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Abstract

Three models of library circulation, the beta-binomial, negative
binomial and generalized negative hinomial, are applied to fourteen
large circulation data sets. Both the generalized negative binomial
and the beta-binomial provided good fits to the empirical data.
However, a comparison of their performances in predicting future
circulations is needed before either one can be chosen as the model
for the full circulation data.

INTRODUCTION

Circulation data are often analyzed when decisions are to be made about
relegation or weeding of materials. This has led many researchers [1-7] to
develop probability models for the yearly frequency of circulation. The most
common of these models is the negative binomial distribution. However, this
model has not been substantiated by empirical data.

Ravichandra Rao [2] tried several models on 203 sub-data sets (the annual data
for & Canadian university libraries were subdivided by discipline and by user
type} and found the negative binomial to be the best. However, it only fitted
about 45 % of the sub-data sets and did not fit any of the 17 annual
circulation data sets,

Burrell, though admitting that the negative biromial did not fit the 4 annual
circulation data sets for University of Sussex library {4], assumed the model
for the base year and used it to develop a model for predicting future
circulations of an item given the number of times it circulated in the base
year [5}. However, Tague and Ajiferuke [8] have shown significant differences
between his model's predictions and actual circulation figures.

The failure of the negative binomial is mainly due to its poor fitting of the
upper tail of empirical distributions [2,3,7]. For this reason, Gelman and
Sichel [7] suggested the beta-binomial but tested the zero-truncated version
of the model on only three data sets and found it to fit two of them. Their
reason for excluding the zero class was that they distrusted such figures,
However, since the advent of automated circulation systems, it has become much
easier to obtain reliable count of the items in the zero class. Any circulation
analysis that excludes the zero class, which accounts for a large percentage of
the collection (at least 50 % in most libraries), is not very useful because it
is mostly the items in this category that would end up being relegated or
weeded.,

Hence, the objective of this study is to test the beta-binomial model on
several full circulation data sets and to compare its performance with those
of the negative binomial and generalized negative binamial, which is obtained
by compounding the negative binomial with another parameter and is expected

to provide a better fit than the latter.
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THE MODELS
a) Beta-Binomial (BBD)

I{a+x) T(s+B=x) T'(a+)
p(x) = (5) DGl Hsrbrx) Do

for x = 0,1,...555 a8 >0

The maximum 1ikelihood method of estimating the parameters of this model is
very complex. Hence, in this paper, we use the moment method as proposed by
Skellam {91. th . . ' '
If ugyy s the j*" factorial moment about the origin and Rj = "(j)/”(j-1)'

then the estimate of
(i) s is given by the nearest integer to the positive root of the equation

Asz +B + =0

where A = R3 - 2R2 + R1 H
B = R3R2 - 2R3R1 + R1R2 - R3 + 4R2 - 3R1 H

(i1} a is given by
a . R1R2 - (S"1)R1
(5-1)R, - R,
(i11) 8 is given by
B = al(s/Ry) - 1]
b) Negative Binomial (NBD)

px) = L oY (1-0)

where 0 < a < 1, v >0 forx =0,1,...

The maximum likelihood estimator for v is given by the root of the equation

. Xmax .
Tog(1 +x/¥) = I == =0,
i=t (v+j-1)

where Fj = proportion of x's which are greater than or equal to j;
and

& = v/(%ev)

c) Generalized negative binomial (GNBD)
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]" -
plx) = IT_¥TV£%§EE:%T_QV+Bx X (1_u)x

where v > 0, 0 <o <1, |aB| <1 for x = 0,1,...

Note that p(x) = 0 for x z v/(1-8).

The negative binomial with parameters o and v is a special case of this model
and is obtained when g = 1 [10]. The binomial distribution is also a
particular case and is obtained when g8 = 0.

The maximum 1ikelihood method of estimating the parameters of this mode} is
also very complex., Hence, we use the method of moments to estimate the values
of o, B and v. These are given by

&= A2 - (n2sa-1)172
Be - Gapn'r s and
1-o
oxI- (1—&)8]
1-a

- 2,2

[xpy = 3 5]

whereA=—2+—--—?’Tg-—g—~
XUy

and Hy and uy are the second and third central moments respectively.

