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Abstract 

The empir ical method for p red ic t ion  o f  l i b r a r y  c i rcu la t ions  i n  
the  presence of ageing recent ly  proposed by Bu r re l l  i s  extended 
t o  cover mixtures o f  negative binomial processes. This makes the  
method more f l ex i b l e  but  requires assumptions about an unknown 
parameter. Predict ions using t h i s  method are compared w i t h  the 
e a r l i e r  ones based on mixtures o f  Poisson processes. 

5 1. INTRODUCTION 

Recent work has suggested, on the  one hand, t h a t  the  "mixture of Poisson 
processes" i s  i n v a l i d  as a mathematical model f o r  l i b r a r y  c i r cu la t i ons  
([1,21), but  on the other ([31) t h a t  i t  can provide estimates of fu tu re  
performance which are s u f f i c i e n t l y  accurate t h a t  they deserve considerat ion 
by l i b r a r y  managers. I n  t h i s  note we show how t o  extend the  "empir ical Bayes 
method" described by B u r r e l l  [41 t o  mixtures of negative binomial processes 
which have been advocated i n  [21 as the  most appropriate simple general model 
f o r  l i b r a r y  c i rcu la t ions .  Once again we apply the method t o  the Un ivers i ty  of 
Saskatchewan data o r i g i n a l l y  presented by Tague and her colleagues r5.61 i n  
order t o  compare i t  w i t h  e a r l i e r  work. 

5 2. THE RESULT 

The context of i n t e res t  i s  the usage, as lneasured by c i r cu la t i ons  o r  checked- 
out borrowings, o f  a l i b r a r y  co l l ec t i on  when ageing i s  present. A de ta i led  
descr ipt ion of mathematical modell ing of t h i s  s i t u a t i o n  has been given by 
Bu r re l l  [7,8,91 and we sha l l  not  repeat the background here. The empir ica l  
approach i n  141 i s  based on the assumption t h a t  i nd i v i dua l  items are borrowed 
according t o  a Poisson process, d i f f e r e n t  items having d i f f e r e n t  (unknown) 
rates. However, by considering the co r re l a t i on  s t ruc tu re  o f  b i va r i a te  loan 
d is t r ibu t ions ,  Bu r re l l  [21 has suggested t h a t  negative binomial (NB) processes 
might be more r e a l i s t i c .  Parametric mixtures o f  such processes have previously 
been appl ied t o  b ib l iomet r i c  problems by the author [10,111 but  here we make 
no assumptions regarding the form o f  the mixing d i s t r i bu t i on .  

Suppose t h a t  we have a co l l ec t i on  o f  N items ava i lab le  f o r  loan and t h a t  the 
items o f  borrowings o f  the items may be modelled by a NB process o f  index v. 
Thus if X denotes the  number of times t h a t  an i tem i s  borrowed i n  a period 
o f  e f f e c t i v e  length t (see [41 f o r  a discussion o f  the no t ion  of e f f e c t i v e  
t ime) then Xt  = NB(vt,p), i.e. : 

P(X = r )  = ( r+v t - I  v t  
t )p  (I-PIr , f o r  r = 0,1,2 ,... r 
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(Note t ha t  t h i s  should not  be confused w i t h  the gamna-poisson proces [3,101 
which a lso has a negative binomial form but has a very d i f f e ren t  time- 
dependence). The index v i s  assuned t o  be a charac te r is t i c  o f  the  co l l ec t i on  
wh i le  d i f f e ren t  items w i l l  i n  general have d i f f e ren t ,  and unknown, values of 
p, say p1,p2. .... pw The only r e s t r i c t i o n  on the p's i s  t h a t  0 < p s 1, 

where the  case p = 1 corresponds t o  a "dead" item, i.e. one which i s  never, 
o r  can never be, borrowed. 

As i n  [41 we suppose t ha t  our data are j u s t  the  observed c i r c u l a t i o n  
frequencies dur ing the  period [O,11 : 

fr = nunber o f  i t m s  c i r c u l a t i n g  r times, f o r  r = 0.1.2 ,..., 
and we wish t o  p red i c t  t he  number o f  items c i r c u l a t i n g  r times dur ing a 
f u tu re  period o f  e f f ec t i ve  length t < 1. Le t t i ng  X and Y denote the  number 
of times an i tem i s  borrowed dur ing [0,11 and the l a t e r  period respect ive ly ,  
what we wish t o  estimate i s  therefore 

yr = E [ #  of items fo r  which Y = r l  . 
I n  the  Appendix we prove t he  fo l lowing,  which i s  completely analogous t o  the 
Theorem based on Poisson processes proved i n  [41 : 

Theorem : Unbiased estimates o f  yr, r = 0,1,2, ..., the  predicted frequencies 
for the  Y-dis t r ibut ion,  are given by 

r+vt-1 n - r+v( l - t ) -1  
M ( ,. ) (  n-,. ) - f,, for  r = 0,1,2 ,..., M (*) 

and 

gr = 0 fo r  r > M, where M i s  the  greatest observed value o f  X. 

