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Abstract 

Three models o f  l i b r a r y  c i rcu la t ion ,  the beta-binomial, negative 
binomial and generalized negative binomial, are appl ied t o  fourteen 
la rge  c i r c u l a t i o n  data sets. Both the generalized negative binomial 
and the beta-binomial provided good f i t s  t o  the empir ica l  data. 
However, a comparison of t h e i r  performances i n  p red ic t ing  f u tu re  
c i r cu la t i ons  i s  needed before e i t h e r  one can be chosen as the  model 
f o r  the f u l l  c i r c u l a t i o n  data. 

INTRODUCTION 

Ci rcu la t ion  data are o f t en  analyzed when decisions are t o  be made about 
re legat ion o r  weeding o f  mater ia ls .  This has l ed  many researchers 11-71 t o  
develop p robab i l i t y  models f o r  the year ly  frequency of c i rcu la t ion .  The most 
comnon of these models i s  the negative binomial d i s t r i bu t i on .  However, t h i s  
model has not  been substantiated by empir ical data. 
Ravichandra Rao 121 t r i e d  several models on 203 sub-data sets ( the  annual data 
for 5 Canadian un i ve rs i t y  l i b r a r i e s  were subdivided by d i s c i p l i n e  and by user 
type) and found the  negative binomial t o  be the  best. However, i t  only f i t t e d  
about 45 % of the  sub-data sets and d i d  not  fit any of the  17 annual 
c i r c u l a t i o n  data sets. 
Bur re l l ,  though admit t ing t h a t  the  negative binomial d i d  not  f i t  the  4 annual 
c i r cu l a t i on  data sets f o r  Un ivers i ty  of Sussex l i b r a r v  141. assuned the model . - -. 
f o r  the base year and used i t  t o  deie lop a model f o r  p red ic t ing  fu tu re  
c i rcu la t ions  o f  an i tem given the  number o f  times i t  c i r cu la ted  i n  the  base 
year 151. However, Tague and A j i fe ruke  181 have shown s i gn i f i can t  dif ferences 
between h i s  model's predict ions and actual  c i r c u l a t i o n  figures. 
The f a i l u r e  o f  the  negative binomial i s  mainly due t o  i t s  poor f i t t i n g  o f  the 
upper t a i l  o f  empir ica l  d i s t r i b u t i o n s  12.3.71. For t h i s  reason, Gelman and 
Sichel 171 suggested the beta-binomial but  tested the  zero-truncated vers ion 
of the  model on only three data sets and found i t  t o  f i t  two of them. Their  
reason for excluding the zero c lass was t h a t  they d is t rus ted  such f igures.  
However, since the advent o f  automated c i r c u l a t i o n  systems, i t  has become much 
easier  t o  obta in r e l i a b l e  count of the  i t m s  i n  the zero class. Any c i r c u l a t i o n  
analysis t ha t  excludes the  zero class, which accounts f o r  a large percentage o f  
the co l l ec t i on  ( a t  l eas t  50 % i n  most l i b r a r i e s ) ,  i s  no t  very useful because i t  
i s  mostly the  items i n  t h i s  category t h a t  would end up being relegated o r  
weeded. 
Hence, the  ob jec t i ve  of t h i s  study i s  t o  t e s t  the  beta-binanial model on 
several f u l l  c i r c u l a t i o n  data sets and t o  compare i t s  performance w i t h  those 
of the negative binomial and general ized negative binomial, which i s  obtained 
by compounding the negative binomial w i t h  another parameter and i s  expected 
t o  provide a be t t e r  f i t  than the  l a t t e r .  
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THE MODELS 

a )  Beta-Binomial (BED) 

fo r  x = O, l ,  ..., s; a,B > 0 

The maximun l i ke l i hood  method o f  est imat ing the  parameters of t h i s  model i s  
very complex. Hence, i n  t h i s  paper, we use the m n t  method as proposed by 
Skellam I91. 
I f  v i j )  i s  the jth fac to r i a l  minent about the o r i g i n  and R. = !J[. /u' J J )  ( j - 1 ) '  
then the  estimate o f  

