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Abstract 

In translucent materials such as fruit and marble, light diffuses beneath the 
surface, creating a distinct appearance. I t is impossible to capture this using 
traditional reflection models, and requires computation of subsurface light 
transport. Full simulation has proven intractable, fueling the development of 
more efficient models , capable of retaining the most salient visual qualities. In 
this dissertation , we will explore the direct ion of approximating light transport 
as a diffusion process, in order to achieve efficient and practical simulation of 
subsurface light transport. 

In seminal work by .Jensen et al. [JMLHOla], a simplified diffusion model 
was introduced: the fa st dipole approximation. It reduces the simulation of 
subsurface light transport to the computation of a surface integral over the 
object of interest. We show that the dipole approximation is simple enough 
to achieve t he goal of interactive rendering. Two novel integration schemes 
are developed , which are fast and flexible enough to interactively account for 
varying viewpoint, illumination and geometry. In this context , we contribute 
to the dipole model in several ways: an efficient integration procedure over 
polygons, ii,n importance sampling scheme for Monte Carlo quadrature, and 
an adjustment for ensuring reciprocity of light transport. The dipole ap
proximation sacrifices accuracy to increase performance. We will analyze the 
underlying assumptions , and assess the impact for computer graphics. Most 
importantly, we find that conservation of energy is not guaranteed, and certain 
geometry-dependent visual cues are missing. 

When interactivity is not the main concern, a more accurate simulation is 
possible. We introduce a volumetric diffusion method for arbitrarily shaped 
objects, based on the multigrid method [Hac85 , Sta95] . Two important issues 
are solved . First , accurate representation of interactions near the object 's 
surface, which is realized by applying the so-called embedded boundary dis
cretization [DCL +gs, JC98]. Second, the solution adaptively refines where 
required , in order to improve efficiency and keep memory requirements fea-
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sible [B084, DeZ93, BBSW94]. Although this approach may be slower than 
dipole-based methods, it is capable of dealing with both homogeneous and 
heterogeneous materials , and more accurately reproduces t he general appear
ance of translucent objects. Contrary to previous methods for dealing with 
similar cases, computation time is only a few minutes. 

The dipole approximation makes no allowance for radiomet ric accuracy, 
but enjoys the attractive property of not requiring a volumetric representa
tion. Inspired by the traditional boundary element method [HP02, HASS03] , 
we show that a general exact boundary diffusion model can be formulated. 
We point out the relationship to the well-known radiosity problem [CW93] 
and our novel polygon integration technique. As a practical application, the 
boundary diffusion model is employed for experimental validation of the dipole 
approximation, which confirms the findings of our analysis. 



Samenvatting (Dutch) 

In translucente materialen zoals fruit en manner, wordt licht verstrooid onder 
het oppervlak , waardoor een uniek uitzicht ontstaat. Deze effecten zijn niet 
te reproduceren met de tradit ionele belichtingsrnodellen uit het domein van 
computergrafiek. Een vo1ledige simulatie van wat er zicb onder het opper
vlak afspeelt , vereist een onredelijke berekeningstijd. Daarorn zoeken we naar 
nieuwe belicht ingsmodellen , die de berekeningen simplificeren, maar niet ten 
koste gaan van de belangrijkste visuelc effecten. In dit proefochrift gaan we 
verder in op het idee om lichttransport te benaderen als een diffusieproces. 

In baanbrekend wcrk door Jensen et al. [JMLHOla], werd een gesimpli
ficeerd diffusiemodel voorgesteld: de snelle dipoolbcnadering. Hct reduceert de 
berekeningen van sub-oppervlak lichttransport tot een oppervlakte-integraal 
over het betreffendc object. We tonen aan dat dit model simpel genoeg is 
om interactieve weergave van translucente materialen toe te laten. Hiervoor 
ontwikkelen we twee nieuwe integratieprocedures, die snel en ftexibel genoeg 
zijn om zowel kijkpunt, belichting als geometrie interactief aan te passen. In 
deze context dragen we bij aan de dipoolbenadering met een efficiente in
tegratieprocedure over polygonen, een voorkeursbemonsteringmethode voor 
Monte Carlo-integratie , en een aanpassing die reciprociteit van lichttransport 
garandeert. Alhoewel de dipoolbenadering zccr plausibele resultaten voort
brengt, komt correctheid in bet gedrang vanwege de onderliggende aannames. 
vVe zullen deze analyseren, en bun impact voor computergrafiek inschatten. 
In het bij zonder , merken we op dat behoud van energie niet gegarandeerd is 
en bepaalde geometrie-af11ankelijke visuele kenmerken ontbreken. 

Wanneer interactiviteit niet primeert , kunnen we een accuratere sirnulat ie 
realiseren. vVe introduceren een vohunetrischc diffusiemethode voor complex 
gevormde objecten, gebaseerd op het multiroost eralgoritme [Hac85, Sta95]. 
Twee belangrijke problemen worden opgelost. Ten eerste, accurate represen
tatie van interacties aan het oppervlak, hetgeen we aangepakken d.m. v. de 
zogenaamde ingebedde randdiscretizatie [DCL +gs , JC98]. Ten tweede ge-
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bruiken we adaptieve verfijning, teneinde performantie op te krikken en het 
geheugenverbruik haalbaar te houden [B084, DeZ93, BBSW94]. Alhoewel 
volumetrische diffusie trager kan zijn dan methoden gebaseerd op de dipool
benadering, la.at het toe om zowel homo- als hetcrogene materialen weer te 
geven, en de kenmerken van translucentie beter t e reproduceren. In t egen
stelling tot vorige methoden om gelijkaardige situaties a.an t e pakken , is onze 
berekeningstijd slechts enkele minuten. 

Het ontbreekt de dipoolbenadering aan radiometrische accuraatheid, maar 
daarentegenstaande komt er geen <lure volumetrische representatie aan te pas, 
omdat de berekeningen enkel aan de rand plaatsvinden. Ge"inspireerd door de 
randelementmethode [HP02, HASS03], tonen we aan <lat een algemeen exact 
randdiffusiemodel kan worden geformuleerd. We observeren overeenkomsten 
met het bekende radiositeitsprobleern [CW93] , en onze nieuwe polygooninte
gratieprocedure. Als praktische toepassing zullen we randdiffusie aanwenden 
om het dipoolmodel experimenteel t e valideren, waarmee we de bevindingen 
van onze analyse bevestigen. 



Acknowledgments 

First of all, I am grateful for the privilege of working with my advisor, Philippe 
Bekaert. His ideas, support and encouragement have been instrumental to 
complete this disseration. Also, I 'd like to thank my co-advisor Frank Van 
Rceth, for sparking my interest in computer graphics, his confidence in my 
ability, and for making sure I didn' t lack any resources. 

A PhD is hardly ever the work of a single person. I'm indebted to those who 
contributed significantly to the work and ideas presented in this dissertation: 
Jan Kautz and Tom Haber. J an's invaluable input is t estified by the fact 
t.hat he co-authored three of my papers. Discussions with Tom have been 
instrumental, and he deserves most of the credit for chapter 4. If co-authors 
were to be put on dissertations, these names should be next to mine. 

Thanks to the members of my reading committee, for making themselves 
available, despite their busy schedule. 

In 2002, I had the privilege of visiting the graphics la b at the Max Planck 
Institut for Inforrnatik, t hanks to Hans-Peter Seidel and Jan Kautz. Also, I'd 
like to acknowledge assistance from Jens Vorsatz and Hitoshi Yamauchi during 
our project. I want to express my gratitude to Fredo Durand and Jan Kautz 
for realizing my visit to the Massachusetts Institute of Technology, in 2003. 
While working on our weathering project , input from Jiawen Chen, Tiffany 
Wang, Paul Green and Eugene Hsu was greatly appreciated. Thanks to Tom 
Annen , for being an excellent roommate, and sharing a "distinct" sense of 
humor. 

Of course, I am indebted to my colleagues at t he Expertise Cent re for Dig
ital Media who contributed to this djssertation in one way or another , and I 
am grateful for all the good times we shared. In part icular, I 'd like to mention 
the following people: Fabian Di Fiore, Jan Fra.nsens, Erik Huba, Pieter Joris
sen , Kris Luyten , Tom Van Laerhoven and William Van Haevre. Erik Huba 
and Koen Beets deserve all t he credit for t he cool photographs in fi gure 1.1. 
Thanks to Kris Luyten and Fabian Di Fiore. for helping out with I¥1E;X is-

Vll 



viii 

sues. Peter Vandoren and Ingrid Konings provided valuable administrative 
assistance. Finally, thanks to those who reviewed this dissertation. 

I'm thankful for the insightful discussions with Simon Premoze, and his 
help in finding some important literature. I'd also like to express my gratit ude 
toward Jensen et al. [JMLHOla] for publishing their material measurements, 
Paul Debevec for his illumination data [Deb], and the graphics group at Stan
ford University for sharing their 3D model repository [su3]. The head model 
in figure 3.13 and 3.14 is courtesy of nVIDIA [nvi]. The "sculpture" model in 
figure 4.5 is courtesy of FarField technology [far]. 

Thanks to the people of "Broodjesbar vVoody's", whose excellent sand
wiches now constitute an important part of my nutrition. 

I gratefully acknowledge my sources of funding: the European Regional 
Development Fund (ERDF) , the Flemish Government and the Flem
ish Interdisciplinary Institute for Broadband Technology (IBBT) . 
Also, the Marie Curie Doctoral Fellowship for funding my visit to the 
Max Planck Institut fiir Informatik in 2002. 

Finally, I'd like to thank my family and friends, in particular my parents, 
Kristof, Laurien, Nancy and Sanna, for their indispensable support. 

Diepenbeek ~ May 2005 

Dedicated to my parents, 
for their unconditional S'Upport 



Contents 

1 Introduction 
1.1 Scope and Contributions . 
1.2 Applications ..... .. . 
1.3 Overview of Related Work . 
1.4 Overview of this Dissertation 

2 Theory of Light Transport 
2.1 Radiometry ..... ... ........ . 
2.2 Light Transport in Participating Media . 

2.2.1 Interaction of Light with a Surface 
2.2.2 Radiative Transfer 
2.2.3 Scattering Order ......... . 

2.3 Diffusion Approximation ... . .. ... . 
2.3.1 Derivation of the Diffusion Equation 
2.3.2 Boundary Conditions 
2.3.3 Assumptions .... . ... . 
2.3.4 Solutions .......... . 

2.4 Bidirectional Distribution Functions 
2.5 Conclusion . . . . . . . . 

3 Fast Dipole Approximation 
3.1 Dipole Model ......... ... ... . . 

3.1.1 Diffusion in a Semi-Infinite Medium 
3.1.2 Dipole BSSRDF ... . . ... . . 
3.1.3 Diffusion for Arbitrary Geometry . 

3.2 Efficient Rendering ..... . ... .. . 
3.3 Hierarchical Boundary Element Method 

3.3.1 Form Factor Computation . 
3.3.2 Hierarchical Evaluation 

ix 

1 
4 
5 
5 
8 

11 
11 
12 
13 
14 
17 
18 
18 
20 
22 
22 
25 
27 

29 
30 
30 
31 
32 
34 
36 
37 
45 



X 

3.3.3 Results ................ . 
3.4 Local Diffusion . . . . . . . . . . . . . . . . . 

3.4.1 Importance Sampling of the BSSRDF 
3.4.2 Integration over the Surface 
3.4.3 Implementation . . . . . . . . . . . . . 
3.4.4 Results . . . . . . . . . . . . . . . . . 

3.5 Comparison of Interactive Rendering Methods. 

3.6 

3.7 

3.5.1 
3.5.2 
3.5.3 

Categorization of Common Techniques . 
Comparison Table . . . . . . . . . . 
Discussion .............. . 

Analysis of the Fast Dipole Approximation 
3.6.1 Physical Soundness ... .. . 
3.6.2 Phenomenological Soundness 
Conclusion . .... 

4 Volumetric Simulation 
4.1 Overview . . . . . . . . . . . . . . . . . . . 
4.2 Volumetric Simulation ........... . 

4.2.1 Embedded Boundary Discretization 
4.2.2 Solution by Means of the Multigrid Method 
4.2.3 Adaptive Refinement ..... 
4.2.4 Putting Everything Together 

4.3 Results . . . 
4.4 Conclusion . . . . . . . . 

5 Boundary Diffusion Model 
5 .1 Boundary Integral Equation . . . . . . . 

5.1.1 Discussion ......... ... . 
5.2 Solving the Boundary Integral Equation 

5.2.1 Discretization ......... . 
5.2.2 Form Factor Computation .. . 

5.3 Experimental Validation of the SIMA 
5.3.1 Implementation . 

5.3.2 Observations 
5.3.3 Discussion . 
5.3.4 Conclusion 

5.4 Conclusion .... 

CONTENTS 

50 
54 
55 
57 

61 
63 
65 
67 
68 
69 
70 
70 
71 

73 

75 
75 
76 
76 
79 

80 
81 
81 
83 

87 
87 
88 
89 
89 
90 
91 
91 
92 
95 
96 
96 



CONTENTS xi 

6 Conclusion 97 
6.1 Summary 97 
6.2 Future Work 99 

A Derivation of Modified H elmholtz BIE 101 

B Computing Form Factor F~ 103 

C Publications 105 



xii CONTENTS 



Chapter 1 

Introduction 

Materials like marble, cheese, wax, human skin, jade, etc. . . interact with 
light in an unusual way. Instead of being directly reflected off the surface , 
light is diffused inside, t here by creating a unique appearance ( fig. 1.1). We 
call these materials translucent. Practically all objects found in nature exhibit 
some degree of t ranslucency, with the exception of metals. When observing a 
translucent object, one notices the soft and diffuse character, concealing small 
geometJic features. Also, there are noticeable chromatic effects, sometimes 
dubbed "color shifts" , similar to the sky's color variat ion from blue to red. 
These salient effects are important to reproduce, as they add significant ly to 
the photo-realism of a scene. 

In this dissertation, we describe methods to efficiently synthesize images of 
t ranslucent objects. The underlying responsible phenomenon is called subsur
face scattering: light enters the material, scatters one or more times inside, and 
exits at a location that is very likely not the same as the entry point . Canoni
cal reflection models in computer graphics only account for local scattering at 
t he surface, t hus assuming that light is always reflected directly at t he entry 
point (fig. 1.2) . Typically, such renderings look unrealist ic and hard when 
applied to t ranslucent materials. We therefore need novel reflection models 
and rendering techniques. 

One goal in this clissertation, is t o render images at interactive rates (1 
frame per second or faster) . However, simulation of subsurface scattering 
requires intensive computation. Light transport inside a t ranslucent mate
rial can be modeled accurately by the radiative transfer equat'ion, a complex 
integro-different ial equation. Direct simulation approaches require many hours 
to generate a single frame, yet , the appearance caused by subsurface scat ter
ing is qualitatively very simple. This observation argues for approximating 
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2 CHAPTER 1. INTRODUCTION 

(a) (b) (c) 

(d) (e) (f) 

Figure 1.1: Photographs of translucent materials. (a) Candle made of wax. 
(b) A glass of milk. (c) Same glass of milk lit from above using a flashlight. 
Note t he chromatic effects due to scattering. (d) Marble slab lit from the back. 
( e-f) Marble slab lit by a red laser. Note the diffusive character of scat tered 
light. 
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Figure 1.2: Left: 1}adit ional reflection model. Light is only reflected at t he 
surface. Right: Subsurface scattering. Light penetrates t he material, scatters 
inside and exits at a different locat ion. 

the exact solution with various simplifications of the underlying model, in or
der to achieve the required computational speedup. It turns out that , under 
certain conditions , light t ransport can be approximated as a diffusion pro
cess, t hereby greatly reducing the computational complexity of the problem 
[Sta95 , KvOl , JMLHOla]. In order to treat transport as diffusion, the translu
cent material should be highly scattering, e.g. like marble, milk and human 
skin . In t his case, light will internally "bounce around" many times, referred 
to as mult iple scattering. Cont rary to single scattering ( one bounce) , multi
ple scattering causes the typical diffuse appearance (fig. 1.2) , and shows less 
dependence on the direction of incoming light . 

Aside from interact ive rendering, we will discuss how diffusion can be used 
to render more complex situations, like heterogeneous materials. Although 
t hese situations cannot be dealt with at interactive rates, we present a novel 
rendering method which is more efficient than techniques which directly solve 
t he radiative transfer equation. 

Terminology 

In order to avoid possible confusion throughout this dissertation, it is appro
priate to define some important t erminology: 

• Participating Medium: matter which "influences" passing light by scat
tering or absorbing it . It can be gaseous (e.g. fog) , liquid (e.g. milk) or 
solid (e.g. skin). 

• Transparent Medium : a medium which allows for light passing through, 
having a clear and sharp character (e.g. glass) . 

• Translucent M edium: a medium which allows for penet ration of light in 
a diffusive fashion, like paper and marble, for instance. It blurs out most 
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detail, and does not convey form. 

• Subsurface Scattering: the underlying phenomenon causing translucency. 

• Subsurface Diffusion: the special case of subsurface scattering, when 
the effect of scattering can be observed as a diffusion process, due to a 
high amount of scattering events. In particular, the dependence on the 
incoming light direction can be neglected. 

1.1 Scope and Contributions 

In this dissertation, we will present methods to efficiently render objects, con
sisting of highly scattering materials. Single scattering will not be treated , as 
its contribution is small compared to multiple scattering in this situation. 

Note that scattering or diffusion may also occur directly at a (rough) sur
face , even in "clear" materials, where subsurface scattering is negligible (for 
instance, matte glass). Such scattering may appear similar to subsurface scat
tering, yet the underlying process is completely different. We will not t reat 
this case here. 

Our practical contributions can be summarized as follows: 

• We propose efficient interactive rendering algorithms using the fast 
dipole approximation, as introduced by J ensen et al. [JMLHOla]. In par
ticular , we develop a local diffusion and hierarchical boundary method. 
In this context, we make contributions to the clipole model: an efficient 
integration procedure over polygons, an alternative dipole placement 
scheme which ensures reciprocity for arbitrary meshes, and an impor
tance sampling scheme. 

• We introduce an efficient and flexible rendering algorithm, which is able 
to accurately simulate diffusion in arbitrarily shaped objects. In par
ticular, we apply a suitable discretization scheme, which solves stability 
issues near the. boundary, and solve the diffusion problem using a fast 
adaptive multigrid method. 

• We introduce a boundary diffusion model, inspired by the traditional 
boundary element method. It will mainly be used to carry out an exper
'irnental validation of the fast dipole approximation. 

Most of these contributions have appeared in academic literature (see ap
pendix C for an overview of the published work). The analysis and validation 
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of the fast dipole approximation (section 3.6 and 5.3) are original contribut ions 
of this dissertation. 

1.2 Applications 

We see the application of our work in these areas: 

Real-Time Photo-Realistic Rendering One of the main goals of com
puter graphics is to generate photo-realistic images, as fast as possible. Many 
applications like computer games , virtual reality, simula,tions and so on, re
quire that these images are computed at interactive rates. In this context, 
we present interactive techniques for rendering translucent objects, e.g. mar
ble, food, . . . . A particularly important example for translucent materials is 
human skin, which is essential for displaying virtual characters. 

Efficient Predictive Rendering We are interested in simulating reality, 
in order to predict what materials will look like under certain illumination 
conditions. We strive to achieve not only plausible results, but also (to some 
degree) radiometric accuracy. This can be important for architectural ap
plications, or studying perception of materials [FDA03, F JB04]. Predictive 
rendering (forward problem) may be employed to solve the inverse problem, 
i.e. estimation of material parameters or acquiring internal structure. Similar 
approaches have been developed for tomographic imaging in biological tissue 
[Hie97). 

1.3 Overview of Related Work 

Here, we present an overview of relevant published work. 

Light Transport Simulation in Participating Media 

In theory, subsurface scattering effects can be rendered using methods which 
deaJ with participating media. A lot of related work has been presented over 
the past 2 decades, and we refer to Perez et al. 's survey and Dutre et al. 's 
book for the less recent work [PCPS97, DBB03]. In the last few years, Monte 
Carlo rendering in participating media has made significant progress ) e.g. with 
Metropolis light transport [PKKOO], photon mapping [Jen96 , DEJ+gg], and 
the scattering framework by Pharr et al. [PHOO]. These methods require a 
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significant amount of time to compute a solution, and do not show much 
promise toward reaching interactivity. 

More recent ly, Premoze et al. [PAS03] presented a mathematical frame
work for path integration, which led to an efficient (offiine) rendering algorithm 
[PAT+o4] capable of accurately rendering multiple scattering effects. Hegeman 
et al. [HAP05] implemented a simplified version on graphics hardware, yield
ing interactive results for varying illumination. Related to this, is t he work 
by Kniss et al. [KPHE02] , who proposed an empirical model for rendering 
translucent volume data. 

