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Abstract 

Based on the  d u a l i t y  techniques i n  a  previous paper (L.  Egghe, 
The d u a l i t y  o f  in fo rmet r i c  systems w i t h  appl icat ions t o  the 
empir ical laws), we study general re lat ionships between Bradfordian 
and Lotka laws. This r esu l t s  i n  new Bradfordian laws which are 

B  equivalent w i t h  the  well-known Lotka laws $(n) = - ( a  > 1) .  The 
nu 

method also sheds some l i g h t  on the question why a  < 2  i s  more 
common than a  > 2. Also, the general law o f  Leimkuhler, as found 
by Rousseau, i s  reproved and shown t o  be equivalent w i t h  the  above 
mentioned laws. F i t t i n g  methods are appl ied and give c lose resu l ts .  

I. INTRODUCTION AND REVIEW OF KNOWN RESULTS 

1.1. Bibl iographies, dua l i t y  

1.1.1. Bibl iographies 

We w i l l  use the formalism from [61. A  b ib l iography ( i n  [61 we used the term 
IPP f o r  the same th i ng  but  we pre fe r  here the more concrete term "bibl iography") 
i s  a  t r i p l e  (S,I,V) where S  and I are sets (resp. of sources and i tems) and 
where V i s  a  r e l a t i o n  from S i n t o  I. S and I can be countable (examples : a l l  
p rac t i ca l  b ib l iographies)  o r  continuous in te rva ls .  I n  the  l a t t e r  case one 
speaksabout continuous b ib l iographies : a  continuous bibl iography i s  a  t r i pe1  
(S,I,V) where S  and I are i n te r va l s  : S = [O,Tl, I = [O,Al and where V i s  a  
s t r i c t 1  increasing d i f fe ren t iab le  func t ion  from S i n t o  I such t h a t  V(O) = 0  
and V(Tj  = A. I n  t h i s  se t t ing ,  vr E S, V( r )  E I i s  the cumulative nmber of 
items i n  the sources s, f o r  s  E [T-r,Tl. 

Continuous b ib l iographies are close models for large b ib l iographies and 
ce r t a i n l y  contain ( i n  the sub-set sense) a l l  the  d isc re te  ones. They a lso 
give more i n s i g h t  i n  both the dual theory o f  b ib l iographies (see [61) as we l l  
as i n  Bradford's law (see again [61). I n  the  sequel we w i l l  on ly  be deal ing 
w i t h  continuous bibl iographies. We repeat the concept o f  d u a l i t y  i n  continuous 
b ib l iographies ( o r  IPP1s, as they are ca l l ed  there), as t h i s  was introduced i n  
(61. 

1.1.2. Dua l i t y  - i n t u i t i v e l y  

It i s  c lear  t h a t  any b ib l iomet r i c  p r i nc i p l e  on b ib l iographies must be deal ing 
w i t h  sources and items. A  p r o b a b i l i s t i c  p r i nc i p l e  o f  t h i s  k ind  was formulated 
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by D. De So l la  Pr ice [31 i n  h i s  so ca l led  "success-breeds-success" p r inc ip le .  

Dua l i t y  i n  b ib l iomet r i cs  i s  another s~u rce - i t em  p r i n c i p l e  which f inds i t s  
o r i g i n  i n  geometrh. Here one has a na tura l  d u a l i t y  between l i nes  and points 
i n  t h i s  way t h a t  any r e s u l t  on points vs. l i nes  gives r i s e  t o  a new r e s u l t  
obtained from the former by interchanging the words "points" and " l ines" .  
I n  f a c t  the d u a l i t y  p r i n c i p l e  i n  geometry has given r i s e  t o  a whole subject 
of geometry ca l l ed  p ro j ec t i ve  geometry. 

