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ABSTRACT

This paper introduces weighted Lorenz curves of a continuous variable, extending the discrete

theory as well as the non-weighted continuous model.

Using publication scores (in function of time) as the weights and citation scores (in function
of time) as the dependent variables, we can construct an “impact Lorenz curve” in which one

can read the value of any fractional impact factor, i.e. an impact factor measured at the time
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that a certain fraction of the citations is obtained or measured at the time a certain fraction of

the publications is obtained.

General properties of such Lorenz curves are studied and special results are obtained in case
the citation age curve and publication growth curve are exponential functions. If g is the

growth rate and c is the aging rate we show that Inc - determines the impact Lorenz curve
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and also we show that any two situations give rise to two non-intersecting (except in (0,0) and

(1,1)) Lorenz curves. This means that, for two situations, if one fractional impact factor is
larger than the other one, the same is true for all the other fractional impact factors. We show,
by counterexample that this is not so for “classical” impact factors, where one goes back to

fixed time periods.

The paper also presents methods to determine the rates ¢ and g from practical data and

examples are given.

. Introduction

Impact factors, as introduced by Garfield and Sher and the Institute for Scientific Information
(IS1) in the sixties (see e.g. Garfield and Sher (1963), Garfield (1972, 1979a) or Egghe and
Rousseau (1990)) are the subject of many research debates. In this paper we will not deal with
the debate on the applicability of impact factors (and citation analysis in general) to the
evaluation of scientific research (e.g. in comparison with peer review). For this, see e.g.
Garfield (1979b, 1983) or Egghe and Rousseau (1990).

In this paper we are involved in the mathematical aspects of impact factors, i.e. in the
comparison of the different mathematical forms of the impact factor. Let us give its historical
definition and some possible variants. ISI uses the so-called two-year synchronous impact

factor for its source journals in its products, e.g. in the JCR (Journal Citation Reports®). The

two-year impact factor of a journal, denoted IF(2), can be defined as



IF(2)= % )

where at time t= 0 (e.g. this year but any other year is also possible) c(i),i = 1,2, denotes
the number of citations given by source journals in year 0 to articles of this journal published i
years ago and where p(i),i = 1,2, denotes the number of articles published in this journal i
years ago. The “Garfield” impact factor is then 1F(2) where t= 0 is the year of publication

of the JCR (hence each year, new IF(2)s for the so-called source journals, i.e. journals

covered by ISI, are published). However, although not published in the JCR, IF(2) can be

calculated for any journal and even scientific field. In the latter case it is important to
distinguish between the field considered as a set of journals or as a set of articles in these
journals (in the latter case one considers the field as a “meta journal”). In this paper we do not

go into this problem. For this see e.g. Egghe and Rousseau (1996a,b) or Rousseau (1988).

It is clear that the above definition of 1F(2) can be (and is) subject of many discussions, even

when we restrict ourselves — as indicated above — to the mathematical aspects. There are two

major points.

(i) The limitation to 2 years in 1F(2)

It is clear that, when ISI wanted to define “an impact factor” one had to choose the time
period that one wants to go back. ISI choose for t= 2, a rather short period. There are
suggestions that this choice was made based on commercial arguments (Dierick and Rousseau
(1988)). In any case, even without any verification, the experienced informetrician knows that
t= 2 cannot be the “ideal” time period to go back for every journal or scientific field. It is

clear that, say in fields where the aging is small (i.e. when relatively old work is still cited),

IFs calculated over longer time periods will be higher than 1F(2). Let us first define what we

mean by a synchronous impact factor calculated over other time periods. For t=1,2,3/4,...

we define (cf. Rousseau (1988), Ingwersen, Larsen, Rousseau and Russell (2001)):

_c@+c(2)+ ...+ c(t)
PO 0+ @)+ 2 )
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where c(i) and p(i) are as above (but now i ranges in the set {L,2,...,t}).

IF(t) is a synchronous impact factor since the period in which citations are given is fixed and

the “target” period is variable. If the reverse is true (citing period variable and target period
fixed) we speak of a diachronous impact factor (cf. Stinson (1981), Stinson and Lancaster
(1987), being studies of diachronous versus synchronous obsolescence and more recently
Ingwersen, Larsen, Rousseau and Russell (2001)).

In this paper we will limit ourselves to synchronous impact factors but the results can easily

be extended to the diachronous ones.

In Rousseau (1988) it is shown by experiment that, for pure mathematics journals and for pure

mathematics as a field, 1F(4) is often larger than IF(2). This is not surprising following our

intuition described above: pure mathematics, in its citation behavior, follows the trends of the

social sciences (or humanities) where relatively older work is still very much used.

A similar result was found in Rousseau, Jin, Yang and Liu (2001) where 1F(3) was found to

be larger than 1F(2) in a general model based on ISI’s database, but was found not to be so

(in most cases) based on data of the CSCD (Chinese Science Citation Database).

IF(t), as function of the discrete variable t, was studied in Rousseau (1988) where it was

shown that 1F(t) — if it attains a maximum — it will be in a value t, > t, where t, is the value

in which the function
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attains its maximum.

In Egghe (1988) the model (2) was extended to the case that time t is a continuous variable:

t1 ; *. Now c(t) denotes the density of citations at time t and p(t) denotes the density of

articles at time t, i.e. c(t) divided by the total number of citations C and p(t) divided by the

total number of articles P, are probability densities. Hence we have that

C= (‘)0¥ c(t)dt’ (4)
and
P= g p(t)dt ©)

are, respectively, the total number of citations and the total number of articles. Definition (2)

can now be adapted as follows: for every t1 ; * define

\ t 1 d 1
IF(t)= w (6)

t

g, P(t)at’

as the continuous t impact factor. The above result of Rousseau on the “retarted” maximum of

IF(t) with respect to o.(t) (for discrete t) has been proved in Egghe (1988) to be also correct
for continuous t. In Egghe (1988) it is also shown that IF'(t) has the same sign as

a(t)- IF(t) which has as a consequence that IF(t) decreases in t if o(t)< IF(t) for all

c(t)

ti ; *. This is for instance the case if a(t)= —= strictly decreases in t since then, by (3)

p(®)
and (6), o(t)< IF(t) for all t obviously. The proofs are given in the Appendix for the sake of

completeness.