To conclude our discussion, we note that most of these approaches are too 
expensive to generate images within a reasonable amount of time. Hegeman 
et al. and Kniss et al. obtain interactive rendering rates at t he cost of signifi
cant simplifications of the t ransport model [HAP05, KPHE02] . Moreover , we 
observe that most methods are geared toward phenomena like fog and smoke, 
and require a full volumetric description of the medium. In our case, the 
setting is different: 

• Translucent objects are usually denser and scatter more. As a result , 
multiple scattering becomes the most important contribution. 

• The medium is bounded by a "hard" interface, and has a different index 
of refraction than air. Care has to be taken to include the effects of 
refraction and internal reflection. 

• The viewer and light sources are always outside of the medium. More
over, we are only interested in outgoing radiance at t he interface. There
fore, it is desirable t o restrict computations to the surface of t he object , 
and avoid (or at least reduce) costly volumetric computations typically 
required in the previously mentioned approaches. 

These observations argue for specific models and rendering algorithms for deal
ing with translucent objects. 

Precomputation and Data-Driven Techniques 

The precomputed radiance t ransfer framework [SKS02] is capable of rendering 
arbitrary (linear) light transport under varying distant, band-limited illumina
tion. In particular , it has been shown to work for participating media [SKS02] 
and subsurface diffusion [SHHS03, JMLHOla]. vVang ct a l. [WTL05] extended 
this t echnique to deal with high-frequency illumination and single scattering. 
Rendering rates are interactive. Other precomputation t echniques based on 
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diffusion [JMLHOla] have been proposed [LGB+02, CHH03, HV04] in order 
to achieve interactive rendering. They will be discussed in detail , in section 
3.5. 

Chen et al. [CTW+o4J proposed to precompute light transport in a local 
heterogeneous volume and replicate this information over an object's smface 
using texture synthesis [TZL +02]. The remaining part (inner core) of the 
object is treated using Jensen's diffusion model [JMLHOla]. After precompu
tation, rendering an image requires several seconds, up to a minute. 

Gosele et a l. [G LL +04J proposed a technique to acquire the appearance 
of real-world heterogeneous translucent objects. They measure the response 
to incident laser light at every location of the surface using high-dynamic 
range imaging. The captured objects are displayed interactively under novel 
illumination using Lensch et al. 's approach [LGB+02J. 

Conceptually, precomputation and data-driven techniques are the same. 
Both approaches rely on a large collection of data, from which renderings are 
"inferred" under novel illumination conditions. The difference lies in how the 
data is acquired (synthesized or measured) , and its representation. 

For pure precomputation, the simulation step usually takes many hours, 
and only allows for relighting. As a result , they can only be used for static 
scenarios. Real-world acquisition yields plausible renderings , but cannot deal 
with synthetic geometry and material parameters, and does not allow for edit
ing. Compact representation is the most important issue, as it is directly 
related to the efficiency of run-time rendering. Basically, the rendering (re
lighting) problem is reformulated as a compression problem. In om work, we 
aim at reducing the complexity of t he underlying simulation, instead of accel
erating relighting. In fact, our work is complementary to these techniques, as 
it may be used to speed up the precomputation phase. 

Subsurface Scattering 

We can distinguish two trends in methods for rendering subsurface scattering: 
one-dimensional (lD) and full 3D scattering. 

• lD One-dimensional techniques approximate scattering along the depth 
only (w.r.t. the object 's surface), ignoring lateral transport. The Kubelka 
Munk model [KM31, PhaOl] approximates diffuse (independent of in
coming light's orientation) transport layered media. Hanrahan and Kruger 
[HK93] analyzed the ID radiative transfer equat ion for layered media. 
An analytical solution for single scattering was developed, and formu
lated as a BRDF. Pharr and Hanrahan [PHOO] proposed an efficient 
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Monte Carlo-based rendering framework based on scattering equations. 
lD transport is simple , but yields non-plausible results as light may exit 
at a locat ion different than the point of entry. 

• 3D Scattering equations can be extended to three dimensions [PHOOJ. 
Dorsey et al. [DEL +ggJ simulated subsurface scattering in stone using 
photon mapping. Both these methods are very flexible and accurate, 
yet very slow, in particular for highly scattering materials. Premoze et 
al. 's algorithm [PAS03] is less dependent on scattering order, but still 
requires a significant amount of computation time. 

Diffusion 

Diffusion [Sta95 , KvOl , JMLHOla] is a sound approximation to general light 
transport in the case of highly scattering media, i.e. where direct simulation of 
scattering breaks down. It significantly reduces the computational complexity 
of light transport. Stam was the first to suggest the diffusion approximation for 
rendering translucent materials [Sta95]. He applied the multigrid method to 
solve t he diffusion equation, but only demonstrated it on a simple, illustrative 
example. In chapter 4, we will extend his work to deal with arbitrarily shaped 
objects, and even heterogeneities. 

J ensen et al. [.JMLHOla] introduced the fast dipole approximation (FDA), 
which does not require numerical procedures. Instead, an approximate analyt
ical solution to the diffusion equation for a semi-infinite homogeneous slab is 
used directly on arbitrary 3D object s. This crude approximation yields highly 
plausible renderings and serves as the basis for several interactive methods 
[LGB+02, DS03, CHH03, HV04]. In the same spirit , we int roduce novel algo
rithms which obtain interactive performance; see section 3.3 and 3.4. Also, an 
analysis and experimental validation will be presented in sections 3.6 and 5.3, 
respectively. 

1.4 Overview of this Dissertation 

In chapter 2, we review the theory of light transport and diffusion. The popular 
fast, d ipole approximation (FDA) [JMLHOla] will be t he main topic of chapter 
3. In t his context, we introduce novel rendering algorithrns which enable us 
to interactively render translucent objects. A detailed comparison to other 
interactive methods is presented as well. We conclude with an analysis of 
the fast dipole approximation. In chapter 4, a novel simulation technique 
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is introduced to accurately solve the diffusion problem in arbitrary objects 
and materials. Chapter 5 introduces a generalized boundary diffusion model, 
which will mainly be used to experimentally validate the FDA. Finally, chapter 
6 summarizes our main cont ributions and findings, and lays out directions for 
future work. 
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Chapter 2 

Theory of Light Transport 

Before discussing practical solutions to rendering translucent objects, a brief 
treatment of mathematical and physical preliminaries is appropriate. 

Our problem is set in the more general framework of radiative transfer 
[Cha60], which describes the transport of light in a medium (in our case the 
translucent material). We will also recapitulate how radiative transfer can be 
approximated efficiently by diffusion. 

vVe start off by discussing t he relevant physical quantities , borrowed from 
the field of radiometry. 

In the remainder of this dissertation, we will denote the volume occupied 
by a translucent object as n, and its boundary (surface) as r . 

2 .1 Radiometry 

Light is a form of electromagnetic radiation, which can be considered as waves 
or particles. For simplicity, we will explain radiometric quantities in terms 
of "light particles", or photons, Each photon carries a specific quantity of 
energy, hence the total energy is proportional to the number of photons. To 
avoid an unnecessarily complex treatment of physical quantities , we will just 
consider energy, the basic unit in radiometry, as the number of photons. Table 
2.1 summarizes the radiometric quantities relevant to image synthesis. 

Radiance is particularly important for image synthesis , as it is the same 
quantity recorded by a camera or human eye. For a ray (x,w) , it is propor
tional photon hit rate within a small differential area dA at x , with photons 
coming from small differential solid angle dw around direction w. To compen
sate for the relative orientation e of dA w.r.t. w, we weigh the solid angle by 

11 
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Quantity Notation Definition Units 
Energy Q rv #photons Joule 
Flux (power) <I> dQ/ dt vVat t 
Irradiance E (x ) d<I> / dA Watt/m2 

Radiosity M(x) d<I> /dA Watt/m2 

Radiance L(x,w) d2 <I> / d1.wdA Watt/m2sr 

Table 2.1: Overview of important radiometric quantities. 

a cosine factor: d1.w = cos Odw. 
Flux density is also important, as it can be considered as an angle-independent 

(diffuse) variant of radiance. It comes in two flavors: irradiance and radiosity. 
The former measures incoming radiance L , cosine-integrated over the sphere 
or hemisphere, depending on whether we are measuring on a surface or in a 
volume: 

E(x) = I L (x , w)d.1w 

Radiosi ty (a.k.a. radiant exitance) is similar , but equals the cosine-integrated 
outgoing radiance L , i.e. radiance after reflection/scattering, in the case of 
surfaces/volumes, respectively: 

M(x ) = I L(x , w)d.1w 

To convert radiosity to {diffuse) radiance, we normalize the above integral, i.e. 
L(x) = ~M(x ). 

2.2 Light Transport in Participating Media 

T he theory of light transport is our starting point for realistic image synthesis. 
This section is devoted to introducing the underlying model for transport 
in participating media: radiative transfer. In our setting, t he participating 
medium refers to a translucent object. 

Note that not all optical phenomena will be accounted for. Geometric 
optics are mostly relevant for realistic image synthesis, i. e. reflection, trans
mission and volumetric scattering. Effects like diffraction, interference, polar
ization, fluorescence, phosphorescence are ignored. Also note that we are only 
interested in a steady-state solut ion of transport; time-dependency is ignored 
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as well. Including the aforementioned phenomena would significantly compli
cate transport modeLi_ng, while t heir effects are fHn-ceivabk at, most in a fow 
pathological cases. 

2.2.1 Interaction of Light with a Surface 

Before explaining what goes on inside, we need to discuss how light enters the 
object. When a ray arrives at the interface which separates the vacuum from 
the medium, it is "split" into a reflected and transmitted part (fig. 2.1). The 
fraction of reflection at. a. surface is called reflectance. Formally, we define it 
as the ratio of reflected and incident flux: 

'Pref lected 
p = 

cl? incidenl 

Similarly, transmittance can be defined by ,i,*~n,milted. 
inciden t 

For a perfectly smooth planar surface, the reflected outgoing angle w.r.t . 
the surface normal Br equals the incoming angle ei (ideal reflection, like a 
mirror). The transmitted ray's angle Bt is given by Snell's law of r efraction: 
n I sin (Ji = n2 sin Bt [BW59], where the respective indices of refraction are 
n1 = 1 for vacuum, and n2 for the material bounded by t he smface. We 
denote rJ = n2/n1 as the relative refraction index. 

n 

Figure 2.1: Reflection and transmission of an incoming ray of light at a per
fectly smooth surface. 

Reflectance is described by the Fresnel formulae [BW59] ; 

pll 
r 

pl. 
r 

n2 cos ei - n1 cos Ot 

n2 cos (Ji + n1 cos Ot 
n1 cos (J i - n2 cos Ot 

n 1 cos ei + n2 cos Ot 
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where we have F)I and F/ as reflectance for light polarized parallel and 
perpendicularly to the plane of incidence, respectively. These terms can be 
combined to obtain the reflectance for the unpolarized case: 

The corresponding transmittance equals F1;(rJ, Bi) = 1 - Fr(f/ , (h ). 
Dielectric ( or non-conducting) media have a real index of refraction. For 

angles (},i -+ 1r / 2, Fresnel reflectance becomes dominant w .r. t. transmittance. 
This effect can be observed in reality, as surfaces appear to be ideal reflectors 
when viewing from a grazing angle. For perpendicularly impinging directions, 
more light passes through the interface, into the medium. Conductors ( com
plex refraction index) exhibit a negligible amount of transmission, regardless 
of the angle of incidence. As a result , subsurface scattering becomes less im
portant here. 

2.2.2 Radiative Transfer 

Following Chandrasekhar [Cha60], we will introduce the radiative transfer 
equat ion (RTE), which describes light transport in participating media. 

A par ticipating medium is modeled as a set of particles, for instance 
molecules, or water droplets (fog). Contrary to transport in vacuum, the 
presence of particles causes radiance to change along a, ray. These interac
t ions can be classified into 3 different events: absorption, out-scattering, and 
in-scattering. Also, photons can be added to the equation, as a result of emis
sion from a light source. We will discuss each event , and show how they can 
be combined to form the radiative transfer equat ion. See figure 2.2 for an 
illustration. 

Let us consider a ray R = (x , w) in 3D space, and observe what can happen 
over a small differential distance ds . 

Absorption When a photon hits a particle, it may be absorbed and turned 
into a different type of energy, e.g. heat. The amount of absorption is defined 
by the coefficient o-a(x ), which is described as the absorption probability per 
unit length. 

L (x + ~ sw,w) = L(x,w) - L(x ,w)a-a(x )~ s 

L (x + ~ sw,w) - L (x ,w) _ L ( ~) () 
¢:? 6.s - - x ,w O-a x 
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Absorption Out-scattering 

In-scattering Emission 

Figme 2.2: Possible interactions of light with a participating medium. 

For 6.s _, 0: 
dL(x , w) _ - L( _) ( ) 

ds - x ,w aa x 

Out-scattering A particle may also alter a photon 's direct ion due to reflec
tion or refraction. This is the phenomenon we call scattering. Analogously to 
the absorption coefficient, we define a5 (x) as the probability per unit length 
that a photon will be scattered. 

The combined effect of absorption and out-scat tering is described by the 
extinction coefficient at= aa + a 8 • Mathematically, we have: 

dL(x , w) _ L( _) ( ) 
ds - - X ,W at X 

The (scattering) albedo is given by 

Cl' = --
aa + as 

interpreted as t he "survival" probability of a photon after scattering. 
A photon 's mean free path l·mfp = 1/al , measures the average distance a 

photon can travel without being absorbed or scattered. 
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In-scattering A photon may be scattered from another ray onto R . We 
account for these additional photons with the following term: 

Lin(x , w) = a-8 (x ) / p(x, w' , w)L(x, w1)dw1 

}47r 
(2.1) 

The phase function p describes the distribution of new photon directions af
ter scattering, given an incoming direction. pis normalized: f41rp(x ,w1

, w)dw' = 
1. Lin is expressed in ± , Le. volume radiance. In t he remainder of this 

m sr 
text we assume the phase function only depends on the angle or its cosine: 
p( cos e = w' · w). This is valid for isotropic media, i.e. the phase functions are 
independent of the orientation of the medium. 

Commonly, p is modeled empirically by the Henyey-Greenstein function 
[HG41]: 

1 - 92 
p(fJ) = 2 

47r(l + 92 - 29 cos e) 3 

(2.2) 

parameter g acts as an asymmetry parameter. Near -1 and 1, the phase 
function exhibits strong backward and forward scattering, respectively. For 
g = 0, t he phase function is isotropic. 

The change of radiance due to in-scattering is: 

dL(x,w) = Lin( _,) 
ds x ,w 

Emission A light source in the medium may add photons to R. We denote 
it by Q(x, w) , with units rrXr . Along our differential distance , the increase is 
defined by: 

dL(x, w) = Q( _,) 
ds x ,w 

Radiative Transfer Equation Combining the previous 4 terms, we obtain 
the radiative transfer equation (RTE): 

dL~:, w) = Q(x, w) - a-t(x)L(x, w) + Lin(x , w) 

The accompanying boundary condition states that no scattered radiance 
should enter from outside the medium (we will return to this in the following 
section) . 
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Another form of the RTE is obtained by integrating along the ray through
out the medium. Consider a segment starting at point x , ending at the bonnr\
ary of the medium: (x , x + sw). Integration yields 1: 

L(x,w) 1; e-r(x ,x +tw)Q (x + tw)dt 

+ e - r(x,x+sw) L(x + sw, w) 

emission 

absorption and out-scattering 

+ 1; e-r(x ,x t-tw) L in(x + tw , w)dt in-scattering 

T(x , x + sw) = J; at(x + tw)dt is called the opt ical depth, and measures opac
ity. If for a typical path through the medium T < 1, the medium is considered 
"optically thin", meaning that most photons will go right through the material 
(i.e. transparent, like glass). For the mean free path length lu , T = 1. For 
optically thick materials, photons will not pass through easily, and are likely 
to be absorbed or scattered. 

2.2.3 Scattering Order 

The scattering order refers to the number of scattering events of a photon. 
We typically distinguish 3 types of scattering orders: no scattering, single 
scattering and multiple scattering. Each of these has special characteristics, 
and is therefore treated differently in practice. 

No Scattering For transparent materials, photons are likely to pass through 
without causing a scattering event. Also, in optically thick materials which 
mostly absorb light , we can neglect scattering. 

Single Scattering For thick materials with only a small optical depth , most 
photons will undergo a single scattering event. 

Multiple Scattering For high albedos, a photon may undergo several hun
dreds of scattering events before leaving t he object or being absorbed. As 
a result , the contribution from mult iple scattering becomes very important. 
During each of those events, t he dependence on light's incoming orientat ion 
decreases, resulting in diffuse outgoing radiance at the surface [Sta95]. This is 
the main motivation for using the diffusion approximat ion (see next section). 

1 This equation is also known as the volume rendering equation. 



18 CHAPTER 2. THEORY OF LIGHT TRANSPORT 

2.3 Diffusion Approximation 

Our goal is to efficiently solve t he RTE, by approximating light transport as a 
diffusion process. This is accomplished by sacrificing angle-dependence. As a 
result , the transport equation boils down to a simple linear part ial differential 
equation (PDE). There are 2 good reasons for making this simplification: 

• Multiply scattered light has an isotropic nature. A sufficient condition 
is that the material has a constant ( or isotropic) phase function, i.e. 
p = 4~. When the phase function is not constant, in highly scattering 
materials (high albedo) , angular dependence is lost due to the sheer 
number of scattering events [Sta95]. For the particular case of visible 
subsurface scattering, these conditions are usually satisfied, due to the 
optical thickness of materials ( e.g. marble). 

• Diffusion can be used as a partial solution. For instance, it can pro
vide a good estimate for contribution of multiple scattering, while single 
scattering might be treated by another method [JMLHOla]. Also note 
that in optically thick materials , the contribution of multiple scattering 
is dominant, and therefore single scattering is negligible. 

In the following section, we will derive t he diffusion equation. 

2.3.1 Derivation of the Diffusion Equation 

We consider the radiance to be composed of t he reduced incident radiance Lri , 
which is the attenuated radiance due to absorption and scattering, and the 
diffuse radiance Ld , representing light that has been scattered at least once 
( and therefore likely being diffuse): 

The first term obeys: 

(w · V)Lri(x, w) = -a1,(x)Lri( x , w) 

Hence, we compute it by: 

(2.3) 

where x b is the point of entry of ray (x, w) on the medium's boundary. 
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Let Lt.7 and L~n be defined analogously to equation (2.1). The remaining 
part of the RTE is expressed in terms of Ld , and becomes: 

(w · V)Ld(x , w) = Q(x , w) + L~:1(x , w) - 0-t(x)Ld(x, w) + L~n(x, w) (2.4) 

Term Lt1 represents the first scat tering event of incoming radiance , and can 
be seen as an additional source. Let us merge the two source terms into 
Q+ := Q + L~1 for simplicity. 

Under the assumption of Ld being practically diffuse, jt can be approxi
mated by the following linear expansion: 

Ld(x, w) ~ _!_¢(x) + 1-w. E(x ) 
47f 47r 

(2 .5) 

Here , we employed the first 2 moments of Ld , defined by 

¢(x) := L~(x ) = r Ld( x ,w)dw and E(x) := l~(x) = r Ld(x,w)wdw 14~ ~~ 
(2.6) 

Scalar function ¢ is dubbed "fluence" , and can be interpreted as the photon 
density or concentration of light. Vector function E is referred to as the "flux 
vector", and represents the net flow vector along which photons travel. The 
expansion (2.5) can be derived by projecting Ld into the spherical harmonics 
basis, or from the Taylor expansion of the cosine around w. As in equation 
(2.6) , let us also define Q~. as the first , and Qi as the second moment of Q+. 

Deriving the diffusion equation now boils down to filling in Ld's expansion 
in the RTE. In the following , we briefly hlghlight t he most important steps 
in this process. More details can be found in the book by Ishimaru [Ish78]. 
To avoid clutter , we implicitly assume dependence on x where obvious. For 
reference, the relevant variables are summarized in table 2.2. 

Integrating equat ion (2 .4) over the sphere on both sides yields 

- ... 0 
v'·E =Q+ -aa</> (2.7) 

Returning to the RTE (2.4) , we insert the diffuse radiance approximation: 

1 (... n) [ ... -J ( ... ) 1 "' 3 'E... ... -W·v ¢+3E·w = Q + x ,w - -aa'f' - -al ·W 
47r 47f 47f 

where we used the reduced, coefficients af = aa + a~ and a~ = (1 - g)a8 , 

which in tmn are derived from the phase functions a nisotropy factor g ( corre
sponds to anisotropy parameter in equation (2.2)): 

1 ( ... , ... ) ( ... / ... )d I g = pw·w w·w w 
4~ 

(2.8) 
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We continue by multiplying equation (2. 7) on each side by w, and integrat
ing over the unit sphere , yielding: 

(2 .9) 

We now eliminate E from (2 . 7). Rearranging equation (2.9) , and substi
tuting E, leads us to the diffusion equation: 

- V · [DV</>] + aa</> = Q~ + 3V · [DQ~] (2. 10) 

with the diffusion coefficient D = -31,. We have now derived the steady 
(1 t 

state (time-invariant) diffusion equation. Alternatively, in case the medium is 
homogeneous (the coefficients aa and a 8 do not vary spatially) , we write it as: 

(2.11) 

with ae = J3a~aa t he effective transport coefficient. In the remainder of 
this dissertation , we denote the right hand side of equations 2.10 and 2.11 as 
S(x). 