1.1.3. Dua l i t y  - mathematical 

Let  (S,I,V) be any continuous bibl iography, where S = [O,T1 and I = [O,Al. 
The dual b ib l iography of (S,I,V) i s  the b ib l iography ( c f .  [61) : 

([O,Al, [O,Tl, U) 
where 

U ( i )  = I - V- ' (A- i )  

f o r  every i E [O,Al (v- '  denotes the  inverse funct ion of V, which ex i s t s  since 
V i s  s t r i c t l y  increasing). Let a and p be the fo l low ing  functions : 

oi = U ' ( i )  

and 

P, = V ' ( r )  

resp. f o r  every i E [O,Al and f o r  every r E [O,TI ( '  denotes the der iva t i ve) ,  
P, expressed i n  funct ion o f  i gives 

I n  [61 the  fo l low ing  easy lemma i s  proved ( f o r  completeness reasons we repeat 
the shor t  proof). 

f o r  every i E [O,Al. 

Proof : 

For the used resu l t s  from mathematical analysis we re fe r  the  reader t o  [ I ] .  
For every i E [O,Al ,  using (2 )  one has 

by (5). Hence ( 3 )  gives 

or, what i s  the same, 
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for every i E [O,AI. n 

This lemna, together w i t h  the  d e f i n i t i o n  of V, ai and pi gives now the  
fo l lowing r e s u l t  : 

ai = the densi ty  func t ion  i n  the coordinate i E I o f  the  sources per 
i tem (7) 

pi = the densi ty  funct ion i n  the coordinate A-i E I o f  the  items per 
source. (8) 

Readers not  in te res ted  i n  the above der ivat ions can s u f f i c e  by reading 
formulas (61, (7)  and (8). They s u f f i c e  t o  fo l low the r e s t  o f  t h i s  paper. 

1.2. Bradford's law f o r  continuous b ib l iographies 

Let  ( S  = [O,TI, T = [O,Al, Y )  be any continuous bibl iography. We say t h a t  t h i s  
bibl iography s a t i s f i e s  Bradford's law i f  there e x i s t  constants C and K > 1 
such t h a t  

a.  = C.K' 
1 (9) 

f o r  every i E [O,Al ( c f .  [61). This d e f i n i t i o n  i s  equivalent w i t h  the  more 
c lass ic  one where one spec i f ies  the nunber o f  Bradford groups : f o r  t h i s ,  
see 171. The d e f i n i t i o n  above has the advantage not  t o  deal w i t h  (and hence 
being independent o f )  the nunber p o f  Bradford groups. This i n  t u r n  impl ies 
t ha t  (9)  i s  a f i x e d  func t ion  f o r  the b ib l iography ( i .e. K i s  constant, 
contrary w i t h  the dependent versions where t h i s  so-called Bradford 
m u l t i p l i c a t o r  k(p7- is  p-dependent). For t h i s  reason, the  above formulat ion 
o f  Bradford's law i s  ca l led  the gmq-free  version of Bmdford'e law. Remark 
t ha t  we need the f i n e  s t ruc tu re  o f  a continuous b ib l iography i n  order t o  
def ine t h i s  concept. I n  [71 there i s  proved an e x p l i c i t  formula f o r  K, i n  
absolute known bib l iography constants as we l l  as i n  function of k(p) fo r  
every p. 

As i s  well-known ( c f .  [41), Bradford's law i s  equivalent w i t h  mtka's taw 

( fo r  every j 2 1). Here $ (  j) denotes the  nunber of sources w i t h  j items and 
B i s  a constant. We refer  a lso t o  141 and [71 f o r  the  f a c t  t h a t  the  above 
laws are also equivalent w i t h  the so-cal led law o f  Leimkuhler (sometimes also 
ca l led  the Bradford-Zipf law) : i f  R = U-1, then 

R( r )  = a i n  ( 1  + b r )  (11) 

fo r  every r E [O,Tl, where a and b are constants. 

