Closure Properties of Classes of Spatio-Temporal Objects
Under Boolean Set Operations

Sofie Haesevoets and Bart Kuijpers
Limburg University (LUC)
Department WNI
3590 Diepenbeek, Belgium
{sofie.haesevoets, bart.kuijpers} @luc.ac.be

Abstract

We study a model for spatio-temporal objects, intro-
duced by Chomicki and Revesz, in which spatio-temporal
data is specified by a spatial reference object together with
a geometric transformation that determines the movement
of the reference object in time. We give complete results
concerning closure under Boolean set operators for the
different classes of spatio-temporal objects introduced by
these authors (In particular, we also answer a conjecture by
Chomicki and Revesz negatively). Snceonly few classesare
closed under all set operators, we suggest that their model
should be extended in order to increase its practical appli-
cability.

1. Introduction

In recent years, the number of applications in which
spatio-temporal data has to be manipulated and stored in
a database has increased steadily [4, 5, 7]. Meteorological
databases and air traffic control data are only two examples
of such applications.

Chomicki and Revesz claimed that a new framework is
necessary to model this new type of data and introduced
the concept of a spatio-temporal object [3]. They specify a
spatio-temporal object by giving a spatial reference object
and a time-dependent geometric transformation that deter-
mines how the reference object moves through space in a
certaintimeinterval (the same authors have also introduced
variations of this model [1, 2]). In their elegant definition,
a spatial and temporal object are combined very naturally
into a spatio-temporal object.

Chomicki and Revesz consider anumber of natural types
of gpatial reference objects (which can be considered as pro-
totypes from well-known classes such as the polygons, the
triangles and the rectangles) as well as a number of natu-

ral classes of spatial movement (defined by well-known ge-
ometrical transformation groups such as the affinities, the
scalings and the trandations). They have started a study of
how these classes behave with respect to the set-theoretic
operators. This study is motivated by practical needs. If an
air traffic control system is modeled by spatio-temporal ob-
jects, then, to be able to model situations of collision and
safe traffic, it is desirable to use a class of spatio-temporal
objectsthat is closed under intersection.

In this paper, we continue this research of Chomicki
and Revesz and give complete closure results for several
classes of spatio-temporal objects under union, intersection
and set-difference. We observe that all classes are closed
under union. For set-difference and intersection, the results
show that when scalings are considered as transformation,
only rectangles as reference objects give rise to closure.
For polygons and triangles more genera affinities guaran-
tee closure only if they are described by appropriaterational
functions. We show that intersection and set-difference are
not closed under trandlations for any class of reference ob-
jects. Since for the class of rectangles closure is obtained
more often than for triangles, we also consider right-angled
triangles. We show that the hope that this class would be
closed under more groups of transformations than general
trianglesis vain, however.

Since many relevant classes are not closed under in-
tersection and difference, it is useful to extend the model
of Chomicki and Revesz such that these classes become
closed. One obvious approach to follow would be to allow
all Boolean set operators, and not just union, in the con-
struction of spatio-temporal objects from atomic objects.

This paper is organised as follows. In Section 2, we
give definitions and describe the relevant classes of spatio-
temporal objects. The closure results for these classes with
respect to Boolean set operatorsare given in Section 3. Pos-
sible improvements of the current model are discussed in
Section 4. Some further details are given in an Appendix.



2. Definitions and preliminaries

In this Section, we define the notion of spatio-temporal
object. This definition is adopted from Chomicki and
Revesz [3]. They have defined a spatio-temporal object
as a reference spatial object (a representative of a class of
objects) together with a continuous transformation that de-
fines how this spatial object moves in time. In this pa
per we will restrict our attention to two-dimensional spatio-
temporal objects.

2.1. Spatio-temporal and geometric objects

Let R be the set of real numbers and R2 be the red
plane.

