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Introduction

A quiver is an oriented graph. More formally a quiver is a 4-tuple Q =
(Qo,Q1, h,t) where @y denotes the set of vertices, Q1 denotes the set of ar-
rows and £, h : Q1 — Qp are the maps which associate to an arrow it starting
and ending vertex. We tacitly assume our quivers to be finite: |Qql, |Q1] < oc.

A representation of @ over a base field k consists of a family of finite di-
mensional k-vector spaces (V;)icg, together with a family of k-linear maps
(Ve : Vie = Viz)zeq,. The representations of @ form an Abelian category. In
particular we may speak of indecomposable representations.

If V' is a representation of ) then its dimension vector dim V' € N%° is defined
by (dim V); = dim V;. If & € N?° then any representation with dimension vector
@ is isomorphic to a representation of the form ((k™);cq,, (¢s)seq,) Where
¢z € Homp (k™ k) = Mat™=**= (k). Thus if we define Rep(Q,a) =
[.cq, Mat®=** (k) then every representation with dimension vector « is
isomorphic to a representation corresponding to a point in Rep(Q, a:). We refer
to Rep(@Q, @) as the representation space of the pair (@, a).

Define Gl(a) = [];cq, Gl(e, k). The group Gl(a) acts on by Rep(Q, @) by
conjugation and two elements of Rep(Q, &) correspond to isomorphic represen-
tations if and only if they are in the same Gl(a)-orbit. Thus the problem of
classifying isomorphism classes of representations with dimension vector « is
equivalent to describing the orbit space Rep(Q, )/ Gl(«).

Example 1 If Q consists of one vertex and one loop then the Gl(a)-orbits in
Rep(Q, ) are characterized by the Jordan normal form of the corresponding
matrices. So the representation theory of quivers may be viewed as a natural
extension of a classical linear algebra problem.

Let us now assume that Ik is algebraically closed. A fundamental result is that
quivers may be naturally separated into three classes. To explain this let us
assume that () is not the disjoint union of two smaller quivers.

1. If for any o there are only a finite number of indecomposable representa-
tions (up to isomorphism) with dimension vector « then we say that Q is
of finite representation type. This is equivalent to the underlying unori-
ented graph of @ being a (simply laced) Dynkin diagram. In this case the
isomorphism classes of indecomposable representation of @ may be listed.
The simplest example of this type is given by a quiver consisting of one
vertex and no arrows.

2. If for any « the indecomposable representations (up to isomorphism) with
dimension vector o depend on at most one parameter then we say that
Q is of tame type. This is equivalent to the underlying unoriented graph
of @ being a (simply laced) extended Dynkin diagram. In this case the
indecomposable representations of @ can still be classified. The simplest
example of this type is given by the one loop quiver. It is clear that in this
case the indecomposable representations are given by the Jordan blocks.



3. A quiver which is neither of finite representation type or tame is said to be
wild. The simplest example is given by a quiver consisting of one vertex
and two loops.

In the wild case a full classification of indecomposable representations seems to
be out of reach. As a first approximation one may consider the case k = F,.
Since this field is not algebraically closed is natural to consider absolutely inde-
composable representations, i.e. those representations which remain indecom-
posable after tensoring with Ik.

Victor Kac [Kac83] proved that the number of orbits 0g o(g) and absolutely
indecomposable orbits ag «(¢) in Rep(Q, @) are polynomials in ¢ with integer
coefficients. He conjectured that the coefficients of ag (gq) are non-negative
and that in addition ag (0) is given by the multiplicity of a viewed as a root
of a Kac-Moody Lie algebra naturally associated to @. When Kac made these
conjectures he had very little evidence in the wild case. Such evidence was
provided by Le Bruyn, Molenberghs and recently Hua [LB88, LBM88, Hua98].
Very recently Crawley Boevey and Van den Bergh succeeded in proving the
positivity conjecture for indivisible dimension vectors and the constant term
conjecture for dimension vectors which are 1 in some vertex [CBVdBO01].

The results in this thesis center around Kac’s conjectures. Although we do
not succeed in proving them, we find some equivalent statements, and also some
related results which we think are interesting in their own right.

After a first introductory chapter containing basic definitions we present in
Chapter 2 some more evidence on the positivity conjecture: we prove that it
holds for an m-loop quiver with dimension vector up to 5 and m arbitrary.

In Chapter 3, which is based on [SVdB99b] we use the theory of symmetric
functions to find a combinatorial reformulation of the constant term conjecture.
The final statement amounts to a signed counting of certain words. While it
seems quite plausible that such a counting may be carried out, we have not
succeeded in doing it. An interesting side result of this chapter is an explicit
expression for the Hall-Littlewood polynomial corresponding to a hook in terms
of Schur functions. This generalizes a conjecture by Carbonara (proved by
MacDonald) [Car98]. It is a tantalizing question if a similar result exists for
more general partitions.

The Ringel-Hall algebra of a quiver is an algebra whose basis consists of the
isomorphism classes of indecomposable representations. After adding a diagonal
part and performing a Drinfeld double construction one obtains a Hopf algebra
which looks very much like the quantum enveloping algebra of a Lie algebra
[Gre95, Kap97, Xia97]. In Chapter 4 we carry out this construction in detail.
As a result we obtain the precise relations which hold in the resulting algebra.
These relations are used in the next chapter.

In Chapter 5, based on [SVdB99al, we introduce three isomorphisms between
the (double) Ringel-Hall algebras of quivers with the same underlying graph.
By composing these isomorphisms we obtain a new construction of Lusztig’s
braid group action on a quantum enveloping algebra.

In Chapter 6, based on [SVdBO01] we show that the Ringel-Hall algebra is
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a quantized enveloping algebra of a generalized Kac-Moody Lie algebra. Such
objects had been introduced by Kang [Kan95] in the generic case. Our methods
are different and more general that those of Kang since they also apply in the
non-generic case. One of our main results is a Weyl-Borcherds character formula
for the Hall algebra. This yields another reformulation of Kac’s constant term
conjecture, this time in terms of the multiplicities of the imaginary simple roots
of the Ringel-Hall algebra.

Our work in Chapters 4, 5, 6 has been the basis for [DX01a, DX01b, DX01c,
XY01] where our results are generalized to arbitrary finite dimensional heredi-
tary algebras (using similar methods). The connection with our work is given
by the path algebra which is a certain hereditary algebra naturally associated
to any quiver.

Inleiding

Een quiver (of pijlkoker) is een georiénteerde graaf. Als men aan elk punt een
vectorruimte hecht, en aan elke pijl een lineaire afbeelding, heeft men een repre-
sentatie van de quiver. Via basisveranderingen werken groepen Gl,, (samen Gl,,)
op de verzameling van representaties met een vaste dimensievector. We kun-
nen directe sommen nemen van representaties, en zodoende onontbindbaarheid
definiéren.

We onderscheiden 3 klassen van quivers. Degene met slechts een eindig
aantal onontbindbare representaties (op isomorfisme na) hebben als onderliggen-
de graaf een Dynkin diagram. Een tweede klasse bestaat uit de tamme quivers,
waarvan de representatie-theorie vergelijkbaar is met die van de 1-lus quiver.
Deze quiver staat in feite voor het Jordan probleem. Een representatie is een
vectorruimte en een endomorfisme. Elke (absoluut) onontbindbare represen-
tatie is isomorf met een Jordan blok. Een ander voorbeeld is de situatie van 2
vectorruimtes en 2 lineaire afbeeldingen tussen deze twee ruimtes. Ondanks dat
tamme quivers oneindig veel representaties hebben, zijn deze geklassificieerd.
Helaas zijn de meeste quivers wild.

Het kleinste voorbeeld van een wilde quiver is er één met één punt en 2
lussen. Het komt overeen met het probleem om koppels van vierkante matrices
the klassificiéren. Dit is al lang een open probleem. Elke quiver waarvan de
representatie theorie dit probleem bevat is wild. Het lijkt op dit moment onmo-
gelijk om voor elke klasse (t.0.v. van de actie Gl,) een canonische representant
te vinden, zoals dit kan voor de Jordan blokken. Om iets te kunnen zeggen over
het aantal klassen werken we over eindige velden F,. Kac bewees dat zowel het
aantal 0g,q(q) klassen als het aantal absoluut onontbindbare klassen ag o (q) een
veelterm is in Zg]. Kac uitte ook de vermoedens dat de coéfficiénten allen posi-
tief zijn, en de de constante term ag (0) (als er geen lussen zijn) de dimensie
van g, in een Kac-Moody algebra g geassocieerd aan de quiver.
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Na een inleidend eerste hoofdstuk, waar basisdefinities van de quiver the-
orie worden gegeven, geven we in hoofdstuk 2 bescheiden aanwijzingen voor het
vermoeden dat de coéfficiénten positief zijn. We vermelden dat Kac nauwelijks
voorbeelden had van de veeltermen voor wilde quivers. We zullen aantonen dat
voor elke m-lus quiver (met één enkele hoekpunt) het vermoeden waar is tot en
met dimensie 5.

In het derde hoofdstuk vinden we een combinatorische herformulering
van het constante-term-vermoeden. We gebruiken hierbij de theorie van sym-
metrische functies. We vertalen het vermoeden naar een eigenschap van Gaussi-
aanse multinomiaal coéfficiénten. Het is goed mogelijk dat dit nieuw vermoeden
te bewijzen is met combinatoriek maar we zijn er niet in geslaagd.

De Ringel-Hall algebra van een quiver is een algebra met als basis de iso-
morfismeklassen van representaties van de quiver. Door een diagonaal gedeelte
bij te voegen kunnen we hier een Hopf algebra van maken, en door een Drinfeld
double constructie uit te voeren krijgen we een algebra U(Q) die goed lijkt op
de quantum omhullende algebra van een Lie algebra. De constructie wordt in
hoofdstuk 4 uitgelegd.

In het 5de hoofdstuk definiéren we 3 isomorfismen op de Ringel-Hall alge-
bras. We bewijzen een opmerking van Lusztig dat de Hall algebra onafhankelijk
is van de oriéntatie, waarbij we Fourier transformaties gebruiken. Anderzi-
jds breiden we de reflectiefunctoren die op quivers bestaan uit tot de volledige
Hall algebra. Door beide isomorfismen te combineren krijgen we automorfis-
men van U(Q) die, op zijn minst op de samenstellingsalgebra, de vlechtrelaties
respecteren.

Ten slotte breiden we in hoofdstuk 6 de quantum omhullende van een Lie
algebra uit. Daarmee kunnen we bewijzen dat de Hall algebra als een veral-
gemeende quantum omhullende algebra van een Kac-Moody Lie algebra kan
worden beschouwd en dit leidt tot een nieuwe vertaling naar dit onderzoeks-
domein van het constante-term vermoeden.
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Chapter 1

An Introduction to the
Representation Theory of
Quivers

In the 30 years that have elapsed since Peter Gabriels’ stunning paper [Gab72],
quivers have studied at from various angles. In this introduction we will follow
to some extent the introductory paper of Kraft and Riedtmann [KR86].

1.1 Quiver Conventions

1.1.1 A Quiver and its Representations

A quiver Q = (Qo, Q1, h, 1) is a quadruple consisting of two finite sets and two
maps. The first set is the set Qg of vertices. In most cases this will be either
{0,1,...,n} or {1,...,n}. The second set is the set Q; of arrows. The two maps
define the tail and head points of the arrows: ¢,h : Q; — Q. Of course these
names correspond to the graphical presentation of a quiver.

5«2 4

Qo = {1,2,3,4,5}
,OH;U: {C Ql = {‘P,'f,waXrP;C'M,W}

© Y eg. to=1, hp=2 hw=5
X £
Thus, a quiver is _in fact an oriented graph. The corresponding unoriented
graph is denoted by Q.
Below we only will consider connected quivers. This means that there is a
path of arrows (possibly reversed) between any two vertices.




A quiver is used to encode information about linear maps between vector
spaces over a base field k. In this section k is arbitrary but in the rest of the
manuscript it will often be C or F,.

A representation V over k of a quiver Q consists of 2 sets: a set of finite
dimensional k-vector spaces {V; | i € Qo} and a set of k-linear maps between
them {V,, : Vip — Vay | 0 € Q1.

Vi etei - T

v, ||V, Ve

VV‘“ V;
vahz%

Vs

The dimension vector o« = dimV = 7 € N@ of a representation V is
defined by e; = dim V;.

An important example of a representation is the following: choose a ver-
tex i and suppose that all vector spaces are zero, except the one in vertex i,
which is one-dimensional. Let all maps be 0-maps. Then one obtains a simple
representation denoted by S;.

A morphism between 2 representations V and W of a fixed quiver is a set
{fi : Vi — W, | i € Qo} of linear maps, such that for each arrow ¢ € Q; we
have W, fi, = frn,V,, or in other words the following diagram has to commute
for each arrow o.

Vi
‘VW‘ i Vhrp

.ftqo l lfbﬂp

Wio — Wiy
We

The category of representations of @ is described by Rep(Q). If all maps
fi are isomorphisms, then f is an isomorphism and V and W are said to be
isomorphic. In that case: a = V =

After choosing bases we get in this case f; € Gl,,. We define Gl, =
ILicq, Gla;- Clearly Gl, > g acts on the set of representations.

geV =ge(Vy)pcq, = (ghqovwgt:al Joeq; -

Given V' and W the direct sum V @ W is defined as the representation
U for which U, = V, @ W, and U, : V;, ® Wy, — Vie © Why @ (v,w) —

(Vio(v), W (w)), or in matrix representation U, = (V"" g )
0 W,

A representation is decomposable if it is isomorphic to a non trivial direct
sum and indecomposable otherwise. From the Krull-Schmidt theorem it follows



that the decomposition of a representation into indecomposable representations
is unique, up to isomorphism.

If the field Ik is not algebraic closed, it is possible that an indecomposable
representation (over k) decomposes over a field extension. If this is not the case
then we call the representation absolute indecomposable. This will turn out to
be a much more fundamental notion than indecomposability.

The affine space of representations of dimension « is denoted by Rep(Q, o).
Since a representation may be viewed as a set of linear maps, and linear maps
may be regarded as matrices, we may identify Rep(Q,a) = D, Mat™ e X*he,

where Mat®*® denotes the set of a x b matrices.

1.1.2 The Three Classes of Quivers

We have to make a distinction between 3 classes of quivers. This distinction can
be introduced in several ways. The simplest way is using Dynkin and extended
Dynkin diagrams, which are fundamental in Lie theory.

e The connected quivers of finite representation type are the (simply laced)
Dynkin diagrams, when the orientation is omitted. The quivers of finite
representation type are the disjoint unions of Dynkin diagrams. These
quivers have only a finite number of indecomposable representations, up
to isomorphism [Gab72|. The 3 types of simply laced Dynkin diagrams
are listed below (Qo = {1,...,n}).

Ap: 1 —2——3 i, g

Er: 1 2 3 -1 5 6



Eg: 1 2 3 4 5 6 7

e The connected quivers which we obtain by putting an orientation on an
extended Dynkin diagram are called tame. The quivers that are disjoint
unions of Dynkin and extended Dynkin diagrams, with at least one of the
latter are the tame quivers. In this case the indecomposables exist in one
parameter families [DR76].

Below is the list of simply laced extended Dynkin diagrams. The index
of the diagrams is one less than the numbers of vertices, the numbers
on the vertices correspond to the dimension vector §, which is the small-
est dimension vector for which there are more than one indecomposable
representation.

1 1
1
|
2
|
Es: 1 2 3 2 1
2
|
E;: 1 2 3 4 3 2 1

1
(= L]

e All other quivers (and thus most quivers) are called wild.



The main difference between the classes may be explained by looking at
the representation theory of some easy examples. The quiver A; has 6 inde-
composable representations. One can easily work this out by performing some

base changes. Start with a random representation 1 E’i 2 ¢ 3. First find a
basis {b1,...,bn,C1,...,Ck,d1,...,di €1,...,6m} of Vo such that the ¢;’s span
ImV, NImVy, the b;’s and ¢;’s together ImV,, and the ¢;’s and d;’s Im Vi
After a base change in V; and V3, V, becomes (I'gk 8
trix occurs for V. Clearly one can decompose a representation in at most 6
distinct representations, which have as dimension vectors respectively 1—0-—0
(the representation S;), 1—1—0 (b;’s), 1—1—1 (¢;), 0—1—0 (e;, the represen-
tation Sp), 0—1—1 (d;), 0—0—1 (the representation S3). Note that a slight
generalization of this example to a quiver T,, with n arrows pointing from n
distinct vertices to the a single central vertex, shows that the problem of the
behavior of n subspaces of m dimensional space is encoded in T,.

), and a similar ma-

3.

\

T l1——0=——-n

2

For n > 5, this problem is wild.

As an illustration of the representation theory of tame quivers we note
that the representation theory of Ay = ({0}, {0}, h,t) is nothlng else than the
Jordan problem.

The “smallest” wild problem is the 2-loop quiver Ly = ({1}, {1, ¢}, h, ).
The representations are given by couples of n x n-matrices, up to conjugation.
It is well known that the corresponding classification problem is hard. A wild
quiver is defined as one whose representation theory includes the former prob-
lem®.

1.1.3 Associated Structures

Below we list some structures commonly associated to a quiver Q.
We define a bilinear form on L9 (L, depending on the context, being equal
to k, Z, F,, C) via

(i,i)o = 1—|{loops in i}| (1.1)
(i,/) = —|{arrows from i to j}|, fori# j € Qo. (1.2)

'The precise definition is: a quiver is wild iff its category of representations contains the
category of representations of Ly as full embedding.



The symmetrization of (.,.) is defined as (z,y)g = (z,y)o + (y,2)g. If the
quiver is fixed the subscript @) is dropped. Note that the symmetrized bilinear
form is independent of the orientation.

The Tits form is given by go(z) = (x,z) = Z z? — Z TypThyp. Note that

i€Qo PEQ
(z,y) = q(z +y) — q(z) — a(y).

The matrix of the symmetrized bilinear form is called the Carten matriz. It
has diagonal entries Cy; = 2 — 2 - |{loops in i}| while the off diagonal entries are
Ci; = —|{edges linking i and j}|.

The classification into finite type, tame type and wild type can be made
via Tits form:

e The quiver is of finite representation type if and only if ¢ is positive defi-
nite. :

e The quiver is tame if and only if ¢ is positive semidefinite. In this case
there is a unique § € N9 such that {a | Ca > 0} = {a | Ca = 0} = N§.
The vector ¢ is indicated on the extended Dynkin diagrams on page 4.

e In all other cases the quiver is wild.