1.3. Out l ine o f  t h i s  a r t i c l e  

This paper deals w i t h  the  question : can the  above mentioned d u a l i t y  technique 
be used t o  determine general ized Leimkuhler o r  Bradford laws, s t a r t i n g  from 
the  comnon general law o f  Lotka : 
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f o r  every j E [O,Al, where a > 1 and B i s  a constant. 

It i s  well-known tha t  a l o t  of bibl iographies, sa t is fy  Lotka's law f o r  a cer ta in  
a > 1. Le t  us j u s t  mention [ I41 (and other work of Pao and others) for  many 
pert inent  examples. I n  [!El, Rousseau shows that, i f  we have (12). then we 
have the fo l lowing generalized law of Leimkuhler ( i n  our notat ion)  : 

where B and a are as i n  (8 )  and where ym i s  the nmber o f  items i n  t he  most 
important source. 

I n  t h i s  paper, we w i l l  reprove formula (13) and we w i l l  add t o  these two 
formulas the Bradford equivalent. Furthermore, we w i l l  show tha t  we have 
equivalence o f  (12), (13) and the newly establ ished generalized law of 
Bradford. 

That t h i s  theory conforms we l l  w i t h  d isc re te  data has been shown (by 
theore t ica l  example) i n  [181, and fur ther ,  more prac t ica l  invest igat ions w i l l  
fo l low a t  the end o f  t h i s  a r t i c l e .  They w i l l  show t h a t  formula (13) (and hence 
our approach w i t h  continuous bib l iographies)  f i t s  very we l l  the data of 
p rac t i ca l  bibl iographies. 

Inc identa l l y  we w i l l  also f i n d  an explanation why a i n  formula (12) cannot be 
far  above 2. Stated i n  other terns, a Groos droop ( a  < 2) i n  the Leimkuhler 
curves i s  more comnon than the opposite e f f e c t  (a > 2). as i s  also found t o  
be t r ue  i n  p rac t ice  (see e.g. [41 and R I ) .  

11. BASIC EQUATIONS 

Let us take a general continuous bibl iography ([O,Tl, [O,Al, V )  and denote by 
y ( j )  the nunber o f  sources w i t h  j i tens.  Then the fo l lowing equations fo l low 
inmediately from (7)  and (8) : 

I tem-relat ionship : 

'i 
$ ( j )  j d j  = i, for every i E [O,Al . 

1 

Source-relationship : 
i P i  
I oA-i, d i ' =  I y ( j )  d j ,  f o r  every i E [O,Al . (15) 
0 1 

Equation (15) i s  a d i f f icu l t - to-hsndle in tegra l  equation, whi le equation (14) 
i s  easy. Lucki ly ,  we have the fol lowing resu l t .  

Theorm II.2 : Given equation (6) then equations (14) and (15) are equivalent. 

Proof : 

For the used resu l ts  from mathematical analysis (here and i n  the sequel) we 
r e f e r  the reader t o  [ll. 
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a. (14) i s  equivalent w i t h  the system 

I 
$(pi) pipi = 1 

Po = 1 

Indeed, (14) r (16) follows by der iva t ion  and from 

Po 
$ ( j )  d j  = O  (i.e. p0 = 1) and ( 1 6 ) - ( 1 4 )  i s  shownas follows : 

1 

in tegra t ing  (16) y ie lds  

Hence 

p i  

From t h i s  i t  follows t h a t  C = 0 ( take i = 0). 
F i n a l l y  we have 

Pi 
I $ ( j )  j d j  = i , 
1 

being (14). 

b. (15) i s  equivalent w i t h  the system 

This i s  shown i n  the same way as above. 

c. Given (6), i t  i s  t r i v i a l  t o  see t h a t  (16)- (17). Hence also (14)-(15). 0 

I n  view o f  the previous resu l t s  we can sk ip  equation (15) and work w i t h  the 
system 

p. = - , f o r  every i E 10,AI 
( l  'A-i 

[ I  $ ( j )  j d j  = i, f o r  every i 6 E0,AI 

These equations are basic f o r  t h i s  a r t i c l e  and w i l l  y i e l d  most of our 
resul ts .  
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111. EXCLUSION OF CERTAIN LOTKA LAWS Q, GIVEN A BIBLIOGRAPHY 

This paragraph does not deal w i t h  the problem o f  f i t t i n g  p rac t i ca l  data w i t h  
a ce r t a i n  Lotka law. It w i l l  however shed some l i g h t  on why ce r t a i n  Lotka laws 
are no t  very much encountered i n  pract ice. 