Definition 2.1 A spatial object is a subset of R2. A tem-
poral object is asubset of R. A spatio-temporal object isa
subset of R2*1, O

Definition 2.2 An atomic geometric object O is a triple
(S,1, f), where

e S C RZisthe spatial reference object of O, whichis
semi-algebraict;

e [ C R isthetime domain (a point or interval) of O;
and

e f:R? x R — R? isthe transformation function of
0.

A geometric object isafinite set of atomic geometric ob-
jects. Thetime domain of a geometric object isthe smallest
timeinterval that containsal the time intervals of the com-
posing atomic geometric objects. Recall that the smallest
interval containing a set of intervals is aso known as the
convex closure of this set. 0

The semantics of an atomic geometric object O = (S, I, f)
is the spatio-temporal object

st(0) = {(z,y;) e R* x R | (32")Fy)((2",y) € §

At € T A (z,y) = f(',y';t)}.

The semantics of ageometricobject {01, ..., O, } isthe
union of the spatio-temporal objects st(0;), 1 <i < n.

Remark that a spatio-tempora object is empty outside
the time domain of the geometric object that defines it.
Also, within the time domain a spatio-tempora object is
empty at any moment when no atomic object exists.

1A semi-algebraic set in the plane is a Boolean combination of sets
determined by a polynomial inequality of the form p(z,y) > 0, where p
isapolynomia with integer coefficients in the rea variables z and y.

2.2. Interesting classes of geometric objects

We now define special classes of geometric objects that
are relevant to spatio-temporal database practice (intro-
duced by Chomicki and Revesz [3]). These classes (S, F)
are determined by the type S of reference spatial object and
thetype F of transformation function (for clarity, ageomet-
ric object belongs to a class if al of its atomic geometric
objects belong to that class).

The classes of reference objectsthat we will consider are
Spoly (arbitrary polygons), St. (arbitrary triangles), Strax
(triangles with two sides parallel to the coordinate axes),
and Sgect (rectangles with all sides parallé to the coordi-
nate axes). In this paper, we assume triangles, polygonsand
rectangles to be filled objects. But since we alow two or
more corner points of a triangle or rectangle to coincide,
the model can deal with polylinestoo. A line segment and
apoint are considered triangles. Also line segments parallel
to the axis and points are considered rectangles.

The classes of transformation functionswe will consider
are Fag (the affine transformations), Fs. (the scalings),
Frrans (the trandations) and Fiq (consisting of the identity
mapping) . These classes are defined as follows.

The class Fag of affine transformations contains map-
pings of the form

w0 (5 ) 6)+ (),

wherea(t)-d(t) —c(t)-b(t) # 0foradltinthetimedomain
under consideration. The class Fs. of scalings consists of
the affine transformationsfor which b(t) and ¢(t) areidenti-
cal to 0. Theclass Frvans consists of the scalings for which
a(t) and d(t) areidentical to 1.

For practical purposes we will only consider functions
a(t), b(t), c(t), d(t), e(t), f(t) that belong to certain well-
behaved classes. These are the rational functions (i.e., frac-
tions of polynomial functions), the polynomial functions
and the linear polynomia functions. The corresponding
classes of transformations will be denoted as FRat, Froly
and FLin, For example, F&a represents the class of ratio-
nal scalings. We assume that the time domain of an atomic
geometric object belongs to the domain of the transforma-
tion function (hence, the denominator of arational function
in the definition of a transformation is never zero in atime
domain).

Note that the shape of a spatio-temporal object at a cer-
tain time is not necessarily the same as the shape of the ref-
erence object of the geometric object that gives rise to the
spatio-temporal object. For example, arectangle is mapped
to a parallelogram under an affinity.



2.3. Example

Let O 4 and Op betwo (atomic) geometric objects with
spatia reference objects S 4 and S respectively the trian-
gles with corner points (—1,0), (1,0), (0,1) and (—1,0),
(1,0), (0,—1), and time domains I4 = Ig = [0,2]. In
thistime domain, S 4 remainsat its placewhile Sg istrans-
lated with constant speed (equal to 1) in the direction of the
positive y-axis. At ¢t = 0 both objects intersect in a line
segment. For 0 < ¢ < 1 they intersect in a hexagon, for
1 <t < 2inaquadrangle, and finally for ¢ = 2 in apoint.