The condition

c(t)

a(t)= —2 strictly decreases in t (7)

p(t)

is “logical” from a citation point of view: it expresses the “property” that an average article is

less cited the older it is. This is clearly true in almost all cases except for a starting period

(indicated above as [0,t,] for IF(t) and [0,t,]for a.(t)) in which “one has to study and

understand an article and one has to write a new paper in which the former article has been

used (cited)”. In this connection we speak of delay times (cf. Egghe and Rousseau (2000)).

These remarks show that IFs based on one single time period for all journals and fields (e.g.

t= 2 as in the JCR) have a major drawback: a single IF(t*) can “measure” a journal or a
field at a point t* where the function IF(t) is increasing, has its maximum or where the

function IF(t) is decreasing (see the vertical lines in Fig. 1). For two different fields or

journals the corresponding intervals of increase and decrease can be different and hence so is

the time t, at which IF(t) reaches its maximum. This is also illustrated in Fig. 1.
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Fig. 1 IF-curves for 2 different fields or journals.



Based on Fig. 1, how can the two fields or journals be compared with respect to IF ?
Certainly, no vertical line (fixed t) measures the “right” 1F(t) for both fields or journals and
using IF(t,), where the IF-curve reaches its maximum requires the calculation of IF for

different t-values (and dependent on each field or journal). This clearly illustrates the

problems with IF(t). The next subsection also indicates another problem that is present in IF:

the fact that IF is not normalized with respect to P and C.

(ii) The not-normalized nature of all 1F(t)-values

From the definition of IF(t) (formula (2) or (6)) it is clear that IF(t) is normalized with

respect to the “size” of the journal in the sense that the number of citations in the period

{1,2,...,t} or [0,t] is divided by the number of publications in that period. However there is

no normalization for the total number of citations (C) or publications (P). Here “total” can
mean different things. Usually C and P refer to the field totals in the period under study (see
further) but, for a journal, it can also refer to the total number of citations to this journal and

the total number of publications in this journal (again, see further).

There should at least be a normalization with respect to % the average number of citations

per article in the field or the journal. Indeed, for a field, the value % can be very high or very

low. The effect of this non-normalized aspect of any IF(t) is e.g. clear when considering the
Subject Category Listings in the JCR. Top impact factors IF(2) of journals in e.g.

biochemistry are about 15 times larger than top impact factors IF(2) of journals in

mathematics which makes direct comparison of IFs impossible, also in this context. Some
science evaluators use percentiles (quartiles) to weight journals in such different Subject
Category Listings, a method that is applicable in any field. E.g. the author’s main university
(LUC) uses this method for about a decade (see Rousseau and Smeyers (2000)). We can refer
to Pudovkin and Garfield (2004) for a (late) promotion of this methodology. However, there
IS an easy way to overcome the problem mentioned in this part (ii): the introduction of the so-
called “relative impact factor (RIF)”. Such a RIF was first introduced by Braun, Glénzel and

Schubert in a number of publications in the eighties: Schubert, Glanzel and Braun (1983),



Braun, Glanzel and Schubert (1985), Schubert, Glanzel and Braun (1986) and Braun, Glanzel
and Schubert (1989) (see also Egghe and Rousseau (2003)). The simple definition is as
follows: for any journal, belonging to a field (e.g. expressed by a set of journals, e.g. ISI’s
Subject Category Listing), let IF be any impact factor as defined above and let C and P denote
the total number of citations, respectively publications (to be defined in an exact way in the

sequel). Then define the relative impact factor

RIF= 1© (8)

where

oo

©)
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denotes the average number of citations per publication.

Examples:
1. Let a field (e.g. in the Subject Category Listing in JCR) consist of N journals. Let the

i journal (i=1..,N) have C; citations and P, publications (as e.g. calculated for a

2-year impact factor, but other values than 2 are equally possible). Hence IF. = % IS

the impact factor of this i journal. Its relative impact factor RIF, (see e.g. Egghe and

Rousseau (2003)) is then

RIF = 15 (10)

where

s moz
O

[y

(11)
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Is the average number of citations per publication in the whole field.

In Egghe and Rousseau (2003) one promotes the idea of publishing in ISI’s
publications (e.g. the JCR), besides the two-year impact factors IF, (2)of each journal i
in a field, also the RIF, (2): such RIFs are directly comparable also over the different

fields (see also Braun, Glanzel and Schubert (1985), p. 47) and can be published as a

second column next to the IF, (2) column in the Subject Category Listing: indeed, the
multiplication of each IF. by g (a constant) does not change the order of the journals

according to IF, in the Subject Category Listing.

For a single journal (or even a field considered as a meta-journal) one can normalise

the IF with respect to the total citation and publication volume of the journal. So let
IF(t) be as in (2), i.e. the total number of citations to this journal to 1,2,...,t years ago
divided by the total number of publications in this journal in these years. Normalizing

over all citations (in year 0) to all years i = 1,2,3,... ago of this journal and with

respect to all articles in this journal 1,2,3,... years ago we can hence define

RIF(t)= -2 (12)

Using formula (6) this is
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o, c(t)dt
(‘)0¥ c(t)dt’
S

0, P(t)dt’
0T
0, P()dt

RIF(t)= (13)

This formula will play an important role in this paper as will become clear in the
sequel. As far as we know is the interpretation of (12) and (13) as a RIF new. It must
be emphasized that Example 2 is different from Example 1 in that only one journal is
involved in Example 2 where normalization is done with respect to “all years”, while
in Example 1 normalization is done with respect to all journals” in a field, keeping
the time period fixed. The above definition (12), (13) can serve to overcome the two

problems (i) and (ii), discussed above, as the following heuristic argument shows.

Formulae (12) and (13) clearly normalise each journal: each numerator and

denominator is limited to the interval [0,1], for every t1 ; *. To overcome the time

problem as discussed in (i) we can simply say that, in theory, we should have at our

disposal all IF(t)s (or rather RIF(t)s) forall t1 ; *. In other words, we do not only

need RIF(t) as numbers but the curve

t® RIF(t) (14)

for t1 ; . If, however, one looks at the numerator and denominator of (12) and (13)
separately we see that the numerator gives a fraction of citations to this journal while
the denominator gives a fraction of publications in this journal. So, instead of (14) we

could look for a curve

fraction of publications® fraction of citations (15)

hence a curve that belongs to the unit square [0,1]x[0,1]. This directly links these

ideas to the Lorenz curves which give cumulative fractions of items (e.g. citations) in
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function of cumulative fractions of sources (e.g. publications). We refer to Egghe

(2002, 2004, 2005) and references therein for detailed treatments of Lorenz theories.

