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Abstract  

Cumulative advantage p r i n c i p l e  i s  a s p e c i f i c  law under ly ing several 
soc ia l ,  p a r t i c u l a r l y ,  b i b l i o m e t r i c  and sc ientometr ic  processes. This  
phenomenon was described by s ing le -  and mu l t ip le -u rn  models (Pr i ce  
(1976). Tague (1981)). A t h e o r e t i c a l  model f o r  cunulat ive advantage 
growth was developed by Schubert and Glaenzel (1984). This  paper 
presents an exact measure of t h e  cumulat ive advantage e f f e c t  based 
on cond i t i ona l  expectations. For  a given b i b l i o m e t r i c  random v a r i a b l e  
X (e.g. p u b l i c a t i o n  a c t i v i t y ,  c i t a t i o n  r a t e )  t h e  cumulat ive advantage 
funct ion i s  def ined as d k )  = E(iK-k)[(X-k) b O)/E(X). The 'extent of 
advantage' i s  s tud ied on the  basis o f  l i m i t  p roper t ies  o f  t h i s  
funct ion.  The behavior of ~ ( k )  i s  discussed f o r  the  urn-model 
d i s t r i b u t i o n s ,  p a r t i c u l a r l y  f o r  i t s  most prominent representants, 
the  negative-binomial and the  Waring d i s t r i b u t i o n .  The d iscuss ion 
i s  i l l u s t r a t e d  by several examples from b i  b l i o m e t r i c  d i s t r i b u t i o n s .  

1. INTRODUCTION 

The phenomenon o f  cumulative advantage i s  i n t i m a t e l y  connected w i t h  s o c i a l  
processes. It i s  i n  e f f e c t  whenever a new event i s  in f luenced by previous 
successes o r  fa i l u res .  Therefore the  p r i n c i p l e  i s  a lso c a l l e d  success-breeds- 
success-phenomenon. It was shown (e.g. P r i ce  (19761, Tague (1981)) t h a t  the  
cumulative advantage p r i n c i p l e  (c.a.p.) under l ies several b i b l i o m e t r i c /  
sc ientometr ic  phenanena. Other b i b l i o m e t r i c  phenomena may j u s t  as w e l l  be 
independent o f  any success and f a i l u r e  inf luences. Given a s e t  of emp i r i ca l  
data i t  i s  no t  always easy t o  decide whether c.a.p. i s  under ly ing o r  not. 
Therefore an e f f e c t i v e  measure and, f i r s t  o f  a l l .  a d e f i n i t i o n  of the  
cunu la t i ve  advantage p r i n c i p l e  i s  needed. A verbal d e s c r i p t i o n  was g iven by 
de S o l l a  Pr i ce  (1976) : 
"A paper which has been c i t e d  many t imes i s  more l i k e l y  t o  be c i t e d  again than 
one which has been l i t t l e  c i ted .  An author of many papers i s  more l i k e l y  t o  
pub l i sh  again than one who has been less p m f i l i c .  A jou rna l  which has been 
f requen t l y  consulted f o r  some purpose i s  more l i k e l y  t o  be turned t o  again 
than one o f  p rev ious ly  in f requen t  use. Words become conmon o r  remain rare.  
A m i l l i o n a i r e  gets e x t r a  income f a s t e r  and eas ie r  than a beggar." 

The present paper attempts t o  g ive an exact mathematical d e s c r i p t i o n  and a 
q u a n t i t a t i v e  measure o f  t h i s  phenomenon. The mathematical r e s u l t s  are appl ied 
t o  b i b l i o m e t r i c  d i s t r i b u t i o n s  o f  several types. 
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2. THE STOCHASTIC MODEL 

I n  order t o  v i sua l i ze  thebackground and mechanism of the  cumulative advantage 
p r i n c i p l e  a stochast ic  process introduced by Schubert & Glaenzel (1984) i s  used. 
We r e c a l l  the model i n  b r i e f  : 
Consider an i n f i n i t e  array of u n i t s  indexed i n  succession by the non-negative 
numbers. The content of the  i - t h  u n i t  i s  denoted by xi, the ( f i n i t e )  content of 

a l l  un i t s  by x. Then the f r a c t i o n  yi = xi/x (i 2 0) expresses the  ( c l ass i ca l )  

p robab i l i t y  w i t h  which an element i s  contained by the i - t h  un i t .  The stochast ic  
process i s  formed by the change o f  the content of the  units. The change i s  
postulated t o  obey the fo l low ing  three ru les  : 

(1)  Substance may enter  the system from the  external envi roment  through the  
O-th u n i t  a t  a given rate.  

