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Abstract. Circular DNA in viruses and bacteria is often knotted. While

mathematically problematic, the determination of knot size is crucial for the study

of the physical and biological behaviour of long macromolecules. Here, we review work

on the size distribution of these knots under equilibrium conditions. We discuss knot

localization in good and poor solvent, or in polymers that are adsorbed on a surface. We

also discuss recent evidence that knot size is a crucial quantity in relaxation processes

of knotted polymers.
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1. Knots in DNA

Knots in DNA of bacteriophages were discovered by J. Wang and coworkers firstly in

single-stranded chains [1] and subsequently in double stranded ones [2]. These knots

are thought to arise from random cyclization inside the head of the bacteriophage [3].

Subsequent studies of the knotting probability of DNA in vitro and under equilibrium

conditions showed a strong dependence on solution conditions [4, 5].

On the theoretical side, Delbruck’s conjecture [6] that very long ring polymers are

almost surely knotted, was proved at about the same time for polygons of N sides

[7, 8]. Simulations of polygons that included the effects of solution conditions, and

independently of a ’cylinder model’ of DNA, were able to reproduce accurately the

experimental knotting probabilities [9, 5].

Cells of every type are known to contain topoisomerases (topo’s for short), enzymes

that can change the topology of DNA. They are mostly involved in regulating the degree

of supercoiling, but are also able to knot or unknot DNA rings [10]. Topo’s of type I

transiently cleave one strand of the DNA [10, 11]. When topo I is added to a solution

of single stranded DNA (or nicked double stranded DNA), their reaction will lead to a

mixture of DNA chains of various topologies. Different knot types are found to occur

with frequencies that are determined by equilibrium parameters (temperature, pH, ...).

Topo’s of type II on the other hand carry out reactions on double stranded DNA,

require ATP and work under non-equilibrium conditions. Experiments have shown that

they lower the knot probability to values far below those found in equilibrium [12]. The

precise mechanism behind this simplification of topology remains a matter of debate [13],

since it is unclear how a topoisomerase that works locally can recognize the topology of

a DNA strand, which is a global property.

Given their biological relevance, the properties of knots in polymers have been

investigated also theoretically in the past decade (for a review, see [14]). In the present

paper, we review the work that has been done on the question of knot size. Here we define

the size of the knot as the smallest part of the polymer that determines the knot type

of a given closed ring polymer. Is this part localized in a small region of the backbone

or does it spread out over the whole polymer? We believe that this question is relevant

biologically for various reasons. Firstly, knot localization could be a crucial factor in

understanding the working of type II topoisomerases [15, 16, 17]. Secondly, the size of

a knot definitely influences dynamical properties such as the speed by which a DNA

ring moves through a gel in an electrophoresis experiment. Indeed gel electrophoresis

is, besides direct imaging, one of the few methods available to determine knot type [18].

One of the main insights that has emerged from studies of knot sizes is that size

distributions can be described in terms of a scaling picture involving universal critical

exponents and scaling functions. From a theoretical point of view, this has the advantage

that knot localization can be studied in the simplest models within a given universality

class. In the remainder of this review, we will therefore mostly discuss results that were

obtained from equilibrium studies of self-avoiding polygons on a lattice [19]. Interactions
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such as bending rigidity and screened Coulomb interactions are known not to influence

universal quantities for polymers in a good solvent regime.

This review is organised as follows. In section 2, we discuss the case of knots

in a polymer in a good solvent. In section 3, we review the effects of short-range self

interactions (such as those occurring in a poor solvent) and of interactions with a surface.

In section 4, we discuss some recent results on the dynamics (still in equilibrium) of

knotted polymers, for which knot size turns out to be a crucial parameter. Finally, in

section 5 we present our conclusions and point out some open questions in this field.

2. The good solvent regime

2.1. Background and early work

The simplest model for a polymer in a good solvent is the self-avoiding walk (SAW) [19],

which is a lattice walk that never visits the same vertex twice. Since mathematically

knots can only occur in closed curves (or ring polymers) we will here consider only the

special subset of SAW for which the last vertex visited is a nearest neighbour of the

first one. Then the walk can be closed into a self-avoiding polygon (SAP) by adding

one extra edge. Figure 1 shows a SAP with a (trefoil) knot in it (for an elementary

introduction to knot theory, see [20]). The number of edges, which equals the number

of vertices for a SAP, will be denoted by N . This quantity will be referred to as the

’number of monomers’, even though lattice models provide a description of polymers on

a coarse-grained scale where a step typically corresponds to a length of the order of a

persistence length Lp [19]. For dsDNA, Lp ≈ 50 nm, which is much larger than the size

of a monomer.