In the next section we will briefly overview Lorenz theory and we will introduce weighted
Lorenz curves of a continuous variable. As an application of this we introduce the impact
Lorenz curves in which impact factors, dependent on fraction of publications or on fraction of
citations (cf. (15)), can be calculated. These ideas are linked with ideas developed in
Sombatsompop, Markpin and Premkamolnetr (2004) where “median” impact factors are

introduced. General properties of such impact Lorenz curves are proved.

In the third section we explicitely calculate the functional form of such impact Lorenz curves
in the special (basic case) that we have an exponential aging curve for citations and an
exponential growth curve for publications. We show that the quotient of the logarithms of
these rates are completely determining the impact Lorenz curve and applications are given:
we will show that, whenever we have two such curves (e.g. for two journals) these Lorenz
curves are never intersecting (except in (0,0) and (1,1)), an important conclusion in Lorenz
theory. This gives, as a consequence that, given two such curves, all impact factors dependent
on fractions (of publications or of citations) of one of such situations are larger than all impact
factors dependent on fractions of the other situation. We also show by counterexample that
this is not true (even when using the simple exponential models) for impact factors calculated

with a fixed time period.
In the fourth section we present four methods to calculate the above mentioned quotient of the

logarithms of the aging and growth rates (hence determining the impact Lorenz curves) and

examples are given.

1. Weighted Lorenz curves of a continuous variable

We first give a brief overview of unweighted Lorenz curves of a discrete or of a continuous
variable. We refer the reader to Egghe (2002, 2004, 2005), Egghe and Rousseau (1990) for

more details.
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11.1 Lorenz curves of a discrete variable

Let the vector X = {X,, X,,...,X, } be given. For an easy argument we suppose that all x; are
positive (or zero) and that we have ordered the vector X decreasingly. For each i=1,...,N,

X, can be considered as the production (or money earned) of the i" employee in a company

but could also be considered as the number of articles in the i journal (given N journals in a

field) or could even be considered as the number of citations to (or from) the i article (in a

set of N articles). The Lorenz curve of X, denoted L, , is the polygonal curve connecting (0,0)

consecutively with the points

Tog 0 (16)
éN =1 15
where
X.
8= : 17)
a X
k=1

Hence L, connects the points with abscissa: normalized cumulative number of sources (up to
I, 1=1,...,N) and with ordinate: normalized cumulative number of items in these sources.

Fig. 2 illustrates this construction. We obtain a concave curve since the x; are decreasing.
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Fig. 2 A general discrete unweighted Lorenz curve.

1.2 Lorenz curves of a continuous variable

Now the “production” vector X = (x;)_,  in the discrete variable i {i,...,N} is replaced

by a positive decreasing integrable function h of a continuous variable x I [a.b] (a,b being the
minimal, respectively the maximal possible value of x, but a can be - ¥ and b can be +¥ ).

Now the Lorenz curve, denoted L (h), of such a situation is given by the points

X
X -

Ex- a
gb- a’

(‘)ax h(x")dx %

b =
0, h(x")dx'Z

(18)



a concavely increasing function connecting (0,0) with (1,1). Fig. 3 illustrates this.

L(h)

Fig. 3 A general continuous unweighted Lorenz curve.

In other words, putting

hence

x=y(b- a)+a,

the Lorenz curve of the function h is the function L(h), where

14

(19)

(20)

(21)
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11.3 Weighted Lorenz curves of a discrete variable

Here the uniform distribution g%%% (N times) as abscissa in Subsection 1.1 is replaced
o

by a weight vector W= (w,,...,w,,), where w,* 0 foreach i=1,...,N and where
q w=1 (22)

The weighted Lorenz curve of a vector X = (X,,..., X ), weighted with the vector

W = (w,,...,w,) is constructed as follows. We first rearrange X so that

X

X5 Xos 5 X (23)
Wl WZ WN

We then connect (0,0) with the consecutive points

&

(24)

1]
=

RO
Qo
=

7 S _
o

Ql-|--lo

where a; is as in (17). Due to (23) we again obtain a concavely increasing curve, called the

weighted Lorenz curve of X (w.r.t. X) and denoted as L, ,, . Fig. 4 illustrates this.
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v

Fig. 4 A general discrete weighted Lorenz curve.

For an application of weighted Lorenz curves we refer the reader to Egghe and Rousseau
(2001).

11.4 Weighted Lorenz curves of a continuous variable

Here the continuous uniform distribution bi on [a,b] of Subsection 11.2 is replaced by a
- a

general distribution of the form, for x1 [a,b]and v 0 integrable on [a,b]:

w()= — ) 25)
0, v(x')dx'
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b
(hence ¢ w(x")dx'= 1, comparable with (22)). The weighted Lorenz curve of h (weighted

by v), denoted as L(h,v) is the curve
g:bax w(x")dx", (‘)ax g(x")dx '%, (26)
where g is the normalized form of h:

9= — ) @)

b

O h(x")dx'
Here, as in Subsection 11.3 (23), we suppose that the function

a(x)= 20
( ) V(X) (28)

decreases in x. This then leads to a concavely increasing curve L (h,v) between (0,0) and

(1,2). This will be proved now.

Proposition 11.4.1:

L(h,Vv) is a continuous concave increasing function between (0,0) and (1,1).

Proof:
That (0,0), (1,2)1 L(h,Vv) is clear from (25), (26) and (27). Now the function y ® L(h,v)(y)

has

y=y(x)= e (29)

as independent variable and



~ Xh x")dx'
)= 21O
0, h(x")dx'

as dependent variable. Hence the function L (h, V) is continuous

dL(h,v) _ dL(h,v)dx
dy dx dy

__he)  de'(y)
(‘)abh(x')dx' dy

by (30) and for the function y = ¢(x) as in (29). Hence

do"(y)_ 1
dy  ¢'(¢ ()

1
v(x)
(‘)abv(x Ndx'

(‘)bv(x')dx'

v(x)

using (29). Hence, putting (32) in (31) we have, as a variable of x

dL(h,v) _ <‘>abV(X')dX' h(x)
dy (‘)ab h(x")dx' v(x)

. We have

18

(30)

(31)

(32)

(33)
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Since (33) is positive, L(h,v) increases and since o = h decreases (by (28)) we have that
v

L(h,v) is a concavely increasing function of y (i.e. the same graph as in Fig. 3). ~