( 2 )  Substance may be transferred from any u n i t  t o  the adjo in inq ones a t  a qiven 
rate. 

( 3 )  Substance may leak out  from any u n i t  i n t o  the external  environment a t  a 
given rate.  

It i s  c lear  t h a t  the content o f  the un i ts  has a spec i f i c  d i s t r i b u t i o n  a t  any 
time. We assune t h a t  a t  the beginning only the  0- th u n i t  contains elements, 
i.e. the  e n t i r e  populat ion i s  concentrated i n  the  O-th uni t .  We fu r t he r  assune 
t h a t  the process has a non-degenerated l i m i t  d i s t r i b u t i o n  as t ime tends t o  
i n f i n i t y .  Fig.1 shows the scheme of substance flow o f  t h i s  process. 

Fig.1 : Scheme o f  substance flow i n  the stochast ica l  cunulat ive advantage model 

Cumulative advantage means t h a t  an element being i n  a u n i t  w i t h  a h igh index i s  
more l i k e l y  t o  reach a u n i t  w i t h  a s t i l l  higher index than an element o f  a u n i t  
w i t h  a low index. The step from the  i - t h  t o  the ( i + l ) - t h  u n i t  can be considered 
as a success, a step i n  the  reverse d i r ec t i on  as a f a i l u re .  A cumulation o f  
successes and fa i lu res  dur ing the t ime elapsed i s  detemined by the  t ransfer  
rates and resu l t s  i n  a spec i f i c  l i m i t  d i s t r i bu t i on .  Since, i n  general, 
empir ica l  data g ive informat ion about the s ta t ionary  l i m i t  d i s t r i bu t i on ,  i t  
seems reasonable t o  def ine a emulative advantage measure on t h i s  l i m i t  
d i s t r i bu t i on .  

3. THE CUMULATIVE ADVANTAGE FUNCTION 

The c.a.p. i s  p a r t i a l l y  re f lec ted  by the  expected remaining l i f e  function 
o r i g i n a l l y  defined f o r  renewal processes (e.g. Kotz & Shanbagh (1980)). For 
a non-ne a t i v e  i n t e  e r  valued random var iab le  X ,  i t  i s  defined as 
s(k)  = E ~ X - k  I X  2 kg, ; = 0,1,2, ..., provided the  expectat ion i s  f i n i t e .  I n  
the frame of the stochast ic  process of the preceding sect ion s ( k )  i s  the  
expected index o f  the  u n i t  t o  be reached b y  an element provided the k - th  u n i t  
had already been reached. A cumulative advantage then corresponds t o  an 
increasing funct ion s(k). Unfortunately, f o r  our purpose the  expected 
remaining l i f e  func t ion  must be re jec ted  because t h i s  funct ion depends on 
the expectation. Thus i t  measures not  on ly  the  "acquired" advantage ra te  bu t  
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the " innate" advantage, too. 

I n  order t o  overcome t h i s  shortcoming we def ine the cumulative advantage 
func t ion  (c.a.f.) as 

This func t ion  obviously  meets our requirements. The analysis o f  the  c.a.f. 
should cover (1)  the  monotonici ty and (2) the l i m i t  a t  i n f i n i t y .  
Ad (1). Two cases are of p a r t i c u l a r  i n t e r e s t  i n  our  present analys is  : i f  u i s  
monotone o r  if u can be s p l i t t e d  i n t o  two monotone par ts .  Other specia l  pat terns 
(e. ., per iod ica l  behavior) could be the t op i c  o f  a separate study. 
Ad q2). Concerning the l i m i t ,  5 d i f fe ren t  types can be dist inguished. Put 
c = l i m  ~ ( k )  

1. c = w  (cumulative advantage p r i n c i p l e )  

2. 1 < c < - ( l i m i t e d  inf luence o f  advantage) 

3 . c . l  (no advantage a t  a l l  ) 

4. 0 < c < 1 ( l i m i t e d  in f luence o f  disadvantage) 

5 . c - 0  (cunulat ive "disadvantage" p r i nc i p l e )  

Note t ha t  ~ ( 0 )  = 1 and ~ ( k )  2 0 fo r  a l l  k. Before applying t h i s  func t ion  t o  
any pa r t i cu l a r  d i s t r i b u t i o n  i t  would be wort twhi le  having a look  a t  the 
re la t ionsh ip  between the  cumulative advantage p r i n c i p l e  and the t a i l  proper t ies 
of d i s t r i bu t i ons .  