.

1<t <2 t=2
o<t <1

t =10

Figure 1. Two atomic geometric objects. The
time domain can be partitioned in four parts
such that the intersection of the two objects
retains the same shape during each element
of the partition.

3. Boolean set operators

We investigated which of the above classes (S, F) are
closed under the Boolean set operators U (union), N (inter-
section) and \ (set difference).

Definition 3.1 Let 6 be one of U, N or \. We say that the
class (S, F) is (atomically) closed under 6 if for any two
(atomic) geometric objects O and O, in (S, F) thereexists
anobject O in (S, F) suchthat st(O) = st(O1) 8 st(O).

O

Wewill refer to an object O that satisfies the conditionin
the definition as an intersection, union or difference of O,
and O (they need not to be unique).

For the union operation, the closure followsimmediately
from the definition.

Property 3.1 For any class of objects S and any class of
transformations F, (S, F) is closed under U. |

For N and \ the situation is more complicated. The fol-
lowing property will help to simplify the proofs below con-
siderably, however. Its proof follows straightforwardly from
simpl e set-theoretic considerations.

Property 3.2 (Atomicity) Let S be a class of objects and
F a class of transformations. Then (S, F) is atomically
closed under N if and only if it is closed under N. If (S, F)
is atomically closed under N and \, then it is also closed
under \. O

Thefollowing technical property describes how and how
often the form (or appearance) of the intersection or differ-
ence of two atomic geometric objects can change. We ob-
serve that the intersection of two moving triangles can be
empty, a single point, a straight line segment, atriangle, a
guadrangle, a pentagon and a hexagon. The intersection of
two moving rectangles can be empty, a single point, a line
segment or arectangle. We call al these different forms of
the intersection its possible shapes. Also the difference of
two triangles or two rectangles can take a finite number of
different shapes. Intheexamplein Figure 1, theintersection
takesfour different shapes, whereasthe differencetakesfive
different shapes.

In the following, we denote for two time domains I, and
I, by I, U I, the convex closure of theset I; U I inR.

Property 3.3 (Finitetime partition) Let O, and O, be
two atomic geometric objects with rational affine transfor-
mations with time domains I; and I,. There exists a finite
partition of the interval I; U I, in points and intervals such
that st(O01) N st(O,) takes a single shape in each element
of the partition. The sameistruefor st(O01) \ st(Os).

Proof (sketch). From the assumption that the reference ob-
jectsof O, and O, are semi-algebraic and their transforma-
tion functions are affine rational functions, it follows that
the sets st(O;) and st(O,) are semi-algebraic subsets of
R2*!. We can therefore consider the set st(O1) N st(O2)
(or st(O1) \ st(O2)) as a subset of R**! parameterized
by the time parameter ¢. It follows from the Trivialization
Theorem (page 147 of [6]) that the set of corner points of
st(O1) N st(O2) (or st(Oy) \ st(O2)) can only take a fi-
nite number of shapes, each in a semi-algebraic subset of
L UL. a

In the following we will only talk about timeintervalsin
the finite time partition (points are interval s with coinciding
endpoints).

The next theorem summarises the closure results for in-
tersection and set-difference.

Theorem 3.1 For any class of objects S among Spoly, Stv,
Strax and Sgecy @and any class of transformations 7 among
Fasrs Fser Frrans @and Fiq, the closure with respect to N and
\ issummarized in Table 1.Closureisindicated by +, non-
closureby —. O



Table 1. Summary of all closure results.

ﬁ'\ fARgt f/i)?fly fk?fl fgtrat ‘7:5(?1}, _7:%_4;11 f%‘aatns f?ro;x};s f%igns ‘7:id
Say |+ | = | = | = |- | - - - |+
R i I R A B e D e R
Stax || + | = | = | = | = | = | - - - | -
Srect ||+ + + + + +* - - - +

The items marked with * are proven in [ 3], the ones marked with (*) follow directly

from results or proofs in the same paper. The ones marked with | are from[7].