11.5 Application of weighted Lorenz curves of a continuous variable:

Impact Lorenz curves

Suppose we take t= 0 as the present time. Let us fix a journal. In continuous time t to the

past, let c(t) be the density of citations from time 0 to time t to this journal and let p(t) be

the density of publications at time t (again t refers to the past). This means that, for every

t,t,2 0, t,<t,

t, , \
6t1 c(t)dt

denotes the number of citations to this journal, given at t = 0 (say by a group of journals that

is fixed) and
\ t2 1 1
0, p(t)at
denotes the number of articles in this journal in the time period [t,,t, ]

Definition 11.5.1:

The Impact Lorenz curve of a journal is the Lorenz curve L(h,V), as defined in Subsection

11.4 for the functionsh =candv=pand fora=0and b= +¥ (in this case, as indicated in
Subsection 11.2, we use the interval [0,+¥ ]). Of course an extension to other values of a and

b is possible but we do not need this in this paper. As needed in Subsection 11.4 (cf. (28)) we

need here to suppose that (we change the variable x into t = time here)

_c®
a(t)= o) (34)
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decreases in t. As discussed in the introduction, this is a natural requirement, stating that the
citation density per article decreases in time (to the past): this is always so, not taking into
account a short initial increase of o due to the fact that there is an intial time period in which
young articles are studied and new results are published based on these articles (which then
receive a citation). In this connection we can speak of delay times (cf. Egghe and Rousseau
(2000)).

What is the use of the impact Lorenz curve L(c,p)?

L(c,p)

L(cp) ()

v

Fig. 5 A general impact Lorenz curve, showing a

fractional publication RIF.

First of all note that t= 0U y= 0 and t=+¥ U y= 1. Both results follow from (29) using

that a= 0 and b= +¥ and the notation x = t. We have, denoting

P= g p(t)d (35)
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C= (‘): o(t)dt (36)

the total number of publications in the journal, respectively citations to this journal (given at
time t= 0) that

t
O, c(t)dt’
L(c.p)(Y)= OT (37)
with
5 (t")dt’
o P
y=——F (38)
using (29) and (30). Using (33) gives
dL(c.p)_ Pc@®) (39)
dy  Cp(t)
as function of time t (relation (38)).
So we have that (using that t=0U y=0and t=+¥ U y=1)
L
dL(c, p)(O): Pc) (40)
dy Cp(0)
and that
%C’p)(l): P lim €O (41)
y Cto+¥ p(t)
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Each point (y,L(c,p)(y)) on L(c,p) determines an angle B as indicated in Fig. 5. It follows
that, by (37) and (38)

gp= LERO)_ P O, e w2
y Cc .t ' '
0, P(t)dt
So we have that, by (13),
tgp = L(C’Tp)(y): RIF(t), (43)

the relative impact factor of this journal at time t, where y and t are related as in (38). Hence

the impact Lorenz curves comprises relative impact factors and comprises all relative impact
factors for all t1 ; * (againsince t=0U y=0and t=+¥ U y=1). Hence the

knowledge of this curve solves both problems (i) and (ii) of impact factors discussed in

Section I.

The following remark is important. By (43) we have indeed that all RIF(t) are contained in
L(c,p) but in an “implicite” way: in L(c,p) we directly read impact factors RIF but in the
variable y which then relates to RIF(t) for t given by (38). So we can as well say that we
have found relative impact factors RIF as being dependent on 'y, for all y 1 [0,1] We can

denote these as RIF[y]

Definition 11.5.2:

The impact factors RIF[y] are defined as the fractional publication relative impact factors of

the journal, meaning that it is the relative impact factor RIF(t) at time t (into the past) at

which the journal has 100y% of its publications. As said above, y and t are related by (38).

We have the easy proposition:
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Proposition 11.5.3:

{RIF®)(tI .+¥ = {RIF1IyI PAJ} (44)

Proof:

Let tT [0,+¥ ] Then

RIF(t)= RIF[y]

with y the unique value determined by (38). Since obviously y1 [0,1] we have proved that

{RIF®)It o.+¥ H {RIF]IyT P.1J}-

For the other inclusion, let y1 [0,1]. Since the function
® \ t 1 d 1
t® g, p(t)dt

is a strictly increasing function, it is injective. Hence there exists a unique value t1 [0,+¥ ]

such that (38) is valid. Hence, for this value of t, by (43),
RIF[y]= RIF(t). ~

It is clear that all fractional publication relative impact factors are found, graphically by

drawing, as in Fig. 5, a vertical line at abscissa y and then calculate tgp as indicated.

Analogously we could draw a horizontal line (say at ordinate n) (see Fig. 6), again

determining a point on L(c,p).
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\

0 L) () 1

Fig. 6 A general Lorenz curve, showing a fractional citation RIF.

In the same way as above this determines an abscissa, being L *(c,p)(n) and an angle  as
indicated in Fig. 6. We have now

tgp = = RIF(t), (45)

_n
L *(c.p)(n)
the relative impact factor of this journal at time t, where n and t are related as in (37) (n

being the value expressed in (37)). We can denote these as RIF{n}. So in L(c,p) we also

find all relative impact factors in the following sense.

Definition 11.5.4:

The impact factors RIF{n} are defined as the fractional citation relative impact factors of the

journal, meaning that it is the relative impact factor RIF(t) at time t (into the past) at which

the journal has received 100n% of its citations. As said above, n and t are related as in (37).



We again have the following easy proposition.

Proposition 11.5.5:

{RIF@)ItT P, +¥ = {RIF{HNI L1}

Proof:

Let tT [0,+¥ ] Then

RIF(t)= RIF{n}

with n the unique value determined by (37):

Since obviously ni [0,1], we have proved that

{RIF®)ItT P.+¥ H {RIF{m}HIni P.1J}-

For the other inclusion, let n1 [0,1]. Since

t® § c(t)dt

25

(46)

(47)

is a strictly increasing function, it is injective. Hence there exists a unique value t1 [0,+¥ ]

such that (47) is valid. Hence, by (37) and (43) we have that

RIF{n}= RIF(t). .
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In Sombatsompop, Markpin and Premkamolnetr (2004) an impact factor is defined at time t
(into the past) such that a journal has received 50% of its citations. In other words, they

defined the non-normalized impact factor

(48)

T
e I atns 8
N
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N |
o

which was clarified in Rousseau (2004). In fact it was the introduction of such a new type of
impact factor, based on fractions (of citations) that led the present author to introduce impact

factors in the framework of Lorenz curves.

Lorenz curves measure the degree of inequality between the numbers L(c,p)(y) for y1 [0,1]

(see Egghe (2002, 2004, 2005): the higher the Lorenz curve the more concentrated (unequal)

these numbers are). Suppose we have two journals with impact Lorenz curves L.,

respectively L,. We have the following trivial proposition.