2.3.2 Boundary Conditions 

T he diffusion equation (2.10) is a differential equation, hence a boundary con
dition is required to obtain a unique solution. Again , we follow Ishimaru to 
derive this condition [Ish78]. 

For the diffuse radiance equation (2.4), we observe that no diffuse radiance 
should enter t he medium. Mathematically, L d(x , w) = 0 for x at the boundary 
and w pointing towards t he medium w.r.t. the boundary's normal. 

Since diffuse radiance is essentially low pass fi ltered in t he angular domain 
(eq. 2.5), this condit ion cannot be stated exactly. We therefore weaken it , by 
stating that total inward flux must be zero 2

. In other words: 

(2. 12) 

We fill in t he two term expansion into (2 .12): 

-2._<f>(x) l (w. n)dw + 2- l (E(x). w) (w . n)dw = o 
471" .f 21r- 471" .f 21r-

2 Contrary to Ishirnaru [Ish78], in our case the normal points away from t he medium. 
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The first term reduces to t¢(x). In the second term, E can be decomposed 

into Enn + E/ where tis a tangent vector at the surface. Using spherical 
coordinates for the syst em defined by [ and fi, we can rewrite the second term 
as: 

(2.13) 

0 

The boundary condition becomes: 

¢(x ) - 2En(x ) = 0 (2.14) 

It can be rewritten using only ¢ by plugging in equation (2.9) for E · n = En: 

¢ + 2n
8

<P = - ~n · Q1 
8n CT1 I t 

(2.15) 

So far we have assumed the refraction indices were equal. For realistic 
materials, we need to account for internal reflection in the medium due t o a 
possible refraction index mismatch. Instead of specifying tha t the total inward 
diffuse radiance should be nil, we equalize it to the internally reflected diffuse 
radiance [MSS88] : 

f' Ld(x ,w)(w · n)dw = { F.,.(r7- 1 ,w · n)Ld(x ,w)(w · n)dw (2.16) 
l2rr- l2rr+ 

The relative index is inverted , as reflection is measured on the inside of 
the object . Applying the same derivation again (2.15) , we obtain: 

8¢ 2 - - 1 
¢ + 2AD-

8 
= - A,n · Q+ 

n CTt 

with A = i ~~~~ and the diffuse Fresnel reflectance: 

Fdr·(rJ- 1
) = { F,.(rJ- 1 ,n·w)(n ·w)dw 

J2rr 
Groenhuis et al. p roposed a simple approximation [GFB83]: 

( 1) 1.44 0.71 
F dr rJ- ~ - - 2 + - + 0.668 + 0.0636rJ 

rJ rJ 

If Q+ is isotropic, we have a simpler boundary condition: 

8¢ 
¢+ 2AD- = 0 

8n 

(2.17) 

(2.18) 
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Since fluence should always be positive, this equation tells us that the 
concentration of light decreases along the normal direction. In other words , 
light will always "leak out" at the boundary. This makes sense, as there is less 
"medium" for light to scatter in. 

2.3.3 Assumptions 

Care must be taken when applying the diffusion approximation. We will review 
the most relevant issues here. 

• The reduced scattering albedo must be a' ~ 1, or er~ » era. In other 
words, multiple scattering should be dominant. 

• The "reduced" mean free path l'mtr = 1/ er~ should be sufficiently less 
than t he geometric size [R.ipOO], in order for diffusion to take place. In 
other words, the medium should be optically thick. 

• In t he diffusion equation, t he phase function 's behavior is modeled using 
the anisotropy parameter g. Isotropic scattering (g = 0) is an ideal case 
for diffusion. But even for g > 0, diffusion is still valid, as abundant 
forward scattering will still diffuse radiance. Ripoll [R.ipOO] notes that 
the diffusion approximation is valid for g's up to .85. 

• It should be noted t hat t he diffusion approximation's accuracy near the 
boundary is low. The weak formulation of the boundary condition (2.12) 
is a symptom of this. Nevertheless, for computer graphics, diffusion is 
accurate enough to generate plausible renderings. 

2 .3.4 Solutions 

Infinite Homogeneous Medium 

The differential operator L = '\72 - er~ in the diffusion equat ion (2.11) can be 
identified as the 3D modified Helmholtz operator. T he corresponding Green's 
function G, is defined as t he solution of L w.r.t. to an impulse source term: 

L{ G(x, y)} = - c5(x - y) 

For this particular operator, the Green 's function is analytically known as 
[Hab03]: 

1 e-crell x-yll 
G(x, y) = 41r ![x - Y[! (2.19) 
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JO 
p 

L in 

Ld 
Lri 

</> 
E 
Q 

Q -1-
p 

g 

O"e 

lmfp 

l'mfp 
ld 
D 
A 

Fdr 
S(x) 

Q + L~.7J 

Cia + as 

O"s/<J"t 
(1 - g)<J"s 

<J"a + <J"~ 

a ~/ <J"~ 

J3<J"aaf 
1/ O"f, 

1/ <J"f 
1/<J"e 

1 / (3<J"~) 
(1 + Fdr)/(1 - Fdr) 

first angular moment of scalar function f ( w) 
second angular moment of scalar function f ( w) 
total inscattered radiance 
diffuse radiance 
reduced intensity 
scalar irradiance, radiant fluence 
vector irradiance, radiant flux vector 
volumetric somce 
total source term 
phase function 
mean cosine of the average scattering angle 
absorption coefficient 
scattering coefficient 
extinction coefficient 
scattering albedo 
reduced scattering coefficient 
reduced extinction coefficient 
reduced scattering albedo 
effective transport coefficient 
mean free path length 
reduced mean free path length 
diffusion length 
diffusion coefficient 
index mismatch factor 
diffuse Fresnel reflectance 
source term; RHS of diffusion equation 

Table 2.2: Notation summary for the diffusion approximation. 
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(a) source term S (b) solut ion ¢ 

Figure 2.3: Simple example of light diffusion in a 2D square. The left image 
(a) shows the source term due to external illumination (collimated beam). The 
right image (b) shows the corresponding diffusion result. 

Intuitively, G represents the "scattering response" to an isotropic light 
source (i.e. the impulse) in an infinite homogeneous medium. The magnitude 
of t his response is measured by the diffusion length ld := 1/ (Je, and indicates 
how far diffusion reaches. 

Due to the linearity of L , we can rapidly find the solution for an arbitrary 
source term S ( x): 

¢(x) = j~ S(y)G(x, y)dVy, (2.20) 

which can be interpreted as a convolution on S with kernel G. 
The Green's function plays an important role t he construction of t he fast 

dipole approximation ( chapter 3), and the boundary diffusion model ( chapter 
5). 

Accounting for Boundaries and Heterogeneities 

One can rapidly establish a solut ion in an infinite homogeneous medium by 
simply convolving the source term. However , in practice, the difficulty lies in 
accounting for the presence of boundaries. For very simple geometry, like an 
infinite plane, analytical solut ions are available (see chapter 3) . For arbitrarily 
shaped objects, or when material coefficients vary spatially, one has to resort 
to numerical simulation. Solving PDEs like the diffusion equation (2 .10) is 
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a problem frequently encountered in engineering and science [PTVF92] . The 
canonical approach is discretization. In particular} finite differencing, fini te 
element methods and boundary element methods are all applicable [HP02]. 
After discretization, t he problem boils down to solving a linear system of 
equat ions. In chapter 4, we will propose a solution based on fini te differencing. 

For illustration purposes, figure 2.3 shows a simple 2D example of light 
diffusion. 

Final Display 

Observe a differential patch dA with normal n. We see that one can express 
radiosity in terms of the net flux through this patch: 

M (x ) = 1 Ld(x ,w)dj_W = ii . E (x ) 
4.?T 

(2.21) 

If a solution is available in terms of ¢, we can reconstruct radiosity at 
the surface using equat ion (2. 7)} or more easily by employing the boundary 
condition (2.14) : 

M = -1 ¢ 
2A 

2.4 Bidirectional Distribution Functions 

(2.22) 

Traditionally in computer graphics, reflection is described by the bidirectional 
reflectance distribution function (BRDF) [NRH+77]: 

f ( .... ... ) _ dL(x , w0 ) _ dL(x , w0 ) 
r Wi, Wo - - ... , 

dE(x) L(x , wi)d..1.wi 
(2.23) 

Rearranging equation (2.23) and integrating over t he hemisphere, yields 
the expression for outgoing radiance a t a smface: 

L(x , wo) = ( fr(wi, wo) L(x , wi)d ..1.wi 
./n 

The BRDF relates incident to outgoing light at a swface location x . It 
has two important propert ies [DBB03]: 

1. Conservation of energy: J~1r f r(wi,w0 )d1-wi ::;_ 1. In other words, the total 
amount of reflected flux should be less than the total incoming flux. 

2. Reciprocity: fr(wi, w0 ) = fr(w0 , wi) (a.k.a. Helmholtz reciprocity) . In
tuitively, fr is not affected by reversing the direction of light. 
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The BRDF serves as an abstraction mechanism for reflection at arbitrary 
surfaces. In practice, it can be expressed analytically by various models (see 
Dut re et al. [DBB03] for an overview). Alternatively, it can be measured and 
tabulated (sec Matusik et al. [MPBM03] and references therein). 

In transparent materials like glass and water, the effect of subsurface scat
tering is negligible. Transmission can then be treated using conventional 
techniques (i.e. ray tracing along the refracted direction [Whi80]) . For non
transparent media, if the scattering response remains very local, contribution 
from subsurface scattering can be modeled as a BRDF (see literature review 
about lD subsurface scattering models; section 1.3). For the remaining cases, 
subsurface scattering is not negligible, and should be described by a more 
comprehensive model. 

The bidirectional surface scattering reflectance distribution function (BSS
RDF) generalizes the BRDF by introducing dependency on incoming and out
going surface location [NRH+ 77]: 

( 
_ _ ) dL(x0 , w0 ) d2 L(x0 , w0 ) 

s X ,i, Wi, X o, Wo = d<I>(xi) = L(x, wi)d..1.widAi (2.24) 

Note that the dimensionality is increased by 4, w.r.t. the BRDF. 
Rearranging equation (2.24) and integrating over the hemisphere and the 

surface r yields: 

L(x0 , w0 ) = { { S(xi , wi, x0 , w0 )L(xi, wi)d..1.widAi .Ir .f 21r+ 
(2.25) 

The BSSRDF abstracts the effect of radiative transfer inside a translucent 
object. Similarly to BRDFs, it obeys: 

1. Conservation of energy: 

2. Reciprocity: 

{ f' S(xi, Wi, Xo,Wo)d..1.widAi::; 1 .Ir .f 21r 
(2.26) 

(2.27) 

The second property follows from the fact that radiative transfer is recip
rocal w.r.t. (xi ,wi) and (x0 , w0 ) , if the index of refraction at X i and x 0 is the 
same [Aro97]. 

Compared to the literature on BRDFs, little has been done on BSSRDF 
modeling. So far , Jensen et al. [JMLHOla] are the only to have introduced 
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an analytical BSSRDF model, which consists of a single scattering term and 
a diffusion term (see chapter 3). Gosele proposed a data-driven model, based 
on the work by Lensch et al. [LGB+o2J. 

Once a BSSRDF model is available, rendering simply boils down to eval
uating the integation in equation (2.24). 

2.5 Conclusion 

In this chapter , mathemat ical models were introduced for the purpose of sim
ulating light transport in translucent objects. Most importantly, for highly 
scattering translucent materials, light propagation can be considered as a dif
fusion process, and described mathematically by a s imple linear PDE (2.10). 

In t he remainder of this dissertation, we will introduce novel efficient al
gorithrns for solving the diffusion equation. 
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Chapter 3 

Fast Dipole Approximation 

One of the goals stated in this dissertation , is rendering of translucent objects 
at interactive rates. The radiative transfer equation (RTE) is vastly complex 
(section 2.2) , and ther efore less suitable as an underlying rendering model 
for translucent objects. The diffusion equation is more appropriate. How
ever, direct solutions using discretization are still far from interactive, as they 
inherently require costly matrix inversion [Sta95]. 

The fast dipole approximation (FDA), intro
duced by Jensen et al. [JMLHOla], makes fur
ther simplifications to subsurface diffusion (fig. 
3.1 ), resulting in a simple linear model free of 
matrix inversion. It can be expressed analyt
ically as in the form of a Bidirectional Surface 
Scattering Reflectance Distribution Function (BSS
RDF, see section 2.4). 

As will be shown in this chapter, the FDA 
is simple enough to reach the goal of interac
tivity. Using this model, outgoing radiance is 
expressed simply as an integral over the object's 
surface. Vile introduce novel algorithms which 
can efficiently compute this integral at interac
tive rates, allowing for dynamic adjustment of 
viewpoint , illumination, geometry and material 
properties. A thorough comparison between om 

Figure 3.1: The fast dipole 
approximation assumes the 
geomet ry is locally in
finitely planar where light 
impinges (indicated by ar
row). 

methods and related work will be presented later in this chapter. 
we also discuss the accuracy of the fast dipole model. 

29 

To conclude , 
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3.1 Dipole Model 

In a semi-infinite medium, diffusion can be solved analytically, albeit mild 
simplifications which will be discussed shortly [EVNT78, FPW92]. Jensen at 
al. [JMLHOla] proposed to apply this solution to arbitrary geometry, thereby 
avoiding costly computational procedures such as Monte Carlo simulat ion and 
matrix inversion. 

vVe will briefly outline the FDA derivation and the associated BSSRDF 
model, and discuss how it can be used for arbitrary geometry. See t able 2.2 
for notation concerning the diffusion approximation. 

3.1.1 Diffusion in a Semi-Infinite Medium 

Consider a collimated beam of light with flux <I> , perpendicularly impinging 
on the semi-infinite medium. We can accurately construct the corresponding 
source term S by placing an infinite number of exponentially decaying isotropic 
sources along the normal in the medium. In order to simplify computations, 
Farrell et al. [FPW92] proposed to only account for the first scattering event 
using a single isotropic source. It carries a power <I> , and is placed at a distance 
Zr beneath the surface, equal to the reduced mean free path length l'mJp· Em
ploying a single isotropic source is justified by observing that in optically thick 
media, reduced in tensity decreases rapidly, and the effect of diffusion destroys 
most directional dependence. The resulting source function is [FPW92J: 

with ci = a~/a't , and the corresponding Dirac impulse 6zr · In an infinite 
medium, the solution is simply the Green's function (2. 19) .In a semi-infinite 
medium, the diffusion boundary condition ( eq. 2.18) needs to be satisfied over 
the infinite planar interface. It can be satisfied approximately by forcing ¢> 
t o zero at an imaginary plane at a distance 2AD above t he interface, called 
the extrapolated boundary [FPW92, MSS88] (fig. 3.2). We can now apply 
t he method of images [Hab03]: a second source is added as a mirrored ver
sion of the first , w.r.t. the extrapolated boundary [EVNT78, F PW92]. The 
second source has power - <I> , t hereby forcing the fluence to zero at t he ext rap
olated boundary. The combination of the scattering source and virtual source 
(dipole), expresses t he solution simply as: 
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\ .. 
\ extrapolated 

- ------ ----- ---- - - ----- \ - ----bounaary ____ _ 

2AD \ 

(a) (b) 

Figure 3.2: (a) Illustration of fast dipole approximation. See t ext for detailed 
explanation. (b) Dipole placement . Upper image: "rotated dipoles"; the 
dipole axis is oriented perpendicularly w. r.t. to vector x 0 - Xi · Lower image: 
normal-aligned dipole axis; t he dipoles are placed along the surface normal at 
Xi. The gray overlay indicates the semi-infinite approximating medium (also 
see figure 3.1) 

with dr and dv the distance to the real and virtual source, respectively. Note 
t hat t he latter is placed at height Zv = Zr + 4AD above the surface. See figure 
3.2 for an illustration. 

3.1.2 Dipole BSSRDF 

Now we are ready to derive the actual BSSRDF. As was shown in the previous 
section, we will represent external illumination by an isotropic source in the 
medium, near the surface. For each incoming ray of light , we can place a 
source along the corresponding refracted direction. However, in order to force 
reciprocity for t he BSSRDF, .Jensen et al. [JMLHOla] proposed to fix t he 
source directly below the surface , along the normal direction. 

We rewrite (2.9) and drop the source term, since incident illumination is 
represented by an isotropic source: 

E(x) = - D'\l<j>(x ) 

This identity is known as Fick's law [Fic55] , and enables us to express E as 
the fluence's gradient. Intuitively, it st ates that light flows away from higher 
photon densities. For a differential contribut ion on the surface at location x i , 
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F igure 3.3: Radial plot of the dipole BSSRDF (Rd) for marble. Observe the 
steep exponentia l falloff and wavelength dependence. 

the outgoing radiance at x 0 is measured by (using eq. 2.21): 

Rearranging and different iating gives the diffuse BSSRDF Rd = ~~;/: 

a.' [ e - O'edr e - O'edv ] 
Rd(x.i, X 0 ) = - Zr (l + <7edr)-d3 + Zv (l + <7edv)- d3 4n r v 

(3.1) 

(3.2) 

We construct the general BSSRDF by adding Fresnel coefficients, under 
t he assumption of having a perfectly smooth interface: 

S(xi , wi, x 0 , w0 ) = !F('TJ , wi)Rd(l lxi - xall)F ('TJ, wo) (3.3) 
n 

A plot of Rd is shown in figure 3.1.2. 
Jensen et al. [JMLHOla] also add a single scattering term to t he BSSRDF. 

We will ignore it , as we are only interest ed in subsurface diffusion. 

3.1.3 Diffusion for Arbitrary Geometry 

T he main approximation behind t he FDA, is to apply t he previously pre
sented solution for arbitrary geometry (fig. 3.1) . One simply employs t he 3D 
d istance llxi - x 0 II to evaluat e Rd in equat ion (3 .3) . Under the assumpt ion 
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r = 

2_ Ft( 'f/, l~Ji )Rd( r )Ft, ( 'T/ , w0 ) 
7r 

(XI [ e -CTedr e-CTeSv ] 

47!" Zr( l + (J"edr)~ + Zv(l + (J"edv)~ 

1 / (J"; 

Zr + 4AD 

Jr2 + z; 
Jr2 + z~ 

llxi - Xall 

Ta ble 3.1: Summary of the dipole BSSRDF model. 
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that geometry remains near-planar w.r.t. the scattering response, this is a 
sound approximat ion (e.g. human skin). Accuracy reduces as materials scat
ter more and further. Yet, the FDA is able to produce plausible renderings 
even for these cases [JB02]. In section 3.6 , we will discuss the impact of this 
assumption. 

The dipole BSSRDF loses its reciprocity property (eq. 2.27) when applied 
to arbitrary geometry. However, reciprocity can still be enforced by "rotating" 
the dipole axis perpendicular to vector x 0 - x i (see figure 3.2) . This scheme has 
two additional advantages. First , it can be computed easily using Pythagoras' 
rule: 

dr = Jr2 + z; and d = J r2 + z2 V V> (3.4) 

thereby reducing the dimensionality of Rd to a single geometric parameter, 
namely r = llx0 - Xi 11- Also, it avoids spurious high responses in corners 
(e.g. near edges in a cube), which poses a problem for normal-aligned dipoles 
[JMLHOla]. 

Rotating the dipoles may seem like a crude approximation. However, ap
plying the solution for semi- infinite media is already incorrect in the first place, 
so it might be argued that the dipole axis' orientation may be chosen arbi
t rarily. An additional argument in favor of rotated dipoles, is that the virtual 
geometry of the semi-infini te meclium (i.e. the infinite plane) contains both Xi 

and x 0 , instead of only xi. 
Later, we will exploit the reciprocity property to construct an efficient 

integration scheme (see section 3.3). 
Table 3.1 summarizes the analytical expression for the dipole BSSRDF. 
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3. 2 Efficient Rendering 

The problem of evaluating the fast dipole model boils down to solving a surface 
integral (eq. 2.25). Filling in the dipole BSSRDF, we can express i t as: 

(3.5) 

with 

(3.6) 

where we have the transmitted irradiance (shortened to "irradiance" in de 
remainder of this chapter) : 

(3.7) 

In the next section, we will describe the most straightforward approach to 
solve our ir1tegration problem: uniform point sampling. 