Although t h i s  i s  an empir ica l  resu l t ,  i t  i s  on ly  so i n  t ha t  i t  makes no 
assunption regarding the d i s t r i b u t i o n  o f  the  negative binomial parameter p; 
there i s  s t i l l  the  problem of the NB index 9, which i s  assumed t o  be a 
cha rac te r i s t i c  o f  the co l l ec t i on  but  whose value i s ,  o f  course, unknown. 
Perhaps the  best we can do i s  t o  note that, since necessari ly 0 < v < -, 
predict ions based on these two extreme values are t r u l y  "empir ica l "  and 
might i n  some sense be regarded as the l i m i t s  of what can be tenned empir ica l  
predict ions based on mixtures o f  negative binomial processes (o f  constant 
index). I n  t h i s  case i t  i s  worthwhile t o  note the Corol lary t o  the above 
Theorem as fo l lows : 

fo + (1 - t ) ( f ,  + f2+ . . .  + fM) ,  for r = 0 . 
g r + (  tfr , f o r  r - 1.2 ,..., M . 

t r M 
gr + (=) 1 ( 1 - t ) Q n  , for r = 0,1,2,.. .,M . (***I 

n =r 
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5 3. ILLUSTRATION 

For much the same reasons as given i n  [41, we i l l u s t r a t e  the Theorem by 
comparing i t s  predict ions w i t h  what ac tua l l y  happened i n  the  Un ivers i ty  of 
Saskatchewan L ib rary  dur ing 1968-1978. While t h i s  al lows us t o  i l l u s t r a t e  
the performance o f  the  model w i t h  the  benef i t  o f  hindsight, i t  also means 
t ha t  we can put ourselves i n  the  pos i t i on  o f  the l i b r a r y  manager and 
inves t iga te  various possible " futures"  as predicted by the model. 

I n  the f i r s t  place we imagine t h a t  the only in format ion we have i s  the  
observed frequency-of-circulation d i s t r i b u t i o n  for 1968-69 (=  year 1) and 
the t o t a l  nunber of c i rcu la t ions  f o r  year 2. As i n  [ 7 1 ,  t h i s  al lows us t o  
estimate the annual ageing factor  as 0.8229 and then, f u r t he r  assuning t ha t  
ageing occurs a t  an exponential ra te ,  we would estimate the e f f ec t i ve  length 

of year n t o  be (0.8229)~-'. (Note t ha t  the assumption o f  exponential ageing 
i n  f a c t  proves t o  be a very crude approximation.) This i s  the s i t u a t i o n  
covered by Table 1 f o r  the years n = 4, 7 and 10, exact ly  as i n  Table 1 o f  [41 
f o r  Poisson mixtures. As the  value o f  v i s  unknown, we have given the 
predicted c i r cu la t i on  d i s t r i bu t i ons  for various i l l u s t r a t i v e  values together 
w i t h  what was i n  f a c t  subsequently observed. (Note t h a t  we do not  make use o f  
the ac tua l l y  observed e f f e c t i v e  lengths o f  the years o f  i n t e r e s t ;  we are 
genuinely making predict ions.)  

These predict ions seem t o  be most sat is factory i n  the middle o f  the range of 
r-values and, p a r t i c u l a r l y  fo r  small values o f  v, there i s  too much weight 
i n  the t a i l s .  

As we do not  wish merely t o  i l l u s t r a t e  the success ( o r  otherwise) o f  the 
empir ical method based on mixtures of NB processes as evinced by the 
app l i ca t ion  o f  (* I ,  but  a lso t o  compare i t  w i t h  resu l ts  based on the empir ica l  
Poisson procedures derived i n  141, we give i n  Table 2 values o f  the 
2 x - S t a t i s t i c  f o r  the various p red ic t ion  methods. As has been noted i n  the 

Appendix, the  empir ica l  mixed-Poisson case may be regarded as the l i m i t i n g  
case (as v - m) o f  a mixture o f  NB processes as given by (***I. We also give 
the values based on the "determinis t ic"  predict ions based on (**) given by 
v + 0. The general p i c t u re  gained by considerat ion o f  Table 2 i s  t h a t  as the 
e f f e c t i v e  length o f  time becomes smaller, the process becomes m r e  and more 
l i k e  a mixture o f  Poisson processes wh i le  f o r  longer e f f e c t i v e  times smaller 
values of the NB index give be t t e r  resu l ts .  

$ 4. CONCLUDING REMARK 

Clear ly ,  more work i s  required before we can say w i t h  any ce r t a i n t y  what i s  
the " t rue"  nature o f  the l i b r a r y  loan process. For the moment i t  seems t h a t  
mixtures of NB processes give the best predict ions f o r  co l lec t ions  w i t h  
ageing, although Poisson mixtures give reasonable approximations and are 
somewhat simpler. I n  e i t h e r  case, i n  using the empir ica l  approach, the very 
fact  t h a t  we are able t o  dispose o f  e x p l i c i t  assumptions regarding the mixing 
d i s t r i b u t i o n  means t h a t  we have an extremely f l ex i b l e  t oo l  t o  a i d  the l i b r a r y  
manager. 
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APPENDIX 

Proof of Theorem 

As i n  I41 we might  g ive  a formal, a n a l y t i c  p roo f  bu t  t h i s  i s  n o t  very 
en l igh ten ing  so we prefer merely t o  g ive a h e u r i s t i c  proof analogous t o  the  
naive vers ion given f o r  Poisson mixtures i n  [41. 

