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Abstract

The use of Gaussian distributions in approximations of samples of
non-Gaussian populations leads to irreproducible results. Non-
Gaussian distributions should be used in these cases. The criteria
of Gaussian/non-Gaussian nature for distributions are distinct, thus
making it possible to unequivocally show which distribution and at
which values of parameters is Gaussian/non-Gaussian. For populations,
the criteria are more blurred. An alternative is to use only Zipfian
distributions as approximations. The correctness of various
distributions (GIGP, GW etc) and the methods of their use in
informetrics and scientometrics is analysed.

1. INTRODUCTION

Ir a number of publications [1-3] we have developed the notions of the non-
Gaussian nature of man. The idea is that unlike the natural distributions,

the stationary (i.e. containing no time) distributions describing human and,
specifically, scientific activities very frequently have characteristic long
tails, The distributions obtained using closed scales (an example of which can
be school marks) are Gaussian (short-tailed). However, the closed scales
deforming the indicator scale with respect to the Tatent one are incorrect and
should be replaces with open scales [4]. That is when the non-Gaussian
distributions become dominant in science studies, Bibliometrics, scientometrics
and informetrics as a rule use open scales and thus the distributions occuring
here are mostly non-Gaussian.

For non-Gaussian distributions the moments increase as the sample size goes up.
So far as the sample size randomly changes from researcher to researcher, the
moments and whatever is based on them cannot be used for these distributions,
Specifically, non-Gaussian data should not be approximated by Gaussian
distributions the parameters of which are determined by the moments and,
therefore, fluctuate depending on the sample size. Thus, in the case of the
Gauss or Poisson distribution the distribution parameters directly coincide
with the moments. For a negative binomial distribution

n(x) =Fﬁ¥%e“.o<e<1. k>0, x=1,2,300.. (1)

the mean and the variance can be expressed via distribution parameters k and
B :

- kB
X = K
(1-6) [1-{1-8)"]
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Evidently. the inverse is also true : we can express parameters k and & in
terms of X and x°, And if, as it should be for the non-Gaussian data, the .
sample moments increase as the sample size goes up, then sample parameters k

and @ will alse change depending on the sample size in one and the same
population. And thus the researchers operating on one and the same population
and approximating the data by one and the same negative binomial distribution
will obtain different values of parameters for their approximations. The
situation with geometric, logarithmic, lognormal etc. Gaussian distributions
is absclutely identical.

What is meant is the necessity of developing a novel view of empirical data
approximation. Up to the present, the research effart has been focussed on

an as-successful-as-possible approximation of a particular eampie. What I
suggest is to alsp recall that approximation parameters should be reproducible,
i.e. one should strive to achieve an as-successful-as-possible approximation of
all possible samples from a given population. Otherwise, we would toil each in
his own nook until the end of time obtaining each his own results,

To approximate non-Gaussian empirical data by only non-Gaussian distributions
one should know, on the one hand, which data are Gaussian and which are not and,
on the other, which distributions are Gaussian and which are not., In other words
one should have the criteria of Gaussian/ron-Gaussian nature. This paper
analyzes such criteria.

2, CRITERIA OF GAUSSIAN/NON-GAUSSIAN NATURE OF DISTRIBUTIONS

Let us give a strict definition of the non-Gaussian distribution. The basis of
modern applications of mathematical statistics and the theory of probability
are the limit theorems of the convergence of sum distributions of equally
distributed random independent values to certain finite so-~called stable
distributions.

The stable distributions are those the convolution of which with the same
distributions results in a distribation of the same kind, i.e. if for any
3y >0, b1,a2 >0 and b2 such a > 0 and b will be found that for all x

F(a1x + b1) * F(azx + bz) = Flax + b) . (3)

The convolution of the two distributions f1(g1} and fz(gz)
S £y ly=x) folx) dx (4)

is the sum distribution ™ = £y + Ea of the random variables £ and £y described
by the convoluted distributions.

The distributions pertaining to the stable types we shall divide into two
classes : Gaussian and non-Gaussian. Following Yablonsky [5-61 we shall call
Gaussian the distributions converging in the above sense to the Gauss
distribution; non-Gaussian, those converging tc other stable distributions.