1.2 The Weyl Group

We call a loop free vertex i, considered as element of Z?° a fundamental root.
We define

ri(a) = a — 2(a, )i, (1.3)

for i € Qg and a € Z9. Note that this defines a reflection on Z2. We call the
ri the fundamental reflections of the quiver, and the group generated by these
reflections is the Weyl Group W(Q). Put e(w) = —1 if w is the product of an
odd number of r;’s and +1 otherwise. r; is independent of the orientation and
thus W is independent of the orientation.

Consider a = Z a;i € N9, We call the support Supp(a) of a the set of
ieQp

those elements 4 in Qg for which a; # 0. If o has connected support and for all

J € Qo we have (a,j) < 0, then we say that « is in the fundamental set M.

All elements of Z?° that can be reached from fundamental root by using
fundamental reflections, are called real roots:

A™(Q) = {w(i)|w € W(Q); i € Qg loop free}.

The elements reachable from the fundamental set are the imaginary roots:

A™Q) = | wMu-—M).

wew
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These two classes of roots form the root system A(Q) = A UA™. If Sc A
then the positive elements of S are defined as Sy = SN N9 and the negative
elements are defined as S_ = § N (—N?). Note that A = A, UA_ and hence
S = 84 US_. In cases when there is no confusion we will omit the Q, in
notations related to roots.

The finite, tame and wild quivers, have different types of root systems, as
can be seen from the following results:

e The following statements are equivalent for a quiver Q.

— @ is of finite type,
— @ has no imaginary roots,
— @ has a finite number of roots,
— the Weyl group of @Q is finite.
o A quiver with at least 2 vertices is tame iff there is at least one imaginary

root, and in addition all imaginary roots lie on a line. Note that a quiver
with a single vertex always has all its roots on a line.

e A quiver is wild iff there is a positive root & with support equal to Q and
if in addition (e, i) < 0 for all vertices i.

To the bilinear form (, ) one may associate a Kac-Moody Lie algebra g,
whose root system coincides with the one defined above. This can be done as
follows [Kac80].

Let I' be the free Abelian group with basis Qg.
Then there is a unique complex I'-graded Lie Algebra g(Q) = @ go With

ael
the following properties:

1. every graded ideal which intersects gy trivially is zero.

2. g(Q) is generated by the elements e;, f;, h; for i € Qo, such that g,, = Ce;
and g_,, = Cf;. Furthermore the h;’s form a basis for gy and the following
relations hold for i, 7 € Qp:

[hishi] =0,  [es, ] = dijhi  [hi,e5] = aije;  [hi, fi] = —ai; f;

An element a € I' is called a root of the Kac-Moody algebra g(Q) if g, # 0,
and m, = dim g, is the multiplicity of the root a.

We introduce a formal symbol p and we extend the action of W to C¥@Cp
by rip = p — 1.i. The m, may be computed by the following identity in formal
power series:

IT @=Xx)m== 3" e(w)xr—v0), (1.4)

acA weW



1.3 Representations and Reflections

Many of the above notions have a direct interpretation in terms of representa-
tions. If V' is a representation, we then write [V] for its isomorphism class.
The Euler form of V,W € Rep(Q) is defined as

(V,W)q = (V,W) = dimHom(V, W) — dim Ext' (V, W)

One may show that (V, W) = (?, W)) (this is not obvious if @ has a loop).
We also put (V, W) = (V, W) + (W, V). Again (V,W) = (V, W)

If no arrow starts in 7 € @y then i is called a sink and if no arrow ends in
¢ then it is a source.

Let i be a source. A representation V is i-admissible if the combination
e:V — @ Vhe of all maps V,, starting in 4 is injective. Dually, if j a

to=i
sink, a representation is j-admissible if @ Vie — Vj is surjective. In both
he=j
cases we denote the full subcategory of i-admissible representations in Rep(Q)
by Adm;(Q).

If I € Qp is a source then we define the quiver r;Q as the quiver which is
equal to @, except that the orientation of the edges starting in ¢ changed. Then
i becomes a sink of r;Q. We have (o, 8)g = (rie, 7:8)r.0-

We define a bijection r; between the isomorphism classes of Adm(Q) and
Adm(r;Q). Given an i-admissible representation V = ({V;},{V,.}) of Q we
define a representation

V=W (15)

of @' such that if j # i then W; = V; and W; = Coker ©. Since © is injective,
we may consider V; as a subset of E = @ Vhe, and W; as 2/V;. Define ©' as
typ=i
the canonical projection from = on W; and for each arrow ¢ ending at i (in Q')
define W, : Wy, — W; as the restriction of ©’ to Wi = V.
Note that r,_V) P (?,i)z’ = r,-? and Aut(V) = Aut(r;V). So we get as

well
iV, W) = (V,W). (1.6)

There is an obvious dual construction r; : Adm(r;Q)/~ — Adm(Q)/= and
clearly riyr; =1Id.

We finish this section with the following fact. If ¢ is a source or sink then
every representation is the sum of an i-admissible representation and a number
of copies of the simple representation S;. Indeed if for example i is a source then
V = V/ker © @ ker ©, where we have identified ker ©® with a representation of
@ concentrated in . The decomposition is obtained by choosing a complement
of ker® in V;.



1.4 The Conjectures of Kac

A decade after the paper of Gabriel [Gab72] it was generally assumed that a
similar approach to the wild cases would not exist. One of the problems in the
wild case is that the number of absolute indecomposables over an algebraically
closed field k is infinite and not classified by P(k) as in the tame case.

Victor Kac showed that it was possible to obtain meaningful ideas in the
wild case in [Kac80]. This chapter gives only a brief account of the results
contained in this startling paper.

Theorem 1.1 ([Kac80]) Fiz a quiver Q. If the base field k is algebraically
closed then

1. there is an indecomposable representation of dimension « iff o is a positive
root,

2. moreover if « is a real root this indecomposable representation is unique
(up to isomorphism).

3. If o is imaginary the set of absolute indecomposable representations (up to
isomorphism) with dimension vector « is parameterized by a finite union
of algebraic varieties. The mazimal dimension of these varieties is 1 —
(a, ) > 0.

The last part clearly means that the number of iso classes of representations

will be infinite, for tame and wild quivers. We would like to be able to count
these iso classes so we have to shift our discussion to finite fields.

Put Ik = F,;. Denote

0Q,a(g) = number of iso classes of representations of @ over F,,

of dimension a,
iQ,a(g) = number of indecomposable isomorphism classes, of dimension o,
aQ,a(q) = number of absolute indecomposable isomorphism classes,

of dimension .

Kac proved

Theorem 1.2 [Kac80] For a fized quiver Q and dimension o the functions in
q: 00,a(9), 19,a(q), aQ,a(q) are polynomials in q independent of the orientation
of Q, moreover ag «(q) has integer coefficients.

It is easy to find examples where ig(g) has non-integer coefficients. Com-
puting numerous examples gives evidence for

Conjecture 1.1 [Kac80] ag(q) has positive coefficients.

From our own research we conjectured that og (g) has positive coefficients
as well. However it turns out that this fact is already implied by conjecture 1.1,
as was shown by Hua [Hua98, conjecture 2, page 56].



Kac also with conjectured that the coefficients of polynomials ag «(g)
would have a geometric meaning. In particular he explicitly conjectured the
following:

For instance

Conjecture 1.2 [Kac83] the constant term of ag,(q) is equal to the multiplic-
ity ma of a in the associated Kac-Moody Lie algebra g.

One easily deduces from Theorem 1.1 that this conjecture is correct for real
roots and non-roots. So it remains only to be proven for imaginary roots. Thus
for Dynkin quivers it is trivially true. For tame quivers the conjecture follows
from results in [DR76].

In the wild case the conjecture has not yet been fully proved for even
a single quiver; although we computed that for the quiver =3 the conjecture
holds up to dimension (20,20). A small list of other computer results is included
in section 3.5. The computations are based on Theorem 3.2 below.

10



Chapter 2

Some Evidence for the
Conjectures

2.1 Introduction

In this chapter we show that conjecture 1.1 holds for the m-loop quiver L,
for dimension up to 5. It is somewhat remarkable that a computer computation
allows us to prove a result valid for an infinite number of quivers.

2.1.1 Restating the m-loop Problem

We put k = F,, with ¢ = p* (with p prime). The group Gl, of invertible
n X n-matrices acts by conjugation on Mat, = Mat™*" = k™", the set of
all n x n-matrices. This action extends to m-tuples of 7 x n-matrices and we
are interested in the orbits of Mat;" under this action. In fact in this way we
redefined the representations of L,,.

2.1.2 The Generalized Jordan Problem

One may ask for a method of selecting out a canonical representant for each
orbit. If n = 1 each orbit consists of one point, so the problem is trivial.

If m =1 the Jordan form gives a representant for each orbit (possible over
a field extension). The orbits corresponding to absolutely indecomposable rep-
resentations are given by Jordan blocks.

It seems very likely that in the remaining cases such a specific answer does
not exist and hence one should try to solve a weaker problem.

A possible first step is trying to count the numbers of orbits. Of course this
only makes sense over finite ficlds.

2.1.3 Some Results on the Positivity Conjecture of Kac

We introduce the shorthand oz, n = 0m n, ir,.n = tmn A0d ag w =G

11



In this notation conjecture 1.1 becomes:
Conjecture 2.1 a,, ,(q) € N[q].

As an exercise, the reader may verify the conjecture for n or m equal to 1.

The cases (m,n) € {(*,2),(2,3),(3,3),(2,4),(2,5)}; were checked by Le
Bruyn in [LB88| and in [LBMSS] this result was extended to the cases (m,n) €
{(2,6),(2,7),(2,8)}. This was done by hand, which is rather amazing. In this
thesis we use the computer to check these results, and we carry them further,

Theorem 2.1 Kac’s conjecture 2.1 holds for n < 5 and all m.

We will prove the theorem in section 2.3.

2.2 An Amazing Piece of Handwork

This section is based mainly on [LB88]. We note that the formulae introduced
in chapter 3 simplify and generalize the results stated here.
We will use examples to illustrate the formulas rather than proving them.

2.2.1 Calculating 0,,.,(q)

Using the Burnside formula one easily deduces:

Om,n(Q) = [Fliﬂ_l Z ai(‘f)qim

8-E‘si'l

where S, = {i | 3u : Y p? = iand Y p; = n} and a;(qg) is the number of
elements in Gl,, such that its commutator ring has dimension i. Note that this
number does not depend on m, so that the problem of calculating Omn(g) can
be tackled by fixing n but without fixing m.

The idea in [LB88] was to calculate all except 2 of these a; and then to use
the fact that their sum is | Gl, | and that 0y ,(g) is already known, to calculate
the remaining ones.

2.2.2 From Orn,n(Q) to im,n(Q)

Each representation over k has a unique decomposition as a direct sum of
indecomposable representations over k. This gives us an easy way of getting
from 4mmn(g) t0 0m 5 (g). Unfortunately we have to go the other way, but using
recursion it is possible to do this.

fv=ve ..o V;** is the decomposition of V' into distinct indecompos-
ables then the representation type 7 = 7(V) of V is defined as the 2 x j-matrix
dim V,-)

ai

with columns (

12



As example consider V = V2 @ Vo @ V3 where V; and V; are distinct 1-

dimensional indecomposable representations and V3 is a 2-dimensional inde-
composable representation. Then 7 = ; } 3) Note that the sum of the
product of the entries in each column (here 1:-2+1-1+2-1) is the dimension of
the representation (here 5). So the products of the columns form a partition of
the dimension of the representation. We will call 7 a product partition of dim V.

For a given representation the type is unique (up to permutation of the
columns). So we can count the number I, (g) of orbits for each type 7, and add
them up to get 0., ().

In our example we get I;(q) = im,1(¢)(im,1(¢) — 1)im,2(q) orbits with type
7, since there are i,, 1(g) choices for V4, iy, 1(g) — 1 choices for V, and Im,2(q)
possibilities for V3. In this way we get a formula for om,,(g) using all i, x(g)
with k& < n. Obviously i, »(g) appears only once. We get

imn(9) = omn(q) — Y I+ (q), (2.1)

n
1

Note that the I'-(g)’s contain all i, x(g) for k < n. So this is a very recursive
formula in n. In chapter 3 we will give the precise formula for an arbitrary quiver.
Note that m is not really involved in (2.1) (i.e. if I, is written out for some 7,
m only appears as index of the i,,,'s).

where 7 runs over all product partitions of n, except

2.2.3  From iy, ,(q) t0 amn(q)

Again the obvious way is to go in the other direction : each indecomposable is,
over a large enough field extension, a direct sum of absolute indecomposables,
and this yields a recursive formula for a,, »(q).

So an indecomposable may decompose over a field extension. To illustrate
this let’s take n = 12. In which way will absolute indecomposables over field
extensions build up to an indecomposable W of dimension 12? Obviously a
12-dimensional absolutely indecomposable over F, will also be indecomposable.
Its clear that any indecomposable summand (over a field extension) of an inde-
composable should have dimension divisible by 12.

Now take a 6-dimensional absolute indecomposable representation V defined
over some extension [F- (r chosen to be minimal), which is a summand over
W@;Fq Fyr. Obviously r # 1. On the other hand r can not be more then 2, since
the only way V & V' can be defined over F, is when V and V' are conjugate in
the Frobenius sense. Hence r = 2.

For each pair of conjugate absolute indecomposable representations over Fg2
which are not defined over F,, we get exactly one indecomposable representation

1
of twice the dimension over F,. This contributes exactly 5(%,5(q2) —ame(q))
orbits to im,12(g).

13



1 ;
In the same way we find a contribution of g(am‘z;(q‘;) — @m,4(q)) t0 tm.12(q)

coming from 4-dimensional representations (since the Frobenius has period 3).
Analogous we can find as contribution from 4-dimensional representations,
since Frobenius works in this case with triples.
In the case of 3-dimensional representation, we consider absolute indecom-

; ER—
posable representations over Fys. This time the contribution is Z(ﬂm_g (g*) —

am,3(q%))-

Leaving the 2-dimensional case to the reader, we now consider the restric-
tion of a 1-dimensional absolute indecomposable representation. In this case
there are 2 possible ways of disturbing the build up of a 12-dimensional inde-
composable from a 1-dimensional representation over Fgi2. Such a r— will not
be indecomposable if it was already defined over e or F,4. This seems to yield

a contribution of -lg(am,l(qiz) — @ 1(q%) — am.1(g")), but the representations
defined over FF,z are subtracted twice in this sum, so one should additionally
add them again.
This is clearly a case of Mobius inversion. The whole calculation is captured
in [Kac83]: :
imn(9) =) 5 > p()am,3(a) ¢,

d|n e|d

where, for p(e) the number of primes dividing e, pu(e) = (—1)?(¢) whenever e is
square free and p(e) = 0 otherwise.

This leads again to a recursive formula for a., ,(g) in terms of i,, ,(q) and
am k(q), with k < n.

Repeatedly substituting this form into itself we obtain that a, ,,(g) is linear
combination of terms of the form ¢'™

So whereas one usually fixes a quiver (represented here by the number n),
and varies the dimension vector (the number m) it is more convenient to fix the
dimension vector and vary the quiver.

2.3 Proof of Theorem 2.1

The cases with n = 1 (being trivial) and n = 2 (done by Le Bruyn) are omitted.

2.3.1 n=3

First we will prove the theorem for n = 3. The same idea will be used to treat
the cases n = 4 and n = 5.
Using the computations of Le Bruyn one finds

am3(q) = 3 12 3q9m = 3 54
(®—1)(¢*> —1)gq (@—1)(g? - 1)¢

1 3m
TE-ne-ne? (2.2)
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To stress the general argumentation we will write

am,3(q) = to()a”™ + ts(q)g"™ + t3(q)g®™, (2.3)

where ¢;(g) is a rational function in ¢ whose denominator a divisor of | Gls |,
and i € Ss.

Using a computer it is easy to see that for a fixed m this is a polynomial
with positive coefficients, but to prove this for all m is more problematic. The
problem is caused by the fact that the ;(g)’s are not polynomials but rational
functions. The denominator of this rational functions indicates the severeness
of the problem. Both the number of problems (read the number of different
terms) as their severeness can be reduced with the following trick.

Let P, Q, R be polynomials in ¢ such that P(q) = Q(g)—¢%R(q) (with d € N)
and such that R and P have positive coefficients, then @ will also have positive
coefficients. This simple fact gives us a tool to prove recursively that a,,3(q)
has positive coefficients.

We know that a; 3(¢) = ¢ has positive coefficients.

Consider

bn3(@) = @mi1,3(0) — ¢ama(q)
to(q)g” ™) — ¢Pto(q)d®™ + - - + t3(g) "V — gPts(q)g®™
(¢° — Dto(q)”™2 + (¢® — Dts5(q)g"™ >

So we have lost one term. The severeness of the problems is also become
more bearable since certain factors of ¢® — 1 (resp. ¢> — 1) will cancel parts of
the denominator of tg (resp. ts).

The actual computation gives the following result.

9m __ _Bm

q

\:q2_Q+1q9m_ 1 sm 9m+1+q
q—1

b =
m,3(q) ) g1 =

While from (2.2) it is not even clear that a,, 3 is a polynomial for each m,
bim,3(q) is obviously a polynomial with positive coefficients.

Using as induction hypothesis that a,,3(q) is a polynomial with positive
coefficients it follows that am41,3(q) = bm,3(q) + ¢*am3(q) also has positive
coefficients.

23.2 n=4

The problem of getting the method to work for n = 4, mainly comes down to the
question which power we should use to eliminate a term and to make the other
terms easier to handle. Clearly it should be in S;. To figure out mathematically
what is the best choice one should be concerned mainly with what power is best
for canceling parts of the factors of |Gly|. But it will be the computer that
really answers the question.

15



To start we define

bm,a(q) = @m+1,4(0) — ¢*am.4(q).

The new expression is not easy to handle so we add another step:

m,4(9) = bm41,4(¢) — ¢*0m,a(q).

The new expression is still not that nice, but good enough for our purposes.
Note that this reduction should not be repeated too often since it would create
minus signs! In this case we already have denominator ¢ — 1. The result is:

g'8 — g'7 + ¢16 +q14—q13+2q12—q“+q10 +q8_q7+qﬁq16m
qg—1

7 6
=g
qﬁ'm_

cmalg) =

A8 o8
g —a 10m

N g—1 qg—1

One can check that for each m this has positive coefficients by writing it as
1L v

a sum of terms of the form with u > v.