Le t  X and Y denote t h e  nunber o f  loans of an i tem dur ing  [O,11 and t h e  
subsequent per iod of l eng th  t < 1 respect ive ly .  We wish t o  est imate 

yr = E[# of i tems f o r  which Y = r l ,  f o r  r = 0,1,2 ,... 
on the  basis  of t h e  known frequencies 

fn = observed number of items f o r  which X =n, f o r  n = 0,1,2, ... . 
By the  s t a t i o n a r i t y  o f  increments o f  mix tures o f  negative binomial processes, 
the  d i s t r i b u t i o n  o f  Y i s  t h e  same as t h e  d i s t r i b u t i o n  o f  the  increment dur ing  
any o ther  per iod leng th  t and hence, i n  p a r t i c u l a r ,  the  i n t e r v a l  10,tl . We 
seek t o  est imate t h e  number o f  items c i r c u l a t i n g  r t imes dur ing  t h i s  period. 

Consider those i tems which c i r c u l a t e  n t imes i n  10.11, where n 2 r. Now f o r  
a negative binomial process, and any mixture o f  such processes, i t  can be 
shown t h a t  if there  are n "events" i n  10.11, then t h e  cond i t i ona l  d i s t r i b u t i o n  
o f  the  number i n  10,t l  i s  a s o r t  of hypergeometric form given by 

( r t v t - l ) ( n - r + v ( l - t ) - 1  
r n-r ) 

p t ( r l "  = , f o r  r = O , l ,  ..., n . 
C"';-l) 

But the re  are fn such items and so the  expected number o f  these producing r 

events ( i .e. c i r c u l a t i o n s )  dur ing  [ O , t l  i s  j u s t  p t ( r [n) fn .  Now s w i n g  over 

a l l  n 2 r gives the  t o t a l  expected ntanber o f  items c i r c u l a t i n g  r t imes dur ing  
10,t l  as 

( r+v t -1  ) (n - r+v ( l - t ) -1  
r n - r  ) 

9, = fn , f o r  r = 0,1,2,. . . 
nar  (n+v-1 n ) 

When we note tha t ,  by t h e  d e f i n i t i o n  of M as t h e  greatest  observed value of X.  
fn = 0 f o r  n > M we have the  requi red resu l t .  

Coro l la ry  

( i )  I n  the  l i m i t  as v + O ,  

fo + ( 1 - t ) ( f l  + f2+. . .  +fM), f o r  r = 0 

( i i )  I n  the  l i m i t  as v + -. 
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M 
gr = (&lr 1 (:) ( f - t ) " f n  , for  r = 0.1.2 ,..., M . (***) 

n=r 

The proofs o f  (i) and ( i i )  as cor ro la r ies  of the main r e s u l t  are qu i t e  
straightforward. It i s  worth remarking t h a t  ( i )  i s  a so r t  o f  de te rmin is t i c  
r e s u l t  wh i le  ( i i )  i s  the  form given by a mixture o f  Poisson processes as i n  
[41, i .e. the corresponding r e s u l t  f o r  empir ica l  mixtures o f  "purely random" 
processes. 
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Table 1 : Predicted frequency-of-circulation d i s t r i bu t i ons  f o r  the Univers i ty  
o f  Saskatchewan L ib rary  using empir ica l  mixtures of negative binomial 
processes. 
Predict ions are based on the observed d i s t r i b u t i o n  i n  pear 1 = 
1968-1969 and the annual ageing f ac to r  i s  0.823. 

(a)  Year 4 = 1971-1972 

Number of 
c i rcu la t ions  

Predicted nunber of items Observed 
nunber 

(b) Year 7 = 1974-1975 

Nunber o f  
c i rcu la t ions  

Predicted number of items 

(a = 0.5) I ( V  . 5.0) 1 (V . 10.0) 

Observed 
number 
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( c )  Year 10 = 1977-1978 

2 Table 2 : x -values for  various pred ic t ion  methods applied t o  1968-69 data 
From the Univers i ty  of Saskatchewan 

Nunber o f  
c i rcu la t ions  

0 
1 
2 
3 
4 
5 

h 6 

Method 

/ (a)  Parametric mixed Poisson 

I (b )  Empir ical mixed Poisson 

Observed 
nunber 

63251 
3976 

997 
260 

67 
34 
5 

Predicted number of i t m s  

I ( c )  Empirical mixed negative binomial 

(V = 0.5) 

65027 
2068 
725 
349 
183 
100 
138 

I ( d l  Determinist ic  

Year 4 - 

1151.7 
764.1 

902.3 

71.3 
465.2 
617.3 

494.2 

( v  = 5.0) 

63746 
3577 
842 
2 66 

96 
37 
26 

Year 7 - 

301.4 
170.4 

203.7 

1375.2 
61.6 
68.6 

4203.4 - 

(v = 10.0) 

63496 
3900 
848 
236 

73 
24 
13 