We suppose, i n  t h i s  section, t h a t  Q ( the  general Lotka law) i s  continuous and 
defined on the i n t e r v a l  11,-[. This does not  mean t h a t  we have sources w i t h  an 
unl imi ted nunber of items. We j u s t  suppose the existence o f  the continuous 
funct ion,  being an extension of the  used one. The funct ion Q i s  then, i n  
pract ice, r e s t r i c t e d  t o  the  i n t e r v a l  [l,ym[, where ym i s  the number of items 

i n  the  most productive source. We a lso  suppose Q > 0 on [I,-[. A l l  the 
functions (12) s a t i s f y  these two requirements. 

We have the fo l low ing  resu l t .  

Theorem III.l : If + i s  a continuous pos i t i ve  funct ion def ined on the  i n te r va l  
[I,-[, and i f  o and p are defined as i n  sect ion I, then the 
fo l low ing  assert ions are equivalent : 

( i )  The function pi ex is ts .  

( i i )  The func t ion  oi ex is ts .  - 
( i i i )  A > +(j) j d j  

1 

proof : ( i )  cr ( i i )  

Follows r e a d i l y  from (6). 

( i i i )  * ( i )  
X 

If J Q ( j )  j d j  2 A.for  every x E [I,-[, then 
1 

Ce X 

Q ( j )  j d j  = l i m  J Q ( j )  j d j  6 A , 
1 x 1 

a con t rad ic t ion  t o  ( i i i  ). Hence, there i s  a xo E [I ,-[ such t h a t  

Let  i E [O,Al be f ixed but  a rb i t r a r y .  Hence 

F u r t h e m r e ,  t he  func t ion  

i s  continuous. So we have the  existence o f  xi E [O.Al such t h a t  
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X .  
1 

i = I + ( j )  d j  
1 

(cf.  [ I ] ) .  It then suffices t o  def ine 

pi = X. 
1 

for every i E [O,Al. 

( i )  - ( i i i )  

Since pi ex is ts ,  fo r  every i E [O,Al, we have by (14) : 

But, since $ > 0 on [I,-[ and since + i s  continuous, we have t ha t  

m 

(suppose .f$(j) j d j  = 0. Then the  funct ion j + $ ( j )  j i s  0 almost everywhere 

on [pA.-[, i n  the  Lebesgue-sense. But + i s  continuous. Hence j + + ( j )  j i s  

i d e n t i c a l l y  0 on [oA,-[. Hence + = 0 on [pA.-[. a con t rad ic t ion  (see [11 f o r  

the  used resu l t s ) ) .  (This argment i s  not  needed f u r t he r  on i n  the proof). 
Hence (21) and (22) imply - 

A < I + ( j )  j d j  . 0 

1 

This r e s u l t  has an i n te res t i ng  consequence. 

Corollary III.2 : Suppose t h a t  (S,I,V) i s  an a r b i t r a r y  bibl iography. 

Suppose we take 

for j E [I,-[. Then t h i s  function can never f it our b ib l iography (as a law of 
Lotka), i f  

B 
a 2 ~ + 2  

Here A i s  the t o t a l  nmber o f  items. 