The radius of gyration of a polymer is defined as the average squared distance

between a monomer (at position ~R) and the centre of mass of the polymer ~Rcm

R2
N =

1

N

N
∑

i=1

(~Ri − ~Rcm)2 (1)

The number of distinct N -step SAPs will be denoted as qN . Since this number

equals the partition sum of self-interacting polymers in the limit T → ∞ (see section

3.1), we also refer to it as the partition sum. For N large, one expects the following

behaviours [19]

〈R2
N〉 ∼ N2ν (2)

qN ∼ µNNα−2 (3)

where 〈·〉 stands for a configurational average. The exponents ν and α are connected

through the relation α = −dν + 2 where d is the dimension of space. It is known that

in d = 2, ν equals 3/4 exactly whereas in d = 3, ν ≈ .588 [21, 22] The constant µ is

called the connective constant and its logarithm equals the free energy of the polymer

per monomer in dimensionless units.
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Figure 1. Typical configuration in a good solvent of a self-avoiding polygon (on a

cubic lattice) containing a trefoil. Using the method explained in section 2.3, one finds

that the knot is localized within the dashed region.

Before beginning the discussion of knot size, we mention that a knot is called a

prime knot if it cannot be expressed as a sum of two other, nontrivial knots [20]. The

familiar trefoil, or 31, knot is an example of a prime knot. In this paper we use the

standard notation in which the symbol nl denotes the l-th knot with crossing number n

(see section 2.2 for a definition of crossing number) in a list that first appeared in [23].

A knot that is not prime is called composite. The composition of two knots κ1 and κ2

is denoted by κ1♯κ2 and the number of (nontrivial) prime knots appearing in any knot

is called its prime factor.

Consider a SAP with a knot κ and let np be its number of prime factors. The first

evidence that knots are localized came from numerical studies of the number qN(κ) of

SAPs of N vertices that contain the knot κ [24]. These studies showed that

qN(κ) ∼ µ(κ)NNα(κ)−2 (4)

where the entropic exponent is simply given by α(κ) = α(∅) + np. Here ∅ denotes the

unknot. This result shows that each prime factor of the knot just multiplies the partition

function qN (κ) by a factor N . This is precisely what one expects if the knot (or prime

factor of it) is a localized object that contains O(1) vertices, since such an object can
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Figure 2. Projection of the polygon in Figure 1 onto a plane (left). Schematic drawing

of a projection of a trefoil knot with a minimal number of crossings (right).

be placed at O(N) places on the polymer.

A similar conclusion was drawn from simulations of closed ”off-lattice” random

walks [25]. These authors investigated the situation of polymers at the θ-point (see

section 3.1). To determine knot size, a ”window” of n < N monomers of the polymer

is considered. This window is moved over the polymer ring. For each location, the

window is made into a closed curve by adding an external closure. It is then checked

to see whether the resulting construction still contains the original knot. The smallest

n-value for which this is the case defines the size of the knot. This size was found to be

usually rather small (e.g. for a trefoil it typically contains seven segments) and increases

with knot complexity. However, no systematic exploration of the dependence of knot

size on polymer length was made.

2.2. Flat knots

An important breakthrough in the study of knot size was made following the

introduction of flat knots [26, 27].

In knot theory, different knots are distinguished by knot invariants, several of which

are determined from a projection of the three-dimensional knotted curve onto a plane.

Such a projection typically contains a number of over- and undercrossings. The minimal

value of this for a given knot type is a topological invariant that is known as the crossing

number nc. In Figure 2 (left panel), a projection of the trefoil in Figure 1 is drawn,

together with a schematic drawing of a trefoil with the minimal crossing number which

equals three (Figure 2 right panel). These minimal representations were named flat

knots in ref. [27]. Physically, they can be realised by a polymer that is very strongly

adsorbed on a surface (for an experimental realisation using DNA, see [28]).

To explain how the size of the flat knot can be defined, consider for example the

minimal projection of the trefoil in Figure 2. It consists of six arcs (each going from one
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Figure 3. Coarse-grained view of a knotted polymer with (left to right) no, one, four,

and five microscopic arcs.

crossing to the next one) of length l6 ≥ l5 ≥ . . . ≥ l1. Clearly, at least l6 ∼ N . The size

of the knot is then defined as l = N − l6.