DATA ANALYSIS

To compare the three models, fourteen data sets were used. The first ten are
the same as the collection used in Tague and Ajiferuke's study [8]. This group
consists of the yearly frequency circulation from 1968-69 to 1977-78 of items
in the University of Saskatchewan Tibrary which had circulated at Jeast ance
in the year 1967-68, The eleventh data set is the frequency of circulation of
items in the Hillman Tibrary of Pittsburgh University during 1974, while the
last three are for Sussex University library during 1976-77, 1978-79 and 1979-
80 sessions. We note here that some of the Tast four data sefs were also
considered by Burrell [1,4], Bagust [3], and Gelman and Sichel [7].

The fits of the three models to the data sets are shown in Tables 1 to 14,

The generalized negative bionomial passed the Chi-square test 8 times at 1 %
Tevel of significance, beta-binomial & times and negative-bhinomial once. The
generalized negative binomial provided the best fit to 9 data sets while the
beta-binomial provided the best fit to the other five data sets. Both the
generalized negative binomial and the beta-binomial tend to fit the upper tail
of the observed distribution very well while the negative binomial tends to
overestimate, Thus, it seems that the generalized negative binomial, with its
additional parameter, is capable of solving the upper tail problem normally
encountered in fitting the negative binomial to the annual circulation
statistics. A possible explanation for the better performance of the gengralized
negative binomial over the negative binomial is that the latter has only a single
mode of variation and any extra variations present in the data are assumed to

be random whereas the extra parameter of the generalized negative binomial

takes into account the variations in the variance/mean ratio [10].

Though the generalized negative binomial performed slightly better than the
beta-binomial, it is necessary to compare how well the two of them predict
future circulations before a judgement can be made on which is the better model
for the full circulation data. The authors hope to work on this in the nearest
future.
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Table 1 : Annual circulation for 1968-69, University of Saskatchewan library

(Tague & Ajiferuke [81)}
Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
] 51592 51943.50 51906.42 51924,52
1 7674 7786.81 8091.81% 7738.59
2 3576 3607.37 3575.21 3645.54
3 2087 2023.69 1920.40 2048.32
4 1250 1222.48 1123.05 1228.14
5 748 763.61 688.87 758,08
6 485 483,55 435,68 473.99
7 320 306.70 281.48 297 .55
8 181 193.16 184.73 186.46
9 15 119.91 122.71 116.15
10 73 72.86 82.28 71.66
1 39 43.01 55.61 43.62
12 23 24,45 37.82 26.08
13 12 13.23 25.86 15.24
14 5 6.72 17.76 g.63
15-19 10 5.05 33,57 8.49
Total 68590
Mean 0.573
Variance 1,922
s 19
b 0.190 0.272 0.185
8 6.125 0,939
v 0.214 0.165
¥ 12.286 111,959 8.686
d.f. 12 13 12
p(E) 0.423 | 0.77E-17 0.730
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Table 2 : Annual circulation for 1969-70, University of Saskatchewan library
(Tague & Ajiferuke [81)

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 55884 55675,10 55788.38 55582.21
i 5354 5803,43 6032.60 5826.19
2 2754 2714.75 2650.38 2765,95
3 1758 1579.59 1457.04 1602.08
4 988 999.06 881.43 997.80
5 657 656.00 562.4 641,94
6 456 437,08 371.28 418.98
7 293 291.22 250,95 274.68
8 183 191.79 172.59 179.70
9 106 123.44 120,29 116.72
10 " 76.64 84.72 74,93
" 43 45,12 60.18 47.31
12 17 24.54 43.05 29.20
13 i3 11.80 30.98 17.47
14-17 13 ] 5.73 ] 59,23 18,74

Total 68590

Mean 0.471

Variance 1.750

$ 15

o 0.124 0.229 0.145

B 3.817 0.938

v 0.140 0.109

N 72.316 | 269.616 69.72

d.f. 1 12 "

p(x?) 0,44E-10 | < E-20 | 0.14E-9
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Table 3 : Annual circulation for 1970-71, University of Saskatchewan library
(Tague & Ajiferuke [8])