Pmof : 

A function $ as above does not  f i t  our b ib l iography i f  the  funct ion i + pi 
cannot be constructed from i t  (through (14)). This implies, according t o  
theorem 111.1 t h a t  
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For the funct ion $ as above, t h i s  y i e l ds  eas i l y  

The prac t i ca l  value of formula (23) w i l l  be invest igated i n  another paper, 
but  i t  i s  already c lear  f r an  the above t h a t  high values of a are not  expected 
very much. Stated i n  terms o f  Leimkuhler curves (cf. 141, I181). t h i s  gives 
an explanation of the fact t h a t  more o f t en  one f inds  a Groos droop ( a  < 2) 
than the opposite effect ( a  > 2). I n  any case we also have the following, 
surpr is ing  r e s u l t  : 

CoroZZary I I I . ~  : If the Lotka function 

B 
$(J) = 

J 
(j E I1,-I) f i t s  a bibl iography, then 

a < 3  . 
PMof : 

From co ro l l a r y  111.2 we r e a d i l y  have 

But B = ly(1) and A i s  the t o t a l  number o f  items. So, ce r t a i n l y  

B < A .  

Hence 

I n  some prac t i ca l  f i t t i n g  procedures (such as the one o f  Pao t141) one 
sometimes encounters u > 3. I n  view o f  our theory above, t h i s  can only be so 
i f  we lower A, i.e. if we do not  use the whole bibl iography. This i s  indeed 
what i s  done i n  the  Pao f i t t i n g  procedure. 

A f t e r  the  preparation above i t  i s  now easy t o  f i n d  the  ge;;eral law 
of Bradford t h a t  i s  impl ied by the  laws o f  Lotka : 

for every j E [ l ,mI.  I n  fact, i n  the next sect ion we w i l l  show t h a t  t h i s  law 
o f  Bradford i s  equivalent w i t h  (12). 

Theorem I V . 1  : Let (S,I,V) be a b ib l iography t ha t  s a t i s f i e s  Lotka's law (12) 
f o r  a cer ta in  a + 2. Let  A be the  t o t a l  nunber o f  items. Then 

and 
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for every i E [O,Al. Hence, the  general law o f  Bradford ( a  ,J 2) i s  of the form 

a.  1 = (A1 + iA2)  A3 (26) 

( instead of ( 9 )  which i s  the funct ion i f  a = 2). 

(26) follows from (25) and (25) fo l lows from (24). using (6). Hence a l l  we 
have t o  do i s  t o  prove equation (24). From (141, we f i n d  

Hence 

B 2 - a - ( ) - i . O  
27i ( p i  

This impl ies 
1 

i ( 2 -a )  27i 
Pi = (- + 1) 

i f  

i ( 2 4  - + 1 > 0  

fo r  every i [O,Al. But since our b ib l iography s a t i s f i e s  (12). we have, by 
co ro l l a r y  111.2 t h a t  

B a < x + 2  

Hence, if a > 2 

A(2-a) - + I  > O  

Now there are two cases : 

( i )  a < 2. Then 
i (2-a) - + I  > o  

always, f o r  every i E [O,Al. 

( i i )  a > 2. Then 

A(2-a) + 1 = mi"-- i (2-a) + 1) 
i€[O,Al 

Hence, (29) and ( 3 0  imply 
i (2-a) -+I > o  

f o r  every i E [O,Al. 

I n  conclusion : (28) i s  always s a t i s f i e d  and hence a lso (27). 

Remark : From formula (25) i t  follows t h a t  l i m  oi i s  an exponential function. 
w2 

Hence our theory fo r  a f 2 gives the  c lass ica l  Bradford s i t u a t i o n  (when a = 2) 



as a l i m i t i n g  case ( c f .  (9) ) .  