To continue, consider first the case in which four arcs contain only a few monomers

(such arcs will be called microscopic), so that the polymer, on a coarse-grained scale,

looks like a figure eight (Figure 3, third panel). In this case the knot length equals l5.

Following [27], we now present a scaling argument to determine how l = l5 scales with

N . Therefore, the number qN(l) of polymer configurations in the shape of a figure eight

has to be determined firstly. This quantity can be obtained from Duplantier’s theory of

polymer networks [29, 30] and is found to be equal to

qN(l) = µN(N − l)γ1−1F

(

l

N − l

)

(5)

where γ1 is an exponent that can be determined from conformal field theory and F is

a scaling function. When l ≪ N , we expect that the behaviour of (5) should crossover

into that of (3). This fixes the small l behaviour of F and finally leads to the prediction

qN(l) ≈ µNNα−2l−c l ≪ N (6)

where c = −(γ1 + 1 + α). Inserting the known exponent values [29] gives c = 43/16.

From (6), one finds that the average length of the knot scales as 〈l〉 ∼ N t where

t = max(0, 2 − c) (When c < 1, a cutoff at large l leads to t = 1). When t = 0,

we say that the knot is strongly localized, while for 0 < t < 1 we say that it is weakly

localized. Finally, the situation with t = 1 represents a delocalized knot. For knots in

the shape of a figure eight, we thus conclude that t = 0 and that the knot is strongly

localized. This means that l5 in Figure 3, third panel, does not increase as the total

length N of the polymer increases. One can subsequently do a similar analysis for other

coarse-grained realisations (also called contractions) of the flat knot. As an example, we

show in Figure 3 examples of a polymer with one or no microscopic arc. The authors of

[27] analyzed these and all other possibilities using polymer network theory and found

that for all cases the knot is strongly localized. Therefore, on a coarse grained scale, the

knot is just like a dot on the polymer (Figure 3, rightmost panel).
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Figure 4. Typical configuration of a flat (trefoil) knot as simulated using the model

of [26] for N = 312. The inset shows the knotted region in more detail.

The results (5) and (6) clearly show that the size of the knot in a polymer is

a fluctuating quantity, whose probability distribution can be described in terms of a

scaling picture.

Numerical studies of flat knots are in complete agreement with the field theoretic

predictions [27]. An elegant lattice model to study flat knots was introduced in [26]. This

model starts from SAPs on a two-dimensional lattice, but also includes crossings that

represent those occurring in a knot projection. When the fugacity for crossings is very

small, the model adequately describes flat knots. Figure 4 shows a typical configuration

for a trefoil in this model and as can be seen the knot is strongly localized.

2.3. The three dimensional case

While the analytical determination of the exponent c (or t) is not possible in three

dimensions, the scaling picture presented in the previous subsection should still be

valid. In [31, 32], knot size in three-dimensional SAPs was studied using two numerical

approaches. The first one was an improvement of ”the moving window” method,

discussed in section 2.1. In contrast with the work of [25], the closure is not chosen

randomly but in a deterministic way such as to avoid as much as possible intersecting

the pre-existing skein [20]. In this way, systematic errors that can occur when window

closure changes the topology are minimized. Figure 5 shows some results from this

approach. Plotted is the average knot length versus the number of monomers for rings

with a trefoil knot. The data are clearly consistent with a power law behaviour 〈l〉 ∼ N t

and give the exponent estimate t ≈ .75.

More precise estimates for this exponent can be found from analyzing higher
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Figure 5. Average length of a trefoil knot as a function of N . The inset shows the

same data on a log-log plot.

moments of the length distribution. Indeed, from the scalings (5) and (6) it follows

that the probability p(l, N) to find a knot of length l in a ring of N monomers has the

form

p(l, N) = l−cf(l/ND) (7)

Here the scaling function f approaches zero very rapidly for l > ND. For flat knots,

D = 1 and this is also what can be expected in three dimensions, since we do not expect

that there exists an extra topological length scale ND in a polymer. From (7), it follows

that the q-th moment of the length distribution, 〈lq〉, grows with N with an exponent

t(q) = Dq + D(1 − c). Hence, by calculating 〈lq〉 from the simulation data for a range

of q-values, estimates of c and D can be obtained. The results for various knot types

are given in table 1. Notice that D is reasonably close to the value that was expected,

especially for the 31 case. For more complex knots, polygons of larger N need to be

simulated. Since the statistics becomes poorer with increasing N , we can understand

why the discrepancy between the expected value of D and the measured one increases

for more complicated knots. For the same reason, it is impossible to conclude from these

data whether or not t depends on knot type. However, these data clearly show that

knots in a good solvent are weakly localized.