The Gaussian distributions, according to the central limit theorem, have the
first two moments finite; the non-Gaussian distributions, infinite. And this
gives us the first criterion of the Gaussian nature of a distribution : if
we succeed in analytically expressing the mean and the variance in a finite
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form via distribution parameters, the distribution is Gaussian. Just this is
the case q1th the above-mentioned Gauss, Poisson, negative binomial, geometric,
gg?ar1thm1c, Tognormal distributions. The same is true for Gaood distributions

£{x) = {8/L6 + (1-8) 1n(1-8)1}6%/x(x-1) ,
Xx=1,2,3,...,0<8 <1 (5)

9 + In{1-8) 2

9 + (1-6) Tn(1-8; °* = 1/{1-8)

X

and
f(x) = (-1n 8)5'1 r{1-s, ~Xg In oxS 0%,
X2 x5, 0<08<1, (6)

_ g Tl2-s, ~x5 1n 8)
x = (-Tn 6] T{1-5, -Xg Tn @)’

1 r{3-s, -Xg 1n @)

mr [ xone

"

(r {vyn ) is the incomplete gamma function) and some other distributions.

Sometimes one fails to immediately establish the analytical type of the
distribution due to its complexity. Of use then could prove the study of
the distribution asymptotics at Targe values of random variable x, the basis
being the Gnedenko-Doeblin 1imit theorem. The theorem reads that for the
given distribution F(x) to converge in the above sense to a stable
distribution differing from the Gauss distribution, it is necessary and
sufficient that at x + =

h1(x) hz(x)
F('X)~C1-l-;l-5-, 1 ‘F(X)""Cz KB N

{n
€y >0, 6 >0,C +C >0, 0<B<2

Hare, F{x) is an integral distribution function F(x)} = § f(x)dx; and hi(x) are
functions slowly varying in the sense of Caramat, i.e. such that for all1 t > 0
. hi(tx) (8)
im T =1, 8
b ST | x

In other words, with the accuracy of up to the slowly varying function the
Zipf distribution

n(x) = —4%3 v xEX, 0<ace, (9)
X

at o < 2 coincides with the asymptotic of non-Gaussian distributions.

Hence the second criterion of the Gaussian/non-Gaussian nature of
distributions : if we succeed in determining the asymptotics type of a
distribution f(x)
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f(x) ~ —11-,5 ) (10}

X300 X
then at a ¢ 2 the distribution is non-Gaussian; at o > 2, Gaussian.

The distributions which at large values of x have the form of the Zipf
distribution we shall call Zipfian; however, if in (10) a = = then the
distribution is non-Zipfian. The Zipfian distribution at o < 2 is non-Gaussian;
at o > 2, Gaussian, The Gaussian non-Zipfian distributions have the asymptotics
with & = =. The Gauss, Poisson, negative binomial and other above-mentioned
Gaussian distributions are just non-Zipfian. It can be seen that the mean

and the variance expressed for them via distribution parameters are finite

at all admissible values of these parameters. If the mean and the variance

of a Zipfian distribution are expressed via distribution parameters including
a, then they will prove to be finite only for o > 2.

In the log-log coordinates for a Zipfian distribution, Gaussian or non-Gaussian
we have :
lim

Ko

4] - (140) (11)
For a Gaussian non-Zipfian distribution :
dinf{x) _

A1 e (12)

Let us adduce examples of using this criterion, Bulmer [8] uses the lognormal
Poisson distribution

“1/2 = 2
f(x) = (21r\fx). ! AX"1 e‘}\ e"(‘lnX'M) /2de , (13)

x =0,1,2,..., to describe the species abundance distribution. For this
distribution, as it can be shown,

1ip EGY (14)

3

thus it is Gaussian non-Zipfian.
The generalized inverse Gauss-Poisson (BIGP) or Sichel distribution [9,10]

finds the ever growing application in descriptions of social empirical
distributions [11}. It has the following form :

G2 G
Y\J [8(1_6)1f21 X o
x=0,1,2,..., 0s0s1, 820,

f{x) = {8) . {(15)

where K {z) is a modified Bessel function of the second kind of the order n
with argument z. Leaving the first term in the expansion of the Bessel function
Kn (z) at n > = [12] we find for its asymptotics :