233 n=5

The basic principle remains the same. This time we have :

bin,5(9) = am+1,5(9) — ¢°am5(q) and
em,5(9) = bm+1,5(9) — bm,5(0).

The denominator of ¢p 5 (g) still contains (g3 — 1)(g — 1).
Define x; by
K (Q} jm+4
Coplg)=") | mr—rise—d
el = 2 DD
where j € {25,17,13,11,7}.

Following Le Bruyn we denote the polynomials as tuples of coefficients ending
with the constant term. For instance in stead of k7(q) = ¢° + 2¢° + 2¢* + ¢°
we write x7(q) = (1,2,2,1,0,0,0). For reasons to be explained afterwards we
arrange this coefficients in a 3-row matrix, where the exponents are decreasing

with 1 along the columns and with 3 along the rows.
We get

1 -1 1 -1 3 -2 2 -1 1



0 <1 @ 0 o
kis(g)=0 -2 0 -1 1
~f =1 =8 1 0

1 10
K.]l(q) = 1 10
1 10
0 2 0
n‘ﬁ’r((j‘) = [§ 2 0
1 10

Dividing a polynomial written down like this by (¢*> — 1) comes down to
writing down the matrix of cumulative totals in the rows. The problem is that
we have to concatenate the 5 matrices. For the sake of the argument let m be
a multiple of 3 greater than 4. Then the matrix of (¢* — 1)(g — 1)¢m 5 would
be a matrix formed by the matrix of xy5 followed by zeros, then k17 and so on
until finally &7 and zeroes without any importance. Note that m > 4 is needed
to avoid that the right row of the matrix of k3 gets mixed up with the left of
k11 and the multiple of 3 condition makes sure that the rows are in the right
position. Now write down the matrix with cumulative totals in the rows. We
get

1 01 -5 =2 P
(@-Vemsl@)=(-1 1 0 --- -2 -2 0
1 B 8B w. =2 21 B

Now we can divide by ¢ — 1 by taking the cumulative totals down the columns,
and taking them back up at the top of the next column. This time we get

LS B BD
ems@=(0 2 38 -« 9 3 0
1 25 7 10

It is essential that all entries in this matrix are positive. To see this we don’t
really have to calculate them. Kac already proved that at the end 0’s have to
appear (since am ,(q) is polynomial and thus ¢, 5(g)), so the only thing to note
is that the cumulative total gets never beneath zero. This follows easy since
(except for the second coefficient) all positive coefficients in (¢ — 1)em.5(q) are
in front of the negative ones.

Since the cases m < 4 are readily checked and the analogous arguments
easily carry over to the cases m = 3k + 1 and m = 3k + 2 (swapping (and
shifting) rows in 2 matrices), this ends our proof.
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Chapter 3

The Constant Term
Conjecture and Gaussian
Multinomial Coefficients:
A Reformulation

In this chapter we reformulate Kac’s Conjecture 1.2 in terms of Gaussian multi-
nomial coefficients. Apart from the fact that this makes calculations easier, as
indicated above, the main interest is theoretical. Gaussian multinomial coeffi-
cients have many non-trivial combinatorial properties, so it is conceivable that
this could be used to gain insight in conjecture 1.2.

First we will deduce a recurrence relation for the 0g o (g)’s.

3.1 A Recurrence Relation for the o’s

We fix a quiver Q). For simplicity we omit Q from most of the notations. By
the Burnside formula we have:

1
0a(q) = Z [ Aut(V)].
|Gl | VERep(Q,a)

We will need a modification of this formula in subsequent calculations. Define

@=rg Y BV

VERep(Q,a)

Note that any endomorphism £ of V can be characterized by an internal
decomposition V' = V, @ V,, with £ = (£,,&a), such that &, acts nilpotently
on Vu, and &, is an automorphism of V,. Let Nil(V) be the set of nilpotent

18



endomorphisms of V' and let ¥, be the number of ways in which one can
decompose simultaneously the vector spaces V; involved in the representation
V' in spaces of dimensions 3; and +;. We obtain

talg) = P > INil(Va)|| Aut(Va)|
ﬁ+'r— VaERep(Q,5) Va€Rep(Q,7)
1 . 1
= Bg;a (—"'I a0 VZ“ erl(Vn)|) . (| ar ] ;[Aut(VaH) ;

To obtain the last equation note that

. | G‘lﬂn
vor = I von = Il @, 7an

So we get

tal@) = Y r8(2)04(9); (3.1)

Bt+y=a

1 . ; g y
where r,(g) = E_I Z [Nil(V,)| |- Since adding the identity
|Gl Va€Rep(Q,a)
morphism to a nilpotent morphism gives a unipotent morphism, we may equally
write

o i |—G§—||{(U V) € Gl, x Rep(Q, @) | U o V = V, Uunipotent}|.

(3.2)

The point of this exercise is that we may evaluate the function £,(g) in
another way. If we start by taking a representation V, then its contribution
| End(V)|

TGL] to to(q) will be the same as for all representations in its orbit. The

1
number of elements in its orbit is I—AL%,-(% Now taking one representant V;
for each orbit we get:
| End(V;)|
Z TAu(V)|" )

Now let W be a representation, with dimension different from 0, and sup-
pose W = @ Wfa“‘ is a decomposition into distinct indecomposables. Clearly
| End(W)| = H | Hom(W;, W;)|*%, while the automorphisms are given by au-

i'j
tomorphisms of the W;** and morphisms between the different indecomposables,
which leads to
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| Aut(W)| = [ | Gla, (End(W3))|. [ ] | Hom(W;, W) 2.
1 i#]
Whence

| End(W)| H | Mat,, (End(W;)|
Aaut(w)| — LLTGr,, (Endowy)]

The residue field k; of End(W)) is a finite extension of F,. Now we consider
the unit group Gl,, (End(W;)) of Mat,, (End(W;)). It is the inverse image of
Gly, (I ), hence

|Mat'u1 (End(W!)N _ IMata: (]ki)|
| Gla, (End(W1))| | Glg, (k)]

The right-hand side is clearly divisible by ¢ (in Q), so by (3.3) t,(q) is divisible
by g as well, whenever o # 0. This holds for all powers of p, hence, as a rational
function, t,(g) must have a zero in 0.

Now reconsider (3.1). Using induction on «, together with the facts that
04(q) is a polynomial, and 04(g) = 1, leads that 7, (q) has no pole in zero, which
means that we can evaluate r, in 0. So equation (3.1) becomes

0=1ta(0)= ) r5(0)o,(0), (3.5)
Bty=o

when a # 0. Trivially 1 = t5(q) = 0o(q)r0(q).

We can summarize this by: Yo € N9 : §,4 = Y Biy—a 98(0)r4(0), with 3,
v € N@o,

A more elegant way to write this is by using generating functions. To this
end we need a formal exponential e, satisfying e(a)e(B) = e(a+ 8). In this way
the relation becomes:

( > 7‘3(0)6(,6’)) ( > oT(O)e(‘y)) =1, (3.6)

BeN0 veNYo

(3.4)

The general formula for going from o,(g) to i5(q)’s as indicated on the simple
example 2.1 for the m-loop quiver above is :

w@= ¥ (077,

Again this formula can be expressed more compactly in terms of formal
power series.

1
200 = - @ 3.7
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By [Kac83|] i,(0) = a,(0), so by 3.6 and 3.7
[0 - e(@)*© = 3" ra(0)e(a). (3.8)

Comparing this with (1.4) we get the following reformulation of conjecture
1.2

Theorem 3.1 Conjecture 1.2 is equivalent to

3.9
0 otherwise. 39)

ew) fa=p—w
T,,w):{ (w) if a=p—w(p)
This result was discovered by us in 1998. We were informed by V. Kac
that a similar result also appeared in Hua's thesis [Hua98] and furthermore the
function r4(g) is also present in unpublished work of Stanley. The work of Hua
and Stanley is purely combinatorial however.

3.2 Gaussian Multinomial Coefficients

The ordinary Newtonian multinomial coefficient for a, by, ..., b, € N counts
the cardinality of the set W of words in the letters uj, uy, ..., u, of length
a where the letter uy appears by times, for each k. Thus |W| = b—.“f-ﬁ To
define Gaussian multinomial coefficients we need the polynomials gba(t) = (1*—
1)(t*~' —=1)---(t — 1). The Gaussian multinomial coefficient corresponding to
a, by,...,b, is then

a ‘{bn (t)
—— 3.10
] = PO (820
We will use the short hand |?| for 4 and define |%| = 0 if b < 0.
b b b—a b

A function ¢ : W — N linking Newtonian and Gaussian multinomial coeffi-
cients in the sense of (3.11) below is called a Mahonian statistic [CS97],[FZ90].

3 #) - [b] & bn] _ (3.11)

weW

An example of a Mahonian statistic is the number of inversions in each word:
Cw) = Clui - wi,) = [{(1,8) | ir <oy > 5},

After choosing a Mahonian statistic the evaluation of a sum involving Gaus-
sian multinomial coefficients becomes a word counting problem (which may or
may not be easier). We will reformulate the constant term conjecture 1.2 in
terms of Gaussian multinomial coefficients and thus into a word counting prob-
lem.

Now let u be a partition of n. We define the following short hand.

= Ha
I Lil — M2, B2 — U3,y ...
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3.3 On Symmetric Functions

Symmetric functions are a classical area in combinatorics [Mac95]. Two types of
functions that appear rather naturally in this context are the Schur functions Sy
and Hall-Littlewood polynomials P,. Both are indexed by the set of partitions.

3.3.1 Partitions

We need to define some extra notations for a partition p of n = |pu|: /' = (plh); =
I{7 | uj > 4}| is the conjugate partition, I(1) = max{i € N | p; # 0} = 4} is
the length of p and n(u) = 3°(i — 1)p; is the content. For instance for (1) =
(1,L,1,..,1,0,...) we have [((1")) = n, n((1")) = n(n—1)/2, (1")' = (n,0,0,...).
Attach a diagram to a partition in a plane.

(4,3,2) : (15) :

On this diagram we can indicate all structures defined above. The number
of boxes is |/, I(u) is the number of rows, while n(y) is the sum of the numbers
in the boxes in the right diagram below:

1[2]3]4] 0[0]0]0]
5|6|7 1111
819]=9 = |y 212 n{p)=40+31+22=7

The conjugate partition is obtained as a reflection around the diagonal.

(4,3,2)" : =(3,3,2,1) (8 :[ITT1T]=)

Finally we can define for each cell y of this diagram its hook length h(y), as
the total number of cells below and to the right of y.

6[5[3[1]
92[3] h(y) =4 ——4[3[1
4 21

Given n we define a partial order on the set of partitions as follows. A <
i for all =1, om0 3 0 35 2 000 B
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3.3.2 Symmetric Functions

Now we introduce symmetric functions, following [Mac95]. Consider the
ring Z[zy,...,,], and the action of the symmetric group ¥,, on this ring by
permuting the variables. A polynomial is symmetric if it is invariant under this
action. The symmetric functions form a subring A, of Z[zy,..., b

An =Z[$],...,$n}zn

Define A% the set of all symmetric polynomials of degree k of n variables, to-
gether with the zero polynomial. In this way A, = @ AF is graded.

For each o = (a1, ...,a,) € N® we denote by 2® the monomial
2* =at. .25

If a partition p has length I(x) < n then we put

(21 o T = Z:::“

summed over all distinct permutations o of p = (u1,..., s ). The polynomial
my, is clearly symmetric, and the m,,’s (as y runs through all partitions of length
I(p) < m) form a Z-basis of A,. This basis respects the grading. The m,, for
which |u| = k and I(¢) < n form a basis of A, In particular if n > k the m,
form a basis of Ak.

In the theory of symmetric functions, the number of variables is usually
irrelevant, provided only that it is large enough, and it is often more convenient
to work with symmetric functions in infinitely many variables. To make this
idea precise, let m > n and consider the homomorphism

Z[zy,. .y Bm] > ZlTyye oy Ty

which sends each of z,,11,...,2,, to zero and the other z; to themselves, On
restriction to A,, this gives a homomorphism

Pmn s Am = Ap.
The effect of py. ., on the basis elements (m,) is easily described; it sends
My (T1,- o3 Tm) t0 my(2y,...,@,) if () < n, and to 0 if () > n. It fol-
lows that p, , is surjective.
The restriction pf, , of pm » to AX, defines again a surjective homomorphism
Pl s A —HA,

which becomes an isomorphism if m > n > k.
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We now form the inverse limit

A* = lim A
W
of the Z-modules Aﬁ relative to the homomorphisms p,’;,n: an element of A*
is by definition a sequence f = (fn)n, where each f, € A¥, and where, for
m2n, fm(T1,...,%0,0,...,0) = fu(e1,...,2,). Since p¥, . is an isomorphism
if m > n >k, it follows that the projection

Pkt A% 5 AR

which sends f to f, is a isomorphism for all n > k. Hence A* has a Z-basis
consisting of the monomial symmetric functions m,, (for all partitions u of k)
defined by )

pﬁ(mﬁ} = mp(xla <o ;371'1)

for all n > k. Thus A* is a free Z-module of rank p(k), the number of partitions
of k.

Now let A =@, A¥, so that A is the free Z-module generated by the m,,
for all partitions . We have surjective homomorphisms

pn:®pﬁ:1\.—>ﬁn
k

for each n > (.

It is clear the A has the structure of a graded ring such that p, are ring
homomorphisms. The graded ring A is called the ring of symmetric functions
in countable many independent variables.

Now we will define the Schur functions. First we suppose we have a
finite number of variables i, ...,z,. Recall z® = z{'...x%", and consider the
polynomial a, obtained by anti-symmetrizing z®:

G = OBy 005 By) = Z e(w).w(z*)

we En

where €(w) is the sign of the permutation w. This polynomial is skew-symmetric,
i.e. we have w(a,) = e(w)a,, for any w € ¥,,.. In particular a, vanishes unless
Qi ..., 0 are all distinct. Hence we may as well assume that a; > ay > -+ >
@y > 0, and therefore we may write o = p + 8, where p is a partition of length
l(p) <n,and § = (n—1,n—2,...,0). Then

B = Gpf = Ze(w).w(:n"“)
w

which can be written as a determinant

Bi+n—j
aps = det(z;? Ji<i i<n-
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This determinant is divisible in Z[z1, ..., z,| by each of the differences z; — z;
(1 <4 < j < n), and hence by their product, which is the Vandermonde

determinant _
H (@ — ;) = det{al ) = a;.
1<i<j<n
So a5 is divisible by as in Z[z1,...,z,] and the quotient
Sp = 8u(Z1,...,2Zn) = Gpys/as

is symmetric. So s, € A,. It is called the Schur function in the variables

Z1,...,Tp, corresponding to the partition p (where {(1) < n) and is homoge-
neous of degree |u|.
The Schur functions s,(1,...,z,) (where I(z) < n) form a basis of A,,.
Now let us consider the effect of increasing the number of variables. If
I(p) < m, it is clear that aq(z1,...,%n,0) = aa(z1,...,2,). Hence
pn+1,n(s“(:c1, R—- ,$n+1)) = S,u(ml: ey .’L‘n).

It follows that for each partition i the polynomials s, define a unique element
sy € A, homogeneous of degree |u|. Thus the s, form a Z-basis of A, and for
each k > 0 the s, such that |u| = k form a Z-basis of A*.

Hall-Littlewood polynomials are generalizations of Schur functions de-
pending on an extra parameter. They were introduced by Hall as a means
of counting subgroups of Abelian groups.

To explain this idea more precise let ¢,(t) = (t —1)...(#" — 1) be as above,
: Pnlt)
for n > 0 (@o(t) = 1) and if n > m > 0 denote ¥, 1, o —
For a partition p set n; = X} — X[, and bA(t) = []; ¢n,-
If the Schur-function s, occurs in the product s,s;m then A —pu is a vertical
strip of length m. Let m; = X — p} (Thus ) m; =m). In that case set

Foiin () = [ nim, (8-

If s, does not occur in the product set F ﬁj\lm () =0.

The Hall-Littlewood polynomials may be defined inductively as a symmetric
functions in 1, 23, ... with as coefficients polynomials in ¢, by the following rule:
Py(t)=1, Pim=en
Py=P,Pw—Y FiuP,,

v=A

where 4 is obtained by removing the last column from the diagram of A and m
is the length of that removed column, and e, is the m-th elementary symmetric
function, the sum of all products of m distinct variables.
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We get that Py(0) = s, and may extend the definition of F, r,;\y (t) by

Bl =) ELlbB
A

Now we can come back to Hall’s idea. Fix a prime p. An Abelian p-group
may be characterized by a partition. Denote by g;,, the number of subgroups
M of type p of a p-group G of type A such that G/M has type v. The numbers
g;},, can serve as structure constants of an algebra. In fact denoting n, =

! !
$ o1 S Y
, 2
T
gy =™V, (1/p)

To write the Hall-Littlewood polynomials explicitly, we first define ¥# as the
subgroup of ¥, consisting of those permutations w such that Hw(i) = Mi, for
l<8<n.

The Hall-Littlewood polynomials in n + 1 variables, corresponding to the
partition p with [(x) < n may be defined by

o O:i—t.l‘j
Pu@rnanit)y= Y wath . amm [ B8

wEL, /Th Bi>pj =g
In [Mac95] it is proven that, if /(1) < n,
Pty own s By 05t} = Py oy %ni )

Hence we can again pass to the limit to define the Hall-Littlewood function
Py(z;1) to be the limit element of A[t] whose image in A, [t], for each n > i(u)

is Py(1,...,%n;t). Again P,(z;t) is homogeneous of degree |u|.
The Kostka-Foulkes polynomials are defined by:
s\ = ZK,\F(t)P‘,(x;t) (3.12)

i

Using the partial order on partitions, the matrix is upper-triangular with
1’s on the diagonal [Mac95, ITI.(2.6)]. Hence in particular the Kostka-Foulkes
polynomials are invertible. It is a deep theorem that the K ,(g) have positive
coeflicients. The modified Kostka-Foulkes polynomials are defined by

Kxu(g) = "W EKxu(g™).