Proposition 11.5.6:

The following assertions are equivalent:

Q) L, <L, (meaning L, £ L, and L, ' L, exceptin (0,0) and (1,1))
(i)  RIEyKRIRL] "yI DA
(i) RIE{}< R} "ni P

The same is true when < is replaced by =.

Proof:

This is clear by graphical inspection of Figs. 7a,b. ~
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Fig. 7a,b Graphical proof of Proposition 11.5.6.
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I11. Impact Lorenz curves for exponential aging

curves (for citations) and exponential growth curves

(for publications)

In this section we will shed more light on the explicite form of the impact Lorenz curves. This
is very important if we want to use them in science evaluation and science policy studies as an
improvement of the simple use of fixed time impact factors (e.g. IF(2)). In order to obtain
basic results we will suppose the simplest functional relations for the functions c(t) and p(t),
introduced in Subsection 11.5: the exponential aging function for c(t) and the same for p(t)
(with different parameters of course), since an exponential growth function (hence with time
going into the future) becomes an exponential aging curve (hence decreasing) when time t

goes to the past (starting from the present t = 0) as is the case in this paper.

Hence we suppose that the functions p(t) and c(t) of Subsection I1.5 have the following form:

p(t)= pyp' (47)

c(t)= c,c' (48)

forall t* 0, where p, = p(0) and c, = c(0) are initial conditions parameters and where p

and c are aging parameters such that 0< p,c< 1 since the functions p(t) and c(t) must be

decreasing. Due to the condition that o in (34) must decrease we hence suppose that c< p.

I11.1 Impact Lorenz curves and properties

Based on formulae (35), (36), (37) and (38), we obtain the following formulae

t
A p(th)dt’
y= L: 1- pt (49)

¥
0, P(t)at
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S o)t
LCep)Y)= ——=1-¢ (50)
0, c(t)dt’

Of course, in order to really obtain L(c,p) in function of y we must substitute (49) in (50): by

(49) we have

= G- ) (51)
Inp
Hence
In- y)
L(c,p)(y)=1-¢c " (52)
or, in a form that is easier to interpret:
Inc
L(c.p)(y)=1- (- y)re (53)
This important formula shows that L(c,p) is only dependent on one parameter, namely
Ine (54)
Inp

and not on both ¢ and p and certainly not on p, or c,. This, in turn has an important

consequence: the fact that, for any two situations (e.g. any two journals) the respective Lorenz
curves are never intersecting (except, of course in (0,0) and (1,1) since this are points on any

Lorenz curve). The following theorem is stating this explicitely.
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Theorem 111.1.1:

For any two situations, where we have p,, ¢, as aging parameters in the first case and p,, c,

as aging parameters in the second case, we have (denoting by L, respectively L, the impact

Lorenz curves in situation 1 and 2).

Q) <L, 0Ma_nc (55)
Inp, Inp,

(ii) L>L,0 Inc, . Inc, (56)
Inp, Inp,

(i) L=1L,¢ Inc, _Inc, (57)
Inp, Inp,

Proof:

By (53) it is clear that only (i) needs to be proved. Now, by (53)

L<L,

Inc; Inc,

(@- yyre:> (- y)re

U
Inc, Inc,
eln(l— y)ﬁ S eIn(l- y)ﬁ
U
Inc Inc
In(1- L> In(1- 2
( y)lnpl ( y)Inloz
U
Inc, < Inc,
Inp, Inp,

since 1- yI P,a[. ~

Corollary 111.1.2:

Let us have two situations as above.
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()  Suppose there exists an y, I P,1[such that RIF, [y, ]< RIF, [y, ] Then

RIF[yk RIR[y] "yI P4

(i) Suppose there exists an n, I P,1[ such that RIF, {n, }< RIF,{n, } Then

RIF{n}< RIE,{n}, "ni D[

Proof:

This follows trivially from Theorem I11.1.1 and Proposition 11.5.6: if (in case of (i))

RIF [y, J< RIF, [y, ] for acertain y, 1 P,1[ then L, # L, by Proposition 11.5.6 and obviously
L, ' L, also. According to Theorem I1l.1, we have that (ii) and (iii) in this theorem are not
possible. Hence only (i) in this theorem is possible: L, < L, which implies, by Proposition

11.5.6 that RIF,[y]< RIF,[y], "y1 P,1[. The same proof goes for (ii). ~

Corollary 111.1.3:
Suppose (i) or (i) in the above Corollary 111.1.2 is valid (in fact they are equivalent). Then we

have that the inequality (concentration) between the values

PRIEIIYE A= {L G )W)y AT

is smaller than the inequality (concentration) between the values

{yRIFz M yl [011]}= {Lz (. P ) yl [0’1]}

Proof:

This follows immediately from the fact that L, < L, and this follows from Proposition 11.5.6.

~

The rest of this Subsection 111.1 is devoted to the construction of examples showing that
Corollary 111.1.2 is false for RIFs calculated with fixed times t instead of using fixed values of

yorof n.
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Construction 111.1.4:

We will construct examples of 2 situations, where we have two time values t,,t,* 0 such

that

RIF (t,)< RIF,(t,) (58)

and

RIF (t,)> RIF,(t,) (59)

, hence clearly showing that (i) nor (ii) in Corollary 111.1.2 are true for RIFs in fixed time
values t. We are able to present such examples even in the simple case of exponential aging as
used in this section. We will also present the methodology with which we arrived at such

examples. Let us fix t3 0. According to (49) and (50) and also using (43) we have that, for

one situation with aging parameters p, ¢, RIF(t) is given by

RIF(t)=

1: c' (60)

1 t

For two such situations (with parameters p,, ¢, and p,, c, respectively) we hence have that

the function
f(t)= RIF,(t)- RIF(t)

t t
1-¢c, 1-¢
t

1- pz 1- pi

f)=

(61)

is the key function for which we must find examples such that f (t,)> 0 and f(t,)< 0

(according to (58) and (59)).

Note first that
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& At _ Aty
£(0)= lim&~ 2. 1= Gy
X@OSL- p, 1- [y

_Inc, Inc,

f(0)= o, inp. (62)

(use de I’Hospital’s rule) and that

lim =0
Formula (62) is interesting since, based on Theorem 111.1.1, the value f(0) determines
whether L, < L,, L,> L, or L, = L, (where L, = L;(c;,p;), i = 1,2, the impact Lorenz

curves for the 2 situations). In other words, using Theorem I11.1.1 and Proposition 11.5.6 we

have the following result.