The remainder of this section is devoted to proving this
theorem. We do this by proving a series of lemmas. We
start with the affine transformations. For the most general
classes we have the following positive resuilt.

Lemma3.1 Theclasses (Spoly,Faa') and (Stv, Frat) are
closed under N and \.

Proof (sketch). It suffices to show this lemmafor triangles.
By Atomicity (Property 3.2), we have to show that theinter-
section (or difference) of two atomic geometric objects O
and O, with reference objects from St is represented by
an objectin (Sty, FRat).

According to the Finite time partition (Property 3.3), the
intersection (or difference) of the two triangles takes differ-
ent shapes in elements of a finite partition of I; U I>. Let
I be an interval in this partition. We have to consider all
possible shapes of the intersection in timeinterval 1. The
intersection can be a polygon, a line segment or a single
point. These different cases are explained in detail in the
Appendix.

Theidea of the proof isto construct asingle affine trans-
formation from the movements of the corner points of the
intersection (or difference), and then to show that its coeffi-
cients arerational functions of time. O

In generd, if the affine transformations of O, and O, are
given by polynomia or linear functions, the corner points
(z1,y1), (x2,y2) and (z3,y3) of trianglesin theintersection
(or difference) arein general rational in thesefunctions. The
computations in the proof of the previous lemma (see the
Appendix) suggest that this leads to non-closure.

Lemma3.2 The classes (Spoiy, Fag’), (Spoly,Fri),
(S, FAd¥) and (Sty, FLit') are not closed under N, \.

Proof (sketch). It sufficesto provethetheoremfor triangles.

Wefirst give a counterexamplefor intersection for the class

(Str, F¥i). Consider two atomic geometric objects O

and O, with reference objects triangles with corner points

(1,1), (3,1), (2,3) and (2,2), (4,2), (3,4), respectively.

The affine transformations of the triangles are given by the
. t 2t t 2t+1

matrices 3 ¢ and b3t 1

some interval of the strictly positive t-axis, the intersection

of the two objectsis atriangle with corner points

(6+2,81-+2), (IS, LIRS and (31, 2.

If this triangle were to be the image of a single triangle
under an affine transformation, then the computationsin the
proof of Lemma 3.1 (in the Appendix) show that this needs
to be arational matrix. For example, if the original intersec-
tion triangle (with corner points (2,2), (2,2) and (2, 2)) is
taken as a reference object, the transformation would look
like:

44 541 (—32+35t2—36t) 1 (—304t—112+49¢2)
—4+3 ER O <x>+ G
44 %ti (—=32+75t2—100¢t) y %(384t+112+3t )

(13t+4) (13t+4)

, respectively. In

This is clearly not a linear transformation, not even a
polynomial one. It can be shown that this is the case for
any reference triangle. If the intersection were the image
of more triangles then at least one of them would have a
side that is mapped onto an initial line segment of the side
(%t(l(f;ﬂ;)) : %t(?giﬂ?)) and (22, 37¢) of the intersec-
tion. A similar agebraic argument as the one followed
above then shows that the corresponding affine transforma-
tion needs to be rational in at least one of the coordinates.
This example proves also that the class (S, g ) is not
closed under intersection. We can use the same example
and asimilar argument to settle the case of difference. 0O




Lemma 3.3 Theclass <SRect,ka) is closed under N and
\ for L € {Lin, Poly, Rat}.

Proof (sketch). We consider atomic geometric objects O,
and O- with reference objects two rectangles S; and S,
both transformed by affine transformations in the time do-
mains I; and I,. Asarectangleis uniquely determined by
the coordinates of its upper left corner and its lower right
corner, wedefine S, and Ss by (w1, Yuir ), (Zir1, Y1) @d
(Twizs Yui2), (Tirz, Yirz) respectively.