Below u,, is an arbitrary unipotent element of Gl, of type p, with central-
izer C(uy). Put ¢,(g) = |C(u,)|. This is a polynomial in q. According to
MacDonald [Mac95, Example IT1.3.2] we get for z, = (¢, ¢72,...):

n{u)
— q
P(egia =
F( q ) C"(q)
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(as formal power series in ¢~1). A slight variation of another formula in loc.
cit. [Mac95, Example 1.3.2] gives:

qn(k')

sx(zq) = ADK

where Hy(g) = [[(¢"™ — 1) (the product runs over the cells of the diagram
attached to A).
Now we look back at (3.12) and conclude that for ¢ = 0 we have:

K>, (0 (=) if A= (1"
5 ()_{ (1)

= 5 |
cu(0) 0 otherwise. (8:13)

Let « be a dimension vector. A multipartition A of & € N?° is a list of
partitions A = (A;)ieq, such that ); is a partition of ;. We will write A(j) for
the dimension vector (A(7)i)ie@, = (Aij)ie@,- The multipartition of a consisting
of (1*) is denoted by (1) again.

We put uy = (uy,)icg, € Gla, and we define for a multipartition A of & a
function that maps a multipartition into Z[g]

f)\(ﬂ'} = H ‘K’Aiﬂ-i(Q)‘

We will need the following result:

Lemma 3.1 Let W be a representation of Gl,(IF,) over F,,. Then the function
w s ¢l Wi g linear combination of the functions fy with coefficients in
Zlq]-

Proof Since the fy(u)’s form an upper triangular matrix with g-powers on
the diagonal it is clear that we can express @™ W™ as linear combination of
the f\’s with coefficients in Z[g, ¢~ '].

Now let g be a fixed power of p and let V' be the permutation representation
of W ®g, F, (over C). Then ¢®™W™ = Tr(u,, V). By Green’s formula for
the irreducible characters of Gl,(IF,) we can express the values of the character
of V at unipotent elements as a (Q-linear combination of products of Green
polynomials [Zel81, p.135]. Furthermore the denominators are bounded in terms
of . Expressing these Green polynomials further in terms of the f) [Mac95,
I11.(7.11)] we find, for a fixed g, that ¢¥™ "™ is a linear combination of the
fa(g) with coefficients in @, whose denominator is still bounded in terms of a.

If we now let g go to oo we see that if we consider g as a variable again, the
remark of the first paragraph yields that the coefficients must be in Z[g].

This finishes the proof of the lemma.
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3.4 A Reformulation of the Conjecture

It follows from the previous lemma that there are p,, € Z[g] such that

[Rep(Q, @)™ | = > pufu(N). (3.14)
i

From this we can calculate p(;«) as follows.

[Rep(Q, )| = Y pu [[ " Kpni(@™).
1t i

Now we multiply with | [ ¢ »*) KL | q~ ") and summing over )\ gives
_ A:(1=i)\d

entries of the matrix product of K and K1, resulting in
paey = Y |Rep(Q, ) | [ ™MK Ly (7).
A i
Now we finally get back to the ro-function. It is rather easy to see that

nih = AR

u,\|

(using 3.14) = Zp“f“

7Y ea(q)

= > ]I Z ;A A1)

" i€EQo A;

Evaluation at ¢ = 0, using 3.13, we get:

ra(0) = (=1)% %p(1ay(0). (3.15)

So we are interested in
(~1)Z%pgaey = ()T 3" [Rep(Q, )| [ ¢ " K5k yary (a71)-
A i
Now we plug in the following formula (see appendix B for the proof)

KL, (1) = (—1)/ WS 552 ) (3.16)

This gives the following element of Z[g]:
(-DEpany = 2P L]

= Zq (@A [J))/2H 1)'\;1q()\§1(111+1J)/2[)‘}
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where the crucial steps happen in the exponent of ¢:

Or = dimRep(Q,@)" — > [n(x) = “_()\2—+1_))

i =2

Z alkA:_;l ;c_;r - Z ((Z’\U —Afﬂ)

ikeQp
= +1/2Z NG +3 A +1)

Now we finally obtain the following reformulation conjecture 1.2. We define
the Laurent polynomial

Ma(t) = (=1)=%puay(t™)
_ Z A AG)) /2 H(_l)xu ¢~ Qa Qa2
- :

Clearly I1,(t) € Z[t~'], and by equation 3.15 and Theorem 3.1 we get:
Theorem 3.2 Conjecture 1.2 is equivalent to

1L (o0) = {;(w) if a=p—w(p) @i

otherwise.

3.5 Some Examples of II,

To indicate the use of the Laurent polynomials Il we first look at the case of
a one-vertex quiver without loops. We get for each a that

I, (t) = Z (—1)H2¢2s Hf—m(m-ﬁ-l)/g[u]
|ul=a

is a polynomial in ¢7!. On the other hand if @ > 1 we get that for each
partition the exponent of ¢ is at least 1, while [u] is a polynomial in t. Therefore
I1,(t) € tZ[t]. It follows that II,(t) is identically zero.

The next case we consider is the m-arrow quiver, We get for dimension
vector (a,b) the polynomial
I, b(t) — Z (_1)ﬂ1+/\1t2i B+ AT-m Y, Ai#i—#1(#1+1)/2—-\1(/\:+1)/2[}l][/\]

|ul=a
|Al=b

If we take a >> b we can repeat the above method to obtain that:

Theorem 3.3 The Laurent polynomial I1, () is identically zero if a > b
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In fact we used a computer (see the next section) to obtain the following
conjecture.

Conjecture 3.1 The Laurent polynomial 11, 5(t) is identically zero if and only
ifa>mb+2 orb>ma+2

We include a small computer program in appendix C, which can be used
to check conjecture 1.2 and conjecture 3.1 for the m-arrow quiver.
We tested the following cases.

e b<a<20and m=23
e b<6anda <21 form=4
e m<3l,a=m+1 and b = 1, which is p — ryrap for the given m.

e m <7, a=m(m+1) and b =m, which is p— ryror; p (the calculation for
the case m = 6 lasted over ten hours on a Pentium II -400).
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Chapter 4

Ringel-Hall Algebras

In this chapter we will introduce the notion of a Hopf algebra and its Drinfeld
double. From this we will carry on to introduce the double Ringel-Hall algebra
U(Q) of a quiver Q.

In the next chapter we will prove the independence of U(Q) of the orientation
of @, by constructing isomorphisms between different U(Q)’s. We will also
define an automorphism on U(Q), which generalizes the work of Lusaztig.

In chapter 6 we will construct another Hopf algebra, the quantized general-
ized enveloping algebra of a Kac-Moody Lie algebra, which basically is a new
quantum group, depending on a certain datum. As it will turn out, both notions
will be equivalent if the latter is obtained from a datum connected to the quiver

Q.

4.1 A Short Account of Hopf Algebras

4.1.1 The Definition of a Hopf Algebra

An algebra A has a multiplication x and a unit' 5. By dualizing we get a
coalgebra C with a comultiplication A : C — C®C and a co-unit e. It is useful
to introduce the following notation, due to Sweedler: A(a) = a(1)y®agg). This
notation may become cumbersome in some calculations, so where we will just
write A(a) = a1 ® ay, omitting the summation sign and the parentheses. This
extends to A%(a) = A(A®1)(a) = A(1® A)(a) = a; ® az ® a3.

A vector space with the structure of an algebra and a coalgebra is a bialgebra,
if the comultiplication and co-unit are algebra morphisms, or equivalently if the
multiplication and the unit are coalgebra morphisms.

Finally a Hopf Algebra H is a bialgebra with an antipode S, such that the
following three maps are equal.

ne = p(S @ I)A = p(Id ®9)A.

1This is a categorical way of saying that there is a 1. The relation between them is as
follows: :lk — H:arra- 1.
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Thus a Hopf-Algebra over k is k-vector space H together with linear maps |

(multiplication) u:H® H — H, '
(unit) 7:k — H,
(comultiplication) A:H — H® H,
(co-unit) e: H — Ik,
(antipode) S:H — H,

satisfying

w(Id@n) =Id = p(n ® 1d),
p(p ® Id) = pu(1d ®u),
(Id ®e)A = Id = (e ® Id)A,
(A®Id)A = (Id®A)A,
ne = u(S @ Id)A = u(Ild ®S)A,
ue®@e) =ep,
Ap=(p®u)m3(A®A4A),

where 73;(h1®: - ®h;®- - Qh;®:--Qhy,) = (h1®---®h; ®- - ‘®@hi®---®h,).
Below k = C and all Hopf algebras have invertible antipode?.

4.1.2 The Drinfeld Double

The following definition is the classical way to introduce the Drinfeld double.
Underneath we will give a definition by generators and relations which will be i
more convenient.
Given two Hopf algebras A and B a (skew-)Hopf pairing is a bilinear function
¥ : AxB — R into an integral domain, satisfying the following relations (given
a,a’ € A and b, b € B):

¥(1,b) = ep(b),¥(a,1) = ea(a), (1)
P(a,bb') = Y(Aa(a),b®b") = ¥(ay, b)y(as, b), (4.2)
Y(aa’,b) = Y(a @ o', AZP (b)) = v(a, b2)¥(a’,by) and (4.3)

¥(Sa(a),b) = ¢(a, S5’ (v)). (4.4)

Given a skew Hopf pairing 1) on A x B the Drinfeld Double D is defined as
the following Hopf structure on A @ B.

1. The multiplication is characterized by

(a) (e®1)(a'®1)=ad ®1,

2 All naturally appearing Hopf algebras have invertible antipodes. A Hopf algebra with this
property is said to be regular.
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(b) (e®@1)(1®b) =a®b,
() 1®b(1l®b)=1®b) and
(d) A®b)(a®1) =1(a1,Sp(bs))(az ® ba)y(as, br),
while the unit is 1 ® 1.
2. The coalgebra structure is given by e = €4 ® ¢ and A = m3(A4 ®@ Ap).
3. The antipode is S(a®b) = (1® Sp(b))(Sala) ®1).

The Hopf algebra D contains A = A® 1 and B = 1 ® B®° as sub-Hopf
algebras.
Now we will give an alternative definition.

Theorem 4.1 D can be defined as the free product A x B divided out by the
following relations

(b1 * az)y(a1,b2) = (aq *by)p(as, by). (4.5)

For the proof we write DD for the algebra defined by (4.5). First note the
following equivalent form of (1d).

Lemma 4.1 (1d) is equivalent to

Y(a1,02)(1®@b1)(az ®@ 1) = (a; ® ba)v(az, by) (4.6)

(4.6) follows from (1d) since

Y(a1,b2)(1@b1)(aa ®1) = (az,S(bs))(a1,bs)(as @ by)v(ag,br)
= vY(az2a1,1)(a3z @ ba)y(aq,b1)
(e(aza1)az ® bz)¢(as, by)
= (a1 ® b2)y(az,by).

and, on the other hand (1d) follows from (4.6) by

P(ay, Sp(bs))(az ® b2)(P(as,b1)) = (a1, Sp(bs))(az,b2)(1®by)(az ®1)
P(aza;,1)(1®@b)(az @ 1)
(1 ® b)(ﬂr ® 1):

I

where we used twice that
S(bg)bg ®Rb = ?]E(bgb;;) ® b] =:] ®?}&'(b2b3)b1 =1®b.

This finishes the proof of the lemma.
From the lemma it follows that the map from DD to D sending a*1 to a®1
and 1%b to 1®@b is well defined. Moreover it is the inverse of the linear map
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sending a ® b to a *b. So both maps are isomorphism. Similarly the linear map
a® b+ (bxa) is an isomorphism of vector spaces.

This proves that D and DD are isomorphic as algebras, while the Hopf
algebra structure is uniquely determined by demanding that A®1 and 1® B¢°°P
are sub-Hopf algebras.

We will need the following lemma

Lemma 4.2 Assume A, B are N-graded. Assume that A is generated over A
by a vector space Vo and similarly that B is generated over By by a vector
space Vg. Then we only have to impose the relation (4.5) for a € Ay U V4 and
be BpuVp

Let H denote the algebra obtained by imposing the relations as in the lemma.
We have to show that (4.5) holds for arbitrary a, b.

We do this by induction on the degree of a and b. So let b ¢ By U Vi then
we can write b = )_ ¢;d; where the ¢;’s and the d;’s have smaller degree. (4.5)
is clearly additive in b, so we may assume b = ed. Thus we have to show that
the following expression can be reduced to the similar expressions for ¢ and d.

(c1dr * az)p(ar, cadz) = (a1 * cada)(as, c1dy)

Assuming that for ' of lower degree than b the equation (4.5) is satisfied,
we get

(c1dy x az)Y(a1, cadz) = c1(dy * az)p(ay, e2)¥(as, dz)

= ¢ xag * davp(ar, c2)¥(az, dy)
ay * ¢z * dap(az, c1)y(as, di)
(@1 * cada)¥p(az, e1dy)

In the same way we can reduce the degree of a until a € Ag U V4

4.2 The Ringel-Hall Algebra and its Double

4.2.1 The Ringel-Hall Algebra H(Q)

Fix a quiver Q@ = (Qo,Q1,t, k), and a finite field k = F,. We put v = ¢~ /2,
The Ringel-Hall algebra H(Q) is defined as follows.

As a vector space, H(Q) has a basis given by the isomorphism classes of
representations of Q. If A and B are two representations, then the corresponding
product is given by

[A][B] = v~ Y " gGp[C], (4.7)
(€]

where the number g9 is the cardinality of {X C C | X =~ 4, C/X = B}. Note

that only for a finite number of isomorphism classes the above set is not empty,
leaving a finite sum in the definition of the product.
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The algebra obtained here is opposite to the algebra of Ringel. Also note we
will need some identities of these structure constants whose proof we postpone
to appendix A.

Fixing a dimension vector o, we define H(Q), as the subspace with basis
the isomorphism classes of a-dimensional representations. This makes H(Q)
into a N@°-graded algebra.

It is possible to put the structure of a certain type of twisted Hopf algebra
[Gre95] on H(Q). To obtain a real Hopf algebra, we have to add a diagonal part
in degree zero. This is explained in the next section.

4.2.2 Adding a Diagonal Part

Consider {K,|a € Z?} as basis of the group algebra of Z@°, and consider a
crossed product B(Q) with H(Q) having following multiplication:

KalA] o K3[B] = v~ (BA+EAN S g0 k0 oic,
€]

By defining K, = K,[0] and [A] = K,[A], where 0 = (0,...,0), we get both
H(Q) and Z%° as suba}gebras of B(Q). We extend the NQU-gradmg to B(Q) by
putting [[A]| = A and [Ko| = 0. Here we follow Lusztig’s convention [Lus93]
of writing |z| for the degree of a homogeneous element.

The algebra B(Q) is made into a Hopf algebra [Kap97, Xia97] by defining
A, e and S on the generators as follows.

N Aut(B)|| Aut(C)|
A[A]:l%%] (C,B) gc| u|(A)|t( l)ll( (B] ® K5(C]

A(K,) = Ko ® K,y
e(KalA]) = dja),10]

For the antipode we need to sum over the set Cy4, of chains of the form
0=AyCA C---CA,=A, where Vi : A; # A; 1. We define

2l = Z ZH R s sy [l | AWty /4s ~I45/4i1] .,

[Aut(4)] E

n=00C4,,, i=1

and S(K,) = K_,.

4.2.3 The Algebra U(Q)
B(Q) has a skew Hopf pairing with itself:

014},(B]

Y(Ko|A], K5[B]) = v~ (@Py([4],[B]) = v~ (*A [Aut(A)["

(4.8)

So we can define the Drinfeld double structure D(Q) on B(Q) ® B(Q).
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After dividing out K, ® 1 — 1 ® K_,, one obtains a new Hopf algebra
denoted by U(Q). We put [A4], [A]~ and K, for the class of [A] @ 1, 1 & [A4]
and K, ® 1 =1® K_,. In section 4.2.4 we will show that U(Q) is the algebra
generated by [A], [A]~ and K, and satisfying the following relations.

K,=[0] = [0 =1, (4.9)
KoKs = Kasp, (4.10)
[A][B] = v {BAY"g25(C), (4.11)
[A]7[B] = +BAN" gl (4.12)
AKe = v @D, 4], (4.13)
A K. = v*DK A~  and (4.14)

Y, o E-NA-Mpagvkg
[M],[N] (4.15)

S oo E-RE-N- MK, o,

[M],[N]

where for M, N, A, B € Rep(Q) we write g2 for the number of exact sequences

0 s M2 A Y5 B-¥ N > 0

(4.16)

divided by | Aut(A)|| Aut(B)|. We refer to appendix A for relations between

giB;’s and g5 ’s, and other properties of these numbers. For instance, we will

use the equation
| Aut(M)|| Aut(N

_ |

There is a classical decomposition U(Q) = U(Q)- @ U(Q), ® U(Q)+, where
the algebra U(Q)- is generated by the [A] s, the algebra U(Q). is generated
by the [A]’s, and U(Q), is generated the K,’s. Note that U(Q)_ = H(Q) =
U(Q)+-

We will need the identity (4.15) in the special case that B = §,. Since N
is either a quotient or a subset of S; it has to be either equal to S; or 0. In
the former case A = M, in the latter X - ﬁ = i. Putting the terms where N
equals S; on the lefthand side and the others right we obtain:

A
[A][S:]~ %q(uz)wsﬂ’ A“tt(( A))Il 98 Ki[M]
— 3 /DM %% girs, [MIK_i. (4.18)
[M]

Note that if i is a source or sink and in addition if A is admissible one of the
two terms on the righthand side of this equation disappears.
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Finally it is easy to verify that there is an automorphism w on U(Q) of
order 2 such that wK, = K_, and w[A] = [A]".

4.2.4 Calculations of the Given Relations

From the given equations only the last one does not follow immediately from

the construction of B(Q). We will show that (4.15) follows from (1d) on page

33 (or rather from its equivalent form (4.6)) in the case a = [A] and b = [B].
For the lefthand side A we get:

A=9Y(a;,b)(1®b1)(az®1)

p | Aut C|| Aut D|| Aut E|| Aut F|

e z ﬂ—(F,E)-—(D,C)QngEF | Aut A|| Aut B|
[C,|D]
[E],[F]

Y([Cl, Kg[F)(1 @ [E])(Kz[D]®1)
In the non-zero terms we need to have C' = F, since otherwise 9([C], K #[F]) =
0. We also note that C = 4 — D and Y([C], Kz [C]) = TAutC]’ Furthermore

we have K [D]®1 = (K3 ®1)([D]® 1) = Kg[D] = v'“P)[D]K4. Thus we
get

R AutC|| Aut D|| Aut E|| Aut C|
A= v (C,E)—{D,C} A B I
[C]Z[DJ Yop9eo [Aut A[| Aut B|

[E]

A([Cl, Kg[C) (1 [E])(Kg (D] ®1)

~ —CEyCDy A 5 |AutC||Aut D||AutE|,
Z v 9cp9ec |AutA[|AutB| [EI [D]KE?