Independent confirmation from this comes from a second approach to knot size in
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Table 1. Estimates of the exponents c and D for various knot types as determined

from the moments of the length distribution (good solvent regime).

Knot type D c t

31 0.958 ± 0.004 1.25 ± 0.04 0.72 ± 0.03

41 0.934 ± 0.004 1.18 ± 0.04 0.77 ± 0.03

51 0.918 ± 0.002 1.14 ± 0.03 0.79 ± 0.03

52 0.863 ± 0.003 1.11 ± 0.04 0.76 ± 0.04

71 0.864 ± 0.004 1.06 ± 0.09 0.81 ± 0.09

which a SAP is partitioned into two mutually avoiding loops which each contain a knot.

We denote the knot types by κ1 and κ2 (each of which could be the unknot). The

two parts of the polygon are separated by a slip link that does not allow a complete

migration of one knot into the other loop (Figure 6). Only cases in which the two loops

are not linked were investigated. Consider first the case for which κ1 = κ2. Since the

number of configurations is much greater when one of the loops is much larger than the

other one, most configurations show a marked length asymmetry in which the larger

loop contains O(N) monomers while the smaller one typically contains just enough

length to store its knot. A similar result is found when κ1 6= κ2. In this case, for N

not too large, the smaller loop is generically the one containing the ’simpler’ knot. The

length of the smaller loop is again found to be a fluctuating quantity (unless κ1 is the

unknot) and it can be argued that this length has the same scaling behaviour as the size

of the knot it contains [32]. In this way, independent estimates of the exponents t and

D can be obtained which are in good agreement with those obtained from the direct

measurements discussed previously.

In conclusion, the available evidence shows that in a good solvent, knots are weakly

localized with an exponent t ≈ .75.

3. Collapse and adsorption

3.1. Collapse

Excluded volume forces that swell a polymer become weaker when the temperature is

lowered. It is well known [19] that these effects lead to the collapse of a polymer below

the θ-temperature, Tθ. One may then wonder what happens to knot size at and below

Tθ. This could give a first indication of what can be expected for knots in the native

state of a protein. This question was investigated both for flat knots [33, 34] and for the

three-dimensional case [31, 32] using the approaches discussed in the previous section.

The case of flat knots was studied by adding attractive self-interactions to the model

of reference [26]. As usual [19], this is done by assigning an attractive energy with each

pair of nearest neighbor lattice vertices that is visited by nonconsecutive edges. The θ-

point of the resulting model is located at 1/Tθ = 0.67±.02. In Figure 7, numerical results

for a polymer with a trefoil are plotted. Shown are data for 〈l5〉 at various temperatures.
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Figure 6. A loop consisting of two mutually avoiding loops separated by a slip link.

Each of the two parts can contain a knot that cannot migrate completely through the

slip link.

At high temperatures (lower curves) one recovers the knot localization found earlier in

the good solvent regime. But this behaviour changes at lower temperatures. Precisely

at the θ temperature, the knot becomes weakly localized with an exponent t = .44± .02.

The length of the four smaller arcs remains very small so that on a coarse grained level

the knotted polymer looks like a figure eight. Finally, at temperatures below Tθ, the

polymer collapses and the knot delocalises (t ≈ 1). Moreover, the average length of

smaller arcs such as 〈l4〉 also starts to grow proportional to L. Here the simple figure

eight picture breaks down.

In Figure 8 we show a typical configuration of a knotted polymer below the θ-point.

The crossings are spread over the graph and this is in sharp contrast with the situation

shown in Figure 4.

The picture presented here is confirmed by an analysis of the distribution of knot

lengths. At Tθ the distribution is power law with an exponent c = −1.63, while in the

collapsed phase, the distribution is power law only for small l, while it flattens for larger

knot sizes [33]. Completely similar results where found for polymers containing other

types of prime knots such as the 51 or 71 and for the composite knot 31♯31 [35].