According to Finite time partition (Property 3.3), thein-
tersection of the two referencerectangles S; and S, takesa
finite number of different shapesintheinterval I, U I,. Let
I beaninterval in I; U I, such that the intersection takes
the shape of arectanglein I (most general case). We choose
the intersection of S; and S, to be the reference object of
the intersection. Suppose the upper left corner point of the
intersection originates from S, and the lower right corner
point originates from S;. The reference object of the inter-
section is then defined by (z 2, Ywi2) @nd (201, yir1 ). FOr
each time moment ¢ € I, the coordinates of the intersection
are

(a2 (t) iz +b2 () yuiz+ea(t), c2(t) Tz +d2 () yuiz+ f2(t))
and

(a1 ()1 +b1 (H)yrer +e1(t), 1 (B)zper +di () yier + f1(2))-

To find the transformation of the intersection, we have to
solve a similar matrix equation as in the proof of Lemma
3.1 (see the Appendix, the case where the intersection is
a line segment). Therefore, the solution in this lemma is
also an affinity without trandlation vector that is linear in
the components of the affine transformationsof @, and O.

We can conclude that the class (Sgect ,]—‘kﬁ> is closed
under N for L € {Lin, Poly, Rat}, as for rectangles, the
corner points of the intersection have the same functions
of time as the affine transformations of O, and O». The
proof for \ is analogous to the above one (for each of the
rectangles that constitute the difference). O

The following lemma concludesthe results for affinities.
We omit the proof.

Lemma 3.4 Theclass (S, AX,}'AP?) isclosed under N and
\. The classes (Strax, Fi2) and (Steax, Fag”) are not
closed under N and \.

The proof of the positive case of the above lemma is
based on the property that affinities do not preserve para-
lelism to the axes. We will see later that for scalings, which
do preserve parallelism to the axes, the class of the objects
of Strax iSnot closed.

We divide the results for scalings into one positive and
two negative results. Lemma 3.7 answers the conjecture of
Chomicki and Revesz [3] negatively.

Lemma 3.5 (Sgect, F&.) isclosed under nand \ for L €
{Lin, Poly, Rat}.

Proof. Let O; and O, be atomic geometric objects in
(SRect, Fi.) with time intervals I; and I>. According to
Atomicity, we have to find objects O and O’ in (Sgrect,
FL) such that st(O) = st(O1) N st(Oz) and st(O') =
st(Ol) \ St(Oz)

We start with the intersection. According to Finite time
partition, the intersection of the two rectangles takes differ-
ent shapes in elements of a finite partition of I; U I>. Let
I be an interval in this partition and let us assume that the
intersectionisarectanglein I (thisisthe most general case,
since aline segment or point can be considered special cases
of arectangle).

We remark that arectangleis uniquely determined by the
coordinates of its upper-left corner point (x4, y.;) and the
coordinates of the lower-right corner point (-, yi). Let
assume the upper-left corner point of the intersection comes
from O, and the lower-right from O,. Let the scaling of
01 be determined by a(t), b1(t), e1(¢), f1(t) and the one
of Oy by as(t), b2(t), ea(t), f2(t) (following the matrix
notation of Section 2.2).

The intersection is an atomic geometric object with a
rectangle as reference object and a transformation deter-
mined by

a1 (t)zul—aQ(t)zl,,—i-el(t)—eg (t)

a(t) = Loyl —Tir ’
bt) = bl(t)yul*be(i)l?letfl(t)*fz(t),
e(t) = (az(t)*al(t))l’uglgiii;eli(t)wlr+62(t)9”ul ,

(b2(t) =b1 () Yut yir— f1 (1) y1r+ F2(£) Yui )
Yul —Yir

These formulas show that if the transformations of O,
and O, are rational, polynomial, respectively linear, that
then also a(t), b(t), e(t), f(t) are rational, polynomial, re-
spectively linear. Set differenceis proven analogously. The
difference is subdivided into at most eight rectangles, and
each of their movements can again be described by a scal-
ing. O

Lemma 3.6 The classes (Strax,Fa.) and (Strax, {id})
arenot closed under N and \ for L € {Lin, Poly, Rat}.