[C),[D]
[E]
= 3 v (A-BE-Dig- Dk, _
(DL, E]
|Aut DI|AGE| < 4 &
TAut A|| Aut B| [XC]:QCDQECl Aut C|
= Y B2 E-DE-Dp- DKy 5.
[D],[E]
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A similar calculation works for the righthand side. This time [E] is forced
to be equal to D leading to:

(ﬂl] ®b2)‘!f)(&2,bl)
_ Z 1)_<F'E)_<D‘G>QA gB |AutC[|AutDI|AutE||AutF|
e | Aut A|[ Aut B

[C].[D]
[E]L[F]

(Cl® K?[F})w(Kﬁ[D]a [E])
_ Z U—(F,E)—(E,C) A B fAutC“AutE”AutE“AutF]
YeEdEr [Aut A|| Aut B|

[C],[F]

[E]
[CIK_g|F]"¥(Kg|E][E])

= Y S5 B-FF-DorK 4,
[C].[F]

This clearly gives us (4.15).

Now we will prove that the relations (4.9)-(4.15) are sufficient. We need
to check that (4.6) holds and by lemma 4.2 is suffices to do this on generators.
The above calculation took care of the case a = [A] and b = [B]. We check the
other cases below.

e In the casea = K, and b= K3 we get for the following trivial equalities:

V(Ko Kp)(1@ Kp) (Ko ®1) = v-(a'mK—ﬁKa =
Kopv™®P) = (K, ® Kp)(Ka, Kp).

e To treat the case a = K, and b = [B] we put
tE
by = v~ (FE )QEF%%—TMUJ[ E] and by = K |[F], and obtain for the
lefthand side

¥(a1,b2)(1 ®@b1)(az @ 1)

Aucp] VEe KglF)18E)(Ka ©1)

[E'MF]

The only term that survives m the evaluation is the one with [F] = (0],
and thus [E] = [B]. Clearly g, = 1. Thus the lefthand term is equal to:

$(Ka, K34)(1® [B])(Ko ®1) = v~ @B [B]"K,
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For the righthand side we obtain

(a1 ® ba)y(az, by)

= Y yimmgp AWBIACE] o o g plp(Ke, (B)

N s EF™""| Aut B|
= (Kar ® [B])Txb(Km Ko)
= K,[B]™

This leads to equation (4.14).

e It is a similar calculation that leads to (4.13), starting from a = [A] and
b= Kpa.
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Chapter 5

Reflection Isomorphisms

In this chapter we will introduce three isomorphisms between U(Q)’s for differ-
ent quivers with the same underlying graph.

The first isomorphism was suggested by Lusztig [Lus90]. It uses the notion
of Fourier transform to define an isomorphism Fg o between the Ringel-Hall
algebras of quivers @ and Q' with the same underlying graph. In other words
the Ringel-Hall algebra is independent of the orientation of the quiver.

It turns out (as predicted by Lusztig) that these morphisms are one-to-one
and therefore the Ringel-Hall algebra is independent of the orientation of the
quiver.

A second isomorphism #; (defined for a source i) from U(Q) to U(r;Q) is
obtained by extending the reflections r; (defined by (1.5)), to the double Ringel-
Hall Algebra. Note that passing to the double is essential to define ¢; on non-
admissible representations.

Combining the above isomorphisms one defines an automorphism #; on U(Q)
for any vertex 4. To this end one introduces two auxiliary quivers with the same
underlying graph as Q: (i) Q*, obtained from @ by making i a source and (ii)
Q; = r;Q'. We define {; = Fg, otiFg oi. We find that on the subalgebra gen-
erated by simple representations these automorphism were defined by Lusztig
[Lus93]. We have thus given a new definition of these automorphisms, and at
the same time we have extended them to U(Q).

5.1 Fourier Transform

5.1.1 Fourier Transform in General

First recall the definition of finite Fourier transforms. Let X be a finite set,
and denote by F(X) the set of functions on X with values in C. Given a map
f 1 X =Y between finite sets we define f* : F(X) — F(Y) by f*(g) =go f.

40



On F(X) there is an inner product defined by

(h9)=1z7 Xi > f= (5.1)

zeX

We will be concerned with a finite set [/, and finite dimensional vector
spaces V' and W, both of dimension n over a finite field k = F,. We also assume
there is a non-degenerate pairing (—, —) : V. x W — k. Further we choose a non
trivial additive character ¢ : Ik — C*. We now define — : F(Ux V) — F(U xW)
and —: F(U x V) = F(U x W) by.

f(u;w) = q:ﬁg Z f(u, ?J)T;‘)((’U, w))

veV
f(u: w} = q:%‘ Z f(u! '”)w((v! w))?
veV
for fe FUXxV),uelU,weW.
Note that
flu,—w) = f(u,w), (5.2)
(f,9) = (f,.9) = (£,9). (5.4)

These statements are proved as follows.
Using the fact that Z ({v,w)) = 0 except when v = 0, in which case the

weW
sum is equal to |W| = ¢", we get (for t € V and u € U):

fut)=¢ 3 Fuwye((t w)

weW
= q—an Z (q_n/2 Z f(u, v)y((v, _w})) z,b((t,w))
weW veV
=q " Z J(u,v) Z Y({t,w) — (v, w))
veV weW
=q " Zf(u?v) Z ¢((t_v1w>)
veV weW
= f(u,1).
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X

weW
:ﬁ Z a2 Y Fu)b((u, w))) (q‘“/"’ 3 g(v)qﬂ((%w)))

eW

Z

uclV vel
1 —
=t v) P((u—v,w
IVi ? (u)g( w; ))
[V| Y f(u)g(w)
ueV

Assuming that U is a H-set, V and W are H-representations and (—, —) is
H-invariant, one has hf = hf foreach he H.

The Fourier transform is transitive in the following sense. Assume that
there are spaces V1, V2, Wi, W equipped with nondegenerate pairings (—, —); :
VixWy - C,and (—,—)2: Vax Wy 5> C. Weset V=V,®V, and W =
W1 @ W, and define (—,—) = (—,—)1 + (—, —)2. Then the Fourier transform
F(UaV)— F(U®W) is equal to the composition of the Fourier transforms
FUeVi®Vy) » FUaV,® W) and F(U SV, @ Wa) — F(U ® Wy ® Wa).
We will call this transitivity.

Finally for a map f : U’ — U between finite sets the following diagram is
commutative

FU' x V) -2 P’ x W)
(f,Id)'i l(f‘ld)" (5.5)
FUxV) -2 P xw)

It is straightforward to calculate that both compositions yield

a2 Y g(f (W), 0)b((v, ).

veV

5.1.2 The Fourier Transform for Quiver Representations

For a fixed quiver @ and dimension vector o we put F(Q,a) = F(Rep(Q, a)).
We can consider the a-graded part of H(Q) as a the fixed point set of F(Q,«)
under the action of Gl,. This can be done by identifying a representation with
the characteristic function of its orbit:

H(Q)a == F(Q! C‘)Gla- (5.6)

This formula suggests the possibility to put a product on the space F(@)=
€ F(Q, a) which restricts to the product (4.7) on H(Q). It is well known how
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this should be done. For f € F(Q,a) and g € F(Q,3) one defines the product
fg as

(B} /2
(19(©) = e anT 21 (Wa(B), (5.7)

where the sum runs over all exact sequences ¢

-~
=

Bl ——— A~y @ Py

This is an associative product without unit element.
The restriction to H(Q), = F(Q, a)%'= of the bilinear form (—, —) defined
by (5.1) becomes

(4,18 = AL, 5:8)

By linear extension we get a bilinear form (—, —) on H(Q).

Now take a subset E C @i of edges of the quiver Q and consider the
quiver Q' which is obtained from @ by inverting the edges in E. Then

R(Q,a) = U, xV,and
R(Q’,Q) = Uy x Wy,

where

Ua = ] Hom(kote, konre),

w¢E

Va= H Hom(k®, k*"¢),
weE

Wo = || Hom(k e, ko).
peE

For u € Uy, v € Vo, w € W, we denote by Ay, € Rep(Q), Ay € Rep(Q’)
the corresponding representations.

We need to define a pairing on V, x W,. To that end we first fix a sign
0, € {—1,+1} for each arrow ¢ € Q. Then we define the pairing

((Ap)e: (By)y) = Y 0 Ti(

weEE

Given this pairing we may (and will) define a Fourier transform from
F(Q, ) to F(Q',) and extend it linearly to a Fourier transform from F(Q) to
F(Q'). Then we restrict it to a map from H(Q) to H(Q'). We will denote this
transform by Fg ¢/ . We want the following compatibility relation:

Q.70 = Fg 0" Fo,0 0
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where Q" is yet another quiver obtained from @ by inverting a set of edges. To
do this we must fix for each orientation a sign ¢ (here for @) or ¢ (here for Q')
according to the following law

o =177 ifpek,
» o/ otherwise.

Once these signs are fixed we can drop them from the notation.

5.1.3 H(Q) is Independent of the Orientation
It was stated without proof by Lusztig [Lus90] that

Theorem 5.1 The Fourier transform defines an algebra isomorphism between
H(Q) and H(Q'). In particular the Ringel-Hall algebra is independent of the
orientation of Q.

The remainder of this section will be devoted to the proof of this statement.

Given f € F(Q,a) and g € F(Q,3) we have to show that }‘E = fg. By
transitivity (see page 42) we only have to prove it for the case that there is a
single arrow reversed: E = {p}.

We will first rewrite }-E, then rewrite f g, and then show that the differ-
ences can be eliminated. Before doing this, however, we picture the various
maps, related to the arrow ¢ and its 2 associated vertices, that occur in the
calculations.

0 > c&he Phep > ke tBne Ong - TP - 0
wy U1 w v wy vo
0 Lkt ]kmp-i-ﬁ:g ]kﬁ“" 0 |
¢t¢ tip

e Given u € Uy, and v € V43, we consider exact sequences Fu,u of the
form

@ o
Fup:0 —— Ay vy, — Aypy — Ayyp, —— 0,

(5.9)

where uy € U,, us € Ug, and so on. If we want to indicate that the sum
also runs through all v’s, we will use G,, rather than Fassie
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We get:

Folu,w) = gD @netbioletBbe)) 37 (fg)(u, 0)p((v,w)).
vEVasp
The product is given by:

quzz)((ﬁ.am)
(fg)(u,v) = m }ZZ J(u, v1)g(uz, va).

Combining this we find:

(/D (B,0)Q—(@ne+Bne) (e +Bis))
| Gla || Glg |

X z f(ul! U )g(‘U.g, UQ)"‘M{'U! w)) (510)

gn

Fo(u,w) =

Next we rewrite f§.

This time we consider the following exact sequences Huw, for u € Ugyp
and w € Wayg,

M 20— Ay, —— duiw ——% Aoy, — {2 |
5.11

This enables us to write out the product in terms of f and g explicitly :

" VDB )
(fg)(u, w) = TGL TGla] 2 flur, wy)g(uz, ws).

Now we know that:

flug,wy) = goree/2 N f(ug,01)((v1, w)) and

meW;

9(uz, wa) = g PrePee/2 N " gluy, vg)((va, w2)).
v2EV

To use these two equations, we first note that for each of the g«che
maps v compatible with v; and v, in the diagram above we have (v,w) =
(v1,we) + (vo,wy). We can rewrite this as:

(v1,w1) + (va, wg) = g Prehe Z (v, w)

i —ru—+v2
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Putting everything together we get
. (1/2)((B,) o — (hp @t +Bhip Bro+20an 0 B1p))
(f3)(u,w) = 2
| Gla || Glg |
XY flur,vr)g(us, va)d((v,w)). (5.12)
#H

W
T —=U—S U2

The expressions (5.10) and (5.12) are equal if the exponents of g are equal
and if the summation happens to be over the same data, except for a part that
adds up to zero. To prove the former it suffices to check that

()6: a)Q + ﬁtwahfp = (?61 a)Q' - ﬁhgaatnp:

which is no problem. To prove the latter we first note that in both cases v has
to be compatible with v; and vz. The only remaining difference is that in (5.12)
there are maps w; and w;y involved, which are not needed to obtain (5.10). We
have to look what happens for w whether or not there exists w; and ws such
that the diagram is commutative.

Let us first look at w for which there exist w; and wy making the diagram
commute. It is pretty straightforward that both summations are equal, in that
case. And thus fg(u,w) = (£§)(u, w).

Finally we turn to the w for which there do not exist w; and w,. Clearly
the H,,., is empty in that case, leaving (f§)(u,w) = 0. Since 3, ¥({v,w)) =0
as well (v compatible with vy and v2), making E(u, w) =0.

5.2 Reflections from U(Q) to U(Q')

Now we return to the reflections of the Weyl group. In the next section we will
combine these together with the Fourier transform to generate automorphisms
of U(Q). In this section we fix a quiver Q with a source 4, and the quiver Q'
obtained by inverting the edges starting in i. Consider the reflections r; defined
in (1.3) and (1.5).

We will prove the following result in this section.

Theorem 5.2 There is a unique algebra isomorphism t; : U(Q) — U(Q'),
satisfying

tiw = wi, (5.13)
LlS:] = ¢ V287K, (5.14)
ti[4] = [r:4] if A is admissible, and (5.15)
tKs = Kno (5.16)
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Recall that any representation A of @ is the direct sum of an admissible
representation B and some copies of S;: A = S? @ B (see chapter 1). We note
that from (4.7) we can easily deduce

[S¢H ) = (14 g+... +¢) " '¢*?[Si][S?] and (5.17)
(4] = ¢ B 072(52][B). (5.18)
(5.13-5.16) yield the value of ¢; on generators. Hence if ¢; exists then it must
be unique.
e We first prove that ¢;, restricted to H(Q) — U(Q’), is an algebra mor-
phism.
If ¢; exists it has to be compatible with the identity (5.17). By induction
we get .
t:[Sf] =4~ (S8 K —ai-
On the other hand from (5.18) we obtain (for A = B® S¢%; B admissible)

t:[A4] = ¢~ B2, (58] (r; B].

Together this defines #; on the standard basis of H(Q). The definition of #;
is obviously compatible with the relations (5.17) and (5.18). This means
that we only have to check compatibility with the Hall product (4.7), in
the case A is admissible and B is either of the form S? or admissible.

If A and B are both admissible and C' is such that the following sequence
is exact then C is admissible (S; C C' is impossible!).

0-A—C—B=0

Since ; defines a equivalence betj;«reen Adm(Q) and Adm(Q’), we trivially
have g% = g:“'gﬂg, while (B, A)g = (ﬁ, riA)or (see (1.6)).

The only case that still needs to be checked is when A is admissible and
B = S;. The product is in this case

[Alls) = ¢PER (S 04+ 208 S a4 (5.19)
[A']eAdm(Q)
= ¢PCAS)A] +¢26R) A (5.0)
[A’le Adm(Q)
where we have used g45°" = ¢~ (A,

Now we have to check whether #; is compatible with (5.20). This means
that the following identity has to hold in U(Q’).

¢ V(A8 Koi — 2GS K _i[r,A))

_ q1/2{e'.71’}q Z gﬁsi [r:A"] (5.21)
[A’]eAdm(Q)
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Using

ql/ZEi'?}[Sg]_K_.g{?"gA] = q1/2((€»2)+(51ﬂ71)))[81.]—[TQA]K_i
— [Sg]_[TT;A]K_g

(the exponent vanishes since (i,r; j) = (rd, E) = —(4, X)), we may
rewrite (5.21) as

{riA][S'-]‘_[S‘-]_[riA]=q1/2((€,?}o+1) Z o rAK;
[A’]€ Adm(Q) (5.22)

We want to rewrite this relation entirely in terms of Q’. To this end we
use (i, X)Q = {r;i, —rJ{’)Q, = —(¢,74)q. Invoking the formula (A.1),

a _ [Aut(A)] 4
from the appendix, we have Thiarnids.rar- Put C = ;A and
. & gis ~ TAut(A)] Iiria
=Tria.
We get
T —{i s - Aut CI’
CISI - 870l =069 5 g i licK:

[C'leAdm(Q") (5.23)

This identity should hold in U(Q’) for all admissible C' € Rep(Q’).
By (4.18) we have
| Aut(M [

M
[C] [Si] S‘& C] %q(IZM( e LUl L |Aut C)| S MK [M]

We just have to note that K;[ M| = q_(l/z)(ﬂ-'i) [M]K; and, whenever g$ ,,
is not zero, (i, H)Q; = {i; 6)@ — 1 to see that this is (5.23).
Thus we have proven that ¢; : U(Q)4+ — U(Q') is an algebra morphism.

Now we extend ¢; to a map U(Q) — U(Q").

We first note that ¢; acts as it should on K,'s and also the relation (4.13)
is satisfied. Thus on B(Q) = U(Q), ® U(Q)+ t; is in fact algebra homo-
morphism. Since ¢; is by definition compatible with w, we also obtain that
ti : U(Q)o®@U(Q)+ — U(Q'). We only need to check equation (4.15). By
lemma 4.2 it suffices to check the equation only in generating cases. So A
and B are either admissible or S;. Leading to 4 cases (in fact 3 distinct
cases, see below).

1. In the case A = S; = B, we may use equation (4.18), which reads

K. —K;

(8718~ SIS~ = ==
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Applying t; yields

K;,—K_;

THISIELS] T K i = [Si]TK_i[Si]K) = —— 1

To check this last equation may be checked using the commutation
rules.

. The case where A is admissible and B = S; may also be proved using
equation (4.18). This time we obtain (in U(Q)):

- LR 2)(8:, M) | Aut(M)| .
[A][Si]~ — [Si] [A1—~§q“f Vo) ’—Amé’ffs.-[M]K-—u

since g 5, = 0. After applying of t; we obtain
¢ ([ Al[Si) K — [Si]KilriA])

=3 q(x/z)(ss,M)o%:%))_f] s MK, (5.24)
(]

Next we multiply with ¢'/2K_; and use
(Si Myg = (i, A)g — 1 = —{, s A) —
Aut(M

We also use again equation (A.1) which implies L|K‘GE((7)1|19MS, =
‘l"iM

gS,'?‘,‘A'

The equation (5.24) is transformed into

[r:A]Si] — ¢~ WA 8, A] = —gO/2r Ao 3 g5M (M),

SiTi A

[M]

Now multiplying with —g(1/2)(P:8:) and putting C = 7,4 and N =
7 M, we finally get

[Si][D] — ¢/APEID)[5,] = /DS S g i),
[N]eAdm(Q")

which is nothing else then a Q'-analogue of the equation (5.19). This
finishes the proof of (4.15).