Point Sampling 

Jensen et al. [JB02] proposed a simple Monte Carlo integration scheme [KW86] 
to efficiently solve equation (3 .6). A set of uniform samples P l , ... , P N is dis
t ributed across r , and the irradiance E,1 is computed at each sample. The 
uniform distribution can be obtained via the point r elaxation algorithm intro
duced by 1\nk et al. [Tur91]. Next , M(x 0 ) is estimated by simply summing 
contributions from every point sample: 

Motivated by the exponential decaying character of Rd, the accumulation can 
be implemented efficiently using a hierarchical scheme, in the same spirit as 
many-body simulations [App85]. All point samples are organized in an oc
tree, so that distant points can be clustered into a single sample. The method 
is applicable to different types of surface representation ( e.g. po1ygonal, im
plicit), due to its meshless nature, and is capable of generating high quality 
renderings. 

In practice however, this integration scheme turns out to be costly. T he 
point samples should be spaced at a distance proport ional to 1/ crL the mean 
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Figure 3.4: Renderings of a marble square slab of size 80 x 80 mm2 and 
160 x 160 mm2 (84K and 337K samples respectively) using point sampling. 
Samples were placed using Turk 's r elaxation algorithm [Tur91]. Low frequency 
noise appears in the reconstruction, since t he points can only be distributed 
approximately uniform. 

free path length of a photon [JB02]. Therefore, the total number of requjred 
samples is: 

1 , 2 
N ex: -AO"t 

7f 
(3.8) 

As the object increases linearly in size, the number of required samples in
creases quadrat ically. For instance, a marble cube of with edges of length 
1cm , 10cm and l m would require a multiple of 600, 60K and 6M samples, 
respectively. This behavior is likely to compromjse performance in interactive 
settings. 

The density criterion (eq. 3.8) guarantees that the relative error due to the 
discretization of equation (3 .6) is constant w.r. t. scale. R econstruction should 
therefore always be smooth. In practice however, samples can only be placed 
approximately uniform over the surface. As can be observed from figure 3.2, 
point sampling is very sensitive to deviations in the distribution, resulting in 
objectionable low frequency noise. 

From a practical point of view, point sampling becomes less suitable in an 
interactive setting, in particular when material parameters and geometry are 
dynamic. In this case, the sample set should be re-distributed over t he surface, 
and the accompanying hierarchy should be reconstructed (or updated), which 
is a significant overhead. Note t hat the relaxation for sample placement per se 
is already a costly operation [Tur91]. Doing the integration on-the-fly would 
be more efficient. 
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Improved Integration Strategy 

The main improvement to achieve interactivity, is the introduction of alter
native integration t echniques which avoid costly uniform point sampling, and 
the overhead associated with jt. We apply two different approaches: 

• Boundary Discretization We discretize the boundary into elements 
(triangles) , and assume irradiance is constant over each element. As 
such, the surface integral can be split up into integrals over each ele
ment , having only Rd in the integrand. By applying a semi-analytical 
quadrat me, these integrals can be solved at run-time. We also introduce 
a hierarchy of elements in order to speed up computation significantly. 

• Importance Sampling We derive an exact importance sampling scheme 
for Rd, in order to efficiently apply Monte Carlo quadrature. Under the 
assumption that the influence of subsurface diffusion remains local ( e.g. 
for human skin), the quadrature can be implemented efficiently on graph
ics hardware. In particular, we represent irradiance in image space, and 
apply the importance sampling here, essentially acting as a fi lter. 

After having detailed these two approaches, we compare them to methods 
described in related work. 

3.3 Hierarchical Boundary Element Method 

In this section , we outline a hierarchical boundary element method to solve 
equation (3.6) efficiently, in spirit of hierarchical radiosity with clustering 
[HSA91 , SAG94, Sil95, WHG99] . 

If we break the surfaces of our object to be rendered into regions r = Uk r k, 
and if we assume the irradiance E k = B 17 (x k) is constant over r k, equation 
(3.6) is reduced to a weighted sum: 

M (xo) L E kF(rk, Xo) 
k 

F(rk ,x a) = f Rd(llx a - xi l[ )dAi 
.lr1c 

(3 .9) 

(3.10) 

We compute the weights F (rk , x 0 ) for the midpoint of each element w.r.t. all 
other elements. The irradiance Ek is also evaluated at the midpoints. The 
sum (3.9) can then be used to evaluate radiosity at each element 's midpoint 
and assumed constant over the whole element. In our implementation, we 
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average the per-element radiosity values at the vert ices. To obtain a smooth 
solution, these per-vertex values are interpolated over the elements. 

The factors F (r1c, x0 ) are similar to point-to-patch form factors in the ra
diosity method [CW93]. There, the form factor usually has a purely geometric 
meaning, whereas our form factor also encodes the material properties, and 
does not include visibility. It essent ially converts per-element irradiance to 
the corresponding radiosity increment at a point on the surface, as a result of 
subsurface scattering. 

In the next section , we will propose an efficient quadratme to compute the 
form factor F(A, d). In section 3.3.2, we introduce an efficient hierarchical 
algorithm to solve equation (3.9). 

3.3.1 Form Factor Computation 

Using the rotated dipole placement scheme, we can apply the reciprocity prin
ciple for comput ing the integral in equation (3. 10): instead of using dipoles 
in element A, we place a single dipole at the evaluation point d. Let h be the 
perpendicular distance of d to the supporting plane T of A (see figure 3.5) . Let 
z be the "dipole offset" which equals either Zr· or Zr, (see BSSRDF model, table 
3.1), and dz the location of the dipole source associated with d and z. From 
hand using equation (3.4), we can compute the distance hz of the projected 
evaluation point p' onto T, to dz : h; = h2 + z2 . 

As both source terms in Rd are almost identical, we will focus on the 
integral of the contribution of a single source point dz of the dipole: 

I = f z( l +as)e- :
5

dA 
}A s 

s denotes the distance between the integration point x on the polygon A to 
the considered dipole source dz . vVe first assume that A is a triangle. We shall 
see that our result straightforwardly extends to the case of arbitrary planar 
polygons. Figure 3.5 and table 3.2 illustrate and explain t he symbols used in 
our derivation. 

vVe solve the integral in polar coordinates in A's supporting plane, using 
the orthogonal projection of d onto this plane, called d', as the pole: 

i
•Om<>x 1 ·1'max (O) . e-as 

I = z( l + as)-
3
-rdrde 

· BT1n n, 'rmin (IJ) S 

(3.11) 

Consider, to start with , t he case that one of A's vertices coincides with d' 
so that rmii,(e) = 0 for all polar angles e. Change of integration variable r to 
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d' 

Figure 3.5: Left: depiction of geometric variables for deriving the form factor 
(situation for integrating over one edge , shown in green). Position vectors are 
indicated in red. Right: integration over the triangle is performed by inte
grating along the edges. The contribution of front facing edges is subtracted 
from the contribution of back facing edges. 



3.3. HIERARCHICAL BOUNDARY ELEMENT METHOD 

T 

d 
z 

dz 
d' 
d" 
R 
s 
h 

h2 
z 
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t 
p 

to, t1 , t2 
i::l.t 

r 
s 
L 

supporting plane of triangle 
evaluation point 
dipole offset from d (equals either z1• or zv) 
location of dipole associated with d 
d orthogonally projected on T 

d' orthogonally projected on edge 
ll d' - d" II 
lid - d"II 
lld - d'II , height of d w.r.t. T 

h2 + z2 = ll d' - dzl1 2 

R2 + h2 z 
parameter on edge, t = 0 corresponds to d" 
point on edge for parameter t 
midpoint, start and end of edge, respectively 
t =to+ i::l.t 
distance from d' to p; r2 = R 2 + t2 

distance from dz to p; s2 = r 2 + h; 
edge length, L = t2 - t 1 

Table 3.2: Symbols used in the form factor derivation. 

the distance s = Jr2 + h~, and substitution of u = <7S , then yields: 

I = 

39 

(3.12) 

s(B) denotes the distance from d z to points on the triangle edge opposite to 
d'. Om area integral thus has been reduced to an integral over one t riangle 
edge. 

For a general triangle, t he sum of three such expressions is obtained: one 
for each edge of the triangle. The contribution of back faci ng edges (furthest 
away from d') is counted positive , while the contribution of front facing edges 
is subtracted (see figure 3.5). 

For a ny closed polygon, the first terms in equation (3.12) , called It from 
now on, cancel if d' is outside the polygon. If d' is inside , their sum equals 
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2r, le- (1h. 

The second terms, which we call I2 , are more complicated. Change of 
integration variable from () to t , the distance along the edge segment measured 
w.r.t. the orthogonal projection d" of the dipole source point d onto the edges 
supporting line, yields: 

t( B) = Rdt 
(3.13) R tan() and dB = 

R2 + t2 

z {Oz e-as R dt 

Joi s R2 + t2 
(3. 14) 

R 1t2 1 1 - a..fs'2+i'Id 
z ti J s2 +t2 R2 + t2e t . 

(3.15) 

t1 = R tan( ()1 ) and t2 = R tan( B2 ) denote the distances from the edge end
points to d". We did not find an analytic solution to t his integral as such , but 
Taylor series expansion w.r.t. the midpoint of the edge (parameter to) of the 
three main factors in the integrand allows to obtain a good approximation: 

1 ]_(i-.!.[2tollt + (llt)2] + ... ) 
so 2 s5 so 

R2 + t2 
]_ ( _ [2t0llt (llt)2] ) 2 l 2 + + ... 
ro ro ro 

-aso ( [2tollt ( flt )2] ) e 1 - a so --2 - + - + ... 
s0 so 

e- as 

Here, so := s(to) and ro := r(to). 

(3.16) 

(3.17) 

(3.18) 

The product of the Taylor approximations results in a simple polynomial 
and its integration is straightforward: 

zRe-aso ( ) 
I2 = 2 L 1 + .... 

roso 
(3.19) 

The higher order terms can be safely ignored by imposing constraints on. the 
edge length L = t2 - t 1, as will be discussed shortly. 

Finally, the contribution of a single edge e due to one of t he dipole source 
points is l e = Ii - h . The form factor of a triangle A with three edges (a, b, c) 
and the dipole is: 
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where F and JV denote the cont ribution from each dipole source point. 
The sign for a term in the sum is positive if it is a back fadng edge for x 0 , 

otherwise it is negative. 

Error Analysis 

The error due to ignoring second and higher order terms in the Taylor series 
expansions (3.16) to (3.18) is straightforward to analyze if one makes sure 
that the first order term is sufficiently smaller than 1. The series expansions 
converge rapidly in that case. 

Suppose, we take ~t; ~; + ( ~; )2 < ! for the first factor. Inspecting the 
higher order terms, we t hen find that the relative error is about 15% maximally. 
This condition will be satisfied if we ensure that Ills ti < 1. 

0 ;) 

A sufficient condition for fast convergence of the second factor is ~ < { 
This condition is stronger than the previous one since ro::; so= Jr§+ h2. 

For the last factor we need to take 16.tlc, < %· With L = 216.tl, we have 
the following conditions: 

L L 2 
- < - < 
so ro 5 

2 
and L < - . 

50' 
(3.21) 

If these condit ions are satisfied, the relative error on t he integrand of I2 is 
maximally roughly 50%. This apparently high error can only occur near the 
end-points of the edges. On most part of the edges , the error is much lower 
and so is the error on the integrals. 

Edges not satisfying the above constraints are recursively subdivided until 
the conditions hold. The error decreases exponentially with subdivision. 

Even when ignoring second and higher order terms, first order terms still 
a ppear in the result (3.19) for h. Taking into account the same conditions 
a bove, it turns out tha t also the contribution from the first order terms are 
bounded and can be safely ignored. 

The condit ion L < 5~ is a global one, and can be satisfied by edge subdi
vision as well. 

Figure 3.6 compares the results of our method with Monte Carlo integra
t ion. It shows that our method indeed produces accmate results with the 
a bove conditions. Using only 12 Monte Carlo samples as done in [JB02], pro
duces rather low accuracy for t his setting. 
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Form Factor -
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Figure 3.6: This graph shows F(A, x ) of a standard triangle A with the tip 
at x = (O .. l cm, 0cm). The base edge is L = 1cm and the height is 0.5cm. 
The x-axis of the graph shows the distance of t he triangle's t ip to 0. T he 
sample point x0 lies also in t he origin (planar setting). Skim milk was used 
as t he material. The black curve is evaluated using our method, the colored 
curves show Monte Carlo evaluations. Our form factor and 10000 Monte Carlo 
samples result in virtually t he same curve. 

Discussion 

Our integration strategy has several distinct propert ies. First , it turns out 
t hat many of the edge contributions in a polygon mesh will cancel out. Indeed, 
when integrating over neighboring planar triangles, shared edges are iterated 
over twice, once per sharing triangle, and in opposit e direction. If the t riangles 
receive the same irradiance, the terms T := 1; + I~ for each such edge cancel 
out . Only t he contribution of outer edges remains. For t he same reason, 
the form factor for an ar bitrary planar polygon can be obtained by simply 
summing the appropriately signed contributions T for all polygon edges. 

Our integration strategy is partly based on analytic integration1 and partly 
on numerical approximation through Taylor series expansion. The level of 
accuracy can be controlled by loosening or tightening the refinement conditions 
(Equation 3.21). 

In figure 3. 7, we show the number of samples t hat we need to t ake for 
different t riangles. In t his case, a sample corresponds to computing h for a line 
segment (there can be multiple line segments for an edge, due to subdivision 
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Figure 3. 7: This graph compares the number of samples we have to take 
vs. Jensen and Buhler 's method [JB02] to evaluate the BSSRDF over an in
crementally scaled standard triangle. We chose x 0 = 0. The tip of the 
triangles lies at the origin as well. The x-axis of the graph shows the distance 
from the triangle 's base edge to origin. In this example we chose the mate
rial coefficients for marble. Although Jensen and Buhler's method needs less 
samples for small triangles, their predicted number of samples is too small to 
achieve acceptable accuracy, see figure 3.6. 

in order to meet the conditions) . We compare t his to the number of samples 
needed by Jensen and Buhler [JB02J. The efficiency of our integration strategy 
is evident . 

For distant clusters, the form factor will be sufficiently small to be com
puted with a single point sample at the midpoint. As figure 3.6 indicates, 
there is nothing to gain by using the form factor in these cases. Due to the 
steeply descending nature of Rd as distance increases , we see that only for 
nearby clusters the form factor is appropriate. 

The form factor procedure is fast enough to be executed at interactive 
speeds, and does not require any extra overhead. This enables us to render 
dynamic geometry ( e.g. for animations) and allow for changing the material. 
Furthermore, our integration method does not suffer from high-frequency noise 
like Monte Carlo methods [JMLHOl b], or low-frequency noise due to under
sampling as seen with point sampling [JB02]. 

Concerning the latter, we compared an obvious alternative to our form fac
tor algorithm, i. e. a form factor using simple uniform sampling. The amount 
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(a) form factor (b) point sampling 

Figure 3.8: Comparison of visual quality with the form factor procedure and 
point sampling for marble at scale 20cm. Low frequency noise is clearly visible 
with point sampling. 

of samples is chosen according to the point sample distribution criteria used 
by J ensen et al. [JB02]. It turns out that our form factor procedure is superior 
for both quality and performance. For moderately translucent materials, Rd 
is quite steep and more samples are needed in the integration. While making 
a material less translucent , we noticed a low frequency noise and a serious 
frame rate drop. See table 3.5 and figure 3.8 for details. 

Our form factor algorithm assumes polygons with sufficiently constant ir
radiance. For sampling from environment maps and point/spot lights, this 
assumpt ion is acceptable since light ing does not tend to change dramatically. 
Care must be taken in situations where sharp shadow borders occur, although 
for highly scattering media this becomes less of a problem due to the diffusing 
nature of multiple scatt ering. 

It turns out that for all but the nearest elements, a single-sample estimate 
of the form factor is sufficiently accurate. We decide whether or not to apply 
this approximation based on the solid angle measure [JB02]. 
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Computing subsurface scattered radiance in this simple way is unfortunately 
a quadratic procedure in terms of the number of elements. This is too costly 
for interactive image synthesis, except for the simplest models. A log-linear 
procedure is obtained by grouping distant elements hierarchically in so called 
clusters , in a similar way as in hieraTd.t.ical radiosity with clustering [HSA91, 
SAG94, Si195, W HG99]. 

Overview 

Let us first discuss a general overview of our approach. 
All elements are organized in a tree hierarchy, such that each node (cluster) 

represents a collect.ion of elements as a single element. The leaf nodes represent 
the original elements of which the object is composed. 

Rather than computing the form factor between each pair of elements, we 
first create a candidate link between the top level cluster containing all the 
elements of the object and itself. Next , this link is subjected to a refinement 
oracle. If the oracle decides that the link would not allow sufficiently accurate 
integration, the candidate link is refined by opening the cluster at the receiver 
or emitter side. As such , new candidate links result, which are tested in t urn. 

After linking, we compute the irradiance at all leaf nodes The leaf node 
irradiance is then pulled up to the top of the cluster hierarchy by averaging the 
irradiance on child clusters. We then recursively traverse the cluster ruerarchy 
and gather the contributions at each cluster element from over its links. This 
involves multiplying the irradiance at the emitter element with the form factor 
(3.10) corresponding to the pair of linked clements and adding the product at 
the receiver cluster. Clusters always receive cont ributions at their midpoint. 

The contributions gathered at all clusters are then pushed down the hi
erarchy, i.e. energy received at higher levels in the hierarchy is distributed to 
the leaf clusters. The accumulated results at the leaf nodes (the elements of 
the object ) are averaged at the vert ices, in order to obtain a smooth solution 
by interpolating the solution using Gouraud shading. 

As before, a single sample estimate suffices for most fonn factors. Form 
factors with nearby clement or cluster elements, which would require more 
than one sample according to the point density criterion by J ensen et al. 
[JB02], are integrated using the semi-analytical t echnique of Section 3.3.1. 

F igure 3.9 shows the hierarchy of cluster elements , relevant for calculat ing 
subsurface scattered light at t he indicated spot. A significant part of the 
illurr.t.ination is gathered at a higher level than at the leaf node. 
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Figure 3.9: Part of the cluster hierarchy relevant for calculating subsurface 
scattered light at the dot . Each cluster element level is depicted with a different 
shade. The surrounding triangles are directly linked to the leaf containing the 
dot , whereas the other, larger triangles are connected t hrough one of the leaf's 
parents. We see that interact ions with distant geometry are handled at higher 
levels. The cracks between the different levels do not cause visible artifacts as 
long as the refinement criteria are met. 
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Implementation 

After having presented a high-level overview of our rendering algorithm, we 
discuss the most important aspects regarding its implementation. 

Cluster Hierarchy Our algorithm is given a hierarchical structure such as 
a multi-resolution mesh , a face cluster hierarchy or a subdivision surface. It 
is required that finer clusters are fully embedded in coarser levels, in order to 
consistently integrate over the surface. For instance, approximating subdivi
sion schemes and progressive meshes cannot be applied here. 

• Face Clustering Face cluster hierarchies have been used in different ap
plications, but they are best known from face cluster radiosity [WHG99j. 
Such a hierarchy is built by merging neighboring clusters until a single 
cluster is reached containing all original faces. 

We build our hierarchy bottom-up with an algorithm similar to Garland 
et al. [GWHOl]. Unlike their work, our measure only tries to cluster 
faces as compactly as possible, ignoring surface curvature. Instead we 
make sure during linking, i.e. at run-time where geometry and curvatme 
may change, that only near-planar clusters are chosen, since our form 
factor is correct for planar clusters only. To this end we take a simple 
curvature measure into account during linking in order to reduce the 
error for the assumption of planar clusters: ,X , where A' and A are the 
total projected area and total area of the cluster triangles , respectively. 
The for m factor from a cluster is then approximated by projecting all its 
triangles onto the plane defined by the cluster's midpoint and averaged 
normal, and working with the resulting polygon. 

• Subdivision Another method to obtain a hierarchy (and mesh) with the 
desired properties is surface subdivision. Since the finer clusters have to 
be fully embedded in the next coarser level, we chose to use subdivision 
based on 4-to-l splits. Essentially, subdivision techniques re-mesh the 
original object such that a suitable hierarchy can be built. 

Subdivision surfaces: When only a coarse mesh is given , we can effi
ciently generate a sufficiently dense mesh , along with a suitable hierarchy, 
using subdivision surfaces. Any subdivision scheme to be used must be 
interpolatory to fulfill our hierarchy criteria. For example, the Butterfly 
algorithm [DLG90, ZSS96] can be used to generate hierarchies fulfilling 
this criteria. An example can be seen in Figure 3.9. 
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Shrink-Wrapped: Using a similar algorithm to [KVLS99L we create 
hierarchies for arbitrary closed meshes. We first project the mesh from 
its center onto a sphere, and relax it using the "umbrella" operator. We 
then t ake a coarse base mesh, whose vertices are shared with the original 
mesh, and recursively split. Whenever a new vertex is introduced, we 
project it onto the sphere, find in which triangle from the original mesh 
it lies , and use the interpolated coordinates from the original mesh as 
the new coordinates for the new vertex. 