K (z} ~ (n-1)H{Y™ {16)

n e Zz
For the asymptotics of the Sichel distribution it gives :
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g* . dInf(x)
flx) ~ , lim 2 = «(1-v) +xIn 8 , (17)
K20 x1-v oo X
i.e.
. dInf(x)
hm—a-r—=-°° at 8 <1 18
and
1
f(x) ~ - at 8 =1, (19}
xro 'Y

Thus, at B = 1, v can be only negative {otherwise f(x) would not yield to the
normalization); then the Sichel distribution is Zipfian with a = -vy at v ¢ 2
it is Gaussian; at v > 2, non-Gaussian. At 8 < 1 it is Gaussian non-Zipfian;
at 8 = 0, v > 0 it passes over to the negative binomial distribution; at 8 = 0,
v = 0, to a logarithmic distribution [101.

The use of the generalized Waring {GW) distribution [13,14] in bibliometrics
is suggested by Burrell [151. This distribution has the following form :

flx) = Tfare)  rlxec) rlx+b) 1 (20)
B{a,b) T(c] ~ I{x+a+b+c) X! °*

x=0,1,2,....

As it can be easily seen, for it
1

f{x) x;;""'_a . (21)

i.e, this distribution is Zipfian with o = a; at a < 2 it is non-Gaussian; at
a > 2, Gaussian,

Price [16] makes use of the beta function distribution

n{x) = N{m+1) % . (22)
For it

(x) ~ 1

nix - (23)

Thus, this distribution is Gaussian at m > 1 and non-Gaussian at m < 1.

To describe the distribution of persons by income, Davis [17] utilizes the
generalized Pareto distribution :

£X) ~ g - (28)
e x-1 xB
For it
F(x) ~ “71 . (25)
X xB"

and the given distribution is Zipfian with.ca = B - 2; at B < 4 it is non-
Gaussian; at 8 > 4, Gaussian,
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The Zipf distribution itself {9) is Gaussian at a > 2 and non-Gaussian at
a < 2,

Until now we spoke about the frequency form of the distribution f{xz) when x is
understood as a random variable and f(x), the probability density. The rank
form of distribution requires special discussion [18]). Here we will confine
ourselves to the following.

Any sample distribution can be presented both in the frequency form f(x) or
F(x) and the rank form x{rj or X{r). The rank form is introduced by the
ratio :

J J
r(x) = £ n{g), T n{g) =N, 12rsHN. (26)
E=x Xg

Rank r{x) here is the ordinal number of a given value of random variable x when
these values are arranged in the order of decreasing x, all the entities having
different ranks, That is why the maximal rank Fmax equals to the sample size N.
The rank differential form x(r)} is determined directly (25}. The rank integral
form,

r N
X(r) = ? x(£) , f x(E) = & . {27)
The Mandelbrot distribution [19]
x(r) = —2 s (28)
(r+B)Y

as it can be easily shown, is a rank form of the Zipf distribution {9} with
w = 1/y. It is Gaussian at v < 1/2 and non-Gaussian at y > 1/2.

The Bradford distribution [20]
X(r) = a + blogr , (29}
the Cole distribution [21], .
X(r) = X(N) (1+a log {{r) , (30)
and the Leimkuhler distribution [22]

x{r) =a7134§"{"}%1 (31)

are also Zipf distributions with the fixed value of parameter « = 1.
Therefore, these three distributions are non-Gaussian.

3. CRITERIA OF THE GAUSSIAK/NON-GAUSSIAN NATURE OF PGPULATIONS

The 'infinite' moments are an abstraction suitable only for theoretical
distributions mentally plotted on infinite size populations. In reality one
should consider the 'essential' or 'non-essential’' growth of the moments with
respect to the population samplie size. If this growth is essential the
population is non-Gaussian; non-essential, Gaussian.

Hence, the first criterion of the Gaussian/non-Gaussian nature of a population.
One has 'merely' to plot the random samples of different sizes N from a given
population and check the dependence of the mean and the variance on N. If it
is there, the population is non~Gaussian; if it is negligible, Gaussian.
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However, this procedure is complicated and one has to resort to simplified
criteria.

