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EMPIRICAL PREDICTION OF LIBRARY CIRCULATIONS BASED ON NEGATIVE
BINOMIAL PROCESSES
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Oxford Road, Manchester Mi3 9PL, United Kingdom

Abstract

The empirical method for prediction of Tibrary circulations in
the presence of ageing recently propoesed by Burrell is extended
to cover mixtures of negative binomial processes. This makes the
method more flexible but requires assumptions about an unknown
parameter. Predictions using this method are compared with the
earlier ones based on mixtures of Poisson processes.

§ 1. INTRODUCTION

Recent work has suggested, on the one hand, that the "mixture of Poisson
processes" is invalid as a mathematical model for library circulations
([1,21), but on the other ([3]) that it can provide estimates of future
performance which are sufficiently accurate that they deserve consideration
by library managers. In this note we show how to extend the "empirical Bayes
method” described by Burrell [4] to mixtures of negative binomial processes
which have been advocated in [2] as the most appropriate simple general model
for library circulations. Once again we apply the method to the University of
Saskatchewan data originally presented by Tague and her colleagues [5,6] in
order to compare it with earlier work.

§ 2. THE RESULT

The context of interest is the usage, as measured by circulations or checked-
out borrowings, of a library collection when ageing is present. A detailed
description of mathematical modelling of this situation has been given by
Burrell [7,8,9] and we shall not repeat the background here. The empirical
appreach in [4] is based on the assumption that individual items are borrowed
according to a Poisson process, different items having different (unknown)
rates. However, by considering the correlation structure of bivariate loan
distributions, Burrell [2] has suggested that negative binomial (NB) processes
might be more realistic., Parametric mixtures of such processes have previously
been applied to bibliometric problems by the author [1G,11] but here we make
no assumptions regarding the form of the mixing distribution.

Suppose that we have a collection of N items available for Toan and that the
items of borrowings of the items may be modelled by a NB process of index v.
Thus if X_ denotes the number of times that an item is borrowed in a period
of effect*ve length t (see [4] for a discussion of the notion of effective
time) then Xy = NB(vt,p), i.e. :

Pﬂt=r)=(”¢*hﬁmﬂ-mr,-mrr=0J,L.“
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{Note that this should not be confused with the gamma-poisson proces [3,10]
which also has a negative binomial form but has a very different time-
dependence}. The index v is assumed to be a characteristic of the e¢sllection
while different items will in general have different, and unknown, values of
Ps S3Y PysPpaseesPy. The onTy restriction on the p's is that 0 < p £ 1,

where the case p = 1 corresponds to a "dead" item, i.e. one which is never,
or can never be, borrowed.

As in [4] we suppose that our data are just the observed circulation
frequencies during the period [0,1] :

fr = number of items circulating r times, for r = 0,1,2,...,
and we wish to predict the number of items circulating r times during a
future period of effective length t < 1, Letting X and Y denote the number
of times an item is borrowed during [0,1] and the later period respectively,
what we wish to estimate is therefore

Yp = E[# of items for which Y=r] .

In the Appendix we prove the following, which is completely analogous to the
Theorem based on Poisson processes proved in [4] :

Theorem : Unbiased estimates of Yps ' = 0,1,2,..., the predicted frequencies
for the Y-distribution, are given by

M (T'+\):'1)(n'r+\)(1't)"1)
z

(n+v'1?-r e for r=0,1,2,....M (%)
n

g =
r n=r

and
g9, = 0 for r > M, where M is the greatest observed value of X.

Although this is an empirical result, it is only so in that it makes no
assumption regarding the distribution of the negative binomial parameter p;
there is still the problem of the NB index v, which is assumed to be a
characteristic of the collection but whose value is, of course, unknown.
Perhaps the best we can do is to note that, since necessarily 0 < v < =,
predictions based on these two extreme values are truly "empirical" and
might in some sense be regarded as the Timits of what can be termed empirical
predictions based on mixtures of negative binomial processes {of constant
index). In this case it is worthwhile to note the Corollary to the above
Theorem as follows :

{ i) as v 0,
. g * (1—t)(f1-+fé-+... +fM), forr =0, (%)
r tfr s for r =1,2,...,M .
(ii) as v + =,

M
g+ (rEp” T (D) (0" F L for v S 020N ()
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§ 3. ILLUSTRATION

For much the same reasons as given in [4], we illustrate the Theorem by
comparing its predictions with what actually happened in the University of
Saskatchewan Library during 1968-1978, While this allows us to illustrate
the performance of the model with the benefit of hindsight, it aiso means
that we can put ourselves in the position of the library manager and
investigate various possible "futures" as predicted by the model.

In the first-place we imagine that the only information we have is the
observed frequency-of-circulation distribution for 1968-69 (= year 1) and
the total number of circulations for year 2. As in [7], this allows us to
estimate the annual ageing factor as 0.8229 and then, further assuming that
ageing occurs at an exponential rate, we would estimate the effective length

of year n to be (0.8229)"'1. (Note that the assumption of exponential ageing
in fact proves to be a very crude approximation.) This is the situation
covered by Table 1 for the years n = 4, 7 and 10, exactly as in Table 1 of [4]
for Poisson mixtures. As the value of v is unknown, we have given the
predicted circulation distributions for various illustrative-vajues together
with what was in fact subsequently observed. (Note that we do not make use of
the actually observed effective lengths of the years of interest; we are
genuinely making predictions.) '

These predictions seem to be most satisfactory in the middie of the range of
r-values and, particularly for small values of v, there is too much weight
in the tails,