The hierarchy generated by subdivision is more efficient t han the face clus
tering method, since every cluster is represented by exactly one triangle. On 
the other hand , it also requires the object to be re-meshed completely. The 
butterfly method can only produce simple shapes from a low polygon count 
base mesh. Although the shrink-wrapping can work on arbitrary meshes, the 
approach often leads to unevenly tessellated meshes. Overall, it is a compro
mise between efficiency and quality. 

Hierarchical Refinement We use J ensen et al. 's maximum solid angle cri
teria [JB02] to decide whether or not to link 2 hierarchical elements. It is 
cheap to evaluate, and has proved to work well in practice. Let E and R be 
the emitting and receiving element, respectively. The refinement strategy can 
be summarized as: 

• When the maximum deviation of the solid angle w from R's children's 
midpoints to E's collection of faces exceeds a certain threshold fl , split 
and move the link down the hierarchy at R . Repeat , until t he deviation 
is below <:1 . 

• Before connecting a link to an emitter cluster E , check w from R 's mid
point to E 's faces . If it is above a threshold <:2 , split an<l move the link 
down at E. Repeat, until it is below <:2. 

In our experience, the solid angle criterion performed well enough for inter
active rendering. More advanced linking criteria which reflect the magnitude 
of the actual form factor better, may be devised in order to reduce link count. 

The refinement procedure may be executed in three different "modes" : 

1. Static Mode. Only illumination changes are accounted. All links and 
form factors are precomputed. During rendering, the algorithm iterates 
over each link to gather contributions. 
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2. Incremental Mode. Lighting, material and geometry can be altered. 
The algorithm incrementally updates form factors of "tagged" links. In 
case of geomet ry or material changes, the corresponding I.inks will be 
tagged. We use a simple demotion/promotion procedure [FYT94] to 
maintain consistency in the hierarchy: links which do not meet the con
ditions are moved one level up or down. Interactivity can be controlled 
by bounding the number of form factor computat ions per frame. 

3. On-the-fly Mode. In each frame we traverse the hierarchy to perform 
a full evaluation from scratch. Th.is mode avoids the overhead of keeping 
track of links, resulting in quicker updates. Memory requirements are 
also reduced significantly. However, the overall frame rate is lower than 
in interactive mode. 

The static and incremental mode resembles the algorithm by Carr et 
a l. [ CHH03L except that we can immediately account for geometry / material 
changes, due to the efficient form factor integration. 

lrradiance Sampling Irradiance is computed at each leaf cluster (triangle) 
at run-time for environment maps and point light sources. In the latteT case, 
shadows can be computed by employing a variant of shadow mapping (Wil78]. 
In the former case, we sample irradiance from an environment based on its 
spherical harmonics coefficients. Nine coefficient suffice since the incoming 
radiance undergoes a cosine-weighted integration over the hemisphere and is 
thus bandlimited [RHOl]. Shadows however cannot be taken into account , 
unless we assume rigid objects [SKS02]. We also ignore the Fresnel coefficient 
in equation (3 . 7) for simplicity. The resulting irradiance value is obtained with 
a simple dot product. Prefiltered environment [Gre86] maps can also be used, 
but we did not implement this alternative. 

Note that irradiance is only sampled at leaf clusters; higher clusters pull 
the averaged irradiance from their children. 

Final Rendering Om rendering algorithm computes radiosity at each ver
tex, which is passed to a set of hardware shaders. The final rendering includes 
reflection mapping or phong shading. We also accounted for the Fresnel coef
ficient in equation 3.5, when rendering reflections from environment maps. 

Everything is computed in high dynamic range a t floating point precision. 
A simple gamma curve per pixel is applied t o the final shading for the purpose 
of tone mapping. This enhances the global response which is typically much 
lower that the local response, and adds a lot to the realism. 
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3.3.3 Results 

We implemented our algorithm in C++ on a dual Intel Xeon 2.4Ghz 2Gb 
RAM configuration with an ATI Radeon 9700 graphics board. 

Table 3.3 shows that our algorithm behaves roughly log-linear in the num
ber of triangles. 

T L ¥ on-the-fly incr. static 

2016 89K 44.1 20 8 5 

8160 388K 47.5 47 23 13 
32736 1744K 53.3 188 68 43 
131736 6905K 52.7 722 351 199 

Table 3.3: Model complexity versus link count and running time (rns) . Looking 
at the links-per-triangle ratio, we notice that there is roughly a log-linear 
correlation between the number of triangles T and the number of links L. The 
experiment was done for a marble butterfly subdivision model whose bounding 
box was scaled to 2.5cm. 

In table 3.4 we illustrate the performance of our approach with different 
models. vVe see that the number of links is mesh-dependent. In this exper
iment we choose very conservative thresholds for the refinement oracle such 
that the quality of the solution is guaranteed for every situation. 

model type T L on-the-fly 
horse FC 8764 992K 97 

bust FC 10518 1258K 102 
elk FC 11384 1743K 165 

candle s 4474 435K 41 
cube s 16380 1572K 154 

Table 3.4: Overview of performance with different models. Timings for on
the-fiy mode are in ms. Material was marble scaled at 10cm. The hierarchy 
types are indicated by: (F)ace (C)lustering or (S)ubdivision. 

Table 3.5 illustrates the efficiency of the form factor compared to point 
sampling. We see that it behaves more robustly in rendering t ime when the 
local response gains importance. 

We will now discuss some results depicted in figure 3.10. All screenshots 
were taken interactively in on-the-fiy mode, at a frame rate ranging from 3 
to 15fps, roughly. Except for figure 3.10.5, which is rendered in incremental 
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scale (m) form factor (ms) point sampling (ms) 
.05 160 162 
.1 160 168 
.2 161 222 
.4 169 501 
.8 340 1778 

Table 3.5: Comparison of the form factor procedure and point sampling on 
marble. The object 's bounding box is scaled at different sizes. The duration 
of a full on-the-fiy evaluation is measured. 

mode at 7.5fps. 
In figure 3.10.1-2-3 a horse is rendered with three different materials: skim 

milk , ketchup and candle wax, respectively. Notice the color shifts across the 
model in figure 3.10.1. The scattering of light is very obvious for the t hin 
geometric features in figure 3.10.3 when the model is lit from behind. 

In figure 3.10.4, the scale of whole milk changes from l.Orn, 10cm, 5cm, 
2cm , 1cm, to 5mm, respectively. The hierarchy for the tweety model here 
was generated using shrink wrapping. 1n t he leftmost image, the shading is 
practically the same as with simple diffuse reflection. The awkward appearance 
in regions where normals are orthogonal to the direction of incoming light, is 
due to (gamma curve) tone mapping. 

We interactively added a bump to a subdivided cube in figure figure 3.10.5. 
The resulting model is lit with a spot light, and enhanced with shadow map
ping. Notice how the shadow cast by the bump is ' leaking' further on the 
adjacent plaue. For that same cube we applied a Perlin noise [Per85] distor
tion (figure 3.10.5) : 3D noise sampled at each vertex and perturbs its position 
along the normal. Ea.ch frame we increment the offset to the noise's sampling 
position, resulting in a full deformation on 16K triangles. This situation is 
rendered interactively at roughly 4-5 frames per second, including irra.dia.nce 
sampling ( spot light and shadows) . 

Figure 3.10. 7a depicts how a simple subdivision shape is used to simulate 
the appearance of a candle. It is lit from inside by a moving and flickering 
point light source. When we apply a simple 'twist' deformation, the model 
gets thinner, resulting in more light passiug through from the inside (figure 
3.10.7b). As this is a very simple model of nearly 5K triangles, this experiment 
runs in real-time (15fps) . 

We show the toy elk model to demonstrate that models are not restricted 
to be of genus 0. The spherical wheel has been dented interactively, resulting 
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in more scattered light passing through. 
Figure 3.10.9a shows a visualization of the clusters used for shading a 

triangle on the ear on the left. Interactions at the different levels in the 
hierarchy are colored uniquely. Right next to it (3.10.9b) we show t he actual 
rendering. 

The appearance of a marble bust in figure 3.10.10 has been enriched with 
Fresnel reflection from an environment map. 
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Figure 3.10: Interactive rendering results. 1-2-3: Horse model with different 
materials. 4: Changing the scale of subsurface scattering for whole milk. 5: 
Tesselated cube with bump casting shadow. 6: Deformation on skim milk 
cube using Perlin noise. 7: Twist-deformation on candle. 8: Example of a 
genus 1 model. 9: Visualization of the traversed clusters in t he hierarchy for 
shading the bunny's ear. 10: Marble bust rendered in a high dynamic range 
environment. 
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3.4 Local Diffusion 

In the previous section, we showed how discretization of t he solution can lead 
to efficient integration of the FDA surface integral (eq. 3.6). It is particularly 
suitable for very translucent objects, i.e. when the diffusion length ld (t able 
2.2) is large compared to geometry. On the other hand, if scattering remains 
local (small ld), contributions from distant surface locations are negligible due 
to the strong exponential decay of the dipole BSSRDF. P erforming a global 
gathering step therefore becomes less efficient. Another issue with small-scale 
diffusion, is that visual effects associated with subsurface diffusion become less 
pronounced, more subtle. As a result, the granularity of the solution should 
be dense enough to capture such effects. The boundary element method will 
perform less well , as the solution is computed only per element. 

These arguments motivated us to develop a method that focuses on com
puting diffusion locally, in a more detailed fashion. A naive approach to t his, 
would be applying uniform point sampled integration [JB02] in a local area 
around the point of interest. However, such a scheme is inefficient, as many 
sarnples will be required, and is prone to undersampling, causing objectionable 
low frequency noise. 

A more efficient integration can be performed using Monte Carlo integra
tion with importance sampling [KW86]. Importance sampling distributes the 
samples according to the function to be integrated, in our case Rd. To this end, 
we propose a method for generating such importance samples in section 3.4.1. 
We restrict the samples to lie within a certain radius w.r. t . evaluation point . 

In order to further speed up the computation , we do not integrate directly 
on the surface of the object, but instead integrate the irradiance values in 
image-space (sec section 3.4.2). The basic algorithm is depicted in figure 3.11. 
Importance samples are generated on the tangent plane at x 0 • These are then 
projected on the object (in case of a perspective viewer with a perspective 
projection), and the corresponding irradiance values are accumulated there. 
This sampling strategy is amenable for implementation on graphics hardware. 
As an alternative for the case where a suitable t exture parametrization is 
available, we discuss the possibility of combining this image space sampling 
with texture space sampling. 

The granularity of the solution is very high, as we perform computations 
per-pixel. This will be important to capture subtle perceptual cues associ
ated with subsurface diffusion, such as blurring of hard shadow borders and 
concealment of small-scale geometric feat ures. 

We will demonstrate our algorithm mainly on t he problem of skin render-
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ing, as it was specifically designed with this application in mind. In order to 
show its generality, examples of other materials are briefly demonstrated as 
well. It is conceivable that, in order to deal with various diffusion lengths, one 
may construct a hybrid method, consisting of local importance sampling, and 
the hierarchical boundary element discussed in section 3.3. We leave this as 
future work. 

C uniform samples 

object 

tangent plane) 
~.~ ------c,'c-, ------0------_.,....-~ 

Figure 3.11: Left: Overview of the proposed technique: we locally sample 
incoming lighting in the tangent plane, according to the importance of the 
BSSRDF function. Right: Envelope of function for root finding procedure 
(section 3.4.1). 

3.4.1 Importance Sampling of the BSSRDF 

In t his section we derive an exact importance sampling scheme for the dipole 
BSSRDF (see table 3.1) on an infinite plane. In the next section, we will 
discuss its use for sampling on arbitrary geometry. We refer the readers unfa
miliar with importance sampling to Kalas and Whitlock [KW86] or Dutre et 
al. [DBB03] . 

First , we compute the total reflectance of t he BSSRDF over an infinite 
plane. Consider t he surface integral in equation (3.6). Over an infinite plane 
in polar coordinates , the integral can be reformulated as: 

{21T roo 
Jo Jo E,,i(r, B)Rd(r)rdrdB 
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First , we split up Rd into 2 terms: 

I 

~ [R:i(r) + Rd(r) ] 
47T 

e-<7edr 

Zr( l + O"edr)~, 
r 

e-<7edv 

Zv(l + O"edv)~ 
V 

Observe that it is easy to analytically integrate these terms over t he 2D 
plane. By substituting d with Jr2 + z2 we obtain: 

e - <7e Z , 

(3.22) 

(3.23) 

with z either Zr or Zv and d either dr or dv. It follows that the total reflectance 
of the infinit e plane is [JMLHOlb]: 

(3.24) 

vVe are now ready to derive the importance sampling procedure. Let us 
find samples ri, distributed according the second part of the integrand: Rd( r )r. 
As it only depends on distance, the angle () will be sampled simply using a 
uniform density 1/2?T. 

Draw a uniform random number ( from the unit interval. We must find a 
distance r(() such that the probability of finding r(() in an interval [a , b] equals 
2; J! Rd(r)r dr, i. e. the probability density function is defined as: p(r) := 

2; Rd(r)rdr. Here, 2
; is a normalization factor. 

We start by selecting one of the two terms Rd or Rd w.r.t. their respec
tive strengths. For this purpose, a suitable threshold T is derived from the 
integrated terms (integration is analogous to equat ion 3. 22): 

e-<7eZr 

T = - ----
e-<7ezr + e-<7eZv 

If T < (, pick R d and normalize (: let ( - } . Otherwise pick Rd and let 
t - c-T 
<, l -T · 
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The cumulative distribution function corresponding to the chosen term 
(subsequently dubbed Rd), is inverted: 

r (f,) r )O 
lo Rd(r)r dr = ( lo Hd(r)rdr. 

Again, performing integration as in equation (3.22), we obtain: 

Substituting u = J l + ( ~) 
2 

yields: 

O'ez(u- l ) + logu+ log(l -~) = 0 (3.25) 

This equation can be solved numerically for u. Note that this function is 
a smooth, monotonically increasing function for which we can find its root 
rapidly with Newt on 's method (fig. 3.11). Let J(u) be the left hand side of 
3.25. We initialize u = 1 and iterate as follows: 

u - u - f(u)/f (u) with J'(u) = ZO'e + l /u. 

Finally, we obtain a sampling distance r with: 

r = zJu2-l. 

3 .4 .2 Integration over the Surface 

In t his section we describe how we employ the importance sampling scheme. 
Two problems arise when extending t he previously discuss sampling scheme 

to arbitrary surfaces. Firstly, for a given importance sampling distance to a 
point on the surface, it is not trivial to const ruct a location at this distance di
rectly on the smface. This would require access to the local geometry, as well 
as a complex search routine. Therefore, we simply construct the samples in 
the tangent plane of t hat point, and project them onto the underlying surface. 

The second problem is the acquisition of irradiance informat ion over the 
surface. Two options are possible: 

• We can render the irradiance once for one (or possibly more) reference 
v iews into a 2D image or texture map. The light view, similar to shadow 
mapping [Wil78. DS0:1], is a possible candidate . However, it may cause 
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artifacts at locations which are oriented perpendicularly to the light 
due to severe undersampling. This is a common problem for regular 
shadow mapping, which will likely worsen in our case. We opt for the 
observer's view (camera view), which already contains most relevant 
irradiance information. Also, it enables us to efficiently handle more 
complex lighting (e.g. from an environment map), without much extra 
cost. 

• When a suitable texture parametrization is given, irradiance can be com
puted in the parametrized space and stored as a texture map. 

Both options have particular advantages and disadvantages, which have 
to be traded off against each other. The first approach is not able to fully 
represent all relevant irradiance (e.g. from back facing geometry) . The second 
approach does not. have this problem, but requires the geometry to have a 
suitable parametrization. 

In t he following sections, we will explain each approach, and discuss the 
trade-offs in more detail. 

Image-Space Sampling 

In a nutshell, we will generate importance samples in the tangent plane as
sociated with the pixel of interest, and project them onto the surface. Next., 
integration will consist of looking up and accumulating irradiance at each sam
ple, using the irradiance map (see figure 3.14). Let us go over this process in 
more detail. 

Consider t he local scattering integral ( equation 3.6): 

I = j~ Rd(r)E11 (p )dAp 

J~, Rd(r)Er1(p' ) I 11; I dAp1 (3.26) 

The primed variables are associated with t he tangent plane (see figure 
3.12). Before integration , we compute the irradiance map, which will contain 
function Eri. Then 1 for each pixel to shade, our objective is to solve integral 
(3.26). To this end, we construct a set of samples in t he tangent plane and 
project them on the surface w.r.t. the center of projection of our irradiance 
map (see figure 3.12). Basically, the integral is solved in image space. 

For each sample point p' we can t hen easily look up t he irradiance Ery(P') 
in t he irradiance texture. Since we assume local scattering, we take A to be a 



3.4. LOCAL DIFFUSION 59 

• 

• • 

• 

Figme 3.12: Left: geometry for sampling the irradiance in t he tangent plane. 
The irradiance at t he projected sample point p can be retrieved in t he irra
d iance texture T. Right: combined sampling of importance samples (dots) 
and uniform samples (squares) for a point (circle) near a shadow border. In 
this situation, almost all of t he importance samples will get a negligible con
tribution. The uniform samples have a higher chance of receiving a significant 
contribution. 

fraction of the surface r , and A' the corresponding area on the tangent plane. 
For simplicity, A' is considered to be a disc of radius R' . 

The transformation implies mult iplying with a Jacobian I J:;, I, which de

pends on the mapping between points on the tangent plane and corresponding 
points on the surface. Since the mapping is projective, we choose to relate the 
corresponding points via solid angles. One can observe that solid angles oc
cupied by the differential areas surrounding p and p' w.r.t . e (the center of 
projection) are equal: 

I 
dA cos a = dA 

I 
cos a 

p d2 p d'2 ' 

with d = lle - pll and d' = Jle- p'JI- Substituting t his in equation 3.26 yields: 

1 cos a d'2 

I = Rd(r)E1J( p 1
)--

1 
d2 dAp1 

A ' cos a 

1
2

1r 1R' COS a d'2 

Rd(r)E1J(p')--,-d2 r drdd¢ 
o o cos a 

T he last step results from a transformation to polar coordinates, in which fac
tor Rd(r)r corresponds to the distribution of our importance sampling routine. 
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The integral is solved numerically using a set of N samples Pi = (</>i, ri), 
where ri is generated as described in section 3.4.1 and 'Pi is uniform: 

(3.27) 

T he importance samples are generated in tangent space, i.e. we generate r~, 
but we actually take samples with distances ri. Therefore the samples are 
weighted by Rd(ri)/ Rd (r D. 

The final outgoing radiance is computed by multiplying I with the Fresnel 
transmittance for the current viewing direction (see equat ion 3.5). 

Texture-Space Sampling 

When a bijective and continuous parametrization is available, we can perform 
the irradiance sampling in texture space. The algorithm remains almost the 
same, except that irradiance is computed and stored in texture space. The 
integration is still performed in image space at pixel accuracy, but irradiance 
lookups are done on the t exture space irradiance image. We compute the ir
radiance in t exture space by rendering our polygon mesh in 2D, using texture 
coordinates from the parametrization as vertex positions. The samples' posi
tions are again generated in tangent space. The corresponding texture space 
locations are computed linearly using the 2D basis given by: 

where s , t are texture coordinates , and E 1, E 2 define an orthonormal basis 
in the local tangent plane. This simple approach avoids art ifacts due to the 
inherent anisotropic and scale distortions of the mapping. Finally, in order to 
compute the distance ri in equation (3.27) , the world space position of each 
irradiance t exel is stored in an additional floating point texture. T his texture 
can also be obtained on-the-fly, the same way as irradiance. 

Using texture space sampling, irradiance is represented completely across 
the object. When a model is lit from the back, we can now render more subtle 
scattering effects , e.g. near the silhouette. Also, undersampling artifacts are 
significantly reduced. This is demonstrated in the leftmost image of figure 3.1 5. 
We note that the parametrization must be fully bijective, i.e. the triangles in 
t exture space cannot overlap. Also, discontinuous parametrizations consisting 
of one or more chunks require some additional overhead: care must be taken 
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when sampling near discontinuities. For simple cases, such as the head model 
in the leftmost image of figure 3.15, the number of discontinuities is very small 
and do not occur on the model at obvious locations (e.g. across the face) , we 
can can get away with simply ignoring them. 

3 .4 .3 Implementation 

This section discusses some noise reduction techniques and the implementation 
of om algorithm on graphics hardware. 

Reducing Noise 

Visible noise caused by variance are inherent to Monte Carlo techniques. It 
has a high-frequency character, since sampling occurs per pixel. Note that 
this type of noise is less objectionable than the low frequency noise caused by 
uniform point sampling [JB02]. 