. This case may be reduced to the previous one by applying w.

4. Finally we check the case that both A and B are admissible.

We will first show that the lefthand side A is invariant under the #;.
So we have

A=Y g eAE-RE-Dpiv-g2 .
[M],[N]
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We first rewrite this in generators. These are either admissible or
equal to S;. Since M is a subset of A it has to be again admissible.
However N may contain copies of S;. Set N = N’ @ S* with N ad-
missible. We note in passing that if ¢ is a sink (like in Q') the situation

e
is exactly opposite. We know that [N]~ = g~ (1/2/(N'ni) [gn)—N7|—
Now we apply ¢; to obtain

tA= Y gAB /(BN T -T)— (V' ni)—n?)
[M],[N*],n
.[T‘gM“Sf’JKGf[T“‘N’]_KﬂN‘_riﬁ. (525)
We rewrite this formula using a number of equalities. First setting
U=nrM@S* we obtain
[riM][S7] = g~ A/DSEnMa (1. M @ 58] = q(1/2J<m‘.ﬁ) [0).

Commuting K,; with [r; N'|~ gives

Spa
Kai{TiN,]_Kﬁ_ﬁ_n_B" — q(]/2)(m,r;N Yar [TiNf]-KaiKmﬁ_r‘_ﬁ

e
= ¢ AN [ NTK 5 3
By lemma (A.2) we get

{ni, H}+(N iy Uri N

gﬁfBN =49 9r;Ar:B

This turns expression (5.25) into the expression

A=Y ggijqwfz[U]{nN’]Kmhﬁ, (5.26)
1,1V

where
g N" M- ﬁ) ﬁa,n.z’)—nz
— (ai, M) — (ai, N') + 2(ai, M) + 2(N", ai)
= rB-nN, T —riNg  (5.27)

Putting V = r; N’ yields the formula

tih= Y g9%.pa/DFB-V0- o v~k .
w1l o

A similar calculation for the righthand side yields

Y o Beag P ATIDa UK 5.
[U1,Iv]

Clearly these are the lefthand and righthand side of the equation (4.15)
applied to U(Q'). This finishes the proof that ¢; exists and is well defined.
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e Finally we show that ¢; is invertible by constructing an explicit inverse.

Indeed:
tw = wt, (5.28)
(8] = ¢Y*[Si] K, (5.29)
t:[4] = [rA4] if A is admissible, {5.30)
t;Kcz — K‘.I";C! (531)

defines an inverse of £;. The proof that ¢! is an algebra morphism is almost
identical to the proof for ¢;, except that i is a sink in Q’, and thus care
has to be taken.

To prove that tit; = Id = ¢;t; the only difficulty rises to check it on [Si],
where

tit;[Si]) = t'v(q"”z[S-]_K_‘- = ¢~ V2t (w[Si] K )
_'1/2 (q1/2{Ss] K)K; =q B 1/2[31K_1 3= [S%']
= q1/2q—1/2 ] _:ql{Zw(q—-l,Q[S_] K-g)K_g'
= ¢'P(w[Si]) K i = t:i(g"2[8i]” K;) = t:t}[Si].

This finishes the proof t; defines an isomorphism between U(Q) and U(Q’).

5.3 An Automorphism of U(Q)
5.3.1 Definition

It is time to put both isomorphisms together. First we note that the Fourier
transform may be defined on the whole of U(Q) by

f(Ka) = Ko, (5.32)
f([4]) = Fo o ((4)), (5.33)
F(A7) = (Fo,e((A), (5.34)

where Fg o is defined as Fg o/ using the character ¥ instead of . We will
still write Fg ¢ for the extension of Fig o/ to U(Q). That this extension is well
defined, follows from the functoriality of the Drinfeld double construction, the
compatibility of the bilinear forms (cfr. (5.8)) and the properties (5.2)-(5.4).

Starting from a vertex i of a quiver () we change the orientation of certain

arrows to obtain a quiver Q' in which i is a source (we are allowed to change
the orientation of arrows not attached to i). Define:

ti = Fo, qtiFg.0 : U(Q) = U(Q). (5.35)
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The first question is of course whether this definition depends on the choice
of Q. Let O another choice for Q' and let O; = r;0". We should have
Fo, qtiFg,0t = Fo.QtiFq,q

Multiplying on the left with Fg o, and on the right with Fg: g, this is
equivalent to
t{FQi,Qé = FQi,Oiti-

This follows from the commutativity of the diagram below (for Q' and O"
quivers containing 7 as a source and quivers J; and O; obtained from Q"" and
O' by inverting the edges starting in 7).

U(@) —— U(Q)
Foior | [Fq.-.o.- (5.36)

U(0%) f} U(0;)
We only have to check this on U(Q). since the commutativity on U(Q), is
clear and the commutativity of U(Q) . follows by applying w and conjugating the

character 7. It is enough to show commutativity on admissible representations
and on [S;]. The latter is clear from:

tiFQi,os [Si] = ti[Si]
= ¢S K
= Fg,0.(a7?[Si]"K_1)
= Fg,0.tlSi,

while the former easily follows from (5.5), considering the fact that the respective
sets of edges involved in both operations are disjoint.

5.3.2 A Special Case

To shorten the statement of the following theorem we introduce the quantum
factorial defined by

N 2 Clt ) ERSY C Bt )
[n}‘v = (T} = v—l)n

(5.37)

We also define a{™ = a”/[n]!,. Note the [n]}, = [
In the theory of quantum groups it is customary to define v-binomial coef-

ficients differently from combinatorics [Mac95]. In order to avoid confusion we
use a different notation. .
{n} N
tf [t

These are Laurent polynomials in v with integer coefficients. Given a Laurent
polynomial 7(v) and a rational number d we use the notation 74 for the Laurent
polynomial 7(v?).

52



Theorem 5.3 For a quiver (), a vertex i and a representation A of Q, such
that A; = 0 we have

BAl= Y (-1)0"?[S)$. (418D,
s+t=—(A,i)

We may assume, without loss of generality, that i is a source in @, and
that @’ is the quiver obtained by inverting all the arrows starting in i. We put
B = r;A. Note that we may also consider A as a representation of @', since for
all non zero maps A, the arrow ¢ is left unchanged. A similar argument yields
Fgr glA] = [A]. Let C be a quotient of B, and put b = dim B; = —(7, ).

For an element u of U(Q'), with |u| = a we set

pi(w) = [Silu — ¢9/?u[S)].

For t € {0,...,n} let P; be the set of Q'-representations D with dim D; = d
for which B — D — C, up to isomorphisms leaving B and C fixed.
We get as in (5.19)

pilC] = qV/2E@D S oo 1o,

(€] Adm
and considering (A.1) we have

jg_ 1A
5:C |Aut(C‘)| riC'8;°

This gives us

i Aut(C”)| .
plC = Q‘I’”‘a’Z—~J|Au§(o))]|96r?s..[r50”]
[c”]

(1/2)(@ i) [Aut(C")|. .
? 2 Tawc) "¢
7 C/C"eS,;

_ (/2T | Aut(C')| -,
= g Y =),
cer,, |Aut(C)|

where ¢ = dim C;. .
This formula becomes nice if we introduce [C] = | Aut(C)|[C]:

w0 = 0@ S G

C’&‘Pr.-l—'l

Now we denote by f, the number of complete flags in a b-dimensional space
over k, which is the number of ways to go from A to B (stepwise), as Q'-
representations. This leads to

pb[A] = ¢~ WAO++b) g (],

53



b —_ .. s
F (g (;)_ 1)(;} 1) _ qb(b—l)/tx[b];m_
We obtain, (using | Aut(A4)| = | Aut(B)|),

pil4] = Q_b(b+l)/4qb(b_ 1)/4[!)];,!213] =g %2 [b]Llfz[B]'

|
But ‘
|
|

On U(Q) we define the p; in the same way. We clearly get
FQ',Q Cp; =pi° FQJ"Q, |
From p;[A] = [Si][4] — ¢Z/2[4][8;] we claim that |

pilA] = D _vi[Si[A]lSi", (5.38) |

where [b]'
172

v, = (_1).9q(s—b)/2 q I )

[S]an [b = 3]&1;2

This will be proved below.
This formula allows us to calculate #;([A]):

ti([4]) = FoqtilA]
= FgqlB]
B gt/
= FQ’.QF;O?[A]

gl/?

b/2

q
= [-I;T—P?FQ"Q[A]
gl/2
qb/z
[b]:ﬂn
= Y (128014180
sht=—(A,1)

4]

It remains to prove the claim (5.38). I

We define the operators Lz = [S;]z and Rz = ¢(1*)/2¢[S;]. Clearly we have
pi = L — R and RL = qLR. So to calculate p? we can use the skew binomium
formula (B.1). We recall that

H Ly (- 1)

T - DS — 1)

Here t = ¢q. Thus

!
[b] - q(1/2)(a(b—-a))_f_[b]ql.-’z—l
a [a]q,n [b— at];l_l‘J2
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pila = (L—R)b[A]

= Z(l { ]Lf’—JRJ[A]

b
= Z(_I)J’ [b] Lb—i [A][S‘.]J‘qzi;ﬁ(?%i'i)ﬂ
J

=0

= Z( 1)/ {] [S:]P79[A][8;) g~ bi/2+iG-1)/2

i=

S S E e

Bl

This finishes the proof.

5.3.3 Comparison with Lusztig’s Automorphisms

[j};uz[b e j];,l;z

(@ is a again a quiver without loops. The bilinear form (—,—) defines a simply
laced Cartan datum with simple roots i. We may [Jan87], associate a quantum
enveloping algebra U, (g) to this datum. U, (g) is the C-algebra with generators

E;, F; (for i € Qq) and L, (for o € Z%°) and with relations:

Ly=1
LoLg = La+g,
LoE; = vV E;L,,
LoF,=v~ @R,

E;F; — F;E; = ¢, L—L;l
—

(for i # ) Y CE)PEEND =0

s+t

=1—(i,7)
(forizi) > (DE)PFEFEP =0

s+t

:1_(1;‘}3')

It is well known that U,(g) is a Hopf algebra ([Jan87]).

(5.39)
(5.40)

(5.41)
(5.42)
(5.43)
(5.44)

(5.45)

Let u(Q) be the subalgebra of U(Q) generated by [Si], [Si]~ and K,. We
may invoke Theorem 5.3, from the previous section, to obtain the following list

55




(i # J)-
5:([S:]) = 7 [Si]" K,
t(18:)7) = ¢ Y2[Si|K;,
£:(1S;)) = +Z (—1)*¢*/2[S:] 18,1182
80817 = 3 (<1 (87) LS (507 L
s+i=n
fi{ch) - Kr,-a
It follows from these formulas that u(Q) is preserved under #;. Xiao ([Xia97])
constructed a Hopf algebra isomorphism @ between U,-1/2(g) and u(Q) sending
E,; to —q1/2[35]‘, .F, to [SJ and Lg to K_,;.
Lusztig ([Lus93]) defined the following automorphism 7}"_, of U,(g) for
i € Qp.

T _1(B) = —-F,L_,,

T, (F) = —LE;,

Ty _1(E;) = (—1)°0*(E:) P By (B;)Y j#i
sHi=(irs)

T (F) = ), (1) *(F)WF;(F)P J#i
s+t=(1,)

T;_1(Lo) = Kria
A simple verification yields

Theorem 5.4 0T, _; ={,0.
Indeed we have for E;:

OT!_1(E;) =0(—-F;L_;) = —[Si]K;  and
LO(E;) = £;(— 1/2[5] }Z"ql/gg_”z[Si]K
E}.nd fOr Fg

0T (F;) = 0(—LiE;) = +K_1¢"?[S;]”  and
t0(F) = 4([Si]) = ¢ V2[Si K-y = ¢ /AHEI2K 5
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If j # i we have for E;, using v = ¢~ /2

0T ( ( > (R0 (B)PE;(E )(3))

s+t=(iy5)
=D (1) (—o~ I ([S,]7)P[S;]~ ([8:] 7)Y
= (~Dv Y (D~ (S])P18] (i)
= —¢'*5[8;]

while for Fj

0Ty _(E;) =0 ( ¥ (—1)“1;‘5(&)5’)}*}(1?,;)5}))
s+t=(i,5)
=Y (1" 2 ([S:])$2[S51([S:])$H
= #[8;]
= £:0F;.

Finally we have the trivial

Bﬂ,’—lLa = 9Lr,-0( = K—r;a = ft'K—ﬂ — f'ieLc‘

This result gives a new proof that the automorphisms T, are indeed
automorphisms. It also gives a global definition for them, which was not the
case in Lusztig’s work.

Remark : Based on our work in chapter 6 Deng and Xiao have given an
alternative definition of an isomorphism between H(Q) and H(r;Q) [DX01a] It
is very likely that this isomorphism coincide with the one given by the Fourier
transform. In [DXO0lc] it is shown that the resulting automorphisms of U(Q)
satisfy the braid relations, thereby generalizing an important result by Lusztig
for quantum enveloping algebras.
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Chapter 6

The Quantized Generalized

Enveloping Algebra of a
Kac-Moody Lie Algebra

In this chapter we introduce the quantized generalized enveloping algebra of
a Kac-Moody Lie algebra (QGEA). The aim is to show that the Ringel-Hall
algebra can be considered as the positive part of a QGEA (Theorem 6.5), which
gives another translation of Kac’s constant term conjecture.

In the case of generic parameter the QGEA were introduced by S.J. Kang
[Kan95]. Unfortunately in the case of the Hall algebra the parameter is not
generic, and since Kang makes essential use of specialization arguments we
cannot use his results directly. Luckily it turns out that as long as the defining
parameter is not a root of unity one can simply generalize the arguments by
Borcherds [Bor88] and Kac [Kac90] to the quantum case. Additionally the proof
of Theorem 6.5 uses the positive definiteness of the Green bilinear form on the
Hall algebra (see Proposition 6.3). This argument seems to be new.

6.1 Initial Data

First we fix an algebraically closed ground field k. We will need to take rational
powers of elements in k. To be able to do this we define a inverse system
(T2 )a>0, where all T, = k* and the transition maps are Ty, — T}, : & — z°.
Fix an element v € k* and let v = (v,), be a fixed element of the inverse limit
such that v; = v. If r = ¢/d € Q then we define v" = v5. Clearly this is
independent of the choice of ¢ and d. We assume in addition that v is not a

root of unity, such that v” = v” implies r = r'.

The initial data are a vector space Y over Ik, a countable linear indepen-
dent subset I of ¥ and a bilinear form. The role of Y will be rather marginal. T
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is not necessarily a basis for Y, so ¥ may be enlarged if needed. Y is equipped
with a Q-valued Kac-Moody bilinear form (—,—) [Bor88]. This means

e (—,—) is symmetric,
e for i # j € I we have (i,j) < 0 and
o if (i,i) > 0 then E{K—gl € Z.

The elements of I will be called simple roots. We make a distinction between
real (stmple) roots i for which (i,i) > 0, and the imaginary (simple) roots j for
which (4,7) < 0. We write I = I™ U I'™ for the corresponding decomposition
of 1.

6.2 Three Algebra Structures

Now we are ready to construct some Hopf algebras associated to this data.
These Hopf algebras are generalizations of the quantum enveloping algebras
introduced in section 5.3.3.

6.2.1 The Hopf Algebra U

First we define the algebra U generated by symbols E;, F;, K;, K. for each
i € I and satisfying

K:K;' = 1=K 'K; (6.1)
K:K; = K;K; (6.2)
EF; — F;B; = (Ki—K;"); (6.3)
K:E; = v%EK; (6.4)
KiF; = v @Rk, (6.5)

Note that the K;’s commute. Thus it is safe to define for any a € Z’ the
symbol K, = [], K{*. In particular K{l = K_;. We put a Y-grading on U
by deg Ko = 0, deg E; = —deg F; = i. As before we write |z| for the degree
of a homogeneous element :1: From the relations it is clear that any word in
the symbols E;, F;, K;, K can be rewritten as the sum of v-weighted words
of the form ekf where e is a word in the symbols E;, k = K, for some «
and f a word in the F;. It is classical that this is an isomorphism (cfr. Kac’s
argument for Lie algebras). In this way there is a triangular decomposition
U= U+ ® U, ® U_, where U+ is generated by the E;’s, U, generated by the
K,'s and U_ is generated by the F}'s.
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We may put a Hopf Algebra structure on this algebra by defining the
co-unit as e(E;) = e(F;) = 0, e(K;) = 1, the comultiplication as

A(K;) =K; ® K;,
A(E;))=E;®K; +1Q E;,
Al) =K '®F,+F,®1

and, finally, the antipode as

S(K;) = K,
S(E;) = —E; K1,
S(F;) = —K;F;.
There is a umque automorphism w of U satisfying w(E;) = F;, w(F;) =
E;, w(K;) = K; . Tt is clear that w is an anti-automorphism on the level of
coalgebras.

6.2.2 Serre Relations and The Hopf Algebra U

For a real simple root i put

N )

Gij = 2H_“(i,i) and
_ (4,9)

di = —2'—

We define the Quantized Generalized Enveloping Algebra of the Kac-Moody
Lie Algebra U (or shorter the QGEA) to be the quotient of I/ by the quantum
Serre relations.

th"l"] + 1
> -1 p{%, ) BEE 0 s
di
ﬂ.u+1
_1)}) Qij +1 FPF-F.“"JH'I-p =0 if 7 is real 6.7
p ” s S
p=0 :

EE; - E;E;=0 if(i,j) =0 (6.8)
FiFj —F;F;=0  if (i,j) =0 (6.9)

We denote the images of E;, F; and K; in U by the same symbols. The triangular
decomposition of U induces a triangular decomposition U = Uy, @ U, @ U_ (this
may be proved as in [Lus93, Cor. 3.2.5]), where U, = U,, U, is obtained by
dividing Uy by the relations (6.6) and (6.8), and U_ is defined by dividing I/_
by the relations (6.7) and (6.9).
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6.2.3 The Drinfeld Double and The Algebra U

Put Us, = U, ® U, and U<o = U, ® U_. We define a symmetric pairing [—, —]
on Us,, as follows: on the generators we have (Ko, Kpg) = v~ (@0, [E, E;] =
and [K,, E;] = [E;, Ko] = 0. The form given by linear extensmn of thls is a
skew Hopf palring.