This i s  t h e  f i r s t  t ime t h a t  Bradford's law for  the general Lotka law (12) i s  
proved. I n  [41 we t r i e d  t o  pu t  up a q u a l i t a t i v e  model for  Bradford's law i n  
case of formule (12). Although no t  p e r f e c t  we p red ic ted  t h a t  ( w i t h  our 
n o t a t i o n  ai f o r  the  Bradford func t ion )  : 

a! 
1 i f  a < 2 : ir_must increase w i t h  i 
1 

a! 
i f  a > 2 : $must decrease w i t h  i 

1 

and (as i s  well-known and t r i v i a l  t o  prove) : i f  a = 2 (hence i n  case we have 
the  c l a s s i c a l  Bradford law ( 9 ) )  : 

a!  
1 .  - i s  a constant (independent o f  i) . a. 
1 

The theorem above confirms these q u a l i t a t i v e  p red ic t ions  of (41. 

C o m t t a q  IV.2 : I n  case our  b ib l iography s a t i s f i e s  (12) then the  corresponding 
law of Bradford ai s a t i s f i e s  

a!  
1 .  - increases w i t h  i if a < 2 a. 
1 

a:  
2 decreases w i t h  i if a > 2 a. 

1 

a!  
1 .  - i s  constant i f  a = 2 . a. 
1 

Proof : 

Suppose t h a t  a # 2. Fomula (26) y i e l d s  

Hence 

Now, s u b s t i t u t i n g  the  values o f  At. A2 and A3, i n  terms o f  A, B and a (using 
(25)) y i e l d s  : 

This  i s  an inc reas ing  f u n c t i o n  i f  a < 2 and a decreasing one if u > 2. I f  
a = 2, the  r e s u l t  i s  well-known : Formula (9 )  y i e l d s  

- - - l n  K , a constant. 0 
a. 

1 



New Bradfonlian Laws 89 

v. THE LAW OF LEIMKUHLER R THAT EVOLVES FROM *( j - + AND PROOF OF THE 

EQUIVALENCE OF THE FUNCTIONS $, o AND R 3 

This law of Leirnkuhler has already been shown by R. Rousseau i n  [181. With our 
method we can g ive a second proof  o f  it. Also, having the  generalized Bradford 
law a t  our d ispos i t ion ,  we w i l l  a lso be able t o  show equivalences between the 
laws $, o and R. 

Theorem V.1 : (Rousseau [ l a ] )  : Suppose we have a b ib l iography (S,I.V) t h a t  
s a t i s f i e s  Lotka's law 

where ym i s  the  number o f  items i n  the most productive source. 

I n  our formalism, we c l e a r l y  have : 
i 

r = l oi, d i '  
0 

and 

R ( r )  = i 

But, using theorem I V . l ,  formula (26) : 

So, using (33) and (34) above and recalculat ing,  we f ind  

Hence, using the meaning of A,, A2 and A3 i n  terms of A. B and a (formula (25)) .  
we get, a f t e r  reworking : 

By the very d e f i n i t i o n  o f  the dual Bradford function pi we have t h a t  ym = pA 

(A being the t o t a l  nunber o f  items and hence a lso the  end o f  the  i temin te rva l  
[O,Al). Using theorem IV.1 again (now formula (24)).  we f i n d  

1 
oA - (A(?) + (37) 

Hence, canbining (36) and (37), y ie lds  : 



being exact ly  the  function as found by Rousseau i n  [ l a ] .  Here r E [O,T], 
T being the  t o t a l  number of sources. n 

Remark : As shown i n  [ lB I ,  the  function R (formula (13)),  shows a Groos droop 
for< 2 and has no Groos droop for a > 2 (as predicted also i n  [41). I f  
there i s  a Groos droop, the i n f l e c t i o n  po in t  i s  given by 

or, using (37) : 

B l - a  
'd ' FL ym (38) 

(see L181, where a lso p rac t i ca l  ca lculat ions are made). 

So far we came across the fo l low ing  functions, for a # 2 : 

(o ld )  general Lotka : 

B .  
$(j) = X, J 2 1 (12) 

J 

(new) general Bradford : 
1 

a. = ( (NZ-a)  - + I )  - i $3 1 -= 
1 

o r  

and 

(new) general Leimkuhler : 
2-a 

B 2-a - l - a  - l - a  El 
R(r)  = [Y. (Y, -g s )  

These three laws cons t i tu te  a new closed c i r c u i t  of equivalent laws : 

Theorem V.2 : The general laws o f  Lotka, Bradford and Leimkuhler are 
equivalent. 