Some measures can be taken to reduce noise: 

• Quasi-Random Number Generation We employ quasi-random num
bers as input to our importance sampling scheme. They minimize dis
crepancy (i.e. increase uniformity) , yielding an improved convergence 
rate, and perform well for low dimensional sampling [DBB03]. In par
ticular , t he Niederreiter sequence is employed in our implementation 
[Nie92]. 

Interleaved sampling [KHOl] is applied to avoid banding artifacts, and 
gracefully transforms noise into a dither-like pattern. Also, it is more 
amenable for a hardware implementat ion. 

• Combined Sampling The importance sampling algorithm only makes 
allowance for t he variation in function Rd(r)r. This strategy is efficient 
as long as irradiance does not vary quickly. This is not a safe assump
tion. For instance, figure 3.12 depicts how in unlit regions near shadow 
borders , few importance samples will ever have a non-zero contribution. 
Uniform samples will perform better in this case. To combat this, we 
generate a set of uniform samples together with the importance sample 
set. Using tho balance heuristic proposed by Veach et al. [VG95L we 
can safely combine the two sets in an unbiased fashion. 
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Using Graphics Hardware 

Our algorithm can be implemented on modern consumer graphics hardware. 
Current graphics technology offers a high degree of programmability at t he 
fragment level, and provides full floating point precision throughout its render 
pipeline [ati, nvi]. These features make the implementation of our algorithm 
feasible in hardware. 

Before rendering, we first compute a set of importance sampled distances 
ri and then precompute an offset vector for each importance sample, which 
is used to quickly construct a sample from the tangent basis vect ors at each 
pixel. Also the inverse probability density function is precomputed as a weight 
for each sample, as well as the weight for t he balance heuristic [VG95]. 

On an ATI Radeon 9700Pro, which have used for our implementation, the 
algorithm requires N + 2 passes, where N is the number of samples. The first 
pass renders an irradiance texture in an off-screen buffer for the camera view. 
Aside from the radiance, the depth buffer from this view is also stored in a 
separate texture. An additional depth buffer is employed to perform shadow 
mapping [Wil78]. 

The accumulation of the N samples requires two floating point buffers. 
In one of the passes, one acts as render target and the other as temporary 
storage of previous passes. In a subsequent pass, the roles are switched in 
order to avoid a costly t exture copy. The alpha channel is used as a counter 
for the number of samples. It is only incremented if a valid irradiance sample 
is found, i.e., if the depth of the fetched irradiance pixel is closer than the far 
plane. The components of the summation in equation 3.27 are computed as 
follows in the fragment shader: 

• The sample weights are passed as a single (global) parameter to the 
fragment shader. 

• The irradiance E (pD is retrieved using a projective texture fetch. 

• The function Rd itself is stored as a lD floating point texture for a certain 
range. Using the information in the depth texture (projective fetch), the 
location Pi on the surface is computed, in order to derive r i . Now we 
weight the irradiance sample appropriately (see equation 3.27) . 

We omit the Jacobian to increase rendering speed . For most cases t his is a 
safe assumption, since the tangent plane approximates the surface for a small 
area A. Nevertheless, it can be computed easily in the fragment shader as 
well , albeit an increase in shader instructions. 
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Figure 3.13: An interactive rendering of a bump-mapped model on graphics 
hardware using measured BSSRDF parameters of human skin [JMLHOlb]. 
The image is rendered at roughly 4 to 5 frames per second. 

The final render pass consists of normalizing t he result ing pixels with t he 
sample counter in the alpha channel, mult iplying with the Fresnel coefficient , 
and applying a simple tone mapping operator [RSSF02]. 

3.4.4 Results 

The quality of our algorithm can be judged from the image in figure 3.13. A 
head model whose bounding box was scaled to 10cm1 was rendered using the 
scattering parameters for human skin [JMLHOl b]. A closeup can be seen in 

1 A normal sized head is larger, but we employ a smaller scale to increase t he effect of 
translucency. 
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figure 3.14. The used irradiance map can be seen in the same figure. A bump 
map was applied when computing the irradiance values. Subsurface scattering 
smoothes out these bump considerably. The renderings in figure 3.13 and 3.14 
have an additionally applied color (texture) map (e.g. , for the eye brows) . 
Specular highlights were added as well using Phong's model [Pho75], and are 
attenuated by a "gloss map" (e.g. for increasing the shininess of the lips) . 

Rendering speed is about 4 to 5 frames per second for a 500 by 500 image on 
an ATI Radeon 9700Pro. Our implementation was also tested on an NVIDIA 
GeForceFX 5800 board, for which we obtained similar timings. Rendering 
speed degrades roughly linearly with t he number of pixels rendered. 

Closeups of the head model can be found in figure 3.14. The irradiance 
texture used in the first rendering can be seen next to it. The bottom-left 
image shows the shadow boundary from the neck region. The original shadow 
has actually a sharp boundary, as seen in the irradiance image. Subsurface 
scattering causes the shadow boundary to be diffused over a larger area. The 
dithering structure is due to the interleaved sampling [KHOl]. The two top
right images show the region on the forehead under different illumination 
conditions. The typical reddish color shifts are very prominent in this example. 
More complex lighting can be applied: in t he bottom row a rendering is shown 
using a projective stained glass t ext ure. 

Also in figure 3.14, example renderings of two other materials can be seen. 
The left image was rendered with milk and the right image with marble. Here 
we did not apply any base or gloss map for the renderings. Even the very 
translucent milk is rendered without obvious artifacts. All the shadow regions 
show considerable subsurface scattering (brownish t int). 

F igure 3.15 shows a comparison of Jensen et al. 's method [.JB02] with our 
method. The results are virtually the same, apart from some small scaling 
factor. This is due to the global undershoot from not taking the whole surface 
into account in the integration. Small differences can be seen at sharp bound
aries. E.g. , the boundary of the lower lip is not as smooth as with Jensen et 
al. 's method. This is because no contributions can be gathered from under
neath the lip as this part not visible in the irradiance image. Noise at grazing 
angles of the head is hardly noticeable due to the use of interleaved sampling. 

The appearance of spatially varying materials can be simulated by alter
ing the BSSRDF parameters per pixel according to a texture function. In 
figure 3. 15 we demonstrate this by lighting a marble plane with a checkered 
irradiance pattern. Subtle lighting effects suggest the idea of some internal 
structure. Even temporal variation in t he texture can be rendered at inter
active rates. We precompute a set of importance sample offsets, which are 



3.5. COMPARISON OF INTERACTIVE RENDERING METHODS 65 

(a) (b) (c) (d) 

(e) (f) (g) (h) 

Figure 3.14: Top row: (a) closeup of the head model with (b) the corresponding 
irradiance map. Notice how the roughness of the surface is washed away due 
to the subsurface scattering. ( c) Forehead lit from above and ( d) forehead lit 
from the side. Note the obvious color shifts due to scattering. Bottom row: 
(a) shadow region on neck. (b) The same model with skin lit by a stained 
glass texture. (c) Milk and (d) marble materials applied to the model. 

generated for an interpolated set of BSSRDF paramet ers, and are stored in 
texture memory. Note that we cannot interpolate the offsets themselves, due 
to the non-linear effect of altering t he BSSRDF parameters. Since the impor
tance sampling algorithm is simple enough, the offsets might also be generated 
on the GPU, alt hough we did not implement this alternative. 

3.5 Comparison of Interactive Rendering Methods 

Since the introduction of the FDA [JMLHOla], much research has been spent 
on developing interactive rendering methods, which includes the work pre
sented in section 3.2. In this section, we will thoroughly discuss the similari
ties and differences, together with advantages and disadvantages of each one. 
We briefly explain each technique, preceded by a short identifier for further 
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(a) (b) (c) (d) 

Figure 3.15: (a) Irradiance sampling in image space and texture space, respec
tively. Comparison of (b) Jensen et al. 's method [JB02] with (c) our method. 
The results are virtually the same, apart from a small scaling factor which 
we accounted for here. (d) Rendering with spatially and temporally varying 
BSSRDF parameters. 

comparisons. 

LENS : Lensch et al. [1GB +02] presented one of the first attempts at interactive 
rendering of translucency with the FDA. They apply spatially-variant 
convolution in texture-space to accurately represent the local response 
to incoming light ing, while the global response is computed vertex to 
vertex using a large matrix multiplication. 

HAO : Hao et al. [HBV03] precompute the FDA surface integration for each 
incoming light direction , per vertex. During rendering, the incident light 
direction at each vertex is used to look up the appropriate shading value. 
Performance was improved [HV04] by compressing the per-vertex tables 
using spherical harmonics. 

CARR : Carr et al. [CHH03] employed a hierarchical mesh for efficient inte
gration. Similar to our method (section 3.3) they construct links and 
compute form factors between elements in the hierarchy (as precomputa
tion). At run-time, gathering can be performed using graphics hardware, 
allowing for real-time rendering for varying illumination . 

SLOA : The Precomputed Radiance Transfer (PRT) framework [SKS02] is ca
pable of reproducing general global illumination for arbitrary, but dis
tant and band limited illumination. Essent ially, PRT precomputes the 
response in radiance when the object is lit by orthogonal basis functions 
(spherical harmonics) . Real-time rendering for varying illumination is 
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achieved by linearly combining the basis responses. Its application to 
rendering translucent objects has been demonstrated by Sloan et al. 
[SHHS03] , using the FDA as an underlying model. 

DACH : Dachsbacher et al. [DS03] introduced a shadow mapping-like approach 
[Wi178] to evaluate the FDA-integral. A hierarchical integration scheme 
was realized by means of mipmap texture filtering [Wil83], implemented 
on graphics hardware. 

BOSA : Borshukov et al. [BL03] proposed to simulate subsurface diffusion in 
texture space by means of simple convolution. Later, Sander [San04] 
implemented this scheme on graphics hardware and obtained real-time 
performance. 

To complete the list, we add our approaches: 

MERl Hierarchical boundary element method , as discussed in 3.3. 

MER2a Local diffusion (section 3.4) by integration in image space. 

MER2b Same as [MER2a], but with integration in texture space. 

3.5.1 Categorization of Common Techniques 

Most of these methods were developed concurrently, and therefore share some 
similarity. We will enumerate them, and discuss the advantages and disad
vantages of each. 

In general, we can identify several common techniques: 

• precompuation 

• filtering 

• radiosity-like gathering 

• hierarchical evaluation 

Under the assumption of static geometry, the FDA-integral can be precom
puted and tabulated [LENS, HAO, CARR, SLOAJ . Texture- or image-space 
filtering provides an efficient means for subsurface diffusion, either for dealing 
with local effects [LENS, BOSA, MER2a, MER2b] or global effects [DACH]. 
In particular, it is amenable for implementation on graphics hardware. Eval
uation of the FDA-integral resembles a single gathering step in the radiosity 
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problem [CW93] > hence a similar technique can be applied [LENS, CARR, 
MERl]. Performance can be improved significantly by employing a hierarchi
cal representation [CARR, DACH, MERl]. 

Advantages and Disadvantages Precomputation-bascd approaches as
sume that geometry is static, and therefore cannot be applied to dynamic , 
animated models. Also> these methods can be memory-intensive , and there
fore require specialized compression schemes [HAO,SLOA]. 

Texture filtering typically only accounts for local subsurface diffusion (with 
the exception of [DACH]). To obtain high quality renderings , care must be 
taken to correctly account for geometry. [LENS] applied a spatially variant 
filter in texture space. The importance sampling scheme [MER2a,MER2b] 
can also be interpreted as a spatially invariant convolution, but the kernel 
does not have to be stored explicitly. [BOSA] neglect t he distortion due to 
texture parametrization, and apply a static filter. A texture parametrization 
should fulfill certain requirements , as discussed in section 3.4.2, and might be 
hard to construct. Image-space sampling [MER2a] yields high quality results , 
but misses certain illumination information, as irradiance is only sampled and 
stored for the observer's view. Despite this deficiency, the images by [MER2a] 
still look plausible. 

Radiosity-like approaches are very efficient at computing the global re
sponse> which proves to be very important for large-scale scattering (e.g. in flu
ids). On the downside, due to the inherent discretization of the boundary, high 
frequency details in shading (e.g. shadow borders) might not be represented 
accurately [CARR, MERlj . [LEN] combine this with filtering, thereby increas
ing detail. Hierarchical evaluation requires constructing a multi-resolution 
mesh (with the exception of [DACH]) , which is a non-trivial task. 

3 .5.2 Comparison Table 

Table 3.6 gives a concise comparison of all discussed t echniques. Let us explain 
each column: 

• Deformations and Material Properties refers to the ability to deal 
with deformations (for animated models) and adjustment of material 
parameters. 

• General Illumination indicates whether different types of illuminat ion 
are supported ( e.g. environment mapping), as opposed to only simple 
point/ directional light sources. 
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• The columns CPU and GPU indicate the implementation platform. If 
the technique is implementable on graphics hardware , one can benefit 
from parallelism, and hence better performance. 

• Parametrization refers to the requirement of a suitable parametriza
tion. 

• Precomputation, filtering, radiosity-like and hierarchical indicate 
which techniques (as discussed previously) are employed. 

• Solution Granularity. The granularity of the solution is indicated 
by per- (P) ixel, per-(V)ertex or per-(T)exel. The latter indicates that a 
solution is computed and stored in textme space. 

We refrained from including a column about rendering speed. It proves 
difficult to assess the absolute speed of each method, due to the dependence 
on factors like hardware, implementat ion quality, and natme of input data. 
However, we can safely state that all of the discussed methods have been shown 
to obtain at least interactive rendering rates (i. e. 1 Hz and faster). 

3.5 .3 Discussion 

From our comparison, it appears that [DACH] is fast and flexible. However , 
the quality of their results is inferior compared to the other discussed methods . 
.Judging from the renderings in the corresponding paper [DS03j, we believe 
the objects appear too opaque. Also, it is not clear how the aliasing problems 
inherent to shadow mapping [RSC87] should be avoided. 

It seems that our approaches [MERl ,MER2a,MER2b] pay more atten
tion to both accuracy and efficiency, compared to the rest. Techniques like 
[BOSA] and [DACH] yield fast integration, at the cost of reduced accuracy. 
Precomputation-bascd methods always have high accuracy, but integration is 
done offiine. 

Conclusion In contrast to other techniques, our approach strives for two 
goals. First, accurate integration of the FDA integral (3.6), at a local level 
[MER2a,MER2b] and global level [MERl], yielding high quality renderings. 
Second, it is suitable for dynamic settings, e.g. for animated models. 
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Table 3.6: Comparison table of different techniques. See section 3.5.2 for an 
explanation of each column. 

3.6 Analysis of t he Fast Dipole Approximation 

The dipole model has been shown to be very efficient: it is capable of reproduc
ing plausible rendering, and is several orders of magnitude faster t han Monte 
Carlo based approaches. Essentially, physical accuracy is traded for perfor
mance. In this section we will explore the extent to which the assumptions 
hold , and assess t heir impact for computer graphics. 

3.6.1 P hysical Soundness 

In section 2.4, we mentioned two conditions a real-world BSSRDF should 
fulfill: (1) conservation of energy and (2) reciprocity. Let us verify these 
conditions. 

First , consider the case of a semi-infinite medium. Observe equation (2 .26) 
for an infinite plane: 
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where r = llxi - x 0 II- The integral over Rd is ~ l ; see total reflectance 
formula (3.24). Clearly, condition (1) is met. Reciprocity is also fulfilled , 
because S is simply the product of Fresnel coefficients for the incoming and 
outgoing direction , and a function of distance. 

For arbitrary geometry, reciprocity can be ensured through the "rotated)) 
dipole placement scheme (section 3.1.3). However, the dipole BSSRDF violates 
conservation of energy. Let us illustrate this by means of a counterexample. 
Consider a marble cylinder , and use measured material coefficients [JMLHOl a]: 

era = .002lrnm- 1 and er~ = 2.19mm- 1 

and a relative index rJ = 1.5. The third factor in equation (3.28) will be 
0.4541. Assume the first factor of equation (3.28) is one (i.e. perpendicular 
view direction) . Take the cylinder's radius 12 mm ~ 25l ~ifp and its height 
2 mm ~ 4l'm!P' and place x 0 along the axis, on the top. We now integrate 
Rd over the cylinder 's upper and lower disc using equation (3.22), and obtain 
value 1.126. Finally, one can easily see that equation (3.28) reaches value 
1.02. The effect increases as we reduce thickness: for h = 1 mm, the same 
integration becomes 1.28. Note that we used the rotated dipole scheme here. 
The normal-aligned configuration already violates condition (1), and thus does 
not make sense in this context . 

From this example, it is easy to see how allowing arbitrary geometry causes 
the integral over Rd to be unbounded. Especially for objects with a small 
geometric features w.r.t. the mean free path length (e.g. thin objects), the 
situation worsens. 

When combined with global illumination algorithms [JB02], violation of 
energy conservation might cause stability issues: interact ions with translucent 
objects will add energy to the system , taking the global transport equation 
[Kaj86] off balance. 

3.6.2 Phenomenological Soundness 

From our experience, we found that these components lie at the basis of plau
sible rendering of translucency: 
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• Reduction of geometric salience: light can enter the object, and exit at 
a seemingly arbitrary location. As a result , the appearance of geometric 
features is diffused. 

• Chromatic shifts: due to wavelength dependency of scattering, color 
variations occur, specially when multiple scattering is abundant . E.g. 
red light is scattered more in human skin. 

In their study, Fleming et al. made similar observations, and analyzed 
them in detail [F.JB04]. They found that these subtle effects cannot be mim
icked by ad hoc techniques, like blurring or alt ering contrast. We believe the 
dipole model's success is largely due to the ability to faithfully reproducing 
these effects. But, despite this ability, there are limits to its perceptual sound
ness. 

Apart from the underlying assumptions of diffusion, additional approxi
mations are made in the dipole model. In particular , incident illumination is 
reduced to being isotropic, and the boundary condition is not satisfied exactly. 
These are mild assumptions, likely having little perceivable effect . The semi
infinite medium approximation (SIMA) however, is more significant. When 
the surface is near-planar w.r.t. the diffusion length, it makes sense. For in
stance, in human skin, the response to incoming light typically reaches only 
a few millimeters. For more translucent materials it will be less accurate. In 
particular, materials should not be too thin w.r.t. the scattering scale, as the 
medium is assumed to be infinitely "deep" . 

Another implication of the SIMA, is that the dipole model cannot ac
count for the presence of sharp boundaries, like corners. Such features tend 
to become darker , as there is less of the medium to scatter in, and more light 
leaks out of the object (see discussion about the boundary condition in section 
2.3.2). 

For non-convex objects, internal visibility becomes important . E.g. , a hol
low object will have a different appearance than one without voids. It is 
tempting to extend the dipole model with a visibility factor between the in
coming and outgoing surface location in equation (3.6) . However, one should 
realize t hat visibility here is not the same as point to point visibility; see figure 
3.16. 

To summarize, the SIMA has a visible effect on the appearance, especially 
for highly scattering materials. In particular , objects may become brighter 
and appear more translucent . Also, geometric dependence is affected: sharp 
features do not exhibit leaking of light , and internal visibility is not taken into 
consideration. Later, in chapter 5, we will experimentally explore the impact 
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Figure 3. 16: Illustration of internal visibility. In an optically thick medium, 
point-to-point visibility (i. e. measuring occlusion along the dashed line) , is not 
relevant since light will likely be blocked along this path. Due to abundant 
mult iple scattering, photons starting from x may still arrive at y. The number 
that reaches this destination is still affected by the presence of the boundaries, 
similar to point-to-point visibility (e.g. due to voids or concavit ies) . The 
notion of "indirect" visibility makes more sense: x and y share a visibility 
relation as the aggregate effect of possible paths a photon may travel between 
them. We call this phenomenon internal visbility. 

of these deficiencies. 

3. 7 Conclusion 

We briefly reviewed t be FDA, and the accompanying BSSRDF model. Most 
notably, it reduces the diffusion problem to computing an integral over the 
object 's surface, and does not require matrix inversion. The FDA model en
ables us to interactively render translucent objects. We developed two efficient 
algorithms to realize this. 

In the first method , we discretize the solut ion over all triangles of the 
model. An efficient semi-analytical procedure was developed for computing 
per-triangle integrals. Essentially, it computes the total contribut ion of a 
triangle scattering light onto a point. Our experiments show that it is an 
improvement over a previously introduced point sampling scheme in both per
formance and accuracy. The integration over the whole surface is performed 
hierarchically by clustering triangles. Interactions are dealt wit h in different 
levels in the hierarchy, t hereby reducing the complexity for t he integration 
from quadratic to log-linear. 
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The second method is a simple but efficient algorithm to render t he local 
effect of subsurface scattering. It is applicable for materials with a small scat
t ering response, such as human skin. We derive an exact importance sampling 
scheme for the dipole BSSRDF. This scheme is employed to perform local in
tegration over the surface in image space or in parameterized texture space. 
Our algorithm can be implemented on modern consumer graphics hardware. 