( i )  s i s  given by the  nearest i n t ege r  t o  the pos i t i ve  roo t  o f  the  equation 

&s2 + Bs + C D 

where A = R3 - 2R2 * R1 ; 

B = R R - 2R R + RIRZ - R3 + 4R2 - 3R1 ; 
3 2  3 1  

C = 2R (R -R t l )  1 3  2 

( i i )  a i s  given by 

( i i i )  6 i s  given by 

b )  Negative Binomial (NED) 

where 0 < a <  1, V >  0 f o r x  = 0,1, ... 
The maximum l i ke l i hood  estimator f o r  v i s  given by the  r o o t  of the  equation 

where F. = proport ion of x ' s  which are greater than o r  equal t o  j; 
and J 

a = j / ( i+i )  

C )  Generalized negative binomial (GNBD) 
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where v > 0, 0 < a < 1, la61 < 1 f o r  x = 0,1, ... 
Note t ha t  p(x)  = 0 fo r  x 2 v / ( l -5 ) .  
The negative binomial w i t h  parameters a and v i s  a specia l  case o f  t h i s  model 
and i s  obtained when 6 = 1 [ l o ] .  The binomial d i s t r i b u t i o n  i s  also a 
pa r t i cu l a r  case and i s  obtained when B = 0. 

The maximm l i ke l i hood  method o f  est imat ing the parameters o f  t h i s  model i s  
also very complex. Hence, we use the  method of moments t o  est imate the  values 
of a, 6 and v. These are given by 

2 ;=A12 - ( A / 4 - 1 )  1 /2 

I 6 = , 11 - ( i & ~ ~ ) ~ ' ~ l  ; and 
1 -u 

1 -; 2 2 
[ilr3 - 3 lr21 

where A = -2 + 
iu; 

and " and d3 are the second and t h i r d  cen t ra l  moments respect ive ly .  

DATA ANALYSIS 

To compare the three models, fourteen data sets were used. The f i r s t  ten are 
the  same as the co l l ec t i on  used i n  Tague and A j i fe ruke 's  study [El. This group 
consists of the year ly  frequency c i r c u l a t i o n  from 1968-69 t o  1977-78 of items 
i n  the Un ivers i ty  of Saskatchewan l i b r a r y  which had c i r cu la ted  a t  l eas t  once 
i n  the year 1967-68. The eleventh data set  i s  the frequency o f  c i r c u l a t i o n  o f  
items i n  the Hil lman l i b r a r y  of Pi t tsburgh Un ivers i ty  dur ing 1974, whi le the 
l a s t  three are f o r  Sussex Un ivers i ty  l i b r a r y  dur ing 1976-77, 1978-79 and 1979- 
80 sessions. We note here t h a t  some o f  the l a s t  four  data sets were also 
considered by Bu r re l l  11.41, Bagust 131, and Gelman and Sichel 171. 

The f i t s  of the three models t o  the data sets are shown i n  Tables 1 t o  14. 
The generalized negative b i o m i a l  passed the Chi-square t e s t  8 times a t  1 % 
leve l  of s igni f icance,  beta-binomial 6 times and negative-binomial once. The 
generalized negative binomial provided the  best f it t o  9 data sets wh i le  the 
beta-binomial provided the best f it t o  the  other  f i v e  data sets. Both the  
generalized negative binomial and the  beta-binomial tend t o  f i t  the upper t a i l  
of the observed d i s t r i b u t i o n  very we l l  wh i le  the  negative binomial tends t o  
overestimate. Thus, i t  seems t h a t  the generalized negative binomial, w i t h  i t s  
add i t iona l  parameter, i s  capable of so lv ing the  upper t a i l  problem normally 
encountered i n  f i t t i n g  the  negative binomial t o  the  annual c i r c u l a t i o n  
s t a t i s t i c s .  A possib le explanation f o r  the  be t t e r  performance o f  the generalized 
negative binomial over the negative binomial i s  t h a t  the  l a t t e r  has only a s ing le  
mode o f  va r i a t i on  and any ex t ra  var ia t ions  present i n  the  data are asswed t o  
be random whereas the ex t ra  parameter o f  the generalized negative binomial 
takes i n t o  account the var ia t ions  i n  the variance/mean r a t i o  [ l o ] .  
Though the generalized negative binomial performed s l i g h t l y  be t t e r  than the 
beta-binomial, i t  i s  necessary t o  compare how we l l  the two o f  them pred ic t  
future c i r cu la t i ons  before a judgement can be made on which i s  the be t t e r  model 
fo r  the f u l l  c i r cu l a t i on  data. The authors hope t o  work on t h i s  i n  the nearest 
future. 
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Table 1 : Annual c i rcu la t ion  for 1968-69, Universi ty  o f  Saskatchewan l i b r a r y  
(Tague & Aji feruke [81) 