P m o f  : Lotka - Bradford : 

This i s  i n  fact  theorem IV.1. 

Bradford - Leimkuhler : 

This i s  what i s  shown i n  theorem V . l  (see the  proof  ). 

Leimkuhler - Bradford : 

Formula (13), which i s  given, i s  simply r ewr i t t en  as : 

R(r )  = C I D  - ( E  + ~ r ) ~ l  

where C, 0, E, F and G are constants. 
From formulas (33)  and (34) we have 
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i 
G i = C  [ D -  (E +F.I ui,d i8 )  I 

0 
This y i e l d s  : 

Hence 

which i s  of the  form (39). 

Bradford r Lotka : 

We have given ( 2 5 )  ( o r  (39)).  hence a lso pi, us ing (6) .  This pi i s  of the  form 
(see e.g. (24))  : 

*here H and I are constants. 
Using the  u n i v e r s a l l y  v a l i d  equation (14) : 

Pi 
I il(j) j d j  = i 
1 

we also have, by d e r i v a t i o n  

$(pi) pip; = 1 

But, us ing (44) : 

p i  = I H  (1 + H i )  1-1 

Using again (43) we see t h a t  

We s u b s t i t u t e  t h i s  i n  equation (45) y i e l d i n g  

1 
- T  p!  = IH  p.  

1 1 

(44), (43) and (46) now y i e l d  



Hence, we have the form 

(a  Z 2).  being Lotka 's  law. o 

Remark : Both the (new) general Bradford law (25) o r  (39) and the (new) 
@?iGZl Leimkuhler law (13) have 3 parameters, namely a, B and A ( o r  ym being 

pA). I n  the (o l d )  general Lotka law (12) we see only 2 parameters e x p l i c i t e l y ,  

namely a and B. But a lso here, A i s  present i n  an i m p l i c i t  way : j i s  
r e s t r i c t e d  t o  the i n te r va l  [I ,y,I = [I ,pA1. 

V I .  FITTING THE GENERALIZED LEIMKUHLER LAW AND EXAMPLES 

I n  t h i s  l a s t  sect ion i t  i s  our purpose t o  see whether (and how) the 
t heo re t i ca l l y  calculated general law of Leimkuhler 

i s  f i t t i n g  p rac t i ca l  (hence non-continuous o r  d isc re te )  b ib l iographies.  

Of course, t h i s  i s  a double problem : what a and B should be used : a and B 
come from Lotka's law : 

B 
$ ( j )  = (12) 

.1 

and hence we face the  problem : f i n d  a such t h a t  both laws (12) and (13) fit 
our p rac t i ca l  data. From th i s ,  B fo l lows eas i l y  since 

and hence 

where <(a) i s  the c lass ica l  zeta-function. B can then be derived from a tab le  

o f  <(a)- '  which i s  appearing for instance i n  [ l o ] ,  p.444. 

On f i t t i n g  Lotka's law (12) t o  p rac t i ca l  data, there have been a l o t  o f  papers : 
[91, [ I D ] ,  [121, [131, [141, 1191. I n  them few methods t o  der ive  a good a have 
been constructed, some be t t e r  than others. I t  i s  our f e e l i n g  t h a t  t h i s  po in t  
needs more inves t iga t ion  : some o f  i t  w i l l  be done i n  a forthcoming paper. 