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ, BBD NBD GNBD
0 60060 59951.10 60031.42 59958.17
1 4007 4243.63 4312,96 4197.70
2 1882 1823.46 1777.30 1840.85
3 1037 991.13 933,96 1004.80
4 637 590.28 543,75 595.43
5 355 367,35 335.07 366.93
6 210 233.61 214,08 230,70
7 158 149,86 140.25 146.47
8 96 96.14 93,58 93.31
9 54 61.25 63.33 59,37
10 41 38.53 £3.33 37.60
1" 17 23.79 29.92 23.62
12 17 14,33 20.81 14.67
13 B 8.37 14,57 8.97
14 4 4.69 10.25 5.38
15-21 7 4,65 16.06 5.83
Total 68540
Mean . 0.290
Yariance 1.056
s 21
o 0,089 0.248 0.177
B 6.339 0,947
v 0.096 0.078
N 29.089 78.478 | 20.635
d.f. 12 13 12
p(x%) 0.004 | 0.21E-18 0.056
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Table 4 : Annual circulation for 1971-72, University of Saskatchewan library
{Tague & Ajiferuke [8])

Circulation Observed Number | Expected Number of Items Circulated

per year of Items Circ. BBD NBD
0 58073 57582.20 58026.52 57961.56
1 5305 5564.63 | 65713.12 5547 .86
2 2467 2327.36 2253.96 2354.36
3 1242 1200.88 1111.68 1209.82
4 644 668.05 603.15 664.38
5 394 382,35 345.10 374,67
] 214 219.81 204.27 213.05
7 111 124,90 123,79 120,86
8 62 69,20 76.32 67.86
9 47 36.87 47.69 37.45
10 16 18.59 0.1 20.14
14 10 8.67 19.47 10.45

12-16 7 5.33 30.90 8.51

Total 68590

Mean 0.318

Variance 0.935

s 15

o 0.127 0.309 0.213

B 5.864 0,929

v 0.143 0.109

v 29.078} 111,488 24,783

d.f. 9 10 9

p(x%) 0.0006 | 0.26E-18 0.0032
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Table 5 : Annual circulation for 1972-73, University of Saskatchewan library
{Tague & Ajiferuke [8])

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 59287 59160.30 59259,80 59171.66
i 5195 5466.32 5451.43 5428.30
2 2134 2046.51 1984, 96 2063.17
3 1004 944,10 902.8% 952.45
4 471 471.09 451.57 472.18
5 260 243,32 238,15 24,7
[ 10 127.37 125.92 125.52
7 75 66.75 72.56 65.49
8 28 34,72 41.23 34.11
9 12 17.84 23.74 17.66
10 4 8.95 13.81 9.04
A 3 4,39 8.10 4.56
12-23 7 3.73 10.97 4,14

Total 68590

Mean 0.253

VYariance 0.655

s 23

o 0.123 0.364 0.2%4

8 12.448 0.939

v 0.145 0.121

N 35.048 62.254 28. 385

d.f., 9 10 ]

p(x%) 0.58E-4 | 0.14E-8 0.0008
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Tabie 6 : Annual circulation for 1973-74, University of Saskatchewan library
(Tague & Ajiferuke [81)

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NED GNBD
0 60236 60181.70 60215.12 60185.23
1 5167 5330.58 5378.,35 5306.70
2 1914 1795.81 1730.93 1811.06
3 744 731,87 691.23 734.83
4 293 316.56 302,82 314.62
5 135 138.68 139.70 136.72
) 63 60.00 66.62 59.16
7 20 25.18 32.50 25,16
8 N 10.10 16.13 10.39
9-15 7 5.67 14.33 6.09

Total 68590

Mean 0.200

Variance 0.161

S 15

o 0.147 0.446 0.345

B 10.824 0.914

v 0.161 0.123

xz 16.510 42.569 12.673

d.f. 6 7 6

() 0.0113 | 0.40E-6 |  0.0485
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Table 7 : Annual circulation for 1974-75, University of Saskatchewan library
(Tague & Ajiferuke [8])

Circutation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 60565 60546 .50 60544.84 60527 .15
1 5177 5251.04 5361.88 5262.79
2 1753 1715.98 1625.91 1723.22
3 688 664,54 609.38 657.64
4 263 265.58 250.1¢9 259.74
5 90 103.43 108,09 101.82
6 36 37.67 48,25 38.60
7 13 12,28 22,03 13.77
8-10 5 4.14 17.32 5.67

Total 68590

Mean 0.184

Variance 0.362

s 10

a 0.146 0.882 0,352

] 7.774 0.891

v 0.171 0.120

N 4.739 45.716 5.049

d.f. 5 6 5

px2) 0.4483 | 0.34E-7 0.4097

Table 8 : Annual circulation for 1975-76, University of Saskatchewan library
(Tague & Ajiferuke [8])

