), the result of this article, by transitivity, establishes connections between
DNAQL and those query languages. Nevertheless, a establishing direct connection between DNAQL
and, say, graph query languages is a worthwhile direction for future research as it might expose
more, possibly unexpected, connections (e.g., regarding computational complexity).

While DNAQL focusses on faithful implementability in DNA, without relying on hard to imple-
ment notions such as nonterminating hybridization, verification of the feasibility of implementation
in the wetlab remains an open problem. An interesting partial result would be the verification of
the feasibility of the double bridging construction outlined in Section 5.8. Indeed, double bridging
might be useful in other contexts where shuffling of DNA segments within a single DNA strand is
required. A related research direction is to try to further simplify or restrict DNAQL to improve
implementability while still maintaining relational completeness. For example, perhaps by clever
programming we can make do with less than five recognition sites for restriction enzymes.

Another natural direction for further study is query optimization. Indeed, some operations in
DNAQL are cheaper and faster to execute then others, and so it would be interesting to obtain
methods that construct a DNAQL program with minimal cost among the DNAQL programs that
are equivalent to some input DNAQL program. Related to this, it is interesting to see whether the
obtained length upperbound of the program that simulates the relational algebra expression can be
further minimized. In particular, is there an alternative construction of 𝑒DNA such that its length is
always linear in the length of 𝑒 (that is, even if 𝑒 contains cartesian product)?
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