In the analysis of the data by Sichel [9] we made use of the following
technique. His paper includes the table data on nine empirical distributions
of sentence length in the texts by Herodotes, Macauley, Wells etc. Those
distributions have approximately the same form an idea of which is given in
figure 1. We approximated them graphically at large values of x by the Zipf
distribution and for each of them determined the vaTue of index o by the slope
of the asymptote in the log-log coordinates to the abscissa axis. The total
data on nine distributions are given in table 1. The dependence of ol vs X
for nine samples considered was plotted {figure 2}. The plot shows that two
samples clearly drop out of the pattern and thus could not be considered as
the samples of cne and the same population. For the other samples the

dependences X and o? on N are shown in figure 3. The plot indicates that these
seven samples are disintegrated according to the values of o into three groups,
the first of which contains only one sample. We can see that in the case of the

second and third groups there exists the pronounced dependence of X and o on

N which proves the non-Gaussian nature of this population.
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Fig.1 : Sentence-length distribution in the excerpts from
the texts by Herodotes (the data from Morton). The
sampling is 1800 sentences. Log-log coordinates, the
straight 1ine corresponds to the Zipf distribution.
The value of parameter o of this distribution, by
which the data at high values of the variable were
approximated, is determined graphically (cf.fig.5}.
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Fig.3 : Dependence of the mean % and the variance 02 on the
sample size N for nine Siche] samples. The plots
indicate an essential dependence of X and % on N for
the data by Sichel and, therefore, the non-Gaussian
nature of the non-Gaussian population studied by him.
Table 1
N 355 600 600 625 1221 1251 1600 1800 2417
X 16.96 | 24.09| 25.51| 26.77 | 16.24| 22.07| 24.98( 19,04 23,07
a 133.56 | 199.38 | 131.05 | 337.24 } 96.36 | 230.72 | 292,73 { 140,85 | 244,98
a 3.50 3.92 4.48 2.61 4.0% 3.38 3.22 4,05 4.79J
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The second criterion. Rather frequently scientometric and, generally, social
distributions appear to yield to, if they are based on small size samples, the
satisfactory approximation by the Gaussian non-Zipfian distribution. Often the
Tognormal distribution

_ 1 1, Inx - py2
fx) = exp {5 (=YY, xz8 (32
X3 VIT ZY o )

plays this role due to its relative long-tailedness; empirical points in this
case Tay well on the Tine corresponding to this distribution in the log
probability coordinates. The conclusions of the non-Gaussian nature of the
given population can be arrived at in this case by two ways. First, one can
increase the sample size and then, if the popuiation is indeed non-Gaussian,
the tail of the empirical distribution sooner or later would deviate from the
straight line. Second, one can construct for this theoretical (say, lognormal)

distribution the plots of the dependence of the mean X and the variance 02 on
the maximal sample value Xnax = J,

J I,
£ xn(x} r {x-X)"n(x)
) = 8 2 =20 (33)
R B R
T n{x) T n{x)
g g

If the dependences x(J) and UZ(J) show the essential growth near the sample

value J = J, we should consider our population non-Gaussian; if near J = J
they come to a plateau, the population is Gaussian. Here we proceed from the
fact well-known in mathematical statistics that during the increase in the
sample size N at the fixed distribution f(x) occurring on the population the
growth of J is most probable as well, so that the dependence of X and

of on J alsc indicates that on N. An example of the use of this criterion is
shown in figure 4.

The third criterion. We approximate the data at large values of x by the Zipf
distribution and by the slope of the asymptote in the log-log coordinates to
the abscissa axis we determine the Zipf distribution index o {figure 5), The
value of o we determine more often graphically because the situation with the
use of statistical metheds of determining the distribution parameters in a non-
Gaussian case is far from being clear, If o is small, we consider the
distribution non-Gaussian; large, Gaussian. What value of o could be considered
as ‘small’' and what is 'large', is impossible to say unequivocally. Practically
we believe a population to be non-Gaussian if o < 2; Gaussian, if o« 2 6. In the
intermediate region one should resort to extra measures. Say, to the second
criterion.