Proposition 111.1.4.1:
Q) f(0)= 0 iff

L, = L, iff
RIEN]= RIF ] "yI P
iff

RIF{n}= RIE{n} "ni DAL
iy  £(0)> O iff

L, <L, iff

RIELT RIEL] "y Pl

Iff

RIF{n}< RIF,{n}, "nI D[

and similarly for f(0)< 0.
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We will understand how to arrange for (58), (59) in the case (ii) of the above proposition if we

have understood the case (i): f(0)= 0. Hence this means that, by (62)

Inc, _ Inc, (63)
Inp, Inp,
and that all RIF,[y]= RIF,[y]and that all RIF,{n}= RIF,{n}, according to Proposition
11.1.4.1.
Now equality (63) is valid if and only if there existsa k' 0 such that
c,=cf (64)
P, =Py (65)
Then f in (61) has the form
_ kt ot
£(t)= 1 ctt 1 c1 (66)
1- Py 1- P1
which is positive if k< 1 and negative if k> 1. This is seen as follows. For every
0< c< p<1, let g(t) be the function
1- ¢
t)= : 67
g() 1_ pt ( )

This function decreases in t as follows from the proof in the Appendix, noting that

t
Incgy cdt’
9(t)= ———
In p(‘)o p dt’
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and that:n—C > (0. An alternative proof is given by the fact that
np

o9 HEDO

c(t)

. . . . t
using (49), (50) and by the fact that the function L(c,p) is concave (using that %t)

decreases since 0< c< p<1).

The graph of f can be depicted as in Fig. 8, according to the values k> 1 or k< 1. Two

concrete examples:

(i) c,= 05<p, <07, k=2.Then ¢, = ¢ = 0.25< p, = p; = 0.49. Now

f)= 2P 95- 4196<0
051 0.3

(i) c,=05<p, <07, k= % Then c, = \E: 0.707< p, = \E: 0.837. Now

)= 22983 05_ 44315 ¢,
0.163 03
A
f
k<1
0 g
k>1

Fig. 8 Graphs of f for k> 1 and k< 1.
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We hence have examples where all fractional relative impact factors in the 2 situations are
equal (L, = L,) but where or IF,(t)< IF,(t) forall t> 0, or IF (t)> IF,(t) forall t> 0. It
must be clear that this, although interesting in itself, does not provide an example as described
in (58) and (59). However, the knowledge of this case (63) gives us insight in how to
construct examples showing that (58) and (59) can be true e.g. in the case that L, < L,, i.e. all
fractional impact factors in the first case are smaller than all fractional impact factors in the

second case. Let L, < L,, hence

< Inc1< Inc,
Inp, Inp,

1

(68)

by Theorem 111.1.1 (and since 0< ¢, < p, < 1). This means that f (0)> 0 instead of f (0)= 0

in Fig. 8. The trick will be to increase the beginning of the curve of f for k> 1 so that it

intersects the t-axis and hence (58) and (59) become possible.

Fig. 9 illustrates this reasoning.

Fig. 9 Visualization of a function f (derived from Fig. 8) that can be

positive as well as negative (k> 1).
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The choice of the parameters 0< ¢, < p,<1and 0< c,< p, <1 can be made as follows.

Since (68) is valid we have, for a certain £> 0

Inc, _ Inc,

_ = — =+ Fes

Inp, Inp,
Inc, _ Inc, + elnp, (69)
Inp, Inp,

Hence, we can choose k! 0 freely so that

Inc, = kinc, + kelnp, (70)

Inp, = kinp, (71)

hence

1- etInc2 1- etIncl
1- etlnpz- 1- etlnp1

f(t)=

tklncletkeln Py 1- etlncl

f()= 10

1- etklnp1 - 1- etlnp1 (72)

Taking k> 1 yields f(t)< 0 in (72) if the factor "™ is not “too disturbing” (based on our

knowledge of the case (63)). Let us give two pertinent examples.

Examples 111.1.4.2:

Q) c,=05<p, =07 k=2, ¢£=0.01. Thenwe have the values

c, = cpX%® = 0.248223

p,= p: = 0.49
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Inc, < Inc,
Inp, Inp,

Note that , hence L, < L,. Now

f(0.1)= 1.8891795- 1.9112185< 0

fg%:: 1.8008638- 1.8650319< 0

Ql--|©

f (1)= 1.4740726- 1.6666667 < 0

f(2)= 1.23488- 1.4705882< 0

f (4)= 1.0571459- 1.233715< 0

but we can have f (t)> 0 but only for very small values of t !

f(0.01)= 1.9467368- 1.9400937> 0.

This is a strange example that all fractional relative impact factors in the first case are smaller

than all fractional relative impact factors in the second case but that “almost all” ((certainly

forall t> 0.1) relative impact factors RIF, (t) are larger than RIF,(t) (since

f(t)= RIF,(t)- RIF(1))!

Let us give a last example where the order between RIF,(2), RIF,(2) and RIF, (4), RIF,(4)

is reversed.

(i) c,=05<p, =06 k=2 e=1 Now

c, = c’p? = 0.09
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p,= p> = 0.36.
We have
f(2)= 1.139591- 1.2> 0
and
f(4)= 1.0170164- 1.077091< 0.
Hence
RIF, (2)> RIF,(2)
and

RIF, (4)< RIF, ().

Note again that, since L, < L, that all fractional relative impact factors in the first case are

smaller than all fractional relative impact factors in the second case !

111.2 Explicite formulae for RIF]y] and RIF{0} for all y,00]0,1[

Having established the explicite form of impact Lorenz curves in case of exponential aging

and growth we can now easily determine explicite formulae for the fractional relative impact

factors RIF[y]and RIF{n}, forall y,n1 P,1[. As with the impact Lorenz curve itself we

have that they only depend on :2—; as will be seen now.

By formula (43) and Definition 11.5.2 we have, for every y1 P,1[:
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RIFf]= SC:PI) p)(y)

Inc

RIFp]E & (1y y)re (73)

using (53). In the same way, by formula (45) and Definition 11.5.4 we have, for every

ni pA:

RE S enm 7
Let now
y=L*(p)n)
Then
n=L(c.p)(Y)
=1 (- yyw
using (53). Hence
y=1- (- np.
This yields in (74):
RIFfn}= ——— (75)

1- (- mne
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. . . . Inc L .
showing again that all we need is an estimate of the parameter o This will be executed in
np

Section IV.