C i rcu la t ion  
per year 

Total  
Mean 
Variance 

s 
a 
0 
v 

x2 
d.f. 

~ $ 1  

Observed Nunber 
of Items Circ. 

Expected Nu 
BBO 

?r o f  I tem 
NBD 



A Model for the Full Circulation Dab 5 

Table 2 : Annual c i r c u l a t i o n  f o r  1969-70, Universi ty  o f  Saskatchewan l i b r a r y  
(Tague & Aj i fe ruke  181) 

C i rcu la t ion  
per year  

0 
1 

Tota l  
Mean 
Variance 

s  
a 
B 
v 

X 
2 

d . f .  

p(x2) 

Observed Nunber 
o f  Items Circ .  

55884 
5354 

: i rcu la ted  
GNBD 
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Table 3 : Annual c i r c u l a t i o n  f o r  1970-71, Universi ty  of Saskatchewan l i b r a r y  
(Tague & qi i fe ruke  [El) 

Circu la t ion  
per year 

0 
1 
2 
3 
d 

Total  
Mean 
Variance 

s 
u 
6 
v 

x2 
d. f .  

p(x2) 

Expected NI, 
BED 

IS Circulated 
1 GNBD 

?r of Item 
NED 

60031.42 
4312.96 
1777.30 
933.96 
543.75 
335.07 
214.08 
140.25 
93.58 
63.33 
43.33 
29.92 
20.81 
14.57 
10.25 
16.06 
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Table 4 : Annual circulat ion for 1971-72, University of  Saskatchewan l ibrary  
(Tagw 8 Ajiferuke (81) 

per year 

Total 
Mean 
Variance 

Observed Number 
of  Items Circ. 

58073 
5305 
2467 
1242 
644 
394 
214 
111 
62 
A7 

Expected Nm 
BBD 

r of  Item! 
NBD 

irculated 
GNBD 
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Table 5 : Annual circulation for 1972-73, University of Saskatchewan library 
(Tague & Ajiferuke [ E l )  

Circulation Observed Nunber 
per year 1 of ~ t e m s  Circ. 

.------------ 

Total 68590 
Mean 0.253 
Variance 0.655 

Expected Nu 
BED 

?r of Item 
NED 

59259.80 
5451.43 
1984.96 
902.81 
451.57 
238.15 
129.92 
72.56 
41.23 
23.74 
13.81 
8.10 

10.97 ---------- 

0.364 

0.145 

62.254 
10 

0.14E-8 
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Table 6 : Annual circulation for 1973-74, University of Saskatchewan library 
(Tague & Ajiferuke 181) 

Circulation 
per year 

Total 
Mean 
Variance 

s 
a 
6 
v 

X 
2 

d.f .  

p(x2) 

Observed Number 
of Items Circ. 

60236 
5167 
1914 
744 

Expected NL 
BBD 

r of Items Circulated 
NED I GNBD 
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Table 7 : Annual c i r cu la t i on  for  1974-75, Univers i ty  o f  Saskatchewan l i b r a r y  
(Tague & Aj i feruke M I )  

C i rcu la t ion  Observed Nunber 
per year of I tens Circ. 