Proof. Consider thetriangle with corner points (0,0), (1, 0)
and (0, 1) and the triangle with corner points (£, 1), (3,1)
and (£,0), both transformed by the identity transforma-
tion. Their intersection (for an illustration see (A) of Fig-
ure 2) cannot be described as a finite union of elements of
(Strax,Fi.) since scalings preserve parallelism with the



(A) (B)

Figure 2. Counterexample for intersection (A)
and difference (B) for the clas (Stvax,F&").

coordinate axis. (Remember, for affinities, this class was
closed, because affinities do not preserve parallelism with
the coordinate axis.) The triangle with corner points (0, 0),
(1,0) and (0, 1) and the triangle with corner points (%, 1),
(1,0) and (2,0) provide a counterexample for the differ-
ence (for anillustration see (B) of Figure 2). O

Lemma 3.7 Both (St,F&2) and (Spoy,F&t) are not
closed under Nand \.

Proof. It suffices to prove this for triangles. Let the refer-
ence triangle of the atomic geometric object O, have corner
points (0,0), (1,0) and (0,1) and let the reference trian-
gle of the atomic geometric object O, have corner points
(0,0), (3,1) and (1, 1). Suppose these objects are trans-

1
formed by the scalings (6 ?) and é (z in strictly

positive time domains. At any moment ¢ > 0 these ob-
jects intersect in a single triangle with corner points (0, 0),
(53, 7)) and (5, 5 ) By straightforward alge-
braic arguments (showing that a system of equations has no
solution) it can be shown that it is not the case that there
exists asingle reference triangle and arational scaling such
that this scaling maps the reference triangle to the intersec-
tion.

Suppose the intersection were the union of several
atomic objects. This union can be assumed (or made) to
be a digjoint union. It is not difficult to show that if a scal-
ing a; mapsaside of areferencetriangle T intoalinel and
ascaling as mapsaside of areferencetriangle T also into
[ and if they both map a corner point of T'y, resp. T onto
the same point, that then a;; equals a,. From this we can
deduce that all triangles that are adjacent to at least one of
the sides of the above described intersection triangle must
have the same scalings.

Furthermore, it can be shown that if a scaling vy maps
aside of areferencetriangle 74 into aline! that is parallel
to the z-axis (resp. y-axis) and a scaling a» maps a side of
a reference triangle T, also into [ and if they both map a
side of T4, resp. 1> onto the same line segment, that then

the xz-component (resp. y-component) of «.; equals the z-
component (resp. y-component) of a,.

From this we can deduce that all triangles in the above
digioint union must have the same scalings. This concludes
the proof. O

Finally, we give ageneral negativeresult for trandations.

Lemma 3.8 For each of the classes S considered in the
previous Section, the class (S, i) is not closed under
Nnand\, for L € {Lin, Poly, Rat}.

Proof (sketch). First, we remark that translations preserve
the shape and area of objects and the length of lines. Con-
sider now two objects from each of the relevant classes that
have the interval [0, 1] on the z-axis as one of their sides.
Let thefirst object undergo the trandation (—t, 0) in the di-
rection of the negative z-axis and let the second object un-
dergo the trandlation (¢, 0) in the opposite direction, both in
the time interval [0, ¢o], for some ¢, > 0. If the objects at
timet = 0 arelocated on different sides of the xz-axis, then
their intersection is a shrinking line segment. If both objects
are originally located at the same side of the z-axis, then
their differences have increasing area. So, in both cases,
they cannot be described as a finite union of translating ob-
jects. O

4. Conclusion

As can been seen from Table 1 only few classes have
closure for all three Boolean set operators. This negative
conclusion, together with the observation that the consid-
ered classes of objects are relevant to practice implies the
need to adjust the model for geometric objects. An obvi-
ous way to obtain closure in more cases would be to allow
more Boolean operators (and not just union) on atomic ge-
ometric objects in the construction of geometric objects. It
should be investigated how this can be achieved most eco-
nomically. Maybe the additional power of intersection on
atomic geometric objects alone or of complement on atomic
geometric objects aone is sufficient to obtain closurein al
the cases considered in Table 1.
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Appendix

Further details for the proof of Lemma 3.1 (closure of
(Str, FR&%) under Nand \).