I n  t h i s  paper we w i l l  s u f f i c e  by inves t iga t ing  whether some u and B t h a t  y i e l d  
a we l l  f i t t i n g  Lotka law (12) ( t o  the p rac t i ca l  data) w i l l  also y i e l d  a we l l  
f i t t i n g  general Leimkuhler law. We w i l l  g ive three examples. 
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Example 1 : 
The Pao data on computational musicology [Ill. For t h i s ,  the  maximm 
l i k e l i h o o d  method o f  N i c h o l l s  [91 y i e l d s  a = 2.2000 and B/T=0.6709 g i v i n g  
a good f i t  o f  (12). The f i t  for  (13) w i t h  t h i s  a and B i s  as f o l l o w s  : 

R( r )  
observed 

40 
74 
95 

111 
125 
138 
151 

. 164 
176 
188' 
200 
212 
222 
232 
242 
252 
260 
268 
276 
283 

R( r )  
ca lcu la ted  (13) 

The f i t i s  very good. Using the  Kolmogorov-Smirnov t e s t  one has t h a t  the  
maximal r e l a t i v e  dev ia t ion  i s  

Dmax = 0.0412 

w h i l e  the  c r i t i c a l  value ( a t  the  5 % l e v e l )  i s  approximately 1.36 = 0.0608. 
Hence, the  model \mm 
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i s  accepted. 

Example 2 : 

The Murphy data [E l  (see a lso [ I61  o r  [141). For t h i s ,  the l eas t  square method 
of N icho l l s  191 y i e l ds  a = 2.104 and BIT = 0.6424. The f i t  o f  the  corresponding 
Lotka-function (12) i s  very good (see 191). With t h i s  a and B we have also a 
good fit f o r  the  generalized Leimkuhler function (13). 

R( r )  
observed 

R ( r )  
ca lculated (13) 

1 36 Here DmaX = 0.0665 but  the 5 % c r i t i c a l  value i s  approximately = 0.1043. 

Again we can accept our general Leimkuhler funct ion : 
m 

0.6424 x 170 [5-0.1047 - (5-1.1047 + 
R( r )=  -0.1047 1.1047 )0.0948, 

0.6424 x l7'D 
(49) 
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Example 3 : 
The Radhakrishnan-Kernizan data [151, see a lso 1141. I n  t h i s  case the  N icho l l s  
l e a s t  squares method y i e l d s  a = 3.4880, BIT = 0.8864 and the  maximun l i k e l i h o o d  
method gives a = 3.4000, BIT =.0.8782. Both methods g ive a fit t o  Lotka 's  law 
(12) (al though n o t  very splendid) bu t  a very bad fit t o  R ( r )  ( (13)) .  I n  a 
forthcoming paper, I develop a simple method d i f f e r e n t  from t h e  N icho l l s  
methods t h a t  i n  these cases can y i e l d  a b e t t e r  fit. Our method y i e l d s  
a = 2.9907, BIT = 0.8306. We have a much b e t t e r  fit o f  the  Lotka func t ion  (12) 
and furthermore, (13) i s  a lso a w e l l - f i t t i n g  funct ion.  

R(r) 
observed 

7 

N r )  
ca lcu la ted  (13) 

6.4 

We have Omax = 0.086 which i s  a t  about the  1 % l e v e l .  Hence we o b t a i n  a 1 %- 

l e v e l  f i t  here (con t ra ry  t o  t h e  o ther  methods). The law i n  quest ion here i s  

Remark : The s impler  model of (13), namely ( l l ) ,  v a l i d  i f  Lotka 's  a = 2. 
m n s  two parameters. As i s  wellrknown t h i s  funct ion i s  able t o  f it the  core 
and middle p a r t  of the  Leimkuhler observed cunu la t i ve  d i s t r i b u t i o n  ( c f .  a l so  
[51 f o r  extens ive ca lcu la t ions  on t h i s  respect) .  F o n u l a  (13), contains th ree  
parameters and, according t o  t h e  above theory and examples, seems t o  be able 
t o  f i t  a lso  t h e  l a s t  p a r t  of the  Leimkuhler observed cunu la t i ve  d i s t r i b u t i o n  
(Groos droop o r  the  opposite ef fect ,  which i s  present whenever a # 2). 
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