Compared to other methods, we endeavored to be both efficient and accu
rate at integrating the dipole BSSRDF surface integral. Our methods feature 
the ability to vary viewpoint, illumina tion , material parameters and geometry 
can be altered , at interactive frame rates. 

Finally, we analyzed the underly ing assumptions in t he FDA. From a 
phenomenological point-of-view, the BSSRDF model cannot capture certain 
geometry-dependent effects. Also, it turns out than t he BSSRDF violates 
the law of energy conservation. The rotated dipole placement scheme was 
introduced to enforce reciprocity. 



Chapter 4 

Volumetric Simulation 

Previously, we discussed methods for interactive rendering of translucent ob
jects, at the cost of abandoning accuracy. This chapter we aim at obtaining 
a more faithful reproduction of subsurface scattering effects, and the incor
poration of heterogeneit ies in the material. In particular, we develop a com
putational approach to solve the diffusion equation in 3D , based on a rapid 
multigrid-based solver [Hac85]. 

4.1 Overview 

We will discretize the diffusion equation on a regular volumetric grid, apply 
finite differencing, and solve the result ing linear system using the multigrid 
method. Stam [Sta95] was the first to suggest this. However, he only discusses 
an illustrative case for a simple 2D homogeneous square slab. Here, we extend 
his work, and make the multigrid approach practical for arbitrary 3D models. 
Moreover, we will even apply it to heterogeneous materials. 

vVe employ the following machinery to achieve this: 

• Regular discretization does not accurately account for arbitrarily shaped 
domains, possibly causing stability issues near the surface; see fignre 4.1. 
For rendering purposes, one cannot afford errors here. We propose to use 
the embedded bom1dary discretization (EBD) [DCL +gs, J C98], which 
accounts for the irregular discretization induced by t.he presence of the 
surface. 

• To increase performance and to keep memory requirements feasible, we 
employ adaptive refinement [B084, DeZ93, BBSW94] of the solution 

75 
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Figure 4.1: Solutions of the diffusion equation in 2D on a 100 x 100 grid, for 
the geometry of a circle ( outlined in red). The source term is a 2 x 2 block at 
t he midpoint of the circle. Only the lower left side is shown for illustration 
purposes. The fiuence is shown in false color: blue (low) to red (high). Left: 
Discretization using finite differences yields instabilities near the boundary. 
Similar artifacts occur in t he upper right part. Right: Discretization using 
the embedded boundary results in a consistent solut ion. 

where needed (e.g. near the surface). This is highly recommended, as 
volumetric representations t end to be prohibitively large. 

vVe start off by explaining the embedded boundary discretization. Next , 
we detail the application of multigrid, and its adaptive variant. Finally, we 
present results and conclude this chapter. 

4 .2 Volumetric Simulation 

In this section, we detail our simulation algorithm. 

4 .2.1 Embedded Boundary Discretization 

The EBD builds on an approximat ion of the divergence found in t he diffusion 
equation (2.10). Therefore, let us define an auxiliary vector function F = 
DV<f>. The diffusion equation now becomes: 

(4.1) 

The solution of this PDE will be represented on a 3D uniform cartesian 
grid , in which its function variables are discretized at the center of each cubical 
cell. However , our domain boundary, the object 's surface, does not necessarily 



4.2. VOLUMETRIC SIMULATION 77 

align with the boundaries of the cells, so care must be taken to consistently 
represent the information in these cells. We will refer to cells that intersect 
with the surface as '1boundary cells" . The part of a boundary cell that. is split 
by the surface is dubbed "cut cell". Non-boundary cells are either ''full" or 
"empty'; . 

Let 's call ¢ the discretization of the unknown function ¢ (fluence). The 
differential operator in equation (2 .10) can be represented in the grid by a 
weighted summation over its values ¢, for instance, using finite dif.erences 
[PTVF92]. One calls the arrangement of the weights a "stencil", and is akin 
to the kernel of a convolut ion filter. The number of terms is very low; typically, 
only the values in the 4-connected neighborhood are taken into accotmt, and 
can thus be written as a sparse linear system of equations: 

(4.2) 

Here, S is the discretized version of the source term in equation (2.10), and 
each row in matrix A contains the stencil for the corresponding element. Note 
that in equation (4.2) , all the ¢ and S values from the 3D grid have been 
enumerated as vector. 

We will now describe the EBD in detail. Consider V · ff in a single full cell 
C of size h x h x h and approximate this term by averaging it over the cell. 
Using the divergence theorem, we can relate the resulting volume intergral to 
a surface integral: 

"v · F ~ ----,- 'iJ · FdV = - F · ndA -- 11-- li -
h3

. c h3 ac 

Applying the midpoint integration rule for each cell face yields: 

(4.3) 

where x f represents the center of face f. Equation ( 4.3) can be translated to 
a stencil using central differences. Nate that for full cells the same result can 
be achieved by direct finite differencing of V · ff. 

The strength of the EBD is the way boundary cells are treated. A first 
order approximation of the surface is introduced in order to generalize the 
integration scheme in equation (4.3): 

- - L.jacef a1n1 · F (x J) + 0:B'nB · ff(xa) 
'iJ. F ~ -~~- ----------

"'h 
(4.4) 
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full boundary 
Ctf= t 1 l 
CtJ= r 1 0 
CtJ= t 1 n 

~ 
Ctf= b 1 -;; 
eta 0 C 

h 

Figure 4.2: Left: Geometry of cells in the 2D case for clarity (3D case is 
analogous). Dark, light and white cells represent full, boundary and empty 
cells, respectively. The arrows indicate normals at the face center x f used to 
evaluate the midpoint integration scheme (see equation (4.3)) . Right: Face 
weights used in the discretization of the diffusion PDE into cubic cells of 
width h (see equation 4.4) . Face indices are written as (l)eft, (r)ight, (t)op 
and (b )ottom. 

Here XB is the center of the boundary surface and nf the normal at this 
location. Let us clarify the ratio variables (see figure 4.2): 

• 11,: ratio of cut cell volume to whole cell volume ( equals 1 for full cells); 

• a,r ratio of cut cell face area to whole cell face area; 

• O:B: ratio of the (first order approximated) surface area to whole face 
area. 

Again using central differences, one can construct a single stencil that can 
be used on both full and boundary cells. For the case of ordinary finite differ
ences, a different and less accurate stencil needs to be employed in boundary 
cells. Figure 4.1 illustrates the problems that might occur with the use of 
finite differencing [PTVF92]. These problems occur because finite differenc
ing requires that any boundaries present in the domain are aligned with the 
cell faces. Irregular boundaries need to be approximated, leading to inconsis
t encies. The consequences of such inconsistencies are possible failure of the 
multigrid algorithm (no convergence) and an inaccurate solution of the radi
ance at exactly these locations where it is of utmost importance for subsurface 
scattering. T he EBD solves these problems. 

The EBD method allows us to naturally incorporate the necessary bound
ary conditions. Day et al. [DCL +gsJ mention that homogeneous Neumann 
conditionscan be enforced by setting the flux vector at the boundary to zero 
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(i.e. by cancelling the second term in equation 4.4). In our case we have mixed 
Neumann and Dirichlet conditions (eq. 2.17): 

(4.5) 

In the same spirit , our condition can be easily enforced by substituting ne · 
F (xs) in the second term of equation (4.4), with equation (4.5). As a result, 
the embedded boundary stencil can now be applied to both full and boundary 
cells. 

Equation ( 4.4) is only valid at the center of mass of the cut cells. To 
solve this problem , we use the data-centering scheme by Johansen and Colella 
[JC98]; it essentially moves the cell data to the geometric center of the full 
cell. 

4.2 .2 Solution by Means of the Multigrid Method 

After discretization , we apply the multigrid method [Hac85] to rapidly solve 
the linear system in equation (4.2).1 The syst em is solved on a set of hi
erarchical grids as follows. First , an approximate solut ion is computed via 
a fixed munber of relaxation steps on the finest level. Relaxation removes 
high-frequency errors in the solut ion, and is t herefore referred to as "smooth
ing" . Then, a correction term is computed by downsampling the residual en or 
r = A¢-S onto the next coarser grid. We can now simply solve for the correc
tion term by filling in the restrict ed residual as right-handed side. This process 
continues recursively, unt il the top of the hierarchy is reached. Intuitively, t he 
coarse corrections will deal with low frequency components of the solution. 
After reaching the top, the direction is reversed and the corrections at each 
level are upsampled and added to the next finer grid. The whole process is 
called a ''V-cycle" and is iterated unt il convergence is reached (determined by 
llr ll < E) . 

In our implementation , smoothing is performed via GauB-Seidel relaxation 
[PTVF92]. This is a fairly common technique, yielding adequate performance. 
vVe downsample corrections using volume-weighted averaging, in order to re
spect the irregular nature of the boundary cells. For upsampling, we simply 
replicate parent values in their r espective child cells. 

Multigrid is key to achieving good performance. Straightforward one-level 
relaxation becomes very inefficient when the diffusion length is large w.r.t. 

1 A more detailed treatment of the multigrid met hod can be found in Hackbusch [Hac85) 
or Press et al. [P TVF92] . 
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the object. Many iterations are then required , in order for the fluence to 
propagate fully throughout the volume. ·with the multigrid method, ''long
distance" diffusion (i. e. low frequencies) can be rapidly established. The 
number of iterations is less dependent on the diffusion length. 

4.2.3 Adaptive Refinement 

A dense grid is· required to capture fine scale shading details across the sur
face. However, increasing resolution comes at an unpractical cost of 0 (1/h3). 

Hierarchically subdividing the grid near the surface solves this problem. The 
refinement process is simple: we subdivide each cell containing the boundary, 
until a predefined maximum depth is reached. 

Inside the object, the same strategy is used to account for sudden changes 
of incident illumination and material parameters. We take t he divergence of 
the source term and the reduced extinction coefficient of as refinement criteria. 
Subdivision halts when these measures drop below a predefined threshold, or 
when the maximum depth is reached. 

PO 
• ' • 

Pl 

(a) same level 

PO 
• 

• 
Pl 

(b) fine-to-coarse 

FO 0 

• 
0 Pl 

( c) coarse-to-fine 

Figure 4.3: Possible cell arrangements when computing t he cell face gradient. 
Dots represent cell centers, crosses indicate central differencing locations. (a) 
Regular case: cells at the same level. (b) Fine-to-coarse: (c) coarse-to-fine 
boundary. For case (b) and (c) , we apply Popinet 's second.order interpolation 
scheme [Pop03]. 

Computing the gradient F in the hierarchical grid requires some special 
attention , as neighboring cells may differ in size; see figure 4.3. We apply 
Popinet 's 3-point interpolation scheme, which basically fi ts a parabola along 
each axis [Pop03]. Like non-hierarchical cent ral differencing, this interpolation 
yields O(h2) accw-acy. The three-point scheme requires that cells do not differ 
in more than one hierarchy level w.r. t. their neighbors. We enforce this 
condition as a post-process after initial refinement. 

Our refinement scheme will force boundary cells to always lie on t he same 
level (i.e. the finest level). It is conceivable to also allow variation in cell 
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size here, in order to reflect changes in illumination and curvature. Ho-wever, 
to apply the 3-point interpolation scheme, we require access to non-empty 
neighbors to establish interpolation , which is not possible for boundary cells. 

4.2.4 Putting Everything Together 

In practice, our simulation algorithm carries out the following tasks: 

1. Preprocessing: The mesh is loaded from disk and the grid is built 
using adaptive refinement. 

2. Source Term: Illumination consist s of a point light source. Comput
ing the right hand side of the diffusion equation (2. 10) , boils down to 
evaluating equation (2.3) and its gradient. For each cell, we trace a 
ray from the cell center toward the light , which will intersect with the 
boundary. At the intersection, we compute incident radiance. Next , we 
"ray march" back into the volume to compute the optical depth [J enOl]. 
The gradient is simply obtained via finite differencing. 

3. Multigrid: The diffusion equation is solved using the multigrid method. 

After simulation , at each vertex we interpolate the solut ion directly from 
the grid. The final image is rendered using Gouraud shading [Gou71 ], and 
can be explored in real-time. vVe employ equation (2.22) to convert fluence to 
diffuse radiance: 

4.3 Results 

We implemented our algorithm in C++ on a Pentium 4 l.7Ghz 512 MB RAM 
configuration. 

In table 4.1 , we illustrate the performance of our application with different 
refinement depths. 

Table 4.2 illustrates the performance with different materials. We see that 
as the object becomes more opaque (shorter diffusion length), the rendering 
time decreases. T his is contrary to the behavior of the fast hierarchical dipole 
solut ion [JB02], where the number of required samples increases dramatically 
w.r.t. opaqueness (see our discussion in section 3.2). In our diffusion simu
lat ion. light has to travel over a smaller distance, which reduces the number 
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required of iterations. All timings were gathered on t he dragon model un
der the same lighting conditions. The la.st four rows represent heterogeneous 
materials1 constructed by interpolation between two different materials with 
Perlin noise [Per85]. Figure 4.5.1 shows a screenshot of one such rendering. 

In figures 4.5 .1-2-3, t he venus1 dragon and buddha models are rendered 
with a mixture of marble wit h a ratio of minimum and maximum density of 
1:10. The scales of the objects are 10 cm, 2 cm and 4 cm respectively. With 
"scale", we refer to the length of the longest side of the object's bounding box. 
In figure 4.5.4 a marble dragon at a scale of 2 cm is backlit. F igures 4.5.5-6-7 
shows a sculpture with skim milk and whole milk. The last image is backlit: 
the scattering of light is very obvious for the thin geometric features. Also, 
notice the chromatic shifts and shadowing. In figures 4.5.8-9-10 the marble 
dragon is rendered using varying anisotropy g: from left t o right , 0.0 , 0.5 and 
0.9. For small values of g (more isotropic), interactions are localized near the 
surface, while for higher values light penetrates deeper inside , yielding a more 
translucent effect. 

res precomp source cycles mgrid total 
64° 7 2 14 7 16 
1283 11 8 37 109 128 
2563 19 58 40 266 343 

Table 4.1: Overview of performance w.r.t. various grid resolution for a marble 
dragon model (scale 20 mm). T imings are in seconds. The columns indicate 
grid r esolution; precomputation time, time to evaluate source term , number 
of multigrid cycles , m ult igrid execution time and the total computation 
time. 

F igure 4.4 shows a comparison of the FDA and our approach. Several 
visual differences are noticeable. Most importantly, our solution seems to be 
more dependent on the geometry, causing strong varieties in brightness. The 
same variations are seen in the reference solut ion. The dipole solut ion however, 
remains smooth regardless of t he geometry. One of the causes is t he complex 
internal visibility in this model, which t he FDA cannot take into account due 
to the semi-infinite medium approximation. Note that the FDA rendering is 
more accurate in t erms of chromatic shifting. The brownish tint in our solution 
can be explained by the way the source t erm is computed; see section 4.2.4. 
Incoming radiance attenuation is attenutation by e- (!td, with d t he traveled 
distance inside the object . This function is evaluated at the midpoint of each 
cell, hence d > 0, causing a "chromatic bias" . We work around this problem 
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material model scale total sim. time 
milk mix dragon 20mm 63 

10mm 105 
marble dragon 20mm 215 

10mm 296 
5 mm 445 

marble mix venus 100mm 86 
20mm 206 

Table 4.2: Overview of performance with different materials and scales . Tim
ings are in seconds. As t he material becomes more translucent , computat ion 
time increases. 

using a modified source term computat ion: in each boundary cell, we define 
the source term simply as the irradiance value at the surface; the inner cells 
are set to zero. F igure 4.4 shows that this approach yields a more fait hful 
reproduction of color. 

Note t hat both the FDA and our method lack high frequency shading 
details caused by low order scatt ering, especially for thin geometry. 

4 .4 C onclusion 

In t his chapter , we proposed an computational approach for light diffusion in 
arbitrary 3D polygonal objects. Basically, we applied the multigrid method 
t o solve the diffusion equation on a regular volumetric grid. 

Two important issues are addressed: accurate representation of interac
t ions near the object's surface , by applying the so-called embedded boundary 
discret ization. In order to improve efficiency and keep memory requirements 
feasi ble, the solut ion adaptively refines where required. 

Our diffusion algorithm is accurate as far as the diffusion approximation 
allows. In comparison t o t he FDA, internal visibility is resolved correctly, and 
heterogeneities can be dealt with easily. 

Simulation typically takes only a few minutes, after which t he solut ion 
can be viewed in real-time. Contrary to t he FDA-based methods presented in 
the previous chapter, illumination and geometry changes and cannot be dealt 
with interactively. Performance depends on the diffusion length. Building t he 
refined grid also incurs an additional cost. 

In t he fut ure, we would like to look at a more efficient subdivision scheme 
which accounts for illumination and material variation at t he surface. Also, 
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(a) FDA (b) Vol. Diff. (c) MC 

( d) Vol. Diff. 

Figure 4.4: The dragon model is lit by a point source placed directly above 
t he model, and rendered at scale 40 mm. (a) Solution using the fast dipole 
approximation. (b) Result of our volumetric diffusion method. (c) Reference 
Monte Carlo solution. Our method is capable of resolving internal visibility, 
contrary to t he dipole solut ion. For instance, the darkening at the lower half 
of t he mouth is caused by visibility issues. However, color is not reproduced 
correctly in (b). Figure (d) shows another rendering with our method, but 
with a simplified source term computation. This time , color is reproduced 
more fait hfully. 

more accurate source t erm computation is desirable. 
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Figure 4.5: Rendering results. 1-2- 3: Venus, dragon and Buddha models with 
a mixture of marble; the ratio of minimum and maximum density is 1: 10. 4: 
Backlit dragon model. 5: Chromatic shift for skim milk. 6-7: Sculpture model 
with skim and whole milk. 8-9-10: Marble dragon with varying anisotropy 
(g = 0, g = .5 and g = .9 , respectively). 
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Chapter 5 

Boundary Diffusion Model 

The fast dipole approximation (FDA) avoids a costly volumetric representation 
by restricting computations to the object's boundary, which is an attractive 
property for efficient rendering. However , accuracy is sacrificed in order to 
improve performance. In this chapter, we show it is possible to formulate 
an exact boundary diffusion model (BDM), which in a way generalizes the 
FDA. Inspired by integral equations stemming from the traditional boundary 
element method [HP02], we translate the diffusion problem to a boundary 
integral equation (BIE) [HASS03]. 

After discretization, diffusion boils down to solving a linear system1 con
sisting of form factors , exhibiting much similarity to t he ones encountered in 
our FDA-based boundary element method (section 3.3). We show that the 
corresponding quadrature can be reused here. 

As for practical results, we employ the BDM to experimentally validate 
the semi-infinite medium approximation in t he FDA, and confirm the findings 
of our analysis in section 3.6. 

The developments in this chapter are restricted to homogeneous materi
als, although the model can be extended to deal with composite materials 
[HASS03]. 

5.1 Boundary Integral Equation 

The diffusion equation for homogeneous media (2.11 ), can be formulated as 
the following boundary integral equation [HP02] (see appendix A): 

~¢(x) = q(x ) + Ir [c(x,y )8y¢(y) - ¢(y)8yG(x ,y )] dAy (5.1) 
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q(x) := { G(x , y )S(y)dVy 
.lo 

(5.2) 

Let us observe 1> on the boundary r , and assume the latter is smooth 
everywhere. Substituting the boundary condit ion (2.18) yields the boundary 
diffusion model: 

1 1· -</>(x) = q(x) - F(x, y) </>(y)d.411 2 r 
(5.3) 

with 

1 
F(x,y) = 

2
ADG(x,y) + 811G(x ,y) 

The integral over the source term in equation (5.2) still requires us to 
deal with the full volume. Therefore, we simplify it by treating the source 
term S similarly as in the FDA. I.e., incoming illumination is represented by 
internal light sources at a distance Zr below the surface. This simplifies the 
computation of the volume integral to 

o/ r 
q(x) := D lr G(x, y - Zrny)E71(y )dAy 

Once a solution for 1> is found , we can simply compute outgoing radiance 
using equation (2.22): 

5.1.1 Discussion 

Equation (5.3) is a Fredholm equation of the second kind, similar to the radios
ity integral equation [CW93] . Function F plays a similar role as the "geometry 
factor" in radiosity. There are two subtle differences: it depends on both ge
ometry and material, and is not reciprocal. 

Term q(x ) in equation (5.3) corresponds to the convolution of t he source 
term S with the Green's function, effectively representing the solution if no 
boundaries were present; see equation (2.20). The second term can be inter
preted as a correction to account for t he boundary. 

We simplified the model by approximating the volume integral over t he 
source t erm (5.2). This slightly weakens our statement about the BDM being 
exact. However, it is conceivable t hat more precise evaluation strategies could 
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be implemented, albeit at a higher cost. We believe this particular approxi
mation will 110t play a significant role in the end, due to the diffusing nature 
of subsurface transport. 