As was the case for flat knots in a good solvent, one can obtain an exact expression

for the exponent c (and hence t) from network theory. For polymers at the θ-point,

this theory was established by Duplantier and Saleur [36]. Application to the figure

eight network that interests us here gives c = 11/7 ≈ 1.57 and t = 3/7 ≈ .43 in very

good agreement with the numerical estimates quoted above. However, an analysis of

other contractions of the trefoil knot shows that the configuration shown on the left

of Figure 3 has the smallest c-value (c = 5/7 and thus t = 1) and should dominate
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Figure 7. Log-log plot of 〈l5〉 as a function of the number of monomers (denoted

here by L) for a polymer with a trefoil (for flat knots with self-interactions). From

bottom to top: 1/T = 0.0, 0.5, 0.67 and 0.8. The dot-dashed line has slope 0.44 while

the dashed one has slope 1.0.

polymer configurations with a trefoil [34]. This theoretical analysis, which predicts

a delocalization even at the θ-temperature of flat knots is in contradiction with the

numerical results as discussed above. The reason for this discrepancy between theory

and simulation is at this moment unclear. There is however no doubt that below Tθ flat

knots delocalise.

The moving window method to determine knot size in three dimensions fails in the

collapsed phase. The reason is simple: because of the compact nature of the polymer,

the topology of the knotted part is changed with high probability after closure of the

window. Fortunately, the method based on entropic competition can still be used even

though in the dense phase Monte Carlo simulations become considerably slower. Good

estimates of the exponents c and D can be obtained from analysis of various moments of

the knot size distribution (see section 2.2). As an example, in Figure 9 the expont t(q) is

plotted for a polymer with a trefoil. From these data one estimates c ≃ 1.1 and D ≃ 0.98.

Similar results are found for the figure eight (41) knot. Together these data imply that

also in d = 3 knots are delocalized in the collapsed phase. Independent evidence for this
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Figure 8. Typical configuration of a (flat) polymer with a trefoil knot in the low T

collapsed phase.

behaviour was also found in an off-lattice model of (knotted) polyethylene [37].

3.2. Adsorption

Polymers can get adsorbed onto a surface when there is an attractive interaction between

the monomers and the surface. If the surface is a large impenetrable flat wall, the

polymer will undergo a well known adsorption transition [19, 38]. At high temperatures,

only a finite number (in the limit N → ∞) of monomers is on the surface. Below the

adsorption transition at temperature Ta a finite fraction (i.e. proportional to N) of

the monomers becomes adsorbed. This fraction increases with decreasing temperature

until at zero temperature the full polymer gets adsorbed. In the case of a knotted ring

however, some monomers fail to adsorb because topology requires the adsorbed polymer
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Figure 9. Exponent t(q) in the compact phase as determined from the entropic

competition technique (with two trefoils).

to have a minimal number of crossings. One therefore expects that the fully adsorbed

polymer assumes precisely the shape of a flat knot. Thus in adsorption phenomena,

it is possible to see how a knotted polymer (e.g. in a good solvent) crosses over from

the weak localization typical of three dimensions (at high T ) to the strong localization

of flat knots at zero temperature. In a recent study this interplay between topology

and adsorption was elaborated using a standard lattice model for polymer adsorption

[39]. In this model, the polymer is restricted to a half space (say z ≥ 0) and has an

energy −Na, where Na is the number of monomers in the surface z = 0. Numerical

calculations have determined the adsorption transition accurately at Ta ≈ 3.497 [40].

The study of [39] could be relevant to understanding experiments that indicate that the

ν-exponent of knotted and adsorbed DNA can have a value intermediate between the

three-dimensional and the two-dimensional one [41], even though in this experiment the

polymer may be adsorbed in non equilibrium configurations.

We now discuss the results of [39]. In this work, knot size was determined using the

moving window method. Figure 10 shows some typical results, again for a trefoil knot.

The upper curve indicates that even at a temperature T = 3.5, which is just above the

adsorption transition, the weak localization typical of the three-dimensional situation is

recovered. The curve almost coincides with that of the non interacting case (T → ∞),

which is shown as a dashed curve. The same holds at all temperatures above Ta.



The size of knots in polymers 14

Table 2. Estimates of the exponent c for different values of T in the adsorption model

and for trefoil knots. These values were obtained from a finite size analysis of the

moments of the knot length.

T c

3.50 1.27 ± .03

2.75 1.55 ± .05

2.00 1.80 ± .05

1.50 2.42 ± .10

1.25 2.55 ± .10

Below the adsorption transition the situation changes significantly: the average

knot length still follows a power law behaviour as a function of N , but the exponent

t decreases with T . At still lower temperatures, 〈l〉 goes to a constant for large N .