By Atomicity, we have to show that the intersec-
tion (or difference) of two atomic geometric objects @, and
O, with reference objects from St, is represented by an
objectin (St,, FRat).

According to Finite time partition, the intersection (or
difference) of the two triangles takes different shapesin el-
ements of a finite partition of I; U I,. Let I be an interval
in this partition. The intersection can have three possible
shapes during I, namely a polygon, aline or asingle point.
In the polygon case, the intersection (or difference) always
is a finite union of triangles. It suffices to show how one
triangle in this union belongs to (St,, Fiat). The situa-
tions where the intersection is a point or a line are treated
separately.

First suppose the intersection is a polygon. We divide
the polygon into triangles. The three corner points (z 1, y1),
(z2,y2) and (z3,ys3) of onesuch trianglein the intersection
(or difference) are transformed by three (in general differ-
ent) affinities

a; (t) bl(t)> <1‘> (6,’ (t)) .
: + , i=1,2,3.
(cz(t) div)) \y) " \rw) "
The condition for the existence of a single affine trans-

formation that transforms these corner points according to
their respective affinitiesisthat the first matrix in the matrix

equation below is regular (time dependenceis omitted)

r1 Y1 0 0 1
0 0 r1 Y1
xro Y2 0 0
0 0 D) Y2
xrs3 Y3 0 0
0 0 T3 Y3

a1x1 +biyr +e1
cix1 +diyr + fi
a2x2 + bays + e
caza + day2 + f2
a3rs + bsys + e3
csrs + dsys + fa

O = O = O
_= O = O = O
~ 0 /O R

This is the case if and only if the three points (z1, 1),
(z2,y2) and (z3,ys3) are not collinear. By assumption, this
condition is aways satisfied. We find the affine transforma-
tion that transforms the triangle according to the different
movements of the corner points, by solving the above ma-
trix equation.

The result of this computation is the affine transforma-
tion with coefficients (to save space time dependence is
omitted):

(a1z1+biyi+er)(y2—y3)+(aszatboyatez)(yz3—y1)
T1Y2—T1Y3+T2Y3 —T3Yy2+T3y1 —T2y1

+ (azz3+bsys+es)(y1—ys2)
T1Y2—T1Y3+T2ys —T3y2+T3y1 —Tr2y1’

(arz1+biyi+er)(zz—z2)+(azza+baystez) (w1 —x3)
T1Y2—21Y3+T2yY3—T3Y2+T3Y1 —T2Y1

+ (azz3+bsystes)(za—a1)
T1Y2—T1Y3+T2ys —T3y2+T3y1 —Tr2y1’

(crzi+diyr+£1)(y2—ys)+(caza+daya+f2) (y3—y1)
T1Y2—T1Y3+T2yY3—23Y2+T3y1—T2y1

+ (cazzt+dsys+f3)(y1—y2)
T1Y2—T1Y3+T2ys —T3y2+T3y1 —Tr2y1’

(crzi+diyr+/f1)(wz—x2)+(cawa+daya+f2) (21 —23)
T1Yy2—T1Y3+T2yY3—23Y2+T3y1—T2y1

+ (c3z3+d3ys+f3)(z2—x1)
T1Y2—T1Y3+r2y3—r3y2+T3y1—rayr’

(arz1+biyiter)(zays—ya23)
T1Y2—T1Y3+T2Ys —T3Yy2+T3y1 —T2y1

+ (ag@a+boyztes)(y1z3—T1y3)
T1Y2—T1Y3+T2y3—w3y2+T3y1—T2y1

(azx3+bsys+es)(y2z1—y122)
T1y2—T1Yy3t+e2y3—T3y2+tr3y1—r2y1’