We have to check the conditions (4.1) on the generators. Indeed clearly
[Ki,1] = v° = 1 =¢(K;) and [E;, 1] = 0 = &(E;) = [1, Ei].

Furthermore we have to check [a,bb] = [A(a),b®b]. We have, for instance:

[Ka, KpK.,| = v~ (@B+7) = y~(@:B)y=(e) = [Ku, Kp][Kay K
[A(E;), B; ® 1] = [E;, Bi][K;, 1] + [1, Ei][Ei, 1] = [Ei, EJ° 40 = [E;, By]
From this we can also define a skew Hopf pairing between U>O and U.(o,

using w. We define [a, b]., = [a,w(b)]. From the relations we get, for all a € U,
and b € US,,,

> b@alaa) bl = 3 eaybalac), belu- (6.10)
a,b a,b

The Serre relations (6.6-6.9) are in the radical of these pairings (when they
are defined). Indeed, for instance, let A denote the lefthand side of (6.6). Note
that, for a homogeneous, [A,a] = 0 is trivial if |A| # |a|. Thus it suffices to
check [A,a] = 0 for a of the form EXE;E**'™* This follows from a tedious
calculation analogue to [Lus93, 1.4.3-6].

Therefore the pairings are as well defined on U. We denote the algebra
with U the Hopf algebra obtained from U (or U ) by factoring out the left and
right radical of [—- —lw, restricted to U, x U_. We again have a triangular
decomposition U =U 4, @ U, @ U_

6.3 Borcherds Character and U = U

6.3.1 Casimir and Verma

We fix homogeneous bases (au)u, (bu)w for Uy, U_ which are dual for the form
[~ —]w defined above. Put @ = |b,| = —|ay|. For @ = ¥ . asi € NI write
hta = Y ;. Let M be a U-module such that for all m € M we have that
(U_)—am =0 for hta > 0.

Then the action of the operator

Q=Y 5 Y(auwKabuKq

is well defined on M. Using (6.10), one verifies that it satisfies [Lus93]

QFE; = E,QK?
QK; = K;Q (6.11)
OF;, = K72FQ.

61



We denote by O the category of Y-graded U-modules M satisfying
e K, acts on M, by multiplication with v(®?),
e All M, are finite dimensional.

e The set of & such that M, # 0 is contained in the union of a finite number
of sets of the form u + NJ.

One may use the operator {2 to construct a true Casimir operator on objects
in O. This is done as follows (cfr [Lus93]). Enlarging Y if necessary we may
assume that there exists p € Y such that (p,4) = 3(i,4) foralli € I. Let M € O
and let C be the operator which acts on M, by v~ (®2=20)Q, Then C commutes
with the U-action on M. This follows from the formulas (6.11).

Particular objects in O are the so-called (lowest weight) Verma modules

defined by
U/(ZUF +ZU K; — o)),

As usual we denote by L(u) the unique simple quotient of M (1) in the category
O. It is clear that C acts on M(u) and L(x) by multiplication with v—(##—20),

6.3.2 The Character Ch

As before, if ¢ € I we write r;(x) = x — %;—23 Clearly r; is a reflection on Y.
Again, we denote the group generated by the r; by W. This is the Weyl group
of the root datum (Y, I, (—, —)). We define the character ¢ : W — {—1,+1} by
e(s;) =—1.

For a € Y we introduce a symbol e(ar), in such a way that e(a + 8) =
e(a)e(B). We also put w - e(a) = e(wa) for w € W. For a Y-graded vector
space V we put

Ch(V) = ) dim V,e(a)
acY
We will now recall how the Weyl group acts on Ch(U, ).

For i € I™ let U; be the subalgebra of U generated by FE;, F;, K;. Since
U,(slz) is simple as a Hopf algebra it follows that U; = U,(sl2). As usual we
can make [ and U into U;-modules using a twisted adjoint action:

Ad"(Ei)(a) B Ega = v(i’l“”aE,;
Ad°(F;)(a) = (Fya — aF;)K;
Ad°(Ki)(a) = vl
Fori,jel,peNput T}, = Ad°(E;)P(E;) € U, and denote by T}, the
corresponding images 1n U. Let V;, V; be respectively the subalgebras of U, [

generated by all T} ; », T} ; . J # 1
The following properties are easily established.
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1. Vi is Ad® U;-stable. It is sufficient to check this on the T} ; ,. The stability
under Ad® E; and Ad° K; is obvious, while the stability under Ad° F;
follows from the relations in U;.

2. The action of U; on V; is locally finite. This follows from the fact that
the Serre relation between F; and E; implies that T; ;4,41 = 0 and
hence V; is generated by the finite dimensional U;-representations given

by Ep T‘-s‘j‘p ' k
3. Every element of U, can be written as a sum ) E!b, with b, € V;.
Let us now temporarily define U, * U, as U, ® U, with the new multiplication

(@a*b)(cxd) = 1;_(|b[’|c|)(ac # bd)

(for homogeneous a, b, ¢, d). . o
It is easy to see that there is an algebra homomorphism & : Uy — Uy x Uy
given by §(E;) =1® E; + E; ® 1. By induction on degree one shows

la,bc] = Z[a,,b] [a}, ] (6.12)

if 6(a) = 3°; ai ®a. We now define linear maps §; : U, — U, by the properties
0i(E;) =46;  and
8i(be) = 8;(b)c + v~ “P0bg, (c)

(for homogeneous b). One shows by induction that [E;a,b] = [a,d;b]. Further-

more it is also easy to see that if a € U, is such that &;(a) = 0 then one also
has 6;(Ad°(E;)(a)) = 0. It follows that §; | V; = 0. Thus

[Ea, E'b] = [E]* a,8;(E"b)] = [E a,0,(EM)b] = A[E™ ta, EM 1]
where A is some non-zero scalar (using the fact that v is not a root of unity).

Now it follows that

4. If a,b € V; then [EI"a, EP'b] = 0 unless m = n. In that case it is a non-zero
multiple of la, b].

By taking images a similar statement is true for U,..

Let V; be the image of V; in U,. The corresponding properties hold also
for V;. Note that it follows from 4 that in U the decomposition given by 3 is
unique, since [—, —| is non-degenerate.

Let i € I™. Properties 3 and 4 imply that Ch(U) = (3, e(ni)) Ch(V}).
Hence we find

e(—~p) Ch(T})™* = (e(~p) — e(—p+)) Ch(V;) "

Properties 1 and 2 imply that r; Ch(V;) = Ch(V;). Since also ;(e(—p) —e(—p+
1)) = (e(—p + i) — e(—p)), we deduce the following result.

Lemma 6.1 ¢(—p) Ch(U, )~ is W-skew invariant.
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Using this lemma one can now generalize the Borcherds character formula
[Bor88]. Let P_ be the set of all 4z € ¥ such that

—2(p,1)/(5,3) €N ifie€I™ and (u,i) <O forallie '™,

For € P_ define S, = )" ¢(s)e(s) where s runs over the sums of elements in
I'"™ and ¢(s) is (—1)™ if such a sum consists of n distinct pairwise orthogonal
terms, each orthogonal to p. Otherwise e(s) =

Proposition 6.1 The character of Uy is given by

Ch(T4) = (3 e(w)e(p — wp)w(So)) . (6.13)

ur

The character of L(p), p € P_ is given by

ChL(p) = (3 e(w)e(p+ w(p — p))w(Su)) Ch(Uy) (6.14)

w

The proof is a copy of [Bor88| or [Kac90, Chapter 11]. One observes first
that if p is in P_ then L(p) is integrable, in the sense that for i € I, E; and
F; act locally nilpotently. Hence Ch(L(u)) is W-invariant.

Secondly, as in the Lie algebra case [Kac90, Prop 9.8]

Ch(L (g Z ¢ux Ch(M

for ¢y € Z, ¢y = 1 where the sum is over the A such that A > u (that is A — p
is a sum of simple roots) and (u,  — 2p) = (A, A — 2p).
From Ch(M(A)) = e(/\) Ch(U,) one obtains

e(—p)L(p)
Ch U+ Ecﬂhe XN=.p). (6.15)

Using lemma 6.1 we find that the lefthand side of the (6.15) is skew invariant
under W. Then as in [Bor88] or [Kac90, Chapter 11] it follows that the righthand
side of (6.15) is equal to

> ew)e(w(n — p)w(Syu).

weW
This yields (6.14). (6.13) follows from considering p = 0, and thus proposition
6.1 is proven.
633 U=U

The following result is also proved in the same way as in the ordinary Kac-
Moody case [Kac90]. See also [Jos95, §4.1.17], where the notion of primitive
vector is replaced by U, -homology.
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Proposition 6.2 The bilinear form [—, —] is non-degenerate on Uy.. In partic-
ular U =U.

To start we need to know something about the minimal generators as a two-
sided ideal of J = ker(U; — U, ). We follow the method of [Kac90]. Tt is easy to
see that the degrees of the minimal generators of J are the same as the degrees

of the minimal generators of the left U -module R = ker(®;c; U, (—i) X U,),
where U, (—i) is the graded U-module satisfying (U (—))a = (U4 )a—i.

There is a canonical map of U-modules @;c;M (i) — M(0) with cokernel
L(0). Tt is clear that R is isomorphic as Uy module to ker(@;c; M (i) — M(0)).
In this way R acquires a [/-structure.

Since R C @®;crM(i) it follows in particular that R is in O and hence by
[Kac90, Remark 9.3] R is generated as U, module by its primitive vectors
(homogeneous elements which are annihilated by the F;’s modulo a submodule).
Let v € R be such a primitive vector of degree o. Looking at the action of C on
v (modulo the submodule) one finds that (o, — 2p) = (i,i — 2p), for at least
one i € I. This yields (o, ) = 2(p, ).

Assume that 8 has minimal height such that (rad[—,—]NUy)s # 0. We
claim that for all i € I we have (3,7) < 0. It is clearly sufficient to check
this for i € I™. By properties 3,4 and the minimality of 3 it follows that
(rad["! '] NVi)g # 0. N

Since U; acts on rad[—, —]NV; = ker(V; — V;) we find that Ch(rad[—, —]NV;)
is ry-invariant. In particular (rad[—, —| N V;),,s # 0. Now if i € I" were such
that (3,7) > 0 then ht(r;8) < ht(3). This would yield a contradiction with the
choice of 3.

Choose 0 # r € (rad[—,—] N Uy)g. Clearly r is the image of a minimal
generator of J. Hence 8 is the degree of a minimal generator of R. As was
already said above R is generated by its primitive vectors, and so the degrees of
the primitive vectors contain the degrees of the minimal generators. In partic-
ular 3 is also the degree of a primitive vector in B. We now have the following
information on 3.

1. (B,i) <0foralliel

As in [Kac90, Lemma 11.13.2] this implies that 3 is the sum of pairwise orthog-
onal, not necessarily distinct elements of ™. To finish the proof one shows
directly (using (6.8) and (6.9)) that (rad[—, —| N U,.)s is zero for such 8.
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6.4 The Ringel-Hall-Algebra as a
Quantized Generalized Enveloping Algebra

of a
Kac-Moody Lie Algebra

6.4.1 The Algebra A

For simplicity we will assume in this section that the base field is R. If v € R,
and a € R then v* denotes the usual a’th power of v. It is clear that this is
compatible with the convention which was in force in the previous section.

Below let e; the canonical ¢t’th basis element of Z"™. In this section we consider
the following data.

1. A N"-graded R-algebra with the following properties.

(a) A(}:R
(b) dim A, < oo for all & € N™.
(c) Ao, #0forallt € {1,... ,n}.

2. A symmetric positive definite bilinear form [—, —] : A x A — R, which is
zero on Ay X Ag if a # 3. We also assume [1,1] = 1.

3. An element v €]0, 1[.

4. A symmetric bilinear form R™ x R™ — R such that (e;,e;) > 0 and such
that
ai; = 2(ei, e;)/(ei, €i)
is a generalized Cartan matrix in the sense of [Kac90, Chapter I].
We make A ® A into an algebra by the rule
(a®b)(c®d) = v (desbdesc) (g0 @ pq) (6.16)

for homogeneous a, b, ¢, d.

Throughout we now make the following extra hypotheses.

Let 6 be the map A -+ A® A, which is adjoint under [—, —] to the multi-
plication. Then 4 is an algebra morphism for the algebra structure on A ® A,
defined in (6.16).

Note that the adjointness property implies that § is coassociative, and also
that € = [1, —| behaves as a co-unit.

For a € N" — {0} define H, = ( Z AgA,)* C A,. Here (—)* is taken

Bty=a
Byy#Fa
inside A, with respect to [—, —|. Since [—, —] is positive definite we can for each

H, choose an orthonormal basis. Let (6;);c; be the union of these bases. We
define a bilinear form on ZI by (i,j) = (deg#;,deg8;) for i,j ¢ I.

Lemma 6.2 We have
00;)=0;@1+120;
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Remark This lemma was used by Li and Zhang [LZ00] to determine all 4-
primitive elements of H(Q) and to obtain a sufficient and necessary condition
on H(Q) for which for the composition algebra is the Hall algebra. (The com-
position algebra is the algebra generated by the simples [S;])

Indeed choose a homogeneous orthonormal basis (f;);cs for A and assume
that (6;);er C (fj)je_}. We have

8(6:) = cjnfi ® fi

Jik
for ¢;% € R and hence we find

65, fifml = Y €ielfs Aillfes Fim]
gk
= ClLm-

The statement of the lemma now follows from the definition of (;);c;.

Proposition 6.3 1. The bilinear form (—,—) on ZI satisfies the azioms
of [Bor88]. That is fori,j € I we have

(a) (i,7) <0 ifi#j.
(b) If (i,%) > 0 then 2(i,j)/(i,) is an integer.

In addition we have

(¢) (i,i) > 0 if and only if 0; € |, A, .
(d) dim A, =1 for all t.

2. A is isomorphic to the positive part of a quantized generalized Kac-Moody
Lie algebra with simple roots I and bilinear form (—,—). i € I is a real
simple root if and only if 0; € A., for some t.

Let us prove (la) first. We have

5{9;93) = (9,, ®1+1® 9,?)(9&: RN1+1® 93)
=00, ®1+6;®0; +v~ )9, ®6; +1®06,0;.
Assume i # j. We deduce
[0:60;,0:6,] = 1
[9¢6j, 9_@9,‘,] = ﬂ_(i‘j).
The positivity of [—, —] implies for all 2,y € R :
0< [.1}9,;63‘ + yf}jg,;, .’126,;9_-’.' + ijBi]

=22 + 207 gy 4 o2,
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Hence the determinant of the matrix

1 -U"(i‘j)
v_(i"jj ]_

must be positive. Since v < 1 this implies (,5) < 0 which proves (1a). Since if
0:,8; € Ae, then (i, j) = (deg0;,deg ;) = (e, e;) > 0, (1d) irnmediately follows.

Now we prove (1c). By hypotheses it is clear that if 6; € A,, then (i,i) =
(et, €¢) > 0, hence let us prove the converse. Assume 6; & | J, A.,. Since A,, # 0
it follows by (a) that (e;,deg@;) < 0 and hence (o, deg;) < 0 for every a € N™.
Applying this with o = deg6; yields (i,1) < 0.

Let us finally prove (1b). Let (i,4) > 0. Then 6; € A,, for certain ¢{. Hence
2(i,7)/(i,1) is equal to 2(es,degf;)/(es,e;). The latter is a linear combination
of aw = 2(eq,ey)/(es,€;) and since by hypotheses the a;, form a generalized
Cartan-matrix, they are integers.

Now we prove 2. Let [2’ be as in the previous section. Sending E; to 0;
defines a surjective map of U, to A which is compatible with the bilinear forms
(this follows from (6.12)). Since the bilinear form is non-degenerate on A this
implies that A is equal to U,.. By Proposition 6.2 it follows that A is isomorphic
to Uy. This ends the proof of the proposition.

If S,T C {1,... ,n} then we will say that S, T are connected to each other
if there exists s € S, t € T' such that a # 0 (and hence a;s # 0 by axiom (C3)
of [Kac90, §1.1]).

For a = )7, aue; € N write Supp « for the set {1 <t <n|a; # 0}.

Lemma 6.3 Assume that a1, € N* are such that (ay,2) = 0 and (i,04) <
0, (4,2) <0 for alli € I™. Then there ezist three sets P, P, P, € N* with the
following properties.

1. P, Py, P, are not connected to each other.
2. Suppa; = PLUP, Suppay = P, U P.
3. P spans an affine submatriz of (ai;)i;.

We prove this by constructing the sets P, P, and P;. Let T; = Suppa; for
j=1,2 and put P, = T} \Tz, P = TQ\Tl and P =T, NT,. The fact that
(c1,@2) = 0 together with (i,a;) < 0 for i € I implies that (i,a1) = 0 for
i € Tp. If i € Py is such that {i} is connected to T} then clearly (i,c1) < 0.
We conclude that P, is not connected to Ty. Hence P is not connected to P
and also not to P;. By symmetry the same statement holds with P, and P,
interchanged. This proves 1. and 2. Let o} = a4|P. Then Supp o} = P and for
all ¢ € P: (i,a1) = (i,0}) = 0. This implies that P spans an affine submatrix
of (ag j)g', g

Theorem 6.4 Let g be the Kac-Moody Lie algebra associated to the generalized
Cartan matriz (a.5)ij. Assume that there is no P C {1,...,n} such that P
spans an affine submatriz of (a;;)i;. Let g € N.

The following are equivalent.
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1. For all « € N" we have that dim U, (g) = dim A, modulo q.

2. For all a € N" the cardinality of the set {i € I'™ | deg; = '} is divisible
by q.

The proof is given in the remainder of this section. The theorem is a conse-
quence of the Borcherds character formula for A, and the Kac-Weyl character
formula for U(g).

Let us write

Ch'(A) = ) dim Ase(c).

acln
Then from Proposition 6.3.2 and (6.13) one deduces that
Ch'(4) = (Z w)e(p — wp)w(8p)) ™. (6.17)

Sp is ), €(a)e(a) where o runs over the sums deg8;, + - -- + deg#;, where
the i, are pairwise orthogonal and distinct elements of I. Finally ¢(a) = (—1).

Note that we have changed the notations slightly compared to those in (6. 13).
This is because we are evaluating Ch'(A) and not Ch(A) (recall that Ch(A)
would be the character for a much finer grading on A).