This is a signal of the strong localization regime as found for the case of flat knots. To

investigate this issue further, one has to determine the c-exponent, which as discussed in

section 2.2 can be obtained from the moments of the length distribution. The resulting

values are given in table 2. These data show that c increases as the temperature is

lowered and tends to the flat knot value of 43/16 ≃ 2.63 at the lowest temperature that

could be simulated. From the data it is unclear whether the flat knot value is reached

only for T → 0 or is valid in a certain range of (low) temperatures. The results also

convincingly show that the knot strongly localizes at a temperature considerably below

Ta. This, together with the continuous variation of c with T , is a rather surprising

result. Results for other prime knots are quite similar to those presented for the trefoil

knot.

4. Dynamics of knotted polymers

So far, we have focused on static properties of knotted polymers. Less work has been

done on dynamic behaviour. It has been established that in a good solvent, the presence

of a knot doesn’t influence the scaling with N of the diffusive behaviour of a polymer [42].

The diffusion constant, and hence the mobility, does however depend on details of the

knot topology, as gel electrophoresis experiments have clearly shown [18, 43]. Here we

will review recent work [44] on the time dependence of the knot length autocorrelation

and on the diffusion of the knotted region in space. A new time scale τt is found to

determine these quantities.

In Rouse dynamics [45, 46], a polymer is modeled as a set of beads that are

connected by harmonic springs and that are subjected to random thermal forces exerted

by the solvent. In a good solvent, one also includes self-avoidance effects. The motion

of the monomers is then determined numerically. It is well established that the center of

mass of the polymer diffuses with a diffusion constant Dcm that is inversely proportional
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Figure 10. (Color online) Average knot length 〈l〉 as a function of N for SAPs with a

trefoil knot (adsorption model). Different curves correspond to decreasing (from top to

bottom) values of the temperature. The dashed curve corresponds to the case without

interaction (T → ∞).

to the number of monomers N . The autocorrelation function of the radius of gyration

〈RN(t)RN (0)〉c ≡
〈RN (t)RN(0)〉 − 〈RN (t)〉2

〈R2
N(t)〉 − 〈RN (t)〉2

(8)

is known to decay exponentially with the Rouse time scale τR ∼ N2ν+1 (in this section

t stands for time). For the three dimensional case, this becomes τR ∼ N2.2. The Rouse

time scale corresponds to the time that the polymer needs to diffuse over a distance

equal to its radius of gyration. Rouse dynamics neglects some physical effects [46],

such as hydrodynamic interactions, but is known to give a good description of several

experimental situations, some of which involve DNA (see e.g. [28, 47]).

In the simulations of [44], a lattice model of a knotted ring polymer is investigated.

In order to simulate Rouse dynamics, two-bond bead motion (Verdier-Stockmayer) and

3-bond crankshaft motion are combined. It has been shown that with such an approach,

universal properties of Rouse dynamics can be simulated correctly [48]. During the

simulation, observables such as the centre of mass of the polymer, the center of mass of

the knot and the size of the knot are monitored. To determine these last two quantities

the moving window technique of [31] is used.

From the data on the knot length as a function of time an autocorrelation function
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can be determined. In Figure 11, the top line shows results for this quantity for N = 400

for a ring polymer with a trefoil. The decay is exponential with a decay time τt. From

the data for several N values, one finds τt ∼ N zt with zt = 2.33± .08. Within the errors,

this exponent value is higher than that for τR. Further evidence that this presents a

new time scale comes from an investigation of the autocorrelation function of the radius

of gyration. This is also shown in Figure 11 (lower curve). Clearly its decay is doubly

exponential. In comparison, for an unknotted ring a pure exponential decay is observed.

A further analysis shows that the time constant of the unknot, together with the fast

one of the knotted polymer, is proportional to τR (this gives an independent verification

that the simulation procedure used gives a correct description of Rouse dynamics for

unknotted rings). On the other hand, as can be seen in Figure 11, the late time decay of

the radius of gyration autocorrelation has the same time constant as that of the length

autocorrelation. A quantitative analysis of its N -dependence shows that it grows as

N2.31±.08 supporting this conclusion. Together these data, and those for other type of

knots, provide strong evidence for the presence of a new, slow time scale τt ∼ N zt=2.32±0.1

associated to the time over which the knot length decorrelates.