Theorem 1 : 

Let pk denote the p r o b a b i l i t y  P(X=k) and put  pk+,/pk = qk. l i m  q = q. 
k- k 

Assme t ha t  c i s  the  same as above. Then the fo l low ing  equivalent  statements 
hold : 

The proof i s  based on charac te r i za t ion  theorems by Gupta (1975) and Glaenzel 
& a l .  (1984). According t o  these resu l t s  the d i s t r i b u t i o n  pk i s  uniquely 
determined both by the expected remaining l i f e  func t ion  and by the c.a.f. 
and E(X). Thus we have : 

where d = l /E(X). Hence 

i s  obtained. The r i g h t  hand f ac to r  o f  the above equation always tends t o  1, 
independently o f  the actual l i m i t  c = u_. Therefore the fo l low ing  
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approximation can be studied instead : 

q k W  u ~ + ~ / ( M ~ + ~  + d l  

Hence the  statement can d i r e c t l y  be derived. 

Now we show the  c lose re la t ionsh ip  between the t a i l  o f  a d i s t r i b u t i o n  and the 
l i m i t  value o f  the  c.a.f. 
A d i s t r i b u t i o n  i s  sa id  t o  have a proper t a i l ,  i f  i t  asymptot ica l ly  obeys 
"Z ip f ' s  Law", e.g., i f  

f o r  some rea l  a > 0 (see Glaenzel & Schubert (1988)). This already impl ies the 

convergence pk+l/pk - (1 + l/k)Oi + 1. This considerat ion and the Theorem 1 leads 

t o  the  fo l low ing  important r e s u l t  : 

Let  X be a non-negative integer-valued random var iab le  the  d i s t r i b u t i o n  o f  which 
has a proper t a i l  w i t h  the charac te r is t i c  exponent a > 1. Then the  cumulative 
advantage p r i n c i p l e  underl ies the  d i s t r i b u t i o n  o f  X, i.e., ~ ( k )  + - as k + -. 

4. THE URN MODEL DISTRIBUTIONS 

The connection between the cumulative advantage p r i n c i p l e  and some 
representat ives o f  the urn model d i s t r i bu t i ons  has already been shown and 
discussed i n  the papers by Pr ice (1976) and Tague (1981). I n  the fo l lowing 
the  c.a.f. introduced i n  the preceding sect ion w i  11 be appl ied t o  the 
d i s t r i b u t i o n s  o f  the c lass ica l  Polya-Eggenberger urn model. F i r s t  o f  a l l  we 
r e c a l l  how t h i s  s ingle-urn model works. Let  an urn contain a ce r t a i n  nunber 
of black and whi te ba l l s .  White usua l l y  means success, black mans fa i lu re .  
A b a l l  i s  drawn from the urn a t  random. Together w i t h  the  drawn b a l l  a ce r t a i n  
f i x e d  number o f  whi te o r  black b a l l s  i s  replaced i n t o  the urn, according as 
the co lo r  o f  the drawn b a l l  was whi te o r  black, respect ive ly .  The nmber of 
added b a l l s  can be pos i t i ve ,  zero o r  negative. The process o f  drawing and 
replac ing b a l l s  i s  continued according t o  the  chosen model. Two models, a 
" f i n i t e "  ( 1 )  and an " i n f i n i t e "  ( 2 )  one are used. 

(1)  The process i s  stopped a f te r  the n - th  b a l l  i s  drawn. 
(2) The process i s  stopped i f  the n - t h  black b a l l  ( f a i l u r e )  i s  drawn. 

Random events a re  the nunber o f  the  drawn whi te b a l l s  (successes). The b u i l t - i n  
cunulat ive advantage-disadvantage phenomenon i s  obvious. The proof  o f  the 
fo l low ing  statement can be found i n  the l i t e r a t u r e  (e.g. Johnson & Kotz (1977)). 

Proposition : 

The d i s t r i b u t i o n  o f  a non-negative integer-valued randan var iab le  X can be 
obtained from the urn model, i f  

where a. B and T are parameters such t h a t  pk i s  a p r o b a b i l i t y  f o r  every k 2 0. 
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The connection w i t h  the cumulative advantage p r i nc ip l e  can be d m n s t r a t e d  by 
two examples. Model (2 )  i s  a s s m d ,  i .e., ba l l s  are drawn u n t i l  a ce r ta i n  number 
of black ba l l s  occur. 