From the Weyl character formula it follows that (with the same notations)

Ch(U4(g)) = (O e(w)e(p — wp))~".

w

Comparing these two formulas, it follows that statement 1. of the theorem is
equivalent to

Ze(w)'w (e(—p)(S;—1)) =20  modulo q. (6.18)

W

Now e(—p)(S§—1) is a sum of terms which lie in the interior of the fundamental
chamber of C" @ Cp. Since the stabilizer under the Weyl group of a point in the
interior of the fundamental chamber is trivial [Kac90, Prop. 3.12, beginning of
proof] it follows from (6.18) that S} = 1 modulo g.

Now suppose we have a sum « = deg#;, + --- + deg8;, where the i, are
pairwise orthogonal and distinct. By the previous lemma and the hypotheses
all deg@;, have disjoint pairwise not connected support.

An easy induction argument now shows that the number of such sums for all
a is divisible by ¢ if and only if the multiplicity of the imaginary simple roots
is divisible by gq.

6.4.2 H(Q) is the Positive Part of a QGEA
We now come back to the Hall algebra.
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Theorem 6.5 The Hall algebra over a finite field of a quiver is the positive part
of a QGEA.

There is as well a link with conjecture 1.2 on page 10, that states that a,(0)
is the multiplicity of the root « in g. This is given in

Theorem 6.6 Assume that no subset of Qo spans a tame subquiver. Then
conjecture 1.2 is equivalent to the following statement. The multiplicities of the
imaginary simple roots of the QGEA corresponding to the Hall algebra of Q are
divisible by q.

Let @ be a quiver without loops and let H(Q) be the Hall algebra of Q. We
make H(Q) ® H(Q) into an algebra by defining

(41 @ [BI)(C] @ [D]) = v~ B0 4j[C] & [B][D]
Following Green [Gre95] we put
| Aut(B)| - | Aut(

o4] = %;3] (e g UL LA gy o]

and

)
_ . —(a,3) _24L[B]
[[A]! [B]] =v [Aut(A)l
It was shown by Green that ¢ is an algebra map H(Q) — H(Q)® H(Q) and that
multiplication and § are adjoint under [—, —|. In other words the pair H(Q),v
satisfies the hypotheses put on the pair A,v in the beginning of section 6.4.1.
Hence Theorem 6.5 follows from Proposition 6.3.
We already noted that conjecture 1.2 is equivalent to dim U (g)o =
dim H(Q),, for all @ € N9, Thus Theorem 6.6 follows from Theorem 6.4.
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Appendix A

Some Identities of
Structure Constants |

A.1 The Structure Constants in a Source

Let i be a source throughout this appendix.
Lemma A.1 For 2 admissible representations A and B we have

| Aut(B)|ggse = | Aut(A)[gg:? 4. (A1)

_}
In the case A # B + ai, both sides of the equation are 0.
Assume A = B + ai. Using functoriality the number I of injective maps
from A to B is equal to the number of surjective maps from r; B to r; A is S.

I

I § B
We have ggsf = ————= while gg}r,-,q = | Aut(r; A)|’
T

| Aut(B)|
The lemma follows now from | Aut(r;A)| = | Aut(A4)|.

Lemma A.2 For A, B,C € Rep(Q) admissible and a € N, we have

A A __P
9B cese = Z.?pcgss;--
[P

Let us denote D = C @ Sf. Consider X C A such that A/X = D then there
is a unique P such that X C P C A and such that P/X = S§?. In that case
A/P = (C. Thus we obtain

A A P
98D = Z Sgs;? S ZQPCQBS;"
=
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Lemma A.3 For the admissible representations A, B, M and N we have
M N&S? a. S8y TiM@S] rN
94 B S L R oy o (A.2)

First recall (4.17):

o = e S S ey AP (A9)
[P]

Combined with lemma A.2 we deduce:

M Nes: | Aut(M)|| Aut(N @ S2)| _—_
gA B == [Aut(A)H A‘I.lt(B)[ %QMPQP N@S;:|Aut(P)|
| Aut(M)|| Aut(N @ S2)| -
‘ .| Aut(P
| Aut(A)]| Aut(B)| P]Z‘l;? : 9y PIQNIpsg | Aut(P)]

Note that if a term in the last expression is non-zero then P ¢ Q ¢ B. In

particular P and @) are admissible. Hence we can invoke lemma A.1 to obtain:
M Nosy _ |Aut(M)|| Aut(N @ S7)|

4 p [Aut(A)]] Aut(B)]

i A B ;P
Z g::;tMr;Pg::Qr‘-Ngg;‘rinAut(Q)I‘
[P],[Q]adm

Now i is a sink, and we use the appropriate version of lemma A.2. We obtain:

M Nesy _ | Aut(M)||Aut(N @ S7)|
JaB T T Aut(A)|[Aut(B)]

B =)
Z 9::Qr.-N9:,-Me;s;' r,-QJAUt(Q)|-
[@adm

‘We obtain, by (4.17):

M Nosy _ | Aut(M)||Aut(N & SF)| rm@s? rn
W [Aut(r:M @ S2)[[ Aut(N)]IrsA B

The only remaining problem is to show that the fraction in the above equa-
tion is equal to ¢St -M)*+(NST)  We prove this now.
It is clear that

Aut(N & S¢) = (Aut(N) Hom(N, S’f)) ‘

0 Gl,
thus we have

| Aut(N @ 57)| = | Aut(N)|| Gl, || Hom(N, 5¢)| = ¢S | Aut(N)|| Gl |.
A similar calculation yields

| Aut(riM & 8%)| = ¢'*mM)| Aut(M)|| Gl, | = ¢~ 55| Aut(M))]| G, |.

This implies what we want.
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Appendix B

Combinatorial Side Results

In this appendix we prove (3.16). In fact we have the following more general
formula.

Theorem B.1 If u = (c,1%) is a hook then
1—the
1—th’

K3 (1) = (=1) 00y

MM+
where ¥ = Z? - ZAj.
i>2 j=2
We were informed by Stanley that in the case p = (1™) this formula was
proved by MacDonald.

B.1 An Identity of Gaussian Binomial Coeffi-
cients

We will first prove an identity between Gaussian binomial coefficients using
non-commutative generating functions.

Lemma B.2 Let k € N. Let yu € Z*, with uy > 0. Define a; = Hi—1 — i and
b=3 >y ai- We have

Z (_1)T‘;tzgga((#v‘+ri}(ﬂi+T‘i+1))/2 [b+ T1:| [a‘zjl [a3J )
T ra] |rs]

E?\::'m,

. (_l)mtzizz{ﬂi{pi+l))/2.

Suppose z,y are variables satisfying yz = tay. Then it is well known that

@+y)* =) m gty (B.1)

uz0
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We can also write this with negative exponents:

(+9)™ = ) [_;J T

u=>0
- Z(_l)ut—au+(u(u—1))/2 [a‘ +u— 1] xuy—a.—u_
u=>0 bl
Now we introduce variables (z;);, (y;); satisfying
YiT; = tx;y; Yilli = YiYi T = ;%
Let k > 2 be finite and a; € N, for 2 < i < k, while b € N. We calculate
K = (zk+ye)™ (22 +y2) (@1 +11) )
_ Z(_l)r1tw(h+1)r1—(rl(rl—l)],& b+ri| |az| |a3]| ;
=y 1 T2]| (73 ,
X - w;syga LEPS yaz rgmrl y—b~1 1
o 7120, b—|—?"1 az| (a3
- pore P e
Tili
Xyi—b—l—rly;z—fz ygs—f'a,
where ( ¥
ri(ry +
19,- = —b‘]"l — 1—'1'2—] + Z (ﬂ,,j s T',;)Tj.

1>j<i
Thus setting all #; = z and y; = y we get
(iB + y)—b—l+a.g+ag+...

s Z T‘qt'ﬂ [b‘i’f'l] [G2] |iar3] s mzriy_b_l+zri+zit_>2u‘.

T1 -

We suppose now that b = )" a;, and look at the coefficient of &™y—™~1

using (z +y)~ E (—1)mg (mim+1))/2pmy—m=1  Wo see |
|
b+ri| |az| |as
o= 3 & [Phn] [ 6]
r
S i 1 Tz2] |T3 |
where

m(m+1)
G AT -i- Zﬁ%‘i‘znh_‘—l

j>iz2 i>2
Now define v; = y; + 7, and suppose a; = f;_1 — u; then

Ul +1) pilpi +1
T = ; 2 Z 2
i=2 i=2

This yields the lemma.
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B.2 A Proof of Theorem B.1

By definition of K;: (t) we have
=2 Kii(t)su(@)
I

Recall that e,, denotes again the m-th elementary symmetric function. It is
the sum of all products of m distinct variables. Note that s;m = Pim = e,,.
Pieri’s formula for s, and P, gives the multiplication by e,,. This will lead to
a recursion formula for the entries of K—!. However we first need to introduce
some notation for partitions. Let us use p <,, v to signify that the v — p is a
vertical strip of length m. This means that || + m = |v|, and the diagram of
u is included in that of v, and in addition the difference is at most one on each
horizontal. (Example: (3,1,1) <3 (4,2,1,1), while (3,1,1) #4 (4,3,2)).
Pieri’s formula for s, is classical [Mac95, 1(5.17)]

Bl = Z 8y (B.2)
P<mV
Pieri’s formula for P, is similar [Mac95, IIL3]
Piem = Z fs,lm(t)Pw (B.3)
Bl

where
y

!
¥ ) = [Vi_”f“].
f@l () [I ﬁ__#;

Substituting in (B.3) the transitions P, = Z K, l(t)sy and

o<y

B== Z K;BI (t)sg we obtain:

B<pu
Y K (B)spem= Y. Y fLimOK L ()sa.

B<p p<mv aly
Using (B.2) on the lefthand side, we obtain
Z Z K.uﬁ )ss = Z Z 1m (8 Ko ()50
A<p B<md B<mt a<y

We note in passing that the summation runs over the Greek letters except p.
Now we look at the coefficients of the s;’s in this equation. We get for all
partitions p and 4, for which |u| +m = |§| that

Y KM= % oK} (B4)
B<p B<mV
B<mb d<v
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This relation determines the K';; ’s uniquely. Indeed apply (B.4) with § = y
and p obtained by deleting the last column of 9. Then K;; can be calculated
from K;ﬁ’s with || < [¢| and K ’s with v < 1. We may assume that these
are known by induction.

In the case § = (c,19) we find a simplified version of (B.4). Denote 9@ =
(e—1,14™+1) and x = (¢, 19™)

Koo®) + Koy = 30 fiamE G 1a)(0) (B.5)
B
We will now use this formula to prove Theorem B.1 by induction. First note
that for A = 1™ Theorem B.1 is obvious. So we only need to show that the
formula in Theorem B.1 satisfies the recursion relation (B.5). We will assume
that ¢ > 1, the case ¢ = 1 is similar but requires fewer steps.
So assume ¢ > 1. Set v = v and p = p'. Put b = ny, a; = ni_1 — 1,
9i = Yi—1 — i and 1; =y — ;.
Substituting the formula of Theorem B.1 in (B.5) we get:

((_1)b+d—mt2522(m(m+1})/2—§:§;§ fig L. — 4

1—tm
(—1)PH-m g ) /2Ty L8 ) b
1—¢m as ag

- ) aL 3 s (i (1)) /2= 25 v
(-1) t

% T 1—17 [ga] [g2
g2 g3 ...l 1—tn |rq| [rm]|

Using the r; we can eliminate the v’s and g’s and after some manipulation
we obtain:

7 <my

(_1)—m+1tzega(m{m+l))/2- ik (2 — g1 — 1)
= (1 — ") Z (—-1];tzizz({m+f'i)(Vfi+‘”i+1})/2—2;;é('?j+rj}
DB o]

< ]

+ 7 (1 — £9¢) Z (—1)f¢2ez2((m +ri) (mitrit1)) /2= 525 (nj+r5)

3, ri=m
P - e

We will rewrite first the second term of the righthand side. Put
. {m—l i<c _ {n—l i=c
Hi = 8 i Ti= i .
i i>c 5 e
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We put as well

ai—l =10

, b =b-1.
a; i#¢

i = fli—1 — fli = {
With these notations the second term of the righthand side becomes:

e(l—t%) 3 (~1)Sea(Ger)Genin)/2 F’*"‘l] m {“‘3]

gl 1 T2| |73
Using lemma B.2 this is equal to
(_1)m-—1t'nc(1 - tﬂc)tzgzg(ﬁi(ﬁi“‘l))!’z_
This is equal to '
f—l)m_lt""' (1-— tac)tzizg(m(m‘ﬂ))/?—zj;; Mi

We now subtract this term from the lefthand side of (B.6). We are left with
proving: ‘

(__1}mt2x‘22(ni(’75+1))f2_2;=2 (1 — )
- Z (_.1)'{t2i22(("}'6+7‘0(m+!‘i+1)}/2—Z:;;:1,(nj+rj)

¥, ri=m
LRI e

With the same fi, a and b as before, the righthand side becomes

Z (_1)?‘1t):Q'z((F‘»t+f‘i)(ﬁx‘+re+1))/2"[ﬂc+ru} |:E+ T1:| l:az] - [&‘C T 1] L

5. Faiti 1 T2 Te
] = 2+ [
e re—1 Te

Z (_l)ntz.-_;_vzf(ﬁi%-ri)(ﬁi+r‘-+1)]/2—(;fc+rc) b+r| |Gz o a. N
X 1 T2 re—1
s Ti=m

+ z (_1)1“1 tzizz((ﬁi+?'ij(ﬁi-l-‘-“'ri-l))/?—ﬁc I:E * rl:l [{32] - [&c:[ STk

L] T2 Te
Ximi=m

But

This leads to

We can invoke lemma B.2 again on the second part to see it is equal to

(—1)m¢Eiza i+ 1)/2=F5 a5 (B.8)
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The first part we can rewrite with the 7;’s, and again invoke the lemma, to
obtain

(_l)m‘1t2i22 ma(mi+1)/2=523 15 (B.9)

Now it is clear that the sum of (B.9) and (B.8) is the lefthand side of (B.7).
This finishes the proof of the theorem.
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Appendix C

Computer program

Step 1: the Gaussian multinomial coefficients of a partition.

WITH(combinat):
prd := b ->PRODUCT(t "a-1,a=1..b):

gmep:=PROC (part::LIST)
LOCAL f1,hulp;
GLOBAL gmca;
*1  hulp := prd(part[NOPS(part)])/prd(part[1]);
FOR f1 FROM NOPS(part) BY -1 TO 2 DO
*2 hulp := hulp/prd(part|fl]-part[f1-1])
OD;
gme(part):=SIMPLIFY (hulp)
END:

This procedure encodes the Gaussian multinomial coefficients [u]. We first
note that maple denotes its partitions increasing ([1,1,3,4]), rather than de-
creasing. The essential lines are the ones indicated with a * and a number.
The line *1 assigns to “hulp” for a partition u of length n (=NOPS(part)) the
formula ¢, /¢,,. Afterwards, in *2, for each two consecutive parts of x hulp is
divided by ¢, —p,, _,- Clearly that gives the desired coefficient.

Step 2a: pa calculates the II, .

pa := PROC (a)
LOCAL 11,N,f2,s1, hulps,par,curr,p;
GLOBAL paf;
hulps := 0;
par:=PARTITION ((a);
FOR f2 FROM 1 TO NOPS(par) DO

! For a loopfree one vertex quiver we calculate IT, which is encoded in “paf’.
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curr := par|[f2];
N:=NOPS(curr);
11:=curr|N];
gmep(curr); |
*3 term(f2) := (-1)" (11) * t " (SUM(curr[p] " 2,p=1..N) - 11*(11+1)/2)* gmc(curr);
hulps := SIMPLIFY (hulps + term(f2));
OD;
paf := hulps
END:

The crucial line here is *3 which assigns for each partition to the local vari-
able “term”, the term that partition contributes to the entire sum IT,. The next
line adds the term to “hulps”, meanwhile simplifying to reduce calculation time.

Step 2b: pab calculates for a given vector a, b and a number
of arrows m =“pijl”, the polynomial II,;,=“pabf”.

pab := PROC (a,b,pijl)
LOCAL I1,m1,N,M,f2,f3,s1, hulps,para,parb,curra,currb,p;
GLOBAL pabf;
hulps := 0;
para:=PARTITION(a);
parb:=PARTITION(b);
FOR 2 FROM 1 TO NOPS(para) DO
FOR {3 FROM 1 TO NOPS(parb) DO
curra := paralf2];
currb := parb|[f3];
N:=NOPS(curra);
M:=NOPS(currb);
11:=curra[N];
ml:=currb[M];
hulps := SIMPLIFY (hulps + (-1) “ (114m1) *
t " (SUM(curra[p] " 2,p=1..N)+ SUM(currb[p] " 2,p=1..M)

*4 - 11%(11+1)/2 - m1*(m1+1)/2
* -pijI*(SUM(curra[N-p|*currb[M-p|,p=0..(MIN(M,N)-1))))
* * gme(curra) * gme(currb))
OD;
OD;
pabf := hulps

end:

The crucial part is the multiline expression *4, where for each 2 partition the
right term is added to the total “hulps”.
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Step3: An example of running the programs

As an example we list some of the tests we ran. First of all for each partition
we calculate the Gaussian multinomial coefficient.

FOR k FROM 1 TO 20 DO
FOR1FROM 1 TO
NOPS(partition(k)) DO gmep(partition(k)[I])
OD
OD:

Next we run the following program for dimension k > s and 3 arrows.

FOR s FROM 19 TO 20 DO
FOR k FROM s TO 20 DO
pab(k,s,3):PRINT (k,s, EVALB(SIMPLIFY (pabf)=0),LIMIT(pabf, t=INFINITY))
oD
OD:

The output gives the results for (19,19),(19,20) and (20,20):

19, 19, false, 0

20, 19, false, 0
20, 20, false, 0

For instance the last result means that for dimension vector (20, 20) the test
if Iy 5 is identically zero answered ”false” while the limit for ¢ going to infinity
is 0.

We obtain a more interesting output for the dimensions (12,4), (13,4) and
(14,4) (again in the 3-arrow case). We note that (12,4) = p — riror1p while
14 = 3-4+2. This means that these 3 consecutive dimensions, behave differently
under the conjectures we test. Note that e(r;ryr1) = —1. This coincides with
the last number on the output line of (12,4). So the conjecture holds true in
this particular case.

12, 4, false, —1

13, 4, false, 0
14, 4, true, 0
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