On the whole it should be admitted that the situation with the criteria of the
Gaussian/non-Gaussian nature of populations is considerably more complicated
than with those of distributions. The strict solution of the problem requires
in each particular case a rather labour-consuming analysis. The analysis which,
besides all other things, should aliso take into account the degree of
reproducibility of results sufficient in each concrete investigation; and

that by itself brings in an additional indefiniteness.
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Fig.4a

Fig.4b :
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: Distribution of the USA population in 1944 and 1950 by private income

[23]. 1,1950; 2,1944.Log probability coordinates, the straight line
corresponds to the Tognormal distribution. Parameters of one of them
{1950} : o = 0.66; u = -1,94, The lognormal approximations here are,
however, incorrect. First, this plot shows no distribution tail
corresponding to large personal income and deviating from the log-
normal straight line. Second, in the area of x values where the log-
normal straight line occurs, this approximation is incorrect anyway
(cf. fig.4b).
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Dependencas of the mean X and ;? on the maximal sample value of the

variable Xnax = ¢ for the lognormal distribution with the values of

parameters o and y determined graphically by figure 4a, As we can

see, in the area of the sample value J = 10 these dependences are
essential which makes the lognormal approximation incorrect.
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Fig.5 : Determination of parameter o of the Zipfian distribution by the slope
of the asymptote to the coordinate axes at x + = in the log-log
coordinates

4, SELECTION OF APPROXIMATIONS

Non-Gaussian populations, we said in the first section, should be approximated
by non-Gaussian distributions otherwise we would not be able to ensure the
reproducibility of the results necessary for the investigation. The criteria
of the Gaussian/non-Gaussian nature of distributions, as we saw in the second
section, have the distinct character and their practical use causes no
difficulties. Those of populations, however, are on the opposite extremely
labour-consuming and, in fact, blurred. At the same time, if one uses only
open scales practically all empirical distributions occurring in social
sciences are Zipfian with varying values of a. All the more so in scientometrics
and informetrics. That is why we suggest to use here only the Zipfian
distributions and not apply at all the criteria of the Gaussian/non-Gaussian
nature of populations. If we will make use of only the Zipfian distributions
and for the treatment of the results will utilize only those statistical
methods which are not based on the moments (i.e. the methods of non-Gaussian
mathematical statistics) we will automatically avoid the dependence of the
results on the sampie size, By this we will eliminate the source of
irreproducibiTity of the results due to the non-Gaussian nature of scientific
activities.

All Zipfian distributions contain parameter o or its equivalent. The problem
is, thus, the choice of a Zipfian approximation which apparently would more
successfully describe the area of the small values of variable x. The beta
function distribution contains no parameter responsible for this area and thus
15 maximally unsuitable. The Pareto generalized distribution contains one,
which makes it more suitable. The Waring generalized distribution includes two
such parameters and this, in fact, ensures its highest flexibility though
increases the complexity of calculations.

As for the Sichel distribution, certain doubts can be expressed in its respect.
At present, the value of parameter v of this distribution, following Sichel,

is postulated as a rule to be equal to -1/2 and the sample values of para-
meters g and & are determined by the sample mean and variance using the
expressions [9]

_ B8 2 39(2-9)
- . ol (34)
-2 % T (-2

which in most cases gives & < 1.
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In our view, not everything is correct here, When passing over from one
empirical distribution to another o, generally speaking, changes and thus v
(= -o) cannot in principle be postulated here as equal to -1/2 for all cases.
Moreover, ne value of v could be postulated here at all. In each particular
case its concrete value should be determined. However, if even by chance the
value of v = -1/2 would have proven syitable for some empirical _distribution,
the calculation of the values of parameters 8 and & via X and o2 is incorrect
because at o = 1/2 the distribution is essentially non-Gaussian, its moments
rapidly grow as the sample size increases and thus the calculated values of
parameters B and @ prove to be irreproducible. Finally, at & < 1 the Sichel
distribution, as we saw, is Gaussian non-Zipfian so it would be altogether
inexpedient to use it for approximation of bibliometric distributions having
such 9.

The correct use of the Sichel distribution could consist in the following.
First of all, postulate 8 = 1, i.e. make the Sichel distribution Zipfian with
a = -v, Further, using the statistical methods of determining the distribution
parameters, select the values of v characterizing the tail part and g fixing
the form of the distribution in the area of small values of x. There exist
specific problems here which we would not dwell on now. We would only point
out that, say, the maximal 1ikelihood method and, apparently, chi-squared
method significantly overestimate «. Anyway, the Bessel function index which
includes parameter v is not a very suitable object to vary using any procedure
of determining the distribution parameters. Due to this reason the choice of
the Sichel distributicn appears to be generally not the most appropriate for
use in bibliometric and scientometric applications.
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