1. Waring d i s t r i b u t i o n  : the nunber o f  added b a l l s  a f t e r  each drawing i s  
posi t ive.  Procedure i s  stopped when the f i r s t  b lack b a l l  i s  drawn. Thus 
the number o f  drawn white b a l l s  i s  inf luenced only by successes but not 
by fa i lu res .  This i s  a pure cumulative advantage d is t r ibu t ion .  

2. Negative-binomial d i s t r i bu t i on .  No b a l l s  are added when replacing the drawn 
one. Procedure i s  stopped a f t e r  the n-th black b a l l  was drawn. No cunulat ive 
advantage e f fec t .  

Now we have a look a t  the c.a.f. o f  these d is t r ibu t ions .  An important property 
of the c.a.f. o f  urn model d i s t r i b u t i o n  i s  ref lected by Theorem 2 which i s  a 
r esu l t  o f  a theorem by Glaenzel & Schubert (1985) : 

The cumulative advantage funct ion of a d i s t r i b u t i o n  o f  the Polya-Eggenberger 
urn model i s  always asymptotical ly l inear ,  provided the expectation i s  f i n i t e .  
i n  pa r t i cu la r  : 

It i s  in te res t ing  t o  note t h a t  the c.a.f. o f  a Waring d i s t r i b u t i o n  i s  l i nea r  
and completely independent o f  the charac ter is t i c  t a i l  parameter a : 
~ l ( k )  = k / N + l .  The c.a.f. of a negative-binomial d i s t r i b u t i o n  has the 
asymptotic equation d k )  r. l/N, i.e., the l i m i t  value d w s  not  depend on the 
parameter q. Based o f  a comparison w i t h  the c l ass i f i ca t i on  of Section 3 we can 
state tha t  a negative binomial d i s t r i b u t i o n  r e f l e c t s  a l im i t ed  inf luence of 
advantage i f  N < 1, a l i m i t e d  inf luence of disadvantage i f  N > 1 and no 
advantage, i f  N = 1 (geometric d i s t r i bu t i on ) .  A cumulative "disadvantage" 
p r i nc ip l e  underl ies the Poisson and a l l  f i n i t e  urn model d i s t r i bu t i ons  
( d k )  PL 0, i f  k >> 1). Figure 2 i l l u s t r a t e s  the behavior of the c.a.f. by 
lneans o f  four  urn model d i s t r i bu t i ons  w i t h  d i f f e r e n t  parameters. 

Fig.2 : c.a.f. of some representatives o f  the urn model d i s t r i bu t i ons  : 
W = Waring w i t h  N = 50, a opt ional ;  N1 = negative binomial w i t h  
N = .5, q = .5 ;  N2 = negative binomial w i t h  N = 2, q = .5, 
P = Poisson w i t h  X = 2 and B = binomial w i t h  n = 50, p = .5. 
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5. APPLICATION TO BIBLIOMETRIC DISTRIBUTIONS 

I n  t h i s  sect ion we i l l u s t r a t e  on b i b l i ome t r i c  examples how a cunulat ive 
advantage effect can be detected and in te rpre ted  on the  basis o f  the c.a.f. 
Four basic types o f  sc ien tanet r i c  d i s t r i bu t i ons  were chosen fo r  the  analysis. 
Two of them are re la ted  t o  the  re fe rence/c i ta t ion  process, the other  two 
d i s t r i bu t i ons  are connected w i t h  the publ icat ion/authorship process. The f i r s t  
p a i r  of d i s t r i bu t i ons  (a  c i t a t i o n  ra te  and a reference d i s t r i b u t i o n )  are taken 
from the  SCI database of the I n s t i t u t e  o f  S c i e n t i f i c  Information (Phi ladel  hia, 
USA). The data are r e s t r i c t e d  t o  papers ( o f  the  5-year t ime period 1981-857 
w i t h  a t  l eas t  one Hungarian co-author. C i t a t i on  rates has been counted f o r  the 
same t ime period, references were considered without any res t r i c t i ons .  I n  order 
t o  ob ta in  a homogeneous population, only research papers were taken i n t o  account. 
Thus, among others, the  items "review o r  b ib l iography" were de l ibera te ly  
m i t t e d  because they would cause an a r t i f i c i a l l y  long t a i l  o f  the  reference 
d i s t r i bu t i ons .  C i t a t i o n  rates are, o f  course, expected t o  r e f l e c t  a cunulat ive 
advantage e f f ec t .  Fig.3 shows the  diagram, c.a.f., ~ ( k )  vs. c i t a t i o n s  k fo r  
k S 50. As expected, an increasing c.a.f. i s  obtained. The points (k,u(k)) 
f o n  an almost per fec t  s t r a i g h t  l i ne .  Thus the  underlying cunulat ive advantage 
p r i n c i p l e  i s  unambiguous. 