111.3 Calculation of the impact Gini index and the impact coefficient of

variation

We refer to Egghe (2002, 2004, 2005) for the definition of the Gini index and the square of

the coefficient of variation: if L(y) denotes a Lorenz curve we define the Gini index G as
G=2{area under L} 1 (76)
and the square of the coefficient of variation, V?, as
V2= (‘)OI(L'(y))Z dy- 1 (77)

Hence we have, using (53)

(78)

(note that Iln_c> 1 since 0< c< p<1). Alternatively we have
np

Inc

G=Anp (79)
Inc
—+1

Inp




For VV* we have, since

that

Alternatively we have

We leave it as an open problem to interpret these formulae in the framework of (relative)

impact factors.

In
From the above it is clear that it is important to have methods to calculate —C in any

Inc
Inc ¢ yym

L'(y)= inp

IInc_ 1
v=—”|ID
nc. 1

Inp

-1
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(80)

(81)

practical situation, even if the data are only approximately exponentially shaped (e.g. where

the aging curves show a short initial increase as explained in the Introduction). Indeed, the

value I— determines the properties of the tails of the general distributions c(t) and p(t),

Inp

the Lorenz curve L(c,p) and the fractional relative impact factors RIF[y]and RIF{n} for

all yn1 P,1[. The estimation of Iln_c will be done in the next section.
np
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. . Inc . .
IVV. Estimation of I_ in theory and practise
np

We will develop 4 theoretical models to calculate Iln_c in the next subsection. In Subsection
np

IV.2 we will test these models on a theoretical as well as on a practical example.

IV.1 Theoretical models to determine Iln_c
np

IV.1.1 Brookes’ method
The following method goes back to Brookes (1970, 1971) for the estimation of the aging rate

of an exponentially decreasing function. We also refer to Egghe and Rousseau (1990) but

repeat the method here for the sake of completeness (and since the argument is short). We will

explain the method on the function c(t)= c,c' (formula (48)) but it works as well on the

function p(t)= p,p' (formula (47)).

Forany t,I ; * (we will specify this later on), define

¥

k= c(t)dt (82)
| = (‘)Otoc(t')dt' (83)

Then
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= c‘°6¥ c,cldt”
k= co(k+ 1)

Hence

(84)

&
~
S-Hg;,.

In practise (see the next subsection) it is best to calculate this for t,» the median of the data.
This is to make the method stable: taking t, too small gives problems with the (in practise)

initial increase of the curve c(t) (cf. the Introduction); taking t, too large gives too few data

for the part [t,,¥ [.

Of course, the same method gives for

* \¥ 1 1
K'= 9, p(t")dt (85)
1= & “p(t)dt 86
=, p(t)t (86)
that

1

& ki &
= 87
P k+lg (87)

Formulae (84) and (87) then yield Iln_c :
np
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Note that in (84), k+ | = C (formula (36)) and in (87), K+ |I" = P (formula (35)). C follows
from the JCR Cited journal data but P can be hard to find and one is supposed to go back to
volume 1 of the journal which can be difficult. This is the disadvantage of this (and also the
following — see Subsection 1V.1.2) method. In methods 3 and 4 to come (Subsection 1V.1.3
and 1V.1.4), the knowledge of C and P is not required.

IV.1.2 Second method
Using (49) and (50) we derive:

tinp=In(1- y)

tinc=In(l- L(c.p)(Y)).

forevery t> 0. So

Inc _ In(t- L(c.p)(Y))
Inp In(2- y)

(88)

But, according to (49) and (50), y is the fraction of publications in the period [0,t] and

L(c,p)(y) is the fraction of citations to the period [0,t]. Any t> 0 can be taken but for

stability reasons it is best to take t as large as possible. If one uses the JCR one can go until

t = 10. So the following formula can be used, when we have practical data (hence for discrete
t=12,..):

n&. #citations to 1,2,...,t years backd

Inc _ %1 C o (89)
Inp Ingi- #publications 1,2,...,t years backg
P 7}

As said above, the disadvantage of the method is that we need to know C and (especially) P.



1VV.1.3 Quick and Dirty method
By (47) and (48) we have

|nw%
g C, &_ Inc
,ng’p(t)% Inp
Po @
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(90)

quite simply, for every t> 0. Note that we do not need C or P here. The method is perfect but

dependent on a one year score c(t) and p(t). This yields values of ::—C which are heavily

dependent on the used year, which might result (for practical data) in heavily fluctuating

results.

1VV.1.4 Method using IE(2), 1F(4) and IF(8)

Using (49) and (50) we have that the (non-relative) fixed year impact factors IF(2), IF(4)

and IF(8) are given by

IF(2)= P((l- ;g

IF(4)= —P((l Cg

IF(8)= Pé_ Cg
Hence

_IF(4) 1+ ¢

IFQ2) 1+p°

(91)

(92)

(93)

(94)
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IF(8 4
- JFE)_ 1+ (95)
IF(4) 1+p
Formulae (94) and (95) constitute a system of equations in p and c that can be solved as
follows. From (94) we have
c*=y+yp*- 1 (96)
This can be put in (95)
1+t (y+yp?- 1)
1+ p4 - - 1+ p4
yielding the equation in the fourth degree:
p*(8- v*)+ p*(2y- 2v%)- 2+ 2y+ 8- y°=0 (97)

This equation can be solved numerically for p. Then (94) (or (95)) yields c: see formula (96),

taking the positive square root since ¢> 0.

This method does not need P or C and uses only IF(2), IF(4) and IF(8). IF(2) can be read

in the JCR and IF(4) and 1F(8) can be determined using the JCR.

We will now test these 4 methods on a theoretical set of data and on a practical one.

1VV.2 Examples of the calculation of Iln_c
np

1V.2.1 Theoretical example

We will calculate theoretical citation and publication data based on the formulae



c(t)= 100(0.6)

p(t)= 50(0.8)

48

(98)

(99)

Note that c= 0.6< p= 0.8 as requested by the model. The calculated data are rounded off to

the nearest entire number and we stop when we reach the value 0 for both functions c(t) and

p(t) - see Table 1.