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 60610 60584,80 60593,01 60573.69
1 5168 5243.08 5322.84 5249.47
2 1758 1689.93 1617.14 1696.04
3 645 650.74 607.72 645.52
4 246 261.95 250.26 257.27
5 112 104.75 108.46 103.23
6 46 40.34 48.57 40.85
7 11 14.34 22.25 15.69
g-12 4 14,56 j 18.69 8.34

Total 68590

Mean 0.183

Variance 0.365

s 12

o 0.149 0.480 6.371

8 9,599 0.905

v 0.169 0.125

x?- 8.313 37.231 9.424

d.f. 5 6 5

(%) 0.1399 | 0.16E-5 0.0933
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Table 9 : Annual circulation for 1976-77, University of Saskatchewan library
(Tague & Ajiferuke [8])

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 61159 61131.10 61142.05 61124.76
1 5055 5159.39 h224.68 5156.10
2 1613 1515.18 1438.05 1522.18
3 502 520.69 486.79 517.49
4 169 182.75 180.18 180.28
5 7 61.83 70,11 61.64
6 13 19.33 28.17 20.06
7-10 8 6.78 18.45 7.70

Total 68590

Mean 0.160

Variance 0.287

5 10

a 0.158 0.535 0.405

B 9.748 0.883

v 0.184 0.128

& 13.797 42,064 12.508

d.f. 4 5 4

p(xz) 0.008 0.57E-7 0.014

Table 10 : Annual circulation for 1977-78, University of Saskatchewan library
(Tague & Ajiferuke [8])

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 63251 63251.50 63245.76 63249.05
1 3976 3991.28 4037.73 3988.57
2 997 968,69 922.98 972.36
3 260 274.56 261.67 272.98
4 67 78.86 81.37 78.13
5 34 21.61 26.64 21.7%
6-10 [ 6.81 9.02 5.67
Total 68590
Mean 0.105
VYariance 0.170
S 10
o 0.%40 0.607 0.485
B 13.131 0.877
v 0.162 0.112
x? 11.034 12,250 9,850
d.f. 3 4 3
pix?) 0.0116 0.0101 0.0199
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Table 11 : Annual circulation for 1974, Pittsburgh University library
(Kent [11])

Circulation

Cbserved Number

Expected Number of Items Circulated

per year af Items Circ. BBD NBD GNBD
0 385961 385924.00 | 385791.50 | 386120.70
1 63526 63657.40 64427.02 63219.23
2 25653 25442.60 25204.45 25573.38
3 11855 12044.,80 11743. 9 12140.40
4 6055 6103.16 5910.88 6133.69
5 3264 3195.94 3107.56 3193.60
6 1727 1701.15 1680.20 1689.01
7 931 911.86 926.40 900.36
8 497 489.28 518.19 481.50
9 275 261.71 293.09 257.52
10 124 139.10 167.23 137.42
11 68 73.27 96.10 73.04
12 28 38.16 55.55 38.59
13 13 19.61 32.27 20.25
14 6 9.93 18.83 10.52
15 9 4.49 11.02 5.41
16-36 8 4.53 26.16 5.32
Total 500000
Mean 0.4342
Yariance 1.1029
5 36
o 0.257 0.385 0.323
B 21.025 0.950
v 0.21 0.228
v 22,926 93.942 27.493
d.f. 13 14 13
p(HE) 0.0426 | 0.68€-13  0.0106
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Table 12 : Annual circulation for 1976-77, Sussex University Main library

{Burrell[4])
Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 81146 81047.20 81031.12 80928,82
1 9674 9977.87 10421.46 10048. 9
2 4351 4274.90 4111.59 4328.59
3 2275 2206.27 1986.60 2198.81
4 1250 1205.94 1047.92 1174.52
5 663 664,72 580.63 635.36
& 355 358.48 332.01 341.64
7 154 184.06 194.05 180.25
8 72 87.04 115.26 92.14
9 37 36.03 69.31 44 .89
10 14 11.85 42,09 20.27
i1-14 9 2.39 57.59 10.24

Total 1000060

Mean 0.3788

Variance 1.0032

S 11

o 0.163 0.340 0.217

B 4,574 0.912

v 0.195 0.139

e 40.689 | 261.146 36.097

d.f. 8 9 8

p(:C) 0.24€-5 < E-20 0.17E-4
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Table 13 : Annual circulation for 1978-79, Sussex University Main library
{Burre1l [4])