5.2 Solving the Boundary Integral Equation 

We now discuss a practical implementation for solving the BIE. 

5.2.1 Discretization 

First , the BIE is discretized. We assume our model is given as a mesh con
sisting of N triangles. Similar to the boundary element method discussed in 
section 3.3, function </> is approximated by constant basis functions over each 
triangle r j 

¢(x) = L <PJXJ(x ) 
j 

Functions XJ : JR3 - { 0, 1} indicate whether a point is inside triangle j. We 
will solve the problem using point collocation [CW93, HP02]. Each point xi 
is defined as the midpoint of triangle r i · After substituting this discretization 
in the BIE, and placing the evaluation point on a node x i , we obtain: 

L [},\j + 2~DFi1 + Fi~] uJ = q(xi ) 
j 

With the form factors: 

Ft1 = { G(xi , y )dAy Jrj 
Eventually, the problem boils down to solving a linear system of equations: 

A¢= q , with 

1 1 
A:= -I + --Fa + Fb 

2 2AD 
Vector¢ is given by [¢1 , ... , ¢N]T, and q as [q(x1) , ... ,q(xN)JI'. 
In constrast to t he radiosity problem, the resulting system is non-symmetric 

and non-diagonally dominant. To suit ease of implementation, we apply GauB
Seidel relaxation [PTVF92]. It turned out to converge in every case in our 
experiments. An exact analysis of convergence is left as future work. Note 
that any other "off-the-shelfn solver can be used, such as biconjugate gradient , 
or GMRES [PTVF92]. 
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5.2.2 Form Factor Computation 

In general , we compute the form factors using Monte Carlo sampling. Most of 
the triangles are distant , and can be approximated safely by a single sample. 

Figure 5.1: Left: Splitting up a triangle into subtriangles w.r.t. its midpoint 
Xi . Right: Geometry for form factor computat ion of a subtriangle. 

Special care must be taken for "self" form factors (i = j), which have a 
singularity in the integrand. Let us consider the first factor Fg. We break it 
into parts Fg = !:).Fi~ 1 + !:).Fi~ 2 + l:).F,g 3 , by integrating seperately over each 
subtriangle l:).ri,l (se~ figure 5:1) . ' 

The singularity disappears by integrating in polar coordinates (see figure 
5.1): 

l:).F.O: l 
ii, 

(5.4) 

r 

where r i = llxi - YII. T his expression is similar the dipole BSSRDF form 
factor in equation (3. 12), and it turns out we can readily apply the Taylor
based quadrature proposed in section 3.3.l. We only need to make two adjust
ments. Distance r is substituted for s, and we remove the reciprocal distance 
in the integrand. Analogously to equation (3.15), the second term can be 
converted to an edge integral: 
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Applying the Taylor approximations given in equations (3.17) and (3.18) , 
yields the quadrature rule for an edge segment of length L , in terms of the 
perpendicular distance R to the edge, and the distance ro to the midpoint: 

R e - aero 
I ~ 2 L 

ro 
(5.5) 

As before, the edge segment should fulfill the conditions stated in section 
3.3.1 , and can be easily enforced by the corresponding refinement procedure. 
The remaining subtriangles 6.ri,2 and 6.ri,3 are dealt with similarly. 

The second term Fi~ reduces to !, can be found in appendix B. 
So far , we have not mentioned how to compute the right hand side q of 

our linear system. Due to discretization; computation of each q(xi) reduces 
to a sum of integral terms, each weighted by the corresponding irradiance B,,. 
These integrals are similar to Fi~ • except for the Zr offset. The only adjustment 
necessary in our form factor quadrature, is t aking s = r 2 + z;. Accordingly, 
we substitute so = r5 + z,; for ro in equation (5 .5). For the remaining triangles 
simple Monte Carlo integration is utilized, as described earlier. 

5.3 Experimental Validation of the Semi-Infite Medium 
Approximation 

As discussed in section 3.6, t he semi-infinite medium approximation (SIMA) 
in the d ipole model, may have a significant effect on appearance. Armed with 
the BDM, let us explore the limits under which this approximation holds, in 
an empirical fashion. The results are summarized in table 5.1. 

5.3.1 Implementation 

The BDM is implemented as described in the previous section. vVe imple
ment the FDA within the same framework as a single gathering step. FDA 
form factors are computed with the semi-analytical procedure described in 
section 3.3 (i.e. t he rotated dipole placement scheme is applied as well). Hi
erarchical evaluation is not employed , as we arc current ly not concerned with 
performance. 



92 CHAPTER 5. BOUNDARY DIFFUSION MODEL 

Our experiments are carried out on a set of simple objects, corresponding 
to the "problematic" cases discussed in section 3.6. vVe compute a solut ion 
¢FDA and a reference solution cf>BDM · Except where mentioned otherwise, 
illumination consists of a simple point light, placed above the object. These 

l 

two solution are displayed using a simple gamma curve: y = x -:Y . Specular 
highlights are turned off, and the Fresnel coefficient the for outgoing light 
direction is ignored for simplicity. Next to the renderings, false colored error 
plots are shown. To reflect the contrast sensitivity in human vision [Fer98] , 
the error E is computed in log-space: 

E := I Iog(c/>PDA) - log(c/>BDM)I 

For each rendering, Eis displayed in false color (mapping is shown in table 
5.1). 

In order to push the SIMA to its limit , we conducted our experiments on 
highly scattering material parameters, i.e. such that the scattering response 
reaches most of the object . We have opted for marble [JMLHOla], at a scale 
ranging from 20 mm to 40 mm (i.e. the width of bounding box of the object) . 

5.3.2 Observations 

We begin by observing convex objects. 

• Approximate Semi-Infinite Object 
We start off with the ideal setting for the FDA: a semi infinite medium. 
This situation is approximated as a finite planar mesh. A point light 
source is placed directly above t he plane. As expected, the results are 
virtually the same. 

• Smooth Convex Object 
The next case is a sphere. The error is localized in t he unlit part, and is 
generally very smooth. Visually however 1 we see no significant difference. 

• Sharp Convex Object 
In the case of a cube, t he SIMA is brighter at edges and corners. 

• Thin Convex Object 
We show a thin slab rendered from the top and bottom. In the top and 
bottom view, t he FDA produces too much brightness. In t he bottom 
view, we observe a different chromatic shift. 

Next , let us verify cases with non-trivial internal visibility. 
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• Simple Concave Object 
A torus-like shape is lit from above. We see that the bottom half is 
slightly too bright. 

• Object with Void 
We constructed a box-like void inside another box. Although possible, 
reflection inside the void is not accounted for , and thus basically acts as 
a perfectly absorbing medium, with a refraction index equal to that of 
vacuum. Its presence is revealed by an "internal shadow" cast on the 
bottom. Clearly, the FDA cannot rnproduce this effect. 

• Split Object 
'vVe conclude with an extreme case for internal visibility: a cube split 
into two halves , illuminated from the top. The void in between should 
block all light traveling the bottom half, as visible in the BDM rendering. 
This effect can also be considered as an internal shadow. However, the 
FDA continues diffusion across the void. 

Finally, we show the cube again, but this time lit by a high dynamic range 
environment map. Similar errors occur as before, although less pronounced. 
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Table 5.1: Experimental validation of the semi-infinite plane approximation. The renderings are tone mapped ~ 
using gamma correct ion ')'=3, except where ment ioned otherwise. ~ 
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5 .3.3 Discussion 

95 

It appears that in directly lit regions, backscattering of light is reproduced 
reasonably well using the SIMA. For thin geometry, we notice an overall over
estimation of brightness: the object is assumed to be infinitely deep , and will 
therefore scatter more. 

For unlit regions , i.e. where the effect of subsmface diffusion "bleeds" 
through, artifacts may occur. For smooth , convex objects, such errors do not 
contain high frequencies, and are thus less noticeable by a human observer. 
On sharp geometry, the SIMA makes no allowance for darkening at corners 
and edges due to light "leaking", a more obvious effect. 

Diffusion through thin geometry has a different color and is overly bright 
(cf. violation of energy conservation; section 3.6). 

Internal visibility is a problem for the SIMA. Concavities and voids cause 
obvious darkening, i.e. internal shadows. The SIMA cannot reproduce this 
effect. For simple objects like the torus, the lack of internal shadows appears 
as an overall increase in brightness, and might therefore go unnot iced. For 
a bsorbing voids (or similar situations) , the impact is more significant . 

vVe must note that real voids filled with air (or vacuum) will behave very 
differently, and are clearly not absorbing. Still, we decided to include this test , 
as it nicely illustrates internal visibility problems. It is possible to account 
for inter-reflection by simply solving a small radiosity system inside the void 
[CW93]. 

Illumination by an environment map seems to reduce the effect of the 
SIMA. We can explain this by observing that , contrary to t he case of a point 
light, irradiance varies less abruptly over the surface. Consequent ly, t he error 
will be "integrated out". 

As a n alternative to the BDM, we could compare to a full Monte Carlo 
simulation of radiative transfer. However, this t ur ns out to be an unwieldy 
task, due to the inherently long computation times. More importantly, it com
plicates the validation, as differences due to both t he diffusion approximation 
and the SIMA cannot be discerned easily. We focused only on the latteT; a 
validation of the diffusion approximation is left as future work. The volumetric 
method described in chapter 4 could be employed as well. However, we prefer 
the BDIVI for two reasons. First, the underlying assumptions about incident 
illumination are exactly the same (i. e. both use isotropic sources) . Second , 
the granularity of the solut ions is different (grid vs per-polygon). 
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5.3.4 Conclusion 

We summarize our findings as follows: 

• The visual significance of SIMA-related errors depends on geometry. In 
particular, smoother objects seem to be less affected. 

• Remarkably, even though a serious radiometric deviation occurs in most 
cases , t he corresponding visual impact is not necessarily as significant. 

• The error usually manifests itself as a change in brightness. Chromatic 
deviation is possible, but only observed for thin geometry. 

• Soft illumination tends to reduce the artifacts. 

5.4 Conclusion 

We introduced an exact model for subsurface diffusion, which operates only on 
the object's boundary. The diffusion equation is reformulated as a boundary 
integral equation, which shares similarities with the radiosity integral equation 
[CW93]. With the exception of the hierarchical evaluation, the BDM gener
alizes the boundary element method introduced in section 3.3. We reused the 
form factor quadrature which was previously developed for t he dipole BSS
RDF. 

As for practical results , we employed the BDM for validating the visual 
quality of t he FDA, and confirmed the conclusions of our analysis in section 
3.6. 

The BDM has not been made practical yet in terms of performance. It is 
possible to apply GauJ3-Seidel relaxation in conjunction with the hierarchical 
evaluation scheme of 3.3. However , typically many iterations are required 
before convergence is reached. In the same spirit as our volumetric diffusion 
algorithm, we could utilize the multigrid method on the surface hierarchy to 
obtain practical rendering rates. 



Chapter 6 

Conclusion 

6. 1 Summary 

In this dissertation, we addressed the problem of efficient rendering of translu
cent objects. In particular , the direction of approximating light transport as 
a diffusion process was explored. 

T he main parts of this dissertation can be summarized as follows: 

Fast Dipole Approximation The FDA [JMLHOla] significantly simplifies 
subsurface diffusion, applying a "local" solution (semi-infinite medium) , to the 
case of arbitrary 3D geometry. Thereby, the problem is reduced to computing 
an integral over the object's surface. 

The FDA model enables us to interactively render translucent objects. We 
developed two efficient algorithms to realize this. The first is a hierarchical 
boundary method. The solution is discretized over all triangles of the object, 
which breaks up t he surface integral into tria.ngle integrals. To compute the 
latter, an efficient semi-analytical integration procedure was developed. Our 
experiments show that it is an improvement over a previously introduced point 
sampling scheme [JB02] in both performance and accurncy. The integration 
over the whole surface is performed hierarchically by clustering triangles. In
teractions are dealt with in different levels in the hierarchy, thereby reducing 
the complexity for the integration from quadratic to log-linear. 

The second method renders the local effect of subsurface scattering. It is 
applicable for materials with a small scattering response, such as human skin. 
We derive an exact importance sampling scheme for the FDA-based BSSRDF. 
This scheme is employed to perform local ir1tegration over the surface in image 
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space or in parameterized texture space, and can be implemented on modern 
consumer graphics hardware. 

Compared to other methods, we endeavored to be both efficient and accu
rate at integrating the dipole BSSRDF surface integral. Our methods feature 
the ability to vary viewpoint, illumination, material parameters and to alter 
geometry, at interactive frame rates. 

Finally, we analyzed the underlying assumptions in t he FDA. From a phe
nomenological point-of-view, the FDA model cannot capture certain geometry
dependent effects, such as internal visibility. Also, it turns out that t he law of 
energy conservation is violated. An alternative dipole placement scheme was 
introduced to enforce reciprocity. 

Volumetric Simulation As an alternative to t he less accurate F DA, we 
proposed a computational approach for light diffusion in arbitrary 3D objects. 
It consist s of applying the rnultigrid method for solving diffusion on a regular 
volumetric grid. Two important issues are addressed. First, to achieve ac
curate representation of interactions near the object's surface, we apply t he 
so-called embedded boundary discretization. Second, t he solution adaptively 
refines where required in order to improve efficiency and keep memory re
quirements feasible. Our diffusion algorithm is accurnte as far as the diffusion 
approximation allows. In comparison to the FDA, internal visibility is resolved 
correctly, and heterogeneities can be dealt with easily. Computation time is 
typically in the order of minutes. 

Boundary Diffusion We introduced an exact model for subsurface diffu
sion, which operates only on the object's boundary. Basically, the diffusion 
equation is reformulated as a boundary integral equation, which shares simi
larities with the radiosity integral equation [CW93]. With the exception of the 
hierarchical evaluation, the BDM generalizes our boundary element method 
developed for t he FDA (summarized a bove). Also, the polygon integration 
procedure can be reused. 

As for practical results, we employed the BDM for validating the visual 
quality of the semi-infinit e plane approximation , and confirmed the findings in 
our analysis of the FDA. The sheer number of methods based on t he FDA that 
have appeared over the past few years, gives an impression of the popularity 
of this model. We feel that our validation provides some insight into why 
exactly the FDA is able to reproduce such plausible renderings, despite the 
crude underlying approximations. 
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6.2 Future Work 
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The local diffusion method described in section 3.4 can be extended in several 
ways. It would be interesting to take into account the importance of both 
the BSSRDF and the irradiance. In order to reduce noise artifacts, rrupmap 
texture filtering can be applied for sampling more distant locations [vVil83, 
DS03]. The strengths of the hierarchical boundary method and the local 
diffusion technique are complementary to each other; it would be interesting to 
develop a hybrid method, which would reproduce the local response accurately, 
while being able to account for global diffusion effects. 

The volumetric diffusion algorithm can benefit from a subdivision scheme 
which takes illumination and material variation at the swface into considera
tion. Also, more accurate source term computation is desirable . 

We would like to develop a simple model capable of reproducing the missing 
phenomenological effects in the FDA. Preferably, it should be free of matrix 
inversion and restrict computations to the boundary. We believe that the 
BDM is a good starting point in looking for such a model. 

In highly translucent materials, like ice, the optical depth may be small 
enough for low order scattering to become dominant. Consequently, the ap
pearance will exhibit a pronounced dependence on the direction of illumina
tion, and will be less suitable to be modeled by diffusion. We would like to 
develop interactive rendering models and methods for such cases, capable of 
dealing with varying illumination and geometry. 

The BDM has not been made practical yet in terms of performance. In the 
same spirit as our volumetric diffusion algorithm, we could utilize the multi
grid method on a surface hierarchy to obtain practical rendering rates. We 
would like to extend the BDM to deal with composite materials , similar to 
Heino et al. [HASS03J. As such , we could simulate internal structure, and 
heterogeneities (e.g. veins in marble) . Compared to our volumetric diffusion 
approach, this would enable us to eas ily render volumetric effects , without the 
costly maintenance of a hierarchical regular grid, and accounting for irregu
larities of the surface. 

A thorough phenomenological investigation of the assumptions underlying 
t he diffusion approximation is desirable. It would help us to understand the 
requirements for efficient rendering algorithms. This is particularly important , 
due to the paradox of on the one hand , the high computational complexity of 
light transport , and on the other hand , the qualitatively simple appearance. 
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Appendix A 

Derivation of Modified 
Helmholtz Boundary Integral 
Equation 

We briefly discuss the construction of the boundary integral equation (5.1) , for 
completeness. It is analogous to the classic derivation for the Laplace operator 
(e.g., see Hunter et al. [HP02]). 

Consider the 3D modified Helmholtz operator L = '\72 - er~ in the diffusion 
equation (2.11) . By integrating£{¢} = - Sovern, multiplied by a weight 
function w, one obtains the so-called "weak" formulation: 

lo w L{¢} dV = - lo w S dV 

Operator L 's free-space Green 's function is defined as 

L{G(x , y)} = - c5(x - y), 

and is analytically known (see equation (2. 19)) . Filling in Gas weight yields 

- j~ G(r) L{ ¢(y)} dVy = q(x) (A.l) 

where we denoted q(x) := J~ G(x, y) S(y) dV 
One now applies the second Green's identity, given by: 

f g '\72 f dV = 
./ri 

f" f '72 g dV 
.J fl 

Ir
. 8f 8g 

- [g - -f - ] dA 
. r ony 8ny 
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This identity can be applied to the left hand side of (A.l ) by substitut ing </>(y) 
for f(y) and G(x , y) for g( y ). After a few simple rearrangements, we obtain: 

{ </> [ v'2 - a;] G d V -1 [ G o¢ - </> BG ] dA ./n r ony Bny 

The first term reduces to cp(x), by definition of the Green's function and 
the sifting property of J. 

We need to introduce a geometry-dependent weight C(x), arising from the 
Green's function's singulari ty [HP02]: 

C(x) = { t 
41r 

x strictly inside 0 
x on a smooth part of r 
x on a sharp part of r with internal solid angle w 

Putting everything together , we obtain the BIE: 

1 ac a4> 
C(x)cp(x) + [</>~ - G~] dA = q(x) 

r uny uny 



Appendix B 

Computing Form Factor Fi~ 

We derive the second "self" factor Fi~ (see section 5.2.2). It is given by: 

1 ; · e-aeri 
Fi~= -4 (1 + rwe)--3-(Xi - y) · 'ny dAy 

1r , ri ri 

Note the presence of the hypersingularity 1/r;,. 
Without loss of generality (which will be made clear later), we assume 

the element associated with Fi~ is not a triangle, but a disc of radius R with 
midpoint xi. Consider a point x i,E, located directly above X i at a distance E 

(along the normal direction). Let us integrate w.r.t. this point , i.e. employing 
rt = rf + t:2. Call the resulting form factor F.it. Under these circumstances, 

' ' 
( x i,E - y) · iiy = E. Define R£ := .J R 2 + E2 . Integration in polar coordinates 
now yields: 

b . b 1 . E e - a, Re 
p. . = bm p.. = - - hm ---;::::::;;:::=:;;: 

It E->0 ii,E 2 E->0 2 J R2 + E2 

0 
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The same construction is possible for a triangle , except we would keep the 
angular integration J ... dB throughout the derivation, while denoting depen
dence of radius Rone. This does not affect the result. 



Appendix C 

Publications 

The work described in the following papers is discussed in this dissertat ion. 

• Interactive Rendering of Translucent Deformable Objects [MKB+03b] 
Tom Mertens, Jan Kautz, Philippe Bekaert, Frank Van Reeth, Hans
Peter Seidel 
In proceedings of Eurographics Symposium on Rendering 2003 

• Efficient R ender·ing of Local Snbsnrj'ace Scattering [MKB +03aJ 
Tom Mertens , Jan Kautz, Philippe Bekaert, Hans-Peter Seidel, Frank 
Van Reeth 
In proceedings of Pacific Graphics 2003 

• A Computational Approach to Simulate Subs-urjace Light Diffusion in 
Arbitrarily Shaped Ob_jects [HMBR05] 
Tom Haber , Tom Mertens, Philippe Bckaert, Frank Van Reeth 
In proceedings of Grnphics Interface 2005 

• Efficient R endering of Local Subsurface S cattering [MKB +os] 
Tom Mertens , J an Kautz, Philippe Bekaert , Hans-Peter Seidel, Frank 
Van Reeth 
In March 2005 issue of Computer Graphics Forum ( extended version of 
the Pacific Graphics paper) 

The following work is not part of this dissertation: 

• An Image-Based Radiosity Representation [MROl] 
Torn Mertens and Frank Van Reeth 
In proceedings of Image and Vision Computing New Zealand 2001 
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• A Self-Shadow Algorithm for Dynamic Hair using Density Clustering 
[MKBR04] 
Tom Mertens, Jan Kautz , Philippe Bekaert, Frank Van Reeth 
In proceedings of Eurographics Symposium on Rendering 2004 
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