------+----------- 

Tota l  1 68590 
Mean 0.184 
Variance 0.362 

Expected Nu 
BBD 

: i rculated 
GNBD 

Table 8 : Annual c i r c u l a t i o n  for 1975-76. Univers i ty  of Saskatchewan 1 i brary 
(Tague & Aj i feruke [81) 

C i rcu la t ion  
per year 

0 
1 
2 
3 
4 
5 
6 
7 

8-12 

Total 
Mean 
Variance 

5 
a 
I3 
v 

X 
2 

d.f. 

P(?) 

Observed Nunber 
of Items Circ. 

!r o f  Items Circulated 
NBD I GNBD 
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Table 9 : Annual circulation for 1976-77, University of Saskatchewan library 
(Tague I Ajiferuke t81) 

Circu[ion per year O b s e r w i i b e r  of Items Circ. 

61159 

6 13 
7-10 8 

Total 68590 
Mean 0.160 
Variance 0.287 

Expected NL 
BBD 

61131.10 
5159.39 
1515.18 

520.69 
182.75 
61.83 
19.33 
6 .78  

. - - - - - - - - - - . 

10 
0.158 
9.748 

13.797 
4 

0.008 

Table 10 : Annual circulation for 1977-78, University of Saskatchewan library 
(Tague & Ajiferuke [El)  

Circulation 
per year 

Observed Nunber Expected Nmbe 
of Items Circ. I BBD I 

0 
1 
2 
3 
4 
5 

6-10 - - - - - - - - - - - . 
Total 
Mean 
Variance 

s 
a 
0 
v 

x2  
d . f .  

p(x2) 

r o f  Item 
NBD 

63245.76 
4037.73 

922.98 
261.67 

81.37 
26.64 

9.02 
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Table 1 1  : Annual circulation for 1974. Pittsburgh University library 
(Kent [ I l l )  

Circulation 
per year 

Total 
Mean 
Variance 

S 
a 
6 
v 

2 
X 
d.f. 

P($) 

Observed Nunber 
o f  Items Circ. 

Expected N 
BED 

e r  o f  Ita 
NED 

ns Circulated 
GNBD 

I - 
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Table 12 : Annual circulation for 1976-77, Sussex University Main library 
(Burrell[4]) 

Circulation 
per year 

Total 
Mean 
Variance 

s 
a 
6 
v 

2 
d.f .  
P ( A  

Observed Ntanber 
of Items Circ. 

r o f  Items Circulated 
NED I GNBD 
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Table 13 : Annual circulation for 1978-79, Sussex University Main library 
(Burrel 1 [ 4 l )  

Circulation 
per year 

Total 
Mean 
Variance 

s 
a 
6 
v 

2 
X 
d . f .  

P(?) 

Observed Nunber 
of Items Circ. 

Expected NI 
BED NED 

er  of Items Circulated 
GNBD -- 

- 
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Table 14 : Annual c i r c u l a t i o n  for  1979-80, Sussex Universi ty  Main l i b r a r y  
(Bur re l l  [41)  

C i rcu la t ion  
per year I 

~ ~ ~ 

Observed Number I Expected NI 
o f  Items Circ. BED 

1s Circulated 

t GN8D 
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CONCLUSION 

The generalized negative binomial and the beta-binomial f i t  the f u l l  annual 
c i r c u l a t i o n  data be t te r  than the negative binomial. I n  pa r t i cu la r ,  the models 
tend t o  fit the upper t a i l  of the d i s t r i b u t i o n  very we l l  whi le the negative 
binomial tends t o  overestimate. Though the generalized negative binomial 
per foned s l i g h t l y  be t te r  than the beta-binomial, the authors hope t o  compare 
the performances o f  the two models i n  p red ic t ing  future c i rcu la t ions  before 
deciding on which i s  the be t t e r  model f o r  the f u l l  c i r cu la t i on  data. 
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