Table 1. Theoretical data based on (98) and (99).

t p(®) c(t)
0 50 100
1 40 60
2 32 36
3 26 22
4 20 13
5 16 8
6 13 5
7 10 3
8 8 2
9 7 1
10 5 1
11 4 0
12 3 0
13 3 0
14 2 0
15 2 0
16 1 0
17 1 0
18 1 0
19 1 0
20 1 0
21 0 0

We have P = 246, C= 251. We will now calculate Iln_c according to the 4 methods
np

presented in the previous section.
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(i) Brookes method

Since ;— 123 we take t; = 3 in (87) since then k™ = 124, close to g We find

@
Q--1Q5

24¢

2467

p= = 0.796

(e

(close to the given 0.8). Since %: 125.5 we take t, = 2 in (84) since then k= 91, the

closest we can get to % (we want to combine at least 2 years, for reasons of stability). Now

1
c= g—% = 0.602
251%
In(0.6
(close to the given 0.6). We find In_c_ 2.224 , close to the theoretical n( ): 2.289.
Inp In(0.8)
(ii) Second method
Formula (89) yields
& 1600
Inc Ing!- 251%
= = 2.228
Inp |nee_ ﬂg
gl 2460

, again close to the theoretical 2.289.

(iii) Quick and Dirty method
This method works perfectly because this method is the way the data of Table 1 are

calculated. E.g. for t= 2



50

&36 0
Inc n§100i
[%]

= —= 2.289
Inp &320
Ing—I
500

(iv) Method using IF(2), IF(4) and IF(8)

Since
|F(2): 100+ 60: 160
50+ 40 90
|F(4): 100+ 60+ 36+ 22 _ 218
50+ 40+ 32+ 26 148
|F(8): 100+ 60+ ...+ 5+ 3 _ 247
50+ 40+ ...+ 13+ 10 207
we find that

Y= F2) = 0.8285473

IF(8
= Q: 0.8100873

IF(4)

This gives the following equation of degree 4 (based on (97))

0.1235967p* + 0.2841133p*- 0.2193087= 0

which has the solution p= 0.781 (close to the theoretical 0.8). Then (96) yields

c= ‘/y 1+ p?)- 1= 0.578,
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close to the theoretical 0.6. We find

Inc_ 5519,

Inp

close to the theoretical 2.289.

1VV.2.2 Practical example

The next practical example will show that, due to the fact that there are deviations of (47)

and/or (48) (the latter certainly for smaller t), the methods (iii) and (iv) (quick and dirty
method respectively the method using IF(2), IF(4) and 1F(8)) are unstable, since they use

data based on one (or only a few) data point(s). On the other hand, methods (i) and (ii) (if we

take t large enough) work well and give similar values for Iln_c . This also shows that the “old
np

Brookes algorithm” is very stable, both in the determination of ¢ and (new application) of p.

We have taken the journal “Journal of near Infrared Spectroscopy” for which 1993 is the year
that volume 1 of this journal was published. We take the reference year 2003 as our t= 0.

Hence t= 1 is the year 2002 and so on until t = 10 for the year 1993. The publication data

(p (t)) are determined by simply counting the number of articles in every volume while the

(synchronous) citation data (c(t)) are determined using the JCR of 2003. The data are as in

Table 2.

Table 2. Publication and citation data for “Journal of near Infrared Spectroscopy”

for the citing year 2003 (t= 0).

t 0 1 2 3 4 5 6 7 8 9 10

p(t) 42 31 27 27 26 43 21 21 23 22 21

c(t) 6 28 51 55 50 67 11 21 35 18 17

Note that the “Rest” column in the JCR Cited Journal List (the one we use here) exactly refers

to the year 1993 since this represents volume 1 of this joural.
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We have P= 304, C= 359. For Brookes’ method we have g: 152 hence we use (for the

determination of p): t,= 5, k' = 304- 153= 151

using (87) and (for the determination of c): since %: 179.5 we take t, = 5,

k= 359- 190= 169 and, using (84)

Note that c< p and we have

Inc _ 1074,

Inp

The second method yields, based on Table 2 (and taking t not too small, e.g. t=5) and (89)

Ingi- @%
Ine 3999_ 1077
Inp & 1530
Inél- —
3040

close to the value obtained with the first method.

Due to the irregular set of data in Table 2 the quick and dirty method does not yield a good

estimate for \"C . It can also be seen that the values of IF(2), IF(4) and 1F(8) do not even

Inp
yield a solution for equation (97).
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Not with standing the irregularity of the data in Table 2 we can conclude that the models
developed in this paper can be applied as long as we use stable methods (as (i) and (ii)) to
determine In_c

Inp

V. Conclusions

In this paper we introduced impact Lorenz curves yielding all fractional (according to
citations or to publications) relative impact factors which have the advantage not to be
dependent on field or journal size and also one is not limited to a fixed time period for the
calculation of the impact factor. These impact Lorenz curves are examples of weighted

Lorenz curves of a continuous variable which are introduced in this paper.

We then study these curves and impact factors in the case of exponential aging (for citations)

and growth (for publications) curves. The impact Lorenz curve has the following functional

form (c = aging rate <p where g = % is the growth rate)

L(y)=1- @ yym (100)

implying that for any two such Lorenz curves L, and L, wehave L,> L,, L,< L, or
L, = L,,i.e. apart from (0,0) and (1,1), these curves do not intersect if L, ' L,. This also

implies that if, say L, < L,, all fractional relative impact factors in the first situation are

smaller than all fractional relative impact factors in the second situation and we show that this

is not true for relative impact factors dependent on time t.

. . Inc . e
Since, as is clear from (100), the parameter I_C is crucial in this theory, we present 4
n

methods to calculate this parameter, given practical data. Examples are presented.
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Appendix
Proposition (Egghe (1988)):
Let IF(t) beasin (6):
. t')dt’'
|Fa):-£;f—z—- (101)
O. p(t)dt’
Then IF'(t) has the same sign as
c(t)
—- IF(t 102
o FO (102)

B g(‘)otp(t')dt'%c(t)- p(t)(‘)otc(t')dt.

.2
1 |g
p(t)dt =

t

IF'(t)
50,

which has the same sign as
t 1 1 \ t 1 1
c(t)(‘)0 p(t)dt- p(t)o0 c(t")dt

hence the same sign as

).
o FO

by (101).
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Corollary:
IF(t) strictly decreases if

c(t)
2 < F(t (103)
p(®) ®©
. oo c) . . . :
This is e.g. satisfied if T) is a strictly decreasing function of t.
Y

Proof:

That (103) implies that 1F(t) strictly decreases follows directly from the above proposition. If

c(t)

——= decreases strictly in t then it is clear that

p(t)

o), 0,50 .

p(®) (‘)Ot p(t")dt’
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