Another quantity of interest is the diffusion of the knotted region. Firstly, the

monomers that form the knot are located and their centre of mass, ~Rcm,k(t), is

determined. The diffusion of the knotted region is then given by the function

g3,k(t, N) = 〈(~Rcm,k(t) − ~Rcm,k(0))2〉 (9)

It is found [44] that g3,k has three time regimes. In an early and intermediate region, g3,k

increases as a power of time. In the intermediate regime the power equals γ ≈ .6± .03.

After a very long time this behaviour crosses over to that of the whole polymer g3,k ∼ t/N

as it should be since the knot has to follow the motion of the whole polymer eventually.

The crossover time is found to scale proportional to τt so that this new, slow, topological

time scale also plays an important role in diffusive phenomena of knotted polymers.

A simple interpretation of τt can be found by assuming that the diffusion of the

knotted region along the polymer backbone is normal and that the associated diffusion

constant is inversely proportional to knot length, i.e. DK ∼ N−t (where t is again the

exponent introduced in section 2). A similar assumption was made in another context

in [49]. Then the time the knot takes to diffuse along the backbone over the typical

length of the knot is proportional to N2t/DK ∼ N3t. The estimates of t given in section

2 then lead to a power 3t = 2.25 ± .15, which within the numerical accuracy equals zt.

If correct, this argument shows that knot length plays a crucial role in determining the

dynamical properties of knotted polymers.

5. Summary and outlook

In this review, we have seen that thanks to the development of new simulation

techniques, the distribution of knot sizes in polymers in equilibrium is now rather well

known, both in the physically relevant case of three dimensions and for flat knots,
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Figure 11. (Color online) Semilogarithmic plot of autocorrelation functions versus

time for a SAP with N = 400. Shown are results for the knot length (upper curve,

for which O(t) = l(t)) and the radius of gyration (lower double exponential curve, for

which O(t) = RN (t)). The upper curve is also redrawn with a vertical shift downwards

in order to show more clearly that both decays have the same late time behaviour.

for which even some analytical insight is possible. In three dimensions, the knot is

weakly localized, but it becomes delocalized below the θ-temperature. On the other

hand, if the polymer is attached to a surface, the knot will become strongly localized at

a temperature below the adsorption one. The knot size distribution exponent c (or t)

could also be relevant to understand length-length autocorrelations and other dynamical

quantities such as the diffusion of a knotted polymer or the autocorrelation of its radius

of gyration.

The open frontier in this field of research now lies in problems outside equilibrium.

Firstly, we mention the mobility of knotted polymers. It is known that gel

electrophoresis separates DNA according to knot type [50]: the more complex the knot,

the higher its mobility. These experimental findings can be understood if polymers with

more complex knots are more compact and hence have a smaller friction coefficient. A

more detailed investigation [18] seems to justify this point of view. It should be remarked
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here that many electrophoresis studies are done on rather small chains, and are therefore

outside the scaling regime we focus on in this paper. The precise role, if any, that knot

length plays in determining the mobility of a polymer remains to be investigated. It

could be that other quantities, such as the smallest sphere enclosing the entire polymer

[51] are more relevant. As an interesting related issue, we point out that it has been

argued that the gel forces a ring polymer to assume a branched shape [52]. We are

currently investigating knot localization in a ring polymer in an array of obstacles [53]

as a first step in elucidating the possible role of knot length in the electrophoresis of

ring polymers.

Secondly, as mentioned in the introduction, topo’s of type II are able to lower knot

probabilities in DNA far below equilibrium values. Some of the mechanisms to explain

this behaviour rely on the localized nature of the knot [15, 16, 17]. In this context, it

has been pointed out that supercoiling could be an important ingredient in localising

polymer entanglement [54]. Moreover, supercoiling was recently found to favor DNA

unknotting [55]. It would therefore be interesting to apply the techniques presented in

this paper to a model of supercoiled DNA and see how this new ingredient influences

the distribution of knot sizes.

Finally, in a recent experiment, a knot was tied in DNA using optical tweezers, and

its subsequent diffusion in the presence of a stretching force was monitored [56]. This

work has been the inspiration for several theoretical studies [49, 57, 58, 59]. In [59],

it was predicted that due to the interplay of bending energy and confinement entropy

the knot will reach a metastable, compact configuration in which it will diffuse, without

spreading, until it reaches one of the chain ends. It remains an interesting task for future

work to investigate this prediction with the methods presented in this paper.
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