c.a.f. of 
publ ished 

the  c i t a t i o n  
i n  1981-85 

r a t e  d i s t r i b u t i o n  Hungarian papers 

Reference data are not  expected t o  r e f l e c t  any e f f e c t  o f  cumulative advantage. 
The decreasing c.a.f. a t  the  beginning seems t o  confirm t h i s  assumption (see 
Fig.4). The behavior of the  function f o r  greater k ( k  > 30). however, contra- 
d i c t s  the  assunption. This phenomenon suggests the fo l low ing  explanation : 
The reference d i s t r i b u t i o n  i s  inf luenced by two tendencies. One re la tes  t o  
papers w i t h  only a few references. Only as many re la ted  papers as absolutely 
necessary and re levant  are cited. When the  most important references are 
included, fur ther ,  less re levant  ones are "repulsed". Thus i n  the  beginning of 
the  d i s t r i b u t i o n  a disadvantage i s  observed. The second tendency can be 
considered as sane k ind o f  "chain reaction". I n  t h i s  case, papers aim a t  
canpleteness. Each c i t e d  paper uncovers a whole se t  o f  f u r t he r  references and 
sane of them may be added t o  the reference l i s t .  The l a t t e r  "2nd generation" 
references may a t t r a c t  a 3rd generation and so on. This leads t o  a k ind  o f  
cunulat ive advantage. The d i s t r i b u t i o n  can be found i n  Table 1. 

The data o f  the  second p a i r  o f  samples are taken from the  data base MEDLARS. 
A l l  papers concerning the  research o f  the cancer medicament "Endoxan" were 
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Fig.4 : c.a.f. o f  the reference d i s t r i b u t i o n  o f  Hungarian papers 
published i n  1981-85 

selected ( fo r  the 5-year period 1982-1986). The f i r s t  sample, pub l ica t ion  
a c t i v i t y  data, i s  a c lass ica l  example f o r  the cunulat ive advantage pr inc ip le.  
The top ic  o f  the papers i s  very speci f ic ,  therefore the author populat ion i s  
rather homogeneous. The second sample i s  the d i s t r i b u t i o n  o f  the number o f  
authors o f  the same se t  o f  papers. The frequency d i s t r i bu t i ons  of both 
samples are presented i n  Table 2. The cunulat ive advantage function can be 
found i n  Fig.5. Although ne i ther  d i s t r i b u t i o n  has a proper t a i l ,  the c.a.f. 
c l ea r l y  shows a cunulat ive advantage f o r  the pub l ica t ion  a c t i v i t y  d i s t r i b u t i o n  
and a disadvantage f o r  the authorship d i s t r i bu t i on .  I n  the case the 
product iv i t y  t h i s  phenmenon may be caused by the shortness o f  the time period 
(a  re l a t i ve  long time i s  needed f o r  the observations o f  the pat ients) .  The 
lacking t a i l  o f  the author d i s t r i bu t i on  can be explained by the f a c t  t ha t  
general ly small groups o f  sc ien t is ts  are involved i n  t h i s  research, thus the 
n ~ b e r  o f  po ten t ia l  authors i s  very l im i ted .  On the other hand, the d i s t r i b u t i o n  

Fig.5 : c.a.f. o f  authorship (a) and pub l ica t ion  a c t i v i t y  (b) o f  
837 "Endoxan" papers and 2604 authors (1982-86) 
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Table 1 : The absolute frequency distribution of citation rates ( X )  and 
references of I Y )  10256 Hungarian papers published in 1981-85 
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Table 2 : The absolute frequency d i s t r i b u t i o n  o f  p u b l i c a t i o n  a c t i v i t y  (X) and 
authorship ( Y )  o f  837 "Endoxan" papers publ ished i n  1982-86 (2604 
authors) 

i s  no t  extremely skewed, because most papers o f  t h i s  t o p i c  are team work. 
S ing le author papers are no t  too  f requent ly  observed. I f  we compare the  behavior 
o f  the  l a t t e r  two d i s t r i b u t i o n s  w i t h  the  t h e o r e t i c a l  considerat ions of Sect ion 
4, we can claim, t h a t  the  p r o d u c t i v i t y  d i s t r i b u t i o n  may probably be 
approximated by a Waring d i s t r i b u t i o n ,  w h i l e  a negative binomial d i s t r i b u t i o n  
may g ive a good approximation f o r  the  authorship d i s t r i b u t i o n .  
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