Circulation Observed Number Expected Kumber of Items Circulated
per year of Items Circ. BBD
0 170120 169955,00 | 169813,70 | 169927.30
1 39326 39327.50 40328.20 39200.53
2 16226 16808,10 16447,12 16931.19
3 8113 8096.57 7641.57 8130.22
4 4304 4044,71 3767.33 4022.63
5 217 2029.00 1921.49 1998.74
6 1128 1003,99 1001.86 984,90
7 425 483.71 530.49 477.36
8 148 224,27 284.13 225.93
9 60 93. 86 163.52 103.47
10 29 40.85 83,53 45.46
11 10 15.53 45.71 18.75
12 5 5.31 25.13 7.01
13-25 10 2.02 31.20 2.51
Total 242076
Mean 0.5630
Variance 1.2696
s 16
a 0.360 0.422 0.306
8 9,857 0.910
v 0.411 0.299
& 147,513 |  419.439 | 169,336
d.f. 10 1 10
p(xP) E20 | <E-20| <E-20
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Table 14 : Annual circulation for 1979-80, Sussex University Main library
{Burrell [4]})

Circulation Observed Number Expected Number of Items Circulated
per year of Items Circ. BBD NBD GNBD
0 175892 176006,00 } 175674.40 | 175922.60
1 36705 36687.40 37972.44 36627.08
2 15283 15364.30 14959.72 15483.32
3 7113 7299.48 6780.23 7307.23
4 3694 3584.36 3273.9 3543.88
5 1881 1752.80 1639.10 1716,76
6 866 834.41 840.04 818.44
7 357 379.38 437.64 379.66
8 114 161.46 230.78 169,30
9 47 62.72 122.83 71.32
10 16 21.45 65.86 27.51
1 12 6.10 35.53 9.03
12-19 5 1.45 4211 1.92

Total 242075

Mean 0.5048

Variance 1.1168

) 13

a 0.319 0.428 0.296

B 7.898 0.901

v 0.378 0.262

xz 54.148 363,355 71.226

d.f. 9 10 9

p(x%) 0.18E-7 CE20 | 0.87E-11
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CONCLUSION

The generalized negative binomial and the beta-binomial fit the full annual
circulation data better than the negative binomial. In particular, the models
tend to fit the upper tail of the distribution very well while the negative
binomial tends to overestimate. Though the generalized negative binomial
performed slightly better than the beta-binomial, the authors hope te compare
the performances of the two models in predicting future circulations before
deciding on which is the better model for the full circulation data.

ACKNOWLEDGEMENT

The authors wish to thank Professor Quentin Burrell for his comments on the
earlier version of this paper.

REFERENCES

(1] Burreil, Q. A simple stochastic model for library loans. Journal of
Documentation, 36{2) : 115-132; 1980.

[2] Ravichandra Rao, I.K. Document and user distributions in transaction
records of Canadian University libraries. Doctoral thesis. Londen,
Ontario : University of Western Ontario; 1981,

[3]1 Bagust, A. A circulation mode] for busy public libraries. Journal of
Documentation, 39{1) : 24-37; 1983,

[4] Burrell, Q. A note on ageing in a library circulation medel. Journal
of Documentation, 41(2) : 100-115; 1985,

{51 Burrell, Q. A second note on ageing in a library circulation model :
the correlation structure. Journal of Documentation, 42(2} : 114-128;
1986.

[61 Burrell, Q. A third note on ageing in a Tibrary circulation model :
application to future use and relegation. Journal of Documentation,
43(1) : 24-45; 1987.

[7] Gelman, E., Sichel, E.S. Library book circulation and the beta-binomial
distribution. Journal of the American Society for Information Science,
38(1) : 4-12; 1987.

(8] Tague, J., Ajiferuke, I. The Markov and the mixed-Poisson models of
library circulation compared. Journal of Documentation, 43(3} : 212-231;
1987.

[91 sSkellam, J.G. A probability distribution derived from the binomial
distribution by regarding the probability of success as variable between
the sets of trials. Journal of the Royal Statistical Society B, 10 :
257-261; 1948.

(101 Jain, G.C., Consul, P.C. A generalized negative binomial distribution.
SIAM Journal of Applied Mathematics, 21(4? ; B01-513; 1971,

[11] Kent, A, Use of Library Materials : The University of Pittsburgh Study.
New York : Marcel Dekker; 1979.