As we do not wish merely to illustrate the success (or otherwise) of the
empirical method based on mixtures of NB processes as evinced by the
application of (*}, but also to compare it with results based on the empirical
Poisson procedures derived in [4], we give in Table 2 values of the

xz-statistic for the varicus prediction methods. As has been noted in the
Appendix, the empirical mixed-Poisson case may be regarded as the Timiting
case {as v > =) of a mixture of NB processes as given by (***}, We also give
the values based on the "deterministic" predictions based on (**) given by
v » 0, The general picture gained by consideration of Table 2 is that as the
effective length of time becomes smaller, the process becomes more and more
Tike a mixture of Poisson processes while for longer effective times smaller
values of the NB index give better results,

§ 4. CONCLUDING REMARK

Clearly, more work is required before we can say with any certainty what is
the "true" nature of the library loan process. For the moment it seems that
mixtures of NB processes give the best predictions for collections with
ageing, although Poisson mixtures give reasonable approximations and are
somewhat simpler. In either case, in using the empirical approach, the very
fact that we are able to dispose of explicit assumptions regarding the mixing
distribution means that we have an extremely flexible tool to aid the library
manager.
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APPENDIX

Proof of Theorem

As in [4] we might give a formal, analytic proof but this is not very
enlightening so we prefer merely to give a heuristic proof analogous to the
naive version given for Poisson mixtures in [4].

Let X and Y denote the number of loans of an item during [0,1]1 and the
subsequent period of length t < 1 respectively. We wish to estimate

Yp = E[(# of items for which Y=r], for r = 0,1,2,...
on the basis of the known frequencies
fn = observed number of items for which X=n, forn = 0,1,2,... .

By the stationarity of increments of mixtures of negative binomial processes,
the distribution of Y is the same as the distribution of the increment during
any other period Tength t and hence, in particular, the interval [0,t] . We
seek to estimate the number of items circulating r times during this period.

Consider those items which circulate n times in [0,1), where n 2 r. Now for

a negative binomial process, and any mixture of such processes, it can be
shown that if there are n "events" in {0,1], then the conditional distribution
of the number in [0,t] is a sort of hypergeometric form given by

(7“"\):'1 ) (n-r+:£l-t)-1 )
("l

pt(r|n) = , forr =0,1,...,n . (1)

But there are fn such items and so the expected number of these producing r
events (i.e. circulations} during [0,t]1 is just pt(r[n)fn. Now summing over

aé] nz r gives the total expected number of items circulating r times during
[0,t] as

revt=1, p-r+vf{i-t}-1
(VTHTT )

Tl £, forr = 0,1,2,... (*)
("

When we note that, by the definition of M as the greatest observed value of X.
fn =0 for n > M we have the required result.
Corollary
{ i) In the limit as v+ 0 ,
o - ’fo + (1-t)(f1-rf2'+... +fﬁ), for r =0 ()
r tfr ,» Tor r = 1,2,....M .

(ii} In the 1imit as v + =,
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M
9. = ()" I M (-0 £, for r=0,1,2,...M . ()

The proofs of (i} and (ii) as corrolaries of the main result are gquite
straightforward, It is worth remarking that (i) is a sort of deterministic
result while (1) is the form given by a mixture of Poisson processes as in

[4], i.e. the corresponding result for empirical mixtures of "purely random"
processes.
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: Predicted frequency-of-circulation distributions for the University

of Saskatchewan Library using empirical mixtures of negative binomial
processes.

Predictions are based on the observed distribution in year 1 =
1968-1969 and the annual ageing factor is 0.823,

(a) Year 4 = 1971-1972

Number of Predicted number of items Observed
circulations (g ) T (v 5.0) | (v=10.0) | e
0 58235 56744 56548 58073

1 LA R 6796 6944 5305

2 2199 2604 2679 2467

3 1162 1214 1236 1242

4 650 598 596 644

5 372 306 297 39

6 229 161 149 214

7 142 84 74 11

8 79 43 36 62

9 48 22 17 47

10 29 1" 8 16

1" 15 5 4 10
212 19 5 3 5

(b) Year 7 = 1974-1975

ﬂumber of Predicted number of items Observed
¢ircylations (5 = 0.5) (v = 5.0) (v = 10.0) number

] 62430 60773 60496 60565

1 3444 5235 5532 5177

z 1277 1561 1621 1753

k] 636 587 575 688

4 342 242 219 263

5 191 106 87 90

6 114 47 35 35

7 68 21 14 13

28 88 18 g 5
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(c) Year 10 = 1977-1978

.ijber .°f Predicted number of items Observed
circulations (v = 0.5) (v = 5.0 (v = 10.0) number
0 65027 63746 63496 63251

1 2068 3577 3900 3976

2 725 842 848 997

3 349 266 236 260

4 183 96 73 67

5 100 37 24 34

26 138 26 13 5

Table 2 :xz-values for various prediction methods applied to 1968-69 data
from the University of Saskatchewan

Method Year 4 | Year 7 | Year 10

(a) Parametric mixed Poisson

{ 1) p = 0,298, v = 0.243 1151.7 301.4 2161

( 1i) p = 0.270, v = 0.211 764.1 170.4 147.2
(b} Empirical mixed Poisson 902.3 203.7 203.6
{c} Empirical mixed negative binomial

{ ) v=0.5 71.3 | 1375.2 | 2178.9

(1) v = 5.0 465.2 61.6 103.0

(11i) v = 10.0 617.3 68.6 40.6

{d) Deterministic 494.2 | 4203.4 74603.6