(crizi+diyi+f1)(z2ys—yo23)
T1Y2—T1Y3+T2Ys —T3Yy2+T3y1 —T2y1

(cawotday2+f2) (Y123 —T1Y3)
T1Y2—T1Y3+T2y3—23y2+T3y1—T2y1

+ (cazz+dszys+f3)(y2x1 —y1x2)
T1y2—T1Y3t+e2y3—T3y2+T3y1—T2y1 '




These functionsgiveriseto an affinity. Indeed, the trans-
formation matrix
a(t) b(t)
(c(t) d(t)>
is regular. Simplifying the expression a(t)d(t) — b(t)c(t)
givestheresult

1,0 1,0 1,0 1,0 1,0 1,0

T1Ys — Ta¥1 — T1Yz + T3y + TaYz — T3Ys
)

Y2X1 — Y3x1 — Y223 + Y123 + Ysxa — Y122

where 2} = a;(t)x; + bi(t)y; + e;i(t) and y} = c;(t)x; +
di(t)y; + fi(t), i = 1,2,3. This expression is zero if the
three points (z1,y1), (z2,y2) and (x3,ys) are collinear
or if their transformations under the original affinities are
collinear (at some moment ¢). By assumption, the points
(z1,41), (z2,y2) and (z3, y3) formatriangle, and affinities
preserve (non-) collinearity.

The coefficients of the resulting affine transformation are
linear functions of the coefficients of the origina transfor-
mations of the corner points (z1,y1), (z2,y=2) and (zs, ys).
As the original transformations are rational, the resulting
affine transformation is rational too.

Now we investigate the situation if the intersection of
O, and O, is aline segment. The movement of the two
endpoints of theline (xz1,y1) and (z2,y2) are afine trans-
formations

a; (t) bl(t) T €; (t) .

() i) (0)+ () =22
asboth @, and O, have affinetransformation functions. We
provethat there aways existsarational affinefunction, with
the translation components e(¢) and f(t) being zero, that
transforms the line segment.

The condition for the existence of a single affinity that
transforms the two endpoints of the line segment according
to their respective affinitiesis that the first matrix in the fol-
lowing equation is regular (to save space time dependence
is omitted).

z1 1 0 O a(t) a1w1 + by + e
0 0 21 un1 - b(t) | ax + diy1 + f1
s y2 0 O ct) | | azme + bays + e
0 0 = d(t) c2x2 + days + fo

Thisistrue if the two endpoints of the line segment do
not coincide.

Asin this part of the proof we assume that the intersec-
tion is aline segment, and not a single point, the condition
is satisfied.

The affinity that determines the movement of the inter-
section, found by solving the above equation, is the follow-
ing (to save space time dependenceis omitted):

(t) — e1y2—y1a2@2—yibays—yreatar@1ya+biyiys
T1Y2—T2Y1 ?

a

b(t) — _zper—wiaswa—wrboys—zieatasarzitaabiys
T1Y2—T2Y1 ’

c(t) _ frye—wyicaxe—yidaya—yi fotciziya+diyiys
- T1Y2—T2Y1 )

d(t) = — Taf1 —@icomo—widays—a1 fotwacizitaadiy;
T1Y2—T2Y1 ’

Asin the more general case above, it can be shown that

isregular and therefore determines an affinity.

This solution is linear in the components of the original
rational affine transformations of @, and 04, so it is aso
rational.

The only situation left iswhen theintersectionisasingle
point. Itistrivial that in this case the intersection’s move-
ment is arational affine transformation.

Now we have shown that the class (St,, FR2') is closed
under intersection, as the class is atomically closed under
intersection. The proof for the atomic closure under differ-
ence is analogous. By Atomicity, we know that if the class
(Svs f}igt) is atomically closed under difference and in-
tersection, then it